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1. Milnor Fibers o]r_ Line arrcmgem\ents

Given datum ~—Tts Cone
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Remark * Qx4.2) is homogemous of dag =N+l
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1. Milnor Fibers o]r‘ Line arrcmgem\ents

P EF —— E: (02— (2x, 14,72),
where T= ﬁuu/w”

induces & linear automorphism
S H'E) ——= H'(F).

We have eigen o\ecomposiJﬁon

- elaen spoce

= @H(F), "

e+
=|

S—
Since $"=(d.
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1. Milnor Fibers o]r‘ Line arrcmgem\ents

EO\S)’ Pal’t A:l' -invariant part

/P
HU(F), =H'(F) 2 HH (F/<esy & HIMWY) ™

Nontrivial part : 2 # (RQCQ” : ka"—M(A):Q\ngi)



1. Milnor Fibers o]r_ Line arrcmgem\ents

EOuS)’ Part: A =1,

-invari amt fouvt

/P
H'E), =H(F) 2 H (F/<e») 2 H(MW) 2™

Nontrivial Part LA E] (RquH : ka"—M(A):Q\ngi)

H'(F)y & H'(MA,L ) 0o
)
t i-‘l

rank L Local system on M(4),s.
a 2 A

2ach monodromy avound Hi is A
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EOuS)’ Part: A =|,

P- invart amt fouvt

v
H(E), =H'(FY & H (F/<e & HI(MUA) x™

Nontrivial Part LA E] (RquH : ka"—M(A):Q\ngi)

H'(F), ZH(MW,L,) 00
rank L Local system on M(A),s,t,j 4
'Q(LCI’L ’WlDY\OOlYOM)/ a.Y'O(Aho( Hi s l l
a 2 2

H'(F)#‘ = @ H‘(F)/l ' hon-trivial edgen space.
AF|



1. Milnor Fibers o]r‘ Line arrcmgem\ents

Known Fact  and exwm?lgs_
Thwm.(Orlik-Randell, Hattori) If A={H,, H-n,Hso} is
Generic (= only double points) ,then H'(F)gH =0. (i.e. b.(F)=n)

N

N
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Non-generic cases: (=0 %

N

A

N

RN
> N
s VA
/
Az=arr. PaPpus Qrr.

H(E=HA® H ()@ H(F,p H'(F)=H'(F), @H' (A, DH (F),
I Su u \ u
& & ¢ coc ¢

Y/,
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NOT All “non- generic arr" have ngn-trfvia( elgenspoces.

A23,1) H' (F)_-“:O
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NOT All “non- generic arr" have non-trivial eigenspoces.




1. Milnor Fibers o]r‘ Line arrcmgem\ents

Problem Compute dim H (F) = dim H' (M. L.

( Combinatoriol formula Uhknown.)

Rem. dim H'(F)5 is veloted to many other things.

o Betti numbers of certain coverirng spaces

o Alexan der Pol\/nomial of TC(M). of M.

e Counting certain plane curves.

° Hoolge str. of H'(F.Q).
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2. Resonant band algorithm

Now we assume A={Hi,~ Hn§ is defined /[R
Notod‘ion: o0

ch(A): The set oF chambers. c ||
cs |/ cq
Adjacency distance: Cq CC7 .
Ciol “u 12
F-DY' C/C,eCl’l(A), Cl’L{A)hic - C }
d(C’C/ ) | | , o L
) #o‘f Ilhes Wh ch e.9. ol(Cl;,C(2>=4L

separates C & .



2. Resonant band algorithm

Fix o positive integer &|(n+). Set A= S
(R>1, moinly %=3)



2. Resonant band algorithm

Fix o positive integer &|(n+). Set A= S

(R>1, moinly %=3)

A band is o regient bounded by
a puir of consecutive parallel [ines,

In a band B, there are exactly
two unbounded chambaers,
set W(B) and U2(B).

Next we define B-resonance.



2. Resonant band algorithm

A bo.r\o\ IS O YQ%'lGYL bounded by
a puir of consecutive parallel |ines,

In o band B, there are exactly

two unbounded chambers,
sef W) and U2(B).

d
A band B is k-resonant é—g % | d(u), 4a(8))

Eg. d(w®), usB)=3 ~> B is 3-resonant.
A[MI(BZ),L{;(’BZ)) =4 ~nv— By is not 3-resonant.




