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.
Combinatorial Reciprocity

An Example from high - school math
.

P ,
n > O

,
[ n ]={ 1.2 ,

3
,

. - in } .

P

Of
( n ) :=#{

lxiinpip
) C- [ n ] / x , < xac . :<

xp
}

Of( n ) :=#{ ( xi
,

" .

,Xp) E [Hp/xi<Xz< . - .Exp }

The following formulae are well - Known .Of( n ) = (
h ) =nkt)",ln#tan ]
p p

oe ( n ) =

ftp.t/=KtP'h.i.t#eDn

]
p p p
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#{ ( xi ,n ; >(
p ) C- [

NP
/ x , < Xcc . :<

Xp
} #{ ( xi

,
. . .

,

Xp
) E [

Hp
/ X , IXZE . - .

Exp
}

= oiln) =ogk=

nlhili.cn#=1ntP-h.;tf
P ! P

.

a P
Consider these as Polynomials on N .

These two polynomials

are related by
"

reciprocity
"

Oriln )=HMOp±tn )
.
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" Combinatorial reciprocity
"

( after R
. Stanley ) :

An enumerative problem

Another
enumerative problem

£ £
The counting function The counting function

Film )
Eth

)

fln )=±Fzfn )

Different enumerative problems are sometimes

related by
" Combinatorial reciprocity"

.
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" Combinatorial reciprocity
"

( after R
. Stanley ) :

An enumerative problem

Another
enumerative problem

£ £
The counting function The counting function

Film )
Eth

)
fln )=±Fzfn )

Examp1= ( Stanley )
�1� I :

a finite poset . # Homs ( I,[n])<→# Honilp ,[ h ] )
.

(A generalization of
"

high - school reciprocity
"

.
discussed in detail later . )

�2� CT : a finite simple graph .

Regular n - coloring (→ Acyclic orientation with compatible
( NOT discussed today ) maps to [ h ]

.



1. Combinatorial Reciprocity

Exampled
Ehrhart reciprocity : Let QCRJDbe a lattice polytope ,

Leln ) :=#( zdnn .I )

↳°( n ) :=#( zdnn.IO#Theinteriorofp

⇒ LIln)=tDd.L±tn )
.

a O o O co a O o O co

In:!¥nsu.⇒FM¥i
' :p:p:I a • a @ I a • a @neo neo

Lelnklntlt Leolnklntt



1. Combinatorial Reciprocity
Back to

"

high school
"

again . P >o .

#{ ( xi
,

"

;Xp
) C- [

NP
/ x , < Xcc . :<

Xp
} #{ ( xi

,
. . .

,

Xp
) E [

HP
/xi<Xz< . - .

Exp
}

= oiln) =ogk=
h (h - I ) - . . ( h - Ptl)

=
(ntp. I ) . :(htl)n

-

-P ! P
.

These polynomials count  the # of maps of posets
.

Opsln )=#{ f :[ p

]→[n]/

isj⇒ flikflj ) }

Open)=#{ f :[ p ]→[n]/ isj⇒flikflj ) }
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These polynomials count  the # of maps of Po sets .

Opsln )=#{ f :[ p] - [ n ] / icj ⇒ fli ) < flj ) }

Open)=#{ f :[ p] - [ n ] / icj ⇒flikflj ) }

Abstraction ( after Stanley ) : Replace[p] ,[n] by poets .

DEI Let I
,
Q be poset ( Partially Ordered set )

.

Define the set of strictly weakly increasing maps (posethom ) by

Honk ( I
,
R ) :={ tip > RI ' 4×2 't

'
"

' ' ' '
a

⇒ flx , )§ fkz ) }
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1¥ Let I

,
Q be poset ( Partially Ordered set )

.

Honk ( I
,
R ) :={ tip > 21 ' 4×2 't

'
"

' ' ' '
2

⇒ flx , )§ fkz ) }

Let D= [

N]={
1.2 ,

. ' in } .

Then
,

Honk ( I ,[n])={ f :[ →[n]| Xicxz ⇒ fkdfflxz ) } .

Time ( Stanley ) Let I be a finite poset .

li ) FOIA )
,
QEHI e aft ] sit . 01 In ) = # Honilp

,
[ n ] )

.

C ii ) 1 Reciprocity ) OIHKHFK . Opift )
.
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Honk ( I

,[n]k{
f :[ →[n]| xicxz ⇒ fkdf flxz ) } .

Time ( Stanley ) Let I be a finite Po set .

li ) 70£ It )
,
QEHI e aft ] sit . QE In ) = # Homs ( I

,
[ n ] }

.

C ii ) ( Reciprocity ) OIH ) = ti 5*401 ft )
.

a po set

Aonuestit .
Can we generalize Stanley 's result [ n ] → A ?

