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Chambers

Combinatorics controlls geometry via chambers.
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Homotopy type and cell decomposition

M(A) = Cℓ −
∪

H∈A
H

Example, ℓ = 1: A = {a1, . . . , an} ⊂ C.

C c
a1

` ` ` c
an

M(A) ≃
Homotopy

equiv.

n︷ ︸︸ ︷
s

1-dim CW cpx

` ` `



Example, ℓ = 2, A = {xy = 0}.



Example, ℓ = 2, A = {xy = 0}.

M(A) = {(x, y) | xy ̸= 0}



Example, ℓ = 2, A = {xy = 0}.

M(A) = {(x, y) | xy ̸= 0}
= C∗ × C∗



Example, ℓ = 2, A = {xy = 0}.

M(A) = {(x, y) | xy ̸= 0}
= C∗ × C∗

≃ S1 × S1



Example, ℓ = 2, A = {xy = 0}.

M(A) = {(x, y) | xy ̸= 0}
= C∗ × C∗

≃ S1 × S1

C2

xy = 0

M(A) ≃ -

-

-

-
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1 Aomoto’s observation



1 Aomoto’s observation
concerning dimensions of local system

homology groups

dim Hk(M(A),L)

for rank one local system L on M(A).
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i.e. by ρ([γ1]) = t1, ρ([γ2]) = t2 ∈ C∗.
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[C] 7−→ (t2 − 1)[γ1]
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[γ1] 7−→ (t1 − 1)[p]
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L H0 H1 H2

Trivial (ti = 1) C C2 C
not trivial 0 0 0
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Remark: X ≃ {x2 − y3 ̸= 0}.
Since ∂([C]) = [γ1]− [γ2], a local system

Lt is determined by

ρ([γ1]) = ρ([γ2]) =: t ∈ C∗.
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Chain complex with Lt-coefficients:

C2
-∂Lt C1

-∂Lt C0
[C] 7−→ (1 − t + t2)[γ1]

−(1 − t + t2)[γ2]

[γ1] 7−→ (t − 1)[p]
[γ2] 7−→ (t − 1)[p]



1.1 Local system homology groups

C2
-∂Lt C1

-∂Lt C0
[C] 7−→ (1 − t + t2)([γ1] − [γ2])

[γ1] 7−→ (t − 1)[p]
[γ2] 7−→ (t − 1)[p]

Lt H0 H1 H2

Trivial (t = 1) C C 0

t = e±πi/3 0 C C
others 0 0 0
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1.2 Aomoto’s observation

Aomoto’s conjecture:

dim Hi(M(A),L) ≤ bi(M(A))

was proved by D. Cohen.

⇐= (Stronger result):

“Minimality of M(A)”
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2.1 Minimal CW-complex

Def. A finite CW-cpx X is minimal if

♯(k-cells)=bk(X), for k ≥ 0.

Rem. In general,

♯(k-cells) ≥ bk(X).
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X is not minimal.

k 0 1 2

bk(M) 1 1 0

♯ of k-cells 1 2 1
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2.1 Minimal CW-complex

Prop. X: a minimal CW-cpx. Then

Aomoto’s conj holds, i.e.,

dim Hi(X,L) ≤ bi(X).

∵) Hi(X,L) = Hi(C•(X,L), ∂L), and

dim Ci(X,L) = bi(X).
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2.2 Minimality of M(A)

A is arrangement in Cℓ.

Thm. (DPSR) M(A) has the homotopy

type of a ℓ-dim minimal CW-cpx. i.e.,

there is an ℓ-dim minimal CW-cpx X

such that

M(A) ≃ X.
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2.3 Proof of minimality

Proof is based on two results:

– Lefschetz Theorem on hyperplane

section.

– Combinatorial description of

cohomology ring H•(M(A), Z)

(Orlik-Solomon).
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M ≃ (M ∩ F ) ∪φ

b∪
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︸ ︷︷ ︸
attach ℓ-dim cells

How many ℓ-dim cells to attach?

=⇒ b = dim Hℓ(M, M ∩ F ; C).



2.3 Proof of minimality

M ≃ (M ∩ F ) ∪φ

b∪
i=1

Dℓ

︸ ︷︷ ︸
attach ℓ-dim cells

b = dim Hℓ(M,M ∩ F ; C).

Fact. (Orlik-Solomon)

Hℓ(M)
∼=−→ Hℓ(M, M ∩ F ).



2.3 Proof of minimality

M ≃ (M ∩ F ) ∪φ

b∪
i=1

Dℓ

︸ ︷︷ ︸
attach ℓ-dim cells

b = bℓ(M), by induction

→ minimality of M .
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M ≃ (M ∩ F ) ∪φ

bℓ∪
i=1

Dℓ

︸ ︷︷ ︸
attach ℓ-dim cells

�� ��b bF ∩ M

≃ r
Dℓ

∂Dℓ

AAU
φ:attach

How cells attach?

How cells are labeled?
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From now, every Hi ∈ A is defined /R.

Connected comp. of M(A) ∩ Rℓ is called

a chamber.

ch(A): set of all chambers.

bch(A): set of all bounded chambers.
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3 Real cases
(b)ch(A) has information about M(A).

Thm. (Zaslawski)

(i)
ℓ∑

i=0

bi(M(A)) = ♯ ch(A).