2. Resonant band algorithm

Discrete Wave on the band B: . \
. TC- Ui, Uy _
Suppose. thet B is B-resonant. (& sin( £t )=o)

vector space §1>ahneo( by

V()= Z Sm(n d( u‘(B) C) [:C] € C[( A A)]

Cabe

~ "\ /
U(B) C / U(B)
- >/
V(B)=---+ Sl"\( )[C']+
/[/\ 7~ N\ N\ N\

\/

/] N—" ~—~ S \_/



2. Resonant band algorithm

V(B):= CZB sin(n- al(E(B).C)).[C] € d:[ck(A)]

Ex. d(u(®,u®)=9, &=3

N
B w(® . c,
N
8 -—
v(8)= %sm(g.g{ca d(ui(B), Cp )=P.

- g[c,],u .2‘@ [C,]+0[Cq)- -“;_i[cﬂ - %—[C 5]+0 [C{l+-‘§[Cﬂ+¥ (<)



2. Resonant band algorithm

Another 'm’ceqsrefafioni
B) Z Slh(n dl W(B) C)) [‘C] € C[. L\A)]

CeB
~ \ \ X /
w® ¢ T S - / U(B)
-]
r - = \J/
Teid Ted

sm(“ d(ué(s) c,)) 2L(e; _ éT )

IS 'H"”- O(iHeY'enCQ e:]C fwo parallel '('mns(afions.
(Posffive_ ond heg«tive.)



2. Resonant band algorithm

v (B)= Cls_é Sin( L& A%’“(B)'C))-Ecl

Notation : RBg(A) denctes the set of k-resonant bands.



2. Resonant band algorithm

v (B)= g;é Sin( L& ME“(B)'C))-[C]

Notation : RBg(A) denctes the set of k-resonant bands.

Theoron () Let A=l bl are o
Rlnn), g1, 1= €™

R (or its Gabis conj). Then

Ker(7: CIRBg(A) 1—>CLch(A))) 2 H'(F )

In particular, dim H'(F)y is egual to the number

of linear relations oumong discrete wavyes V(B), Be RBa(A).



2. Resonant band algorithm

Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\ce_ dim H‘(F),\ is egual to :ﬁf-o'F l'mear rel’s Cq_W\ong_ V(B)'S.)

E"’J‘Pﬁ (?aypus arr)
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Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\cg Aim H‘(F),\ is egual to :ﬁf-of l'mear rel’s QW\Ohg_ V(B)'S.)

EX‘-JPE (?aypus arr)

N

R

g N
N
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Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
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Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\ce_ Aim H‘(F),\ is egual to :ﬁf-of l'mear rel’s QW\Ohg_ V(B)'S.)

-F’X"JLlQ' (Paypus arr) %V(BJ:[C!]*[CJ ‘[Ce]‘[Cu].




2. Resonant band algorithm

Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\ce_ Aim H‘(F),\ is egual to :ﬁf-of l'mear rel’s QW\Ohg_ V(B)'S.)

-F’X"JLlQ' (Paypus arr) %V(BJ:[C!]*[CJ ‘[Ce]‘[Cu].

BQ_ /83

%=3 d’:i V(Bg)=[cz]+[c¢r]" [Cgl-[Co]




2. Resonant band algorithm
Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.

(He\r\ce_ dim H'(F)s is egual to HF of linear ral’s among v(B)s.)

Example (Pappus are) EV(B)=[C]+[es]-[Col~[Cul.
v (Bs)=[Ca]+(Cq] - [Cel ~[Cic]

V(8,)=[C+LCa1+1C T+ (]
—[Cs] [Cq]“[clo-l [Cu]

‘lllu ‘[lp




2. Resonant band algorithm
Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.

(He\r\ce_ dim H'(F)s is egual to HF of linear ral’s among v(B)s.)

Example (Pappus are) EV(B)=[C]+[es]-[Col~[Cul.
v (Bs)=[Ca]+(Cq] - [Cel ~[Cic]

V(B,)=[C]+[C 1 +IC3 T+ (4]

-[Cg]- [Cq]“[clo—l [Cul
= %;V(Bn)"' E@V(Bﬁ

‘lllu ‘[lp




2. Resonant band algorithm
Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.

(He\r\ce_ dim H'(F)s is egual to HF of linear ral’s among v(B)s.)

