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1. Combinatorial Reciprocity

An Example From  lish- school math.
P, >o, [(M={1,2,3,:--,n}.

0‘: (n) :z#{(‘xb“\)xp) G[V\]P l 'x‘<Xz<"' <‘>Cl, %
C)lf (n)= #—{(xl;«,x,, ) é[njp ,'X\szs . S 'Xr}

The follwing formulae are well-Known.

¢ n)= (§)= Moty ¢

N

OF (n)= (V\T;p.|): (n+ P-I)P-'l-‘(hi—l)ln e Qn]



1. Combinatorial Reciprocity

#lom ) eI’ [ xexae e, 3 {0, % ) €[]’ [ugXag -

= 05 (n) = 0; (n)
— N(h-0)--(n-p+) _ [n+P-|)---(h+|)ln
P - Pl
N /!

Constder these as polynomios on M.
These two pelynomials

are related by “reciprocity”

O (1) =007 -m).



1. Combinatorial Reciprocity

"Combinatorial ro_ctprociJc\/”(a'F’Fer R.S’mnley) \

An enumerative problem  Another enumerative problem

) )

The Coun'l:lv\g_ Function The c,oun'l:iv\g_ Function
Ditferent enumerative problems are sometimes

Y‘elatea! by ! Cowdm‘hatorla! Rctfmut\/ “.



1. Combinatorial Reciprocity

"Combinatorial raciprocity (after R Stanley) :

An ﬁnume%ftive problem Another enumerative problem
The cpun‘l:iv\g, Function The cpun'l:ing_ Lunction
Fin) &)

FEn)=xF(n
Exomples ( Stan ley )

© P « finite poset. #How' (R,[nDé—> 3 Ho(2,[nD),

(A gehekal‘t%qjttbh of " high- scheol W.L‘tproci’ty“. disscussed in detail later.)

@ G: & finite SIMPle %mylr\..

Regudar Yt-(‘,olorh\%_ &> Acyclic orientation with compatible
(NOT discussed today) maps to Cnl




1. Combinatorial Reciprocity

Exaumple
Q) Ehrhart reciprocity: Let PcR? ke o lattice polytope,

Le (m)=3(2*~ nP)

o o The interior of P
L3 ()= (z1n m p°)

= L8 m)= 0% Lplon),

The unit Q%Ltayg =

Lp(m)=(ntl)"  L3(n)=(n-I)

2



1. Combinatorial Reciprocity

Back 1o “kigk school” again.  P>o.

#lom ) eMI” | oo, 3 {0, % ) €[]’ [usXag o

= 05 (n) = 0; (n)
— N(h-0) - (n-p+1) _ (n#P-1) - (het)n
P - P!

These polynomials ount the $# of maps of posets.
Oy )= $:111— 1| i<]=> $l<F(D) ]

0;(.”):#_.&.]:;[”—9[%]’ i<]=> fli)< F(§) %



1. Combinatorial Reciprocity

These polynomials cownt the # of maps of posets.
Os=#{$ 11— i<j=> FD< )]

Abstroction (after Stanley) :Replace Tp1,0n) by posets.

Def Let 2,Q be PDSef(Par’cic\ll\/ Ordered Set)
Define the set of strictly /weakly increasing maps (poset how) by

I =\r.p_y A2 €P AKXy
Hom (B, @)=15:P—~@ | =>ﬂxosﬂxl>}



1. Combinatorial Reciprocity

Def. Let 2, Q be poset(Particlly Ordered Set ).
S 3L At X €R AKX,
Hom (B, @)=15:2—@Q| ™ f

= )< FOD
Let Q =0n1={1,2,,n%. Then,
Hom (B,0n3)={$:2-0n| xi<X2 => {0 < §06) 15

Thw. (Stanley) Let P be a finite poset-
) AOLE), O 1) eQE) st G5 (n) = 3 Hows (2,0n7)
(fl')(RectFrocify> OE [t)= (‘l)#z'@_g (-t).



1. Combinatorial Reciprocity

Hom (E,E'YCJ )ir—{{-:f_—-)[n] | 2i<s = fxJ< fxXa) )I

Thw. (Stan ley) Let B be o finite poset.
) JOg), O W) Q) st Gy (n) = 4 How (2,001,
(it) (Rectlorocify> OB [t)= (‘l)#g@f (-t).

Q {’OS-C.t

A Question. Con we generalize Stanley's result (W]~ Q7
Very informaly, Stanley's redprocity can be stated as
"4t Hom (2,04) = ¥ ot (2 Erd )"
Can we make Figorous "4t Hom(2, Q)= (1€ 4 Hon(2 ,~Q)'7
~~> Yes |
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2 . Euler characteristics

Storting observgtion :
the Culer charocteristics of Semi-algebratc Sets
Satisfy " reciprocity-like " formula.