Very informal y , Stanley 's reciprocity can be stated as

"

# Honi ( I ,[n]) = HFK . Honi 1 1
,
En ] )

"

Can we make rigorous
"

# Homs ( I , a) = ftp.#Hom4P ,

- a )
"

?

no Yes !
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Starting observation :

The Eulercharacteristicsof semi . algebraic sets

Satisfy
"

reciprocity - like
"

formula
.

Recall
,
X EJR "

is a semi - algebraic set iff

it is a Boolean connection ( u ,
^, -

a ) finitely many

sets of  the form { x E R "
I f ( x ) > 0 }

,
for f e JR [ xi

,

" ; xD
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Euler characteristics

Recall
,
XEJR "

is a semi - algebraic set iff it is a Boolean

connection ( u ,
n

,
-

a ) finitely many sets of  the form

{ XER "
I f ( x ) >O }

,
for f e R[ xi

,

" ;xD

EXampk_ Closed 1 Open simplex

Jd : - { 1 xi
, xz ,

" .

,
>( d) E Rd / of x , a- Xzs . :{ XD El }

Jd°÷{( xbxwn ,
x d) e Rd / o < x ,

a Xz< . . . < xD < 1 }

a : .EE
.

a : ,aI¥:*
'



2
.
Euler characteristics

Jd : - { 1 xi
, xz

,

" .

,
>( d) E Rd / of x , a- Xzs . :{ XD El }

Jd°÷{( xbxwn ,
>( d) e Rd / o < x ,

a Xz< . . . < xd< 1 }

Every semi . algebraic set XEJR " has a stratification

x=*let
S 't .

#^< a
,
X , I JDY, for some dx 20

.

( To =%°=Ipt4 by convention )

Deftht e( X ) := ,fnthd ' '
E 2 is independent

of  the stratification . ( the Euler characteristic )
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X=,¥nXx . Xx -2 Jot, for some dx 20
.

Deftht ECX ) := ,fnthd ' ' EI is independent of

the stratification . the Euler characteristic )

Facts DXIY ( homeomorphic ) ⇒ e(×)=e(Y )
�2� e ( Xu Y ) =e(x)+elY )

�3� e ( Xxy ) =e( × ) . e ( Y )
.

Reinart e ( X ) is not a homotopy invariant

⇐TTa,=a ,
.
.no . ,= , PHH ;.ee?Ie3ierY;D
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X = ,¥nXx . Xx 2 JDY, for some dx 20
.

Deftly e( X ) ÷ fen thd
' '

E I is independent of

the stratification . the Euler characteristic )

Remark If X is a locally compact semi . algebraic set
,

e (X ) is the Euler characteristic of  the Borel - Moore homology

HB*M( X
,
2)

,
which implies the well - defined ness of e ( x ) .

It should be noted that even X is not loc . apt ,
elx ) is well - defined

.

£×←±

↳§¥YFseo.am, compact ,§§¥¥°is not locally compact .
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Again back to . .  . .

⇐aE÷,=aµ
,
no . ,= , .fl%*tIeHtYe3ie;D

A weaker result may be

e ( Ti ) = HM . e ( rd ) .

This is
- looking alike

' '

reciprocity
"

- related to the Po set structure of  the interval

( o ,
1) = { xe Rs I o < xcl }

.



2. Euler characteristics

#{ ( xi ,n ; >(
p )E[h]P/x,< Xac . :<

Xp
} #{ ( xi

,
. . .

,Xp)E[n]p/xi<Xz<
. - .

Exp }=o;(nj.nktt.tn#=ogln)=ktPth.itI
P P

,

Oriln )=HP . Ogtn )

Open simplex closed simplex

Td°={ 1×1 ;n ,xd)tRd1o< X ,< . :< xdal } Jd={ 1×1
,

",Xd)tBdlo§Xi<.isxdsl }

e( Tao )=H)d e( Td )=1

elrao )=fDd.e( rd )

These examples should be unified
. . .
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Another story on the Euler characteristic :

The quest for
"

Negative sets
"

.

Sohanuel ( 1991 )

1 Finite sets ) - #
#f /

✓

N={ 0
, 1.2 ,

in } - 2



2
.
Euler characteristics

Another story on the Euler characteristic :

The quest for
"

Negative sets
"

.

Sohanuel ( 1991 )

( Finite sets ) - ( Semi - algebraic Sets )

# / / e : the Euler char
.

✓

N={ 0
, 1,2 ,

in } - Z

Other possibilities : Semi - linear ( polyhedral ) sets
,

O - minimal . . .
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Euler characteristic reciprocity

Problems so far : We would like to . . .