V(B)=I[ci]+[¢5]-[Ca]-[Cul.
v (Bs)=[Ca]+(C4] - [C1~[Cu0]
v(8,)=C]+Ca]+ICT+[Cq]
~[Cg]-[Cq1-[Cio)-LC o]
= 2v(B.)+ 5 V(Bs).
" dim H (P ani =1,

EX‘-JPE (?aypus arr)

sle \Wlp ‘-‘lp




2. Resonant band algorithm

Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\cg Aim H‘(F),\ is egual to :ﬁf-of l'mear rel’s QW\Ohg_ V(B)'S.)

Example (A(12.2), Griinbaum’s Catalogue )
\ /
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Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\ce_ dim H‘(F),\ is egual to :ﬁf-o'F l'mear rel’s Cq_W\ong_ V(B)'S.)

Example (A(12.2), Griinbaum’s Catalogue )

B\ Bi| B2 Bs /
| 2

BS 3 { ';,: 8 ) lo

Be I b ::”’ N 3

81,/ AN



2. Resonant band algorithm

Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\ce_ Aim H‘(F),\ is egual to :ﬁf-of l'mear rel’s QW\Ohg_ V(B)'S.)

Example (A(12.2), Griinbaum’s Catalogue )

BN\ B | B2 B Mil=12. R=2.,3,4.b,12
| 2
VAR
B'S 3 ‘;"_18 |0
4
B I 71 :; AN 18

81,/ AN



2. Resonant band algorithm

Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.
(He,y\ce_ Aim H‘(F),\ is egual to :ﬁf-of l'mear rel’s QW\Ohg_ V(B)'S.)

Example (A(12.2), Griinbaum’s Catalogue )

BN\ B | B2 B M+l=12. R=23,4.6,12
! 2 Bands Length

Bs |2\ "'.:3 o Bi, B2.B; '/

Bo | ::w AN By B 9
) o\ Bs B¢ 8

81,/ AN
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Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.

(H”\C?— dim H'(F)s is egual to HF of linear ral’s among v(8)’s.)

Example (A(12.2), Griinbaum’s Catalogue )

"] < never % -resonant

BN\ B | B2 B M+l=12. R=23,4.6,12
! 2 Bands Length

Bs |2\ "'.:3 o Bi, B2.B;

Bo | s ::w AN By B 9
) N Bs .B. 8

81,/ N\
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Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.

(H”\C?— dim H'(F)s is egual to HF of linear ral’s among v(8)’s.)

Example (A(12.2), Griinbaum’s Catalogue )

"] < never % -resonant

q < 3-vresonant

BN\ B | B2 B M+l=12. R=23,4.6,12
! 2 Bands Length

Bs |2\ "'.:3 o Bi, B2.B;

W N
) N Bs .B: 8

81,/ AN




2. Resonant band algorithm

Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F),.

(H”\C?— dim H'(F)s is egual to HF of linear ral’s among v(8)’s.)

Example (A(12.2), Griinbaum’s Catalogue )

"] < never % -resonant

q < 3-vresonant

8 %‘l&‘l--\reSonant,

BN\ B | B2 B M+l=12. R=23,4.6,12
! 2 Bands Length

Bs |2\ "'.:3 o Bi, B2.B;

W N
) N Bs .B:

81,/ AN




2. Resonant band algorithm

EmMElQ— (A(IZ -1), Grinboum’s Cq‘talogue,)

BN B | B2 B M+l=12. R=23,4.6,12
| - Bands Lengtht

B s

5 3 A 10 BQ—, B.-, 9 <« 3-resonant
It % 8

x ) s " Bs ,BL 8 «28¢4- resonant.
\a 20 00

'8'7/ \ 'ﬁ 3 RBg {B‘l' B"I% ,




2. Resonant band algorithm

EmMElQ (A(IZ -7-), Grinboum’s Cq‘talogue,)

BN B | B2 B M+l=12. R=23,4.6,12
' > Bands Lengtht
g aN%E
5 3 A 10 BQ—, B.-, 9 <« 3-resonant
It AN
B - lzls!’ " Bg ,B(, 8 <2 & & - vesonant.
1 20 0O
'8'7/ \ 'ﬁ 3 RB; {B‘l' B"I% ,
13
V(Bs)=F [CuJ+-.
)= Hence V(Bg) and V(By) are linearly
v (B )~£3[c AR .
1= 2 - (ndep. Hence H (F\enc/; =0

[C:_l does not xppear.