Recall, X S R" is a Semi-algebraic set iff
it 1s a Boolean connection (v, n, =) finitely many

Se'ts of ‘H’\e_ ‘FOI’W\ {x € RN 1 -S: (X)>D} , -(:—O\f '(:' é]R['l‘lexﬂ]



2 . Euler characteristics

Recall, X S TRY is a Qemt-alge,bmic set I it i1s a Reolean

connection (U, n, =) finitely many sets of the form

§xe®| $60>0], for £eRbu X

EXCLW\PIQ CloS‘ed/OPan S‘tw\Plex

4= {(mJDLI;“,XO\)e[Rd_ DL XSS+

Tg= { Gt 1 eRY| o< S S

(o p G:i



2 . Euler characteristics

Ty={ o, X eRY| ogx S s < xgs) |

Ty = {2, xR D<o 2GS < gk

Every semti -odﬁebrau‘c set XER" hes a Stratification
X=L1J Xy
AEN

st #HA< 0, X)\’=\.’O—dol\ for some dy 20O

(03 =0y ={pt} on convemt;’or)

Def-Thm ()= I D" € Z is independent
of the stratitication. (the Euler characteristic )



2 . Euler characteristics

X=LIXx, Xa2 0y, for some d,20
AEA

Bef -Thm e(X):= }%A(*')d'\ € Z is independent of
the stratitication. (-H'te Euler characteristtc)

Facts O XY (kow\eomorpht‘c):$» e(x)=-e(Y)
@ e(XuY)=eX)+e(Y)
® e (xxY) =e(x)-e(Y).
Remark €(X) is not o homopry invariant
Exomple e (a2)+ 3ei?)
e(ay ):(‘I)d/ a (o ( (I;\y)

+3- Q(G'o)

= |



2 . Euler characteristics

X=LIXx, Xa2 0y, for some d,20
AEA

Bef -Thm e(X):= }%A(*')d'\ € Z is independent of
the stratitication. (-H'te Euler characteristtc)

Remark T X is a focally compact semi-algebraic cet,
e(X) is the Euler characteristic of the Borel- Meore homology
HEM (X, 2), which implies the well- definedness of e (x).

It should be noted that even X is not loc. cpt, e(x) is well-defined



2 . Euler characteristics
quiw back o --*-

Excumple -
Q(G‘do):(-l)d g (Tu) = < (I;y) elw) ?’Q(‘?

+3 Q(Tn)

= |

A weaker vyesult may be
elop) = 0 elay).

This is . .
- fookl'hg_ alfke_ T{CtProct‘&\/

— related to the poset ctructure of the wderval
(o, ={xeR|o<x<I}.



2 . Euler characteristics

#{ ) eI’ [ xexac <. 3 {0, % ) elnT [ ueXag € X}

— 0:(”) - V\(h—t)-'P',(h~P-rl) - Ofs’ (n) — (n~l—P—|)P..l. (het)n

OF (n) = (=1 05 (-n)

Open Simplex closed simplex
Ty = {(x,)m,xd) el]Zd [o<x<-- <xd<[} Ja = {(11,‘“110 él?d losxis - $Xd$l}
e (T0)=(-1)* e ()=

e(me)= (Nt e (ay)

These examples should be unified ...



2 . Euler characteristics

Another story on the Euler chavacteristic :
The Quest for * Negactive Sets

Schonuel (1220
(Finite sots) <> @

g l

N={o.2,~}{—— Z



2 . Euler characteristics

Another story on the Euler chavacteristic :
The Quest for * Negactive Sets

Schonpel (122D
(Finite sets) 5 (Semi-algebraic Seto)

% J/ le_ . the Euler char.

N={o.2,~}{—— Z

Other possibilittes ! Semi-linear (polyhedral) sets, 0-minimal --
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3. Euler characteristic reciproctty

Problems so far : We would like to - --
— generulize Stanley's reciprocity by amaking
rgorous a Tormula. of the form

"t How (B, Q) = (<)% #Ho (2, -Q)"

— include. €(sy )= e(m) ac an exaumple

of reciprodity.

Schanuel’s View Sugaes'l‘s T onsider se,wxi—algebmtg

Sets and Euler characteristic.



