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1. Kontsevich-Zagier's “Periods(
2. A problem and a strategy.

3. Elementary real numbers.

4. Periods are elementary.
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Prop. PO Q- (
(") Fubini’s theorem.
Prop. P
(") Z[x1, ..., x,] is countable.
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Kontsevich-Zagier [ P
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A 1.8 ?)
Jaw
(i) (on A and w).
(ii) L dy = %dm.
(iii)  Jadw = [\ w.




1 Periods

Conjecture 1 (Kontsevich-Zagier). Periods

coincide
/ W1 = / Wo € 7)
A Ao

only when (i), (ii) and (iii).

|.e.,

— No miraculous coincidences between periods.
— Analogous to Hodge conjecture.



1 Periods

Problem 1 Find an algorithm to determine
whether or not two given numbers in P are

equal?

Problem 2 Find an algorithm to determine
whether a given real number known numerically
to high accuracy, is equal (within that accuracy)
to some simple period.




1 Periods




1 Periods

D




1 Periods

D

Conj. —,e,7.p ¢ P.

Motivation:

a ¢ P
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Motivation:

a € R
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2 Strategy — What “Exhibit a real” means?

Recall that R Is
the completion of Q w.r.t. d(z,y) = |z — y].
So any real number o € R is the limit

a= lim z,
n—oo

of a rational Cauchy sequence x,, € Q.

Xy = a(n)) where a and b : N — N.
b(n)



2 Strategy — What “Exhibit a real” means?

Summary so far:
A real number o € R Is expressed by a pair a, b
of functions N — N as:

a(n)

lim — (.

w1 B(n)

We are interested in a,b € N, where

NY={f:N— N}
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2 Strategy — What “Exhibit a real” means?

Hierarchies in N (after A. Turing 1936):
NY ={f:N— N}

4 All functions
Computable ~
Elementary ——
\_ _
\_ W,
\ y,
induces hierarchy on R = {lim,— o ZEZ))}
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Strategy:
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2 Strategy — What “Exhibit a real” means?

Strategy: prove P C Rgen, and make o € Rejep.
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3 Elementary real numbers

o € R is an elementary real number it
Ja, b : N — N: elementary functions, s.t.

1
e’ < —,
n

vn > 0. (i.e., Z((Z) » & + more.)

Rejem 1s the set of elementary real numbers.



3 Elementary real numbers

Elementary functions is the smallest class of
functions which

1. contains initial functions, and
2. 1s closed under some operations.

From now,

N=1{0,1,2,3,...,).



3 Elementary real numbers

Initial functions:

_-hwl\)l—\

. The zero function: o(x) = 0.
. The successor function: s(z) =z + 1.
. The 7-th projection: Pf(xl, o, Tp) = X4

Addition 4, multiplication x and modified
subtraction

(

) =y if x> v,
m(z,y) =Ty = < 0 if ¢ <.




3 Elementary real numbers

Operations:

1. Composition: f(g1(x),...,g¢(x)).
2. Bounded sum:

L1

(1,...,Zp) HZf(t,Q?Q,...,ﬁCg).

t=0

3. Bounded product:

1
(1,...,%p) — Hf(t,CEQ,...,QZ’g).
t=0



3 Elementary real numbers

Elementary functions is the smallest class of
functions which

1. contains initial functions, and
2. 1s closed under some compositions, bounded
sum and bounded product.

(elem) c NV

elementary functions with one variable.



3 Elementary real numbers

Example:

(0 ifz=0

SB0(L) =10 1 i r >0

\
Is elementary.
Similarly, so is

1 >y
f>(93,y) = 9 0 If,CESy




3 Elementary real numbers

Other examples:
1. Polynomial, power z¥, factorial z!,
2. Quotient:

£
y+1

(z,y) —

3. Square root: |\/z|, Logarithm: |log. v/,
4. n-th prime p,,, number of primes 7(x),
Fibonacci, etc.



3 Elementary real numbers

Example of a “non-elementary” function:

L

f(x) = " (z floors).

l.e.,
f(2) =2° =4,
F(3) = 3% = 327 = 7625597484987,
14 4256 1.34078.--x 10154
44 =4t =y .



3 Elementary real numbers

f diverges faster than any elementary function.
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3 Elementary real numbers

Recall Rgjem 1s the set of o € R s.t.
Jda(n),b(n) € (elem) with

a(n)
b(n)

ol <

for n > 0.

Prop. Reem Is a field.

Ex. Q, m, e are elementary.
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4 Periods are elementary
Main Thm. P C R and can make o € Rejepm.

4 R
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4 Periods are elementary
Main Theorem: P C Rejem.

For a bounded domain (F; € Z|x1,...,xs]),
D={xecR|F(zx)>0,...,F,(x) >0},

we will prove vol(D) € Rejem.
We may assume

D c [0,1]".



4 Periods are elementary

To prove vol(D) € Regjem, We need an
elementary map

rx:N—Q
such that

vol(D) — a(n)| < %
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4 Periods are elementary

Claim. vol(D) € Rejem.
We use Riemann sum.

(Approximate D C R* by cubes.)
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4 Periods are elementary

Claim. vol(D) € Rejem.
We use Riemann sum.

(Approximate D C R* by cubes.)

/"
Jﬁ n — vol(V,,) € Q
_ \l is elementary (on n).
L .1

N - lim vol(V;,) = vol(D)
in . vol(D) € Rejem
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8 ¢ Relem
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4 Periods are elementary

1. IRelem

algorithmic

Relem = {Q1,02,...,0Qp, ... }.

, O & IRcomput \ Relem

computable

r(n) € Q
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Prop. 6 ¢ IRcomput-

() 6 - IKcomput

B —a(n)] <~

(n)




() 6 - IRcomput




() 6 < IRcomput

— [

ﬂ ¢ IRcomput
1
B —z(n)| < -
x(n)
k
10

(Diophantine
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