(ii)

∣∣∣∣ ℓ∑
i=0

(−1)ibi(M(A))

∣∣∣∣ = ♯ bch(A).
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Let F ⊂ Cℓ be a generic hyperplane

defined /R. Define

chF (A) := {C ∈ ch(A) | F ∩ C = ∅}
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3 Real cases
chF (A) := {C ∈ ch(A) | F ∩ C = ∅}

�
�

�
�

�
�@

@
@

@
@

@
F

C1

C3
C2

chF (A) := {C1, C2, C3}

Prop. ♯ chF (A) = bℓ(M(A)).

=⇒ chF (A) labeling ℓ-dim cells.
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A = {H1, . . . , Hn}. Set Hi = α−1
i (0).

Q(A) =
∏n

i=1 αi: the defining equation

of A.

F = {f = 0}: a generic hyperplane.

Consider a Morse function

φ :=
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φ :=

∣∣∣∣fn+1

Q

∣∣∣∣ : M(A) −→ R≥0

Cr(φ) := {p : critical pt, φ(p) ̸= 0}
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φ :=

∣∣∣∣fn+1

Q

∣∣∣∣ : M(A) −→ R≥0

Cr(φ) := {p : critical pt, φ(p) ̸= 0}
S(p): stable mfd (p ∈ Cr(φ))
U(p): unstable mfd
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3.1 What Morse theory tells us

φ :=

∣∣∣∣fn+1

Q

∣∣∣∣ : M(A) −→ R≥0

Cr(φ) := {p : critical pt, φ(p) ̸= 0}
S(p): stable mfd (p ∈ Cr(φ))
U(p): unstable mfd

φ−1(0) = M(A) ∩ F
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@ F = {f = 0}



3.1 What Morse theory tells us

U(p): unstable manifold of p ∈ Cr(φ).

M ≃ (M ∩ F ) ∪
∪

p∈Cr(φ)

U(p).

6φ

φ−1(0) = M ∩ F
�

�
�

�
�

�

rp
q qU(p)

Unstable cell

≃



3.1 What Morse theory tells us

Example. ℓ = 1, A = {a1, a2} and F = {b}.

φ(z) =
∣∣∣ (z−b)3

(z−a1)(z−a2)
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Thm.
(1) chF (A)

1:1←→ Cr(φ)

C pC
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(2) S(pC) = C

How about unstable cell U(pC)?
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Cr pC Unstable cell can be
considered as a map

σC : (Dℓ, ∂Dℓ) → (M, M ∩ F )

such that

(i) σC(Dℓ) t C = {pC}.
(ii) σC(Dℓ) ∩ C ′ = ∅ for C ′ ∈ chF \{C}.
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3.2 Unstable cells

(i) and (ii) above characterize the

homotopyt type of U(pC).

Thm. Suppose

σ′
C : (Dℓ, ∂Dℓ)→ (M,M ∩ F ) satisfies

(i) σ′
C(Dℓ) t C = {pC}.

(ii) σ′
C(Dℓ) ∩ C ′ = ∅ for C ′ ∈ chF \{C}.

Then σ′
C ≃ σC .
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3.2 Unstable cells
Sketch of the proof:

ϕt:1-parameter diffeo generated by − gradφ

lim
t→∞

ϕt ◦ σ′
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3.2 Unstable cells
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Cr pC

Thm.
We can construct
a concrete map

σ′
C : (Dℓ, ∂Dℓ) → (M, M ∩ F )

such that

(i) σ′
C(Dℓ) t C = {pC}.

(ii) σ′
C(Dℓ) ∩ C ′ = ∅ for C ′ ∈ chF \{C}.



3.3 Recent works

Salvetti-Settepanella, Delucchi: “Discrete

Morse theory on Salvetti complex”.

=⇒ Another description of attaching

maps.



4 An application

Topological proof of vanishing theorem

on Hk(M(A),L) and a refinement.



4 An application

Vanishing Thm. (Aomoto, Kita-Noumi, Kohno, ...)

Suppose L is “generic”. Then

Hk(M,L) =

{
0 k ̸= ℓ,⊕

C∈bch[C] k = ℓ.



4.0 Notation

A local system L is determined by

(t1, . . . , tn) ∈ (C∗)n. Consider ti is the

local monodromy around Hi.
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4.0 Notation
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H1

H2

H3 H4

��HH

H0: at infinity.

Pℓ

t0 = (t1t2 · · · tn)−1

s s
X1

X2

X1, X2: dense edge
tX1 := t2t3t4



4 An application

Thm. (Cohen-Dimca-Orlik)

Suppose L satisfies the condition:

(*) ti ̸= 1 (i = 0, 1, . . . , n) and tX ̸= 1

for any dense edge X ⊂ H0. Then

Hk(M,L) =

{
0 k ̸= ℓ,⊕

C∈bch[C] k = ℓ.



4 An application

Concrete attaching maps of the previous

section enable us to have a purely

topological proof to the vanishing result.

Moreover, also a converse:



4 An application

Thm. ℓ = 2, A: indecomposable. Then TFAE.

(1) L satisfies (*).

(2)

Hk(M,L) =

{
0 k ̸= ℓ,⊕

C∈bch[C] k = ℓ.

(3) {[C]}C∈bch generate Hℓ(M,L).
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