2. Resonant band algorithm

EXMV\ElQ. (A(IZ -7-), Grinboum’s Ca‘talogue,)

Bq.\ Bi B> Bz / /n-|-l:l'z ‘%:2,3,‘\’.6, 12,
! . Bands Lengtht
g ANZE
5 3 a 1o Bq_' Bq q €« 3-resonant
It AN
Be PN Re B 8 <« 28 4&-vesonant.
14 20 oo
81/ AN parallel
"

Similarly, RBa=RBq ={Bs, B¢} V(Bs) and V(B are
[inearly indep(No overlaps!), hence H'(F),, =0



2. Resonant band algorithm

Recall that two lines Li and L2 divides BP* into twe veqions.

/
\
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2. Resonant band algorithm

Recall that two lines Li and L2 divides BP* into twe vegions.

Def. The pair Hi,Ha€cA is called “ Sharp poir' if
one of two regions does net Contain intersections (in its interior)

\ % f\ /

Q/‘/ N Y AN
7L sharp pair

[0} SharF ?air



2. Resonant band algorithm

D_e'f, The pair Hi,H2€cA is called “Sha\rp ?ai\r" if

one of two regions does not Contain intersections (in its interior)

Bq.\ Bi| B2y Bz /
l 2
NAE
BS 3 '5'._, 8 |0
7
B¢ ! aDx g \#
\q 20
87,/ AN

)

Thm. (Y.)
If cA has a sharp pair, then
dim H'(F), =1 for "0%L

Tdeo of proo'ﬁ gufrom Z_t-at' V(Bi) =0.
(Ih‘ﬂu (oft figure) Qi determines Rg, Qs G, Gn.

Then G2, B3 ave also uh13u<[7 determined. (QED.)



2. Resonant band algorithm

Thm. (Libgober)
Tf IHieh st. all intersections on Hi has

multiplicity 2 (ie. No higher multiple points exist on Hi)
== H' (F,=0 for X =+l

(F\roo‘f )
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Thm. (Libgober)
Tf IHieh st. all intersections on Hi has
multiplicity 2 (ie. No higher multiple points exist on Hi)

= H F\)‘FO for X =+,

(proot) fut Hi ot 00
— A” lHteI’SECtIOY\S on F have fmuH:P luf,y =2

<




2. Resonant band algorithm

Thm. (Libgober)
Tf IHieh st. all intersections on Hi has

multiplicity 2 (ie. No higher multiple points exist on Hi)

= H (F,=0 for X+l

(proot) fut Hi ot 00
— A” lHteI’SECtIOY\S on F have fmuH:P lC.l'Ey =2

< There are no bonds,

~ RBe(A)=%. Hence Fer (C(RBy ] Q[cﬂ)
0 =0 (Q.E.D,)




2. Resonant band algorithm

Thm. (Libgober)
Tf IHieh st. all intersections on Hi has

multiplicity 2 (ie. No higher multiple points exist on Hi)
= H' (=0 Jor L+l

Rem Libgober Prbved’ The above. reSuH' 'For ahy

Complex line grrangements. Our hew proof
WOHCS Oflly for those defined /TR However -



2. Resonant band algorithm
We can Sfrehgﬂf\en for real arr-anﬁemel’lfs

Brop. Suppose GA is nit @ pencil Tf IHie A St

There s at most one higker mult. pt.on Hi
= H(F), =0 fr x#



2. Resonant band algorithm
We can Sfrehgﬂf\en for real arr-anﬁemeVlJcs

fﬂ& Sw?pose A is nit « E@nci/. Tt aHié A s.t.
%/.Thﬂm is at most Ohe higker mult. Pt‘. oh Hi‘
= H(F), =0 fr x#I




2. Resonant band algorithm

We can Sfrengﬂqen for real arr-anﬁemel’lfs

Prop.  Supose GA is not @ pencil T ;e A St
% is al most Ohe L’li@ker mult. Pt‘. Oh Hi‘

= H[F), =0 for x#!
(f’YDO'F)B In this cose ., gll bands are fam/(e/.