3. Euler characteristic reciprocity

Joint Work with Takahiro Hasebe (Hokkaiolo )

Definition (P,£> 1S Q Sem:‘—algebraic poset

& + (P,<) is a poset, and
olef

+ B admits a structure of semi-algebraic set
Suul\ ‘U/\ad;

{69 ebxk | w<yy

is also a Semi-algebrarc set

(Tn other words, the order <" ts semt-algebraically defined. )



3. Euler characteristic reciprocity

Definition (P, <) is a Semi-algebraic poset
& ¢ (P,<) is a poset, and

olef

» B admits a structure of semi-algebraic set sudn that

{(x.‘@ eExF_[ < gt} is also a Ser-qlgebra(‘Q cet

Examples
(1) A fintte poset B is a semi-algebraic poset (e(B)=4#P)
2)The opan interval (0,1) I3 4 Semi-alg. poset.

(e(ton)==~1")




3. Euler characteristic reciprocity
Definition (P, <) is a Semi-algebraic poset
& ¢ (P,<) is a poset, and

olef

» B admits a structure of semi-algebraic set sudn that
{(x.‘g eExF_[ < g’; is also a 96Mf-qlg]ebrat‘c cet
Examples (1) A fintte poset P is a Semi-algebraic 'Posef.(e(H:#E)
) The open interval (0,1) i a Sewi-alg. poset. (elten)) ==1)

PVOE. If P and @ are Swl-adg_- posets Jthen

Px@ with \extcogv—a‘gkic ordering is also a gewuhalg posel.

<rl ,ﬁd < (P:,.g:.) &< o
° Pltﬂ_ omd ?;LSZ'L



3. Euler characteristic reciprocity

Def. Let Q be a semi-algebraic poset. Then define
the negative of @ by

—Q = @ x (.

Remarks:
—@Q s @ 9emi~ala, pocet with e(- Q,3=€(Qx(o.1)\=~e(@)_
* Even if Q is a finite POSQJC, —QL IS no lov\gek finite.

* (0, 0x@ # Qx(0.1) (different poset str.)

TOnly ‘HI\IS wO\r\r-S 'Fo\r later Pwr@oﬁes.

I CIN I A



3. Euler characteristic reciprocity

Evip.- Let B be a finite poset, and @ be a Semi-alg
poset. Then Hom (B,Q) is a Semi-algebraic set.

2 3
Proof fov the P= le. P=4(,2,3 ith ovder
{ Case \l/ t.e. P { 2 2‘ wtih 0 ey

<2 and K3, 2 and 3 are not
Cowpamkle .

Howm® (P, Q):{ 'F-'E-eQ} FO< Y, S<£3) e @3
T .

YN

{500« $)3e Q Q

v

L] ﬁ
S ML"&\ . —
: oy et {FH0< 505 Vi




3. Euler characteristic reciprocity
Thw 1 (Hasebe, Y.)

Let £ be a finite poset, and G be a semi-alg. poset.
Then

¢(Hon' (B, £ Q) ) =% - e Honl (2, 70))

Thm.2 (The role of Op (‘l:)é@[ﬂ)
Let B be a finite peset, and @ be o fotally-ordereo

semi-algebraic poset. Then
e (Hom (2,Q)) =05 (e(a),



3. Euler characteristic reciprocity

The 1 Let £ be a finite poset, and QU be a gemi-ala. poset.

Then ¢(How (B, % Q))=(0% - ¢ Honl (£, 7))

Thm2 Let B be a finite peset, and @ be a totally-ordered

semi-algebraic poset. Then (Hom (2, Q» (9\ (el@)).

Remark Q=[]
° Thm | +Thw 2 == Stawley’s reciprocity

o Thw 1 — e(g;%)= (-1)°
P=0d1,Q={pt}



3. Euler characteristic reciprocity
Sketch of the proof of Qx (0, 1)
e (How (B, + Q)) =" ¢ Hons (f,fla))
Do the fiber intesral” fov
TC : Hows (B, @xte,))— Howe (B, Q) =Y

V/4 U
X Hom (2, @)=Y
e)=(1=(n1={mn1+{ na1
X Y Y/ Y\’
"Euler characteristic Ll? \\O ( heed ‘FMY Tk(_()
tntes vl of construdible @) Q(Y) de""""?' o
Comcions” T gy 15 @ fibration with fiber (0 )



3. Euler characteristic reciprocity

Other tesults:
* Euler char. redprocity fov chrowatic poly. of a simple qraph.
(Hagebe, \(. )
» — fnv Ehrhat recprodty , Not yet. Bt thore i<
ad hec Euler char epplanation.
» —for flow polynomials of & gveph.
( Ongoing. Hasebe , Miyatuni. Y.)

Reference : T. Hasebe |, M.Yosln.imq,q , Euler chavackeristic

reciprocity fov chwomatic and order polynomials.
(arXiv: 1601.002’5‘1-)