- generalize Stanley 's reciprocity by making

rigorous a formula of  the form

' '

#Hom4I
,
Q )=th##Hom( I. - Q)

"

- include e ( %) =L - Dd . e ( rd ) as an example
of reciprocity .

S channel 's View suggests to consider semi - algebraic
sets and Euler characteristic

.
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Joint Work with Takahiro Hasebe ( Hokkaido V. )

Definition #, e ) is a semi . algebraic poset

# • ( I
, E ) is a poset ,

and
def

• I admits a structure of semi - algebraic set

such that

{ ( x , He IIII x< y }
is also a semi - algebraic set

/ In other words
,
the order

"

E
"
is semi - algebraically defined . )
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Definition #, e ) is a semi . algebraic poset

# • ( I
, E ) is a poset ,

and
def

• I admits a structure of semi - algebraic set such that

{ ( x , He IIII sky } is also a semi - algebraic set

Examp÷
) A finite poset I is a semi . algebraic poset .

( elk )=#I )
(2) The open interval ( 0

,
i ) is a semi . alg . poset .

( e ( ( o ,
1 )) = - l )
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Euler characteristic reciprocity
Definition #, e ) is a semi . algebraic poset

# • ( I
, E ) is a poset ,

and
def

• I admits a structure of semi - algebraic set such that

{ ( x , He IIII sky } is also a semi - algebraic set

E×amPl= ( l ) A finite poset I is a semi - algebraic poset .
( elk )=#I )

(2) The open interval ( 0
,

l ) is a semi . alg . poset . ( e ( co , i )) = - l )

P# If I and Q are semi . alg .

Poets
,
then

I xD with lexicographicordering is also a semi - alg poset .

man -

( Pi
,
of , ) E (Pz ,

82) ( ⇒ ° P , < Pz or(p ,=p< and Getz
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1¥ .
Let I be a semi - algebraic poset . Then define

the negative of a by

- a := 2×6,1 )
.

Retard"
is a semi - algposet with et a) =e( 2×6.1 ) )= - ebx

• Even if Q is a finite poset ,
- R is no longer finite .

. ( o , i ) × at Qx ( 0,1 ) ( different poset Str . )
me

only this works for later purposes .

. - to )tQ
.



3
.

Euler characteristic reciprocity

Pwp_ Let I be a finite poset ,
and D be a semi . alg

poset . Then Honi ( I ,
R ) is a semi . algebraic set

.

Prootforhec= R = ¥ i.e. I={ 1.2 , } } with ordering⇐and 1<3.2
aiodhpaaiebien?t)

Homs ( I
,
Q )={ f :C →Q/ f ( i ) < tlz )

, fly < fl 3) )*Y hut "

{ fa )< th ) }ca a
p c

semi -alg . =) { Hi ) < ft } ) }
by def .

H
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¥11
Hasebe

.
Y .

)

Let R be a finite poset ,
and I be a semi . alg . pose t .

Then
e ( Hori ( I

,
± a) ) =th#± . e ( Hone ( I
.FR

))

ThmJ the role of OIH ) £ QH ] )
Let I be a finite poset ,

and Q be a totally - ordered

semi - algebraic poset . Then

e ( Honile .
a ) )=0Ile( a) )

.
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¥Let R be a finite poset ,
and I be a semi - alg . poset .

Then e ( Hori ( I
,

± a) )=th#± . e ( Hone ( I.FR ))

Thmj Let I be a finite poset ,
and Q be a totally - ordered

semi . algebraic poset . Then e( Home ( I
,

a ) )=0p!le( a) )
.

Remark
- R=[h]

o Thm It Thm 2=7 Stanley 's reciprocity

° Thm 1 => Elta ' )=
( - ijd

R=[ d ] ,Q={ pt }
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Sketch of  the proof of 2×6,1 )Atom '( I .tw)=th#±.e( Honey

,

- on ))
Do the

' '

fiber integral
"

for

IT :Honi( I ,Q×Qh)→Honi( I,Q)=Y. u

X Honile,Q)=Y '

e(x)=f×1=ft*1={
,
,T↳1t{uy*1

T mm

' '

Euler characteristic 711TFT need further

integral of constructible ftp.?e(y ) decomp .

)
functions

"

TT@yyyisafibrationwithfiberl0.R
'y
,
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Other results :

. Euler char
. reciprocity for chromatic poly .

of a simple graph .

( Hasebe
,
Y

. )

.  - for Ehrhart reciprocity ,
Not yet .

But there is

ad hoc Euler char . explanation .

•  - for flow polynomials of a graph .

( Ongoing . Hasebe
, Miyata ni

. Y . )

Reference : T
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