B Bs

Since paralle] bands have no

overlaps, v(Bi),** are /u'neakly
indep. So H'(F),, =0 (Q.E.D.)



2. Resonant band algorithm

Thm.(Y.) Suppose GA is nit & pencil. T+ AHie A St

S Thereare exactly fwo higher mult. pt.on Hi,
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Thm.(Y.) Suppose GA is nit & pencil. T+ AHie A St

S Thereare exactly fwo higher mult. pt.on Hi,
and H'(Flg, #0, then

=



2. Resonant band algorithm

Thm.(Y.) Suppose GA is nit & pencil. T+ AHie A St

S Thereare exactly fwo higher mult. pt.on Hi,
and H'(Flg, #0, then

=

cA s Ag"arr\ M

Proof 1 quoov(ous Comlp?hq'l;oriql
araumeuts. oo




2. Resonant band algorithm

C_DJ; Except 150\( A3 “&W.Q and pqncilS, —_\

A

B

If 2 line Hie A 00
St. There are at most two points of multiplicity 23 on Hi,
“then H'(F)g, =0.




2. Resonant band algorithm

QO_F. EXCQPt for Az “GLY\’-‘l and Pani]S, \

A

>\

H'(F)y #0 implies
that each line HE ¢ las ot feast 3
multiple infersections on it.

(Roughly, H(F).#0 implies A is Far from generic-)



2. Resonant band algorithm

We have computed mon trivial eigen space H'(F)y for

arrangements which are appeareo( in

o B.Griinbaum, A Cai’alogue of Simplicia arkanQements

in The veal projective plane.
[ ond some. additional infovmation by Michael Cuhtz)

* B. Grlinbaum, Configurations of points and lines
(Book. AMS)



2. Resonant band algorithm

Def. CA is called simplicial if it gives a
triangulation of [RP*

© oo ©

N/

Nt

A(7.1)
A(11,1)

7R~ K

A8.1) A@9.1)
A(12,1)
© ©
A(10,2) A12,2)
\X/ 7
o
A(10,3) A(12,3) A(13,1) A(30.3)

From Grunbaum's paper "A catalogue of simplicial arrangements in the projective plane”



2. Resonant band algorithm

Def. CA is called Simplicia/ it it gives a
triangulation of [RP?
Notes:

° There are some infinite series.

* If is generally believed that there exists only finitely
many Slgomo\ic 5ihq>licia| arv's. (Nl yet classified)

- M(A), Fa are K(T.-spaces. (Deligne)

> Theovy of free arvangements started with these examples.
(Terao)



2. Resonant band algorithm

Def. CA is called Simplicia/ it it gives a
triangulation of [RP?

Def . For m2l, AlfM,1)= 3m edges of regular 3m-gon

1 3m lines of Symmetry

A(6,1) A(12,1)



2. Resonant band algorithm

Con,jecturg 1. For real line arrongements(exceyt for pencils)
Gy dim H'(E)y &1 if A =]
iy H(F =0 f X3=[

ConJecture P SHPPOSQ cA is Simplicial, Then
H'(F),, #0 iff & is of type Alsm, 1)

(Con(j 2 is verified for all kmwn @xawples. In particular, true for
|cA[<28.)



3. Milnor fiber and 3-multinets




3. Milnor fiber and 3-multinets

Def. A projective line arrangement cA is said to
have 2-multi hets structure (of multiplicity 1) i'f
ad_eC_omPoSifioh cA= A, ud,u Az St

(i) |[Ai[=]Ay]=]A3], and
(ii) Fovr any intersection P, (CA)P-’-{H ecA[ P eH}

is either e
°COY\Slstlhg. onhe color, or

(A, [=] (A, [=](42), |.

Rowm. Having & 3-wmultinet str is & combinatoria| property.



3. Milnor fiber and 3-multinets

(i) [Ar[=]Ax|=]A3], and
(i) For any intersection P, (cA), {HCCA[ PGH} is either
COY\Slstlhg. Ohe Color ov

‘| (A|>P\=l (Al)P ‘zi(A?»)r I

Ex. Alr.) %X

Z

7N £



3. Milnor fiber and 3-multinets
M(Libaokr, 0gain for any (;omplex arr. CAB

Suppose A has ohly double and triple points,
Then H'(F).,#0 iff A has 3-multinet str.
(anol then hon'trivfal eijen values are e—nwi/;>

&L".. (o) “if" port has been known (Falk-Yuzvinsky).
(1) Hence for doublle and triple points arrahgements,

H'(F)#__l-:D or 7O is combinatorial.

2)An example of cA with no 3-multinet str. and
H'(F),#0 is knawh, ( defined /)



3. Milnor fiber and 3-multinets

I+ we restrict to the rea| cases,

a/l fxa.luples ('frown érkbinbaum's ar‘ticles) gupports

The 'PD”bwihg_.

Conjecture 3. For ahy reol akkanﬁemeht A

H'(FL,*O iff A has 3-multinet str.

(i.e. Lilagober's resut holds for all real are's
without the assumption ot most tviple ?a:ntg"»



3. Milnor fiber and 3-multinets

Conjec’cure 4. Su??ose A is a Simsplicial arrangement.

Then CA has 3-multinet (ff cA=Albm.1) For some

wmz |,

(Thls IS Purel\/ Combinatorial

§§ é ’ff‘bblem>

>
Z



3. Milnor fiber and 3-multinets
(WOrk in Progress with Mic,\f\eleToHeUi\
-H)\HQ\VA.S ) COMJB : H'(F), F0 @ 3-hets .

O[)servatioﬂ :

In AlR4) kle%t), um.'r)ue lin. vel

X By |BJBs By % (ﬁ=3>
V(B,) =T (Bs)+ 7 (By) - V(Bq) =0

| X Only the bands with
9 Q blue ond ved walls appear.

7 \ (Bano{s with green walls oo not. affeah)
| 1.
A(n.a) RBB:{BLB?-,“'/ Bq% x




4. Tdea of the 'Proo')c-



4, Tdea o{‘ the ?roo'f"-

— Construct a good Stratification For MUA)
(“'mu‘nima! si‘mtification")

— Compu{'ing H'(M(A), &L,) Ey using the stiatefication,



4. Tdea of the _proo'f.

1-dimensional example A={Qn, Cu]{ CR.

C

Sem['a’ﬁ‘ebmic Subset defined by

Fatio of consective linear
Forms € [Ra



4 Tdea of the proot.

1-dimensional example A‘-‘-{Ql, Cu} CR.

Sem['a’ﬁ‘ebmic Subset defined by
C “ o o
Fatio of consective linear
Q ;
* al 'F‘DVVV\S S k<o

SPf?ﬁéGﬁ[g—j%‘z eﬂia}

Si={zec| B2 ek



4 Tdea of the ?roo-f.

1-dimensional example A‘-‘-{Ql, Cu} CR.

Sem['a’ﬁ‘ebmic Subset defined by
c]
a ratio of consective linear
2 Ql -F‘Dkw\s c TE<° u

Sz:{E cq l £-a: éﬂaco}

"1" can be considered as

dfﬁn"'\g. [inear form of )



4 Tdea of the ?roo-f.

1-dimensional example: A ={a, Qz} CR.
Sem['a’ﬁ‘ebmic Subset defined by

¢ "Fatio of consective linear
>3 ?;z S) Coll Forms € R
- )
Sn—fz el l %Ez S H2<o}

Sz:{E cq l £-a: éﬂaco}

"1" can be considered as

dfﬁn"'\g. [inear form of )



4 Tdea of the 'p\roo'f

1-dimensional exmmg\e AT-{QI,Cu} CR.

Semi'a’ﬁ‘ebmic Subset defined by

7
T i

U=MANSI S, S,={zec | 7‘*1 R}

"1" can be considered as

df'ﬁnf"g. [inear form of )



4 Tdea of the proof

1-dimensional exmmgle AT-{QI,Cu} CR.

Semi'a’ﬁ‘ebmic Subset defined by

o/
/////////// //// s-faec| 35 ek}

— z-
s, Selaec] B e
7
M(A):: UuSu Sz "1" can be considered as
rr 7

df'ﬁnf"g. [inear form of“-W"
Pakfftior\ b\/ ContI"actiHe, Pieces “



4, Iolea o‘F‘ ‘l‘he '_proo'f"-

Consider the local system L (fmonoo[romy around Q;

C is lef)
M(A)= UuSusS,

S, Ez S, Q.
U O [

U Set 1=€""%




4. Tdea of the _proo'f.

Consider the local system L (fmonoo[romy around Q;

C is lef)
X2
S. s e N\, M(A)= UuSiuS,
}LV 2_1[i/ﬂ
U Set =€ ,




4, Iolea o{‘ ‘l‘he ?roo'f"-

Consider the local system L (fmonoolromy around Q;

(A C is led)
i
S. f KO\\ M(A)= UuSius,
L -
_ 21(L/.g
(x'/z)l U Set l—e )

Twisted bo unolou—y mop :
VIUl)= (X% - X401+ (8- (BY) S5



4, Iolea o{‘ ‘l‘he ?roo'f"-

Consider the local system L (fmonoolromy around Q;

(1) C is léﬂ*)
e
S. f KO\\ M(A)= UuSius,
L &~
'I(L/.g
(x%)* U Set A= e

Twisted boanolary mop :
V(ul= (X% - %) s T+( (- (XBF)[s:]

:2-,\]-—!°{ Sm( ) (S/]+ Slh(‘—l) [Sﬂ%

Similar construction works for 2-dim cose.




4, Iole& o‘F‘ 'H'le, ?roo"f".

Key Construction




4, Iole& o‘F‘ 'H'le, ‘PYOO".F-

(i) Fix a 9eneric line (w. ori)

Key Construction




4, Iole& o‘F‘ 'H'le, 'P\roo"f".

(i) Fix a 9eneric line (w. ori)

Key COY\S'I:YUKC'UDI’\ (i) Choose numbering_ accordingl)j




4, Iole& o‘F‘ 'H'le, 'P\roo"f".

(i) Fix a 9eneric line (w. ori)

Key COY\S'I:YUKC'UDI’\ (i) Choose numbering_ accordingl)j

(iii) Choose the Sign of the olzfinivg

linear 3. di as in
/,{d.>o} the Figure_
/' Hy
//// {o(-;}b"\
L
A7, H3




4. Tdea of the 'P\roo']c-

Def:
Key Construction
. /,{d.>o}
2y,
/’// {ol3> 0%
RO Hy




4, Iole& o‘F‘ 'H'le, ?roo"f".

Def.
Key Construction oli(2)
S {Z M ,du-l() <°}
(We set ofpe =)
| /,{d.>o}
I
/,’/ {ol3>0}
y /’ H3




4 Tdea of the 'Proo')c-

Def.

Key Construction S:: {2 eM(A) ,ac;(f()) <°}

(e set oy, :=1)
2 SieM@) is a 3-dim submfd.
/’{d'>o} In’(erset'b‘hg, V\icely, Qmong o‘l‘kers‘

. /Hz

P {°(3>°71

L .




4. Tdea of the 'P\roo']c-

Def.

KQ)’ Construction S:: {Z eM(A) 'ac;(;(lz()) <°}

(e set oy, :=1)
2 SieM@) is a 3-dim submfd.
/’{d'>o} In’(erset‘b‘hg, V\icely, Qmong o‘l‘kers'

/// /’ H TL\M (Y>
’ 2 -

7 T {S(% induces o partition
d 320
7 yd of M(A) into contractible
’//l H‘l- H3 PieceS,



4. Tdea of the ?Voo‘f".

Thw. (Y.)
§$S:% induces a partition of M(A) into controctible pieces.

° Compute H'(MA), L.5) using This partition.

° Simplify the cochain complex (purely quebmfmllys.

Cor. H'(F)s=Ker (v: C[RBa(8)]— C[chiA)]).

Rem. The above partition is a “dual” description

0'f' 'Diynca-?a?adima's minimal structure.



Summary
* Some topological problewms on A are interpreted
by using the notion ot “resonant bands.

> The g{-uo(\/ of minima| structure s crucial.

Reference:
Y. Milnor fibers of veal line arrangements,

J. of Singv\\qvi{ies. Vol.T(20(3) 220 =23,

Y. Minimal stratification for line arrangements and--



