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1. Cell decompostion of affine Varieties

Examples of cell decompositions
o CP"=C"u C"'u--uCufpt] + CW- decomposition.

\}‘L'l"l/

o CF= —?4-
- s

(OUMR@ =) >
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Q X HOMOJEOPEC_ o &

T-dimg CW-cpx.

More generally, every complex smooth offine variety (i-e.
closed subvariety of CV e.g. C*%{xy=1}) is homotopic to
a finite. CW-Complex of half dimension.



1. Cell decompostion of affine Varieties

Theorem ( Lefschetz ?)
Let M be a smooth affine variety (/€) of dimsM=n.
Then M is homotopic to a finite CW cpx of olim €.

(Proof) Suppose Mc N closed holomorphic embedding.
Choose. pc CY\M generically, and
consider the distance function :

F:M—=Rsp, o0 dist(p.0)
. dist(p.x)

<) Then prove that £ is Morse with
p Morse index <. (Q.E.D.)




1. Cell decompostion of affine Varieties

M Oorgse {luncfim

'f'-M“—" R>_¢:o
w w
X dist (p. )

VLU= Existence of cell aEeCnmPosi-L-ion,
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However, Jrhe cells obtained from the Morse qcumc’ruon
1S
HIGHLY TRANSCENDENTAL |



1 Ce o(ewmpos’rfmq of m"'fine Valfietfes

(Z+l>
NZ(z-1)

The grad flow —grad(f)
gives a hDMDZLDID\/ egu:‘v. M

M () R8T

An Example of Morse function Y= 'F(Z)
Let M:=C\lo,1}.
f lv\ —> [R>o
2>




1. Cell decompostion of affine Varieties
An Exawple of Morse function

Let M:=C\lo0.1}. M

K M'—"E%zo
i__>| (Z+1)*
NZ(z-1)

Observations.

o The unstable cells are transcendental.
But, the stable cells are " Semi- algebraic™ .



1. Cell decompostion of affine Varieties
An Exawple of Morse function

Observation M
s The unstable cellS are
S
Transcend ental. . o> So< w1> ' <
But, the stable cells are =l 0
Sowmi- algebrai

> Furthermore . stabfe cells have the following presentation:

= = c z:l_ " "
So (0") iZCM[i iﬁ<°§ grafl‘o o‘flihaaritovws

0p2n ihhr\vlal
Si=(1,+a)={2eM| Fl eRo !

~ O‘f'ﬁﬂt’hg_ linear —gonv\ o‘{‘ > (?)




1. Cell o{ewmposﬁmq of affine valrietfes

M
U =M\ SeuS,
R stratificationlor Parfi’cion>
Cl-Ccomplex M=TUSe uS,
One O-cell Aual One O-codim strgtum
Two 1-cells &— 0(450’ wah Two 1-codim strata
Cell decomp. Strata are Contractible

Tronscendental (2) Semi-algebraic .



1. Cell decompostion of affine Varieties

General Setting £, 4,, -, §, € C[&,%a,~, 2]
M= C"\{{f2-fe=0} complement of hypersurfaces.

Question.  Can one describe a good stratification
Semi-a(gz.bmfcally? ( “O(ua/ " to the CW qu.)

Partia! answer

T (1) n=2 S Ther. the above idea works.

(2) deg fi=] = (We can comstruct a goo0d
(3) fi € R[Z1, 2] Semi-algebmic Statification.)



.. Minimal Stratification

Notations Let A be @ real line arrangemeni, ie.

A={Hi,He, - Hn'Y Hi CR™:  line.

Hi ={di=0}, ol : o(eﬁnmg eguafmn.

(d:€R[2,2.], degli = 1)

M=M(A)=C*\ U H:®C

- the Complexiﬁed Comp/cM€”'t-

H,

Ha

[Rl

Hq Hs



.. Minimal Stratification

Notations :
A={Hi, Hz, " Hn Yy , Hi ={di=0}

Hi ={di=0}, oli: o(efining eguafion.
M=M(A)=C\ U HioC

Consider the subsel oletined

| . oli(Z)
{ (3206 M(A) | e

R’L

Hs He Hs

by

€Rp§ < MIA)



.. Minimal Stratification
Consider the subset oletined by

2 e oLi(Z)
Umaae M| 5 e ke § < MW

Ratio of lineayr forms:

Z ¥\ - * _'2_1
2:(0) — O Bn)—og

is «& trivial fibration with fiber & C*
Therefore , (—;'—'2)‘ R, = Rep x N



). Minimal St ratﬁi Ca_fl’on
2

Zi L ¥\t * Z
—Z—;((E) ———b@ , (2\,27_)}-—)22_

is & trivial fibration with fiper & C* . and
Zi\'! ~ X
22, (—2_2) lk<o — R(D X C .

The real part

((2)'Ro ) g ¥ Reox R”




). Minimal St ra{ﬁi Ca_fl’on

Rotio of linear forms (another case)

Zol(0\fo}) € — C\ouy, B2 ) 57

41 (2] ([Reo)= (0.0 C.

The veal part is

(570 )y = e

) ] 7Z,




). Minimal St ratﬁi Ca_'lffon

More Setting :

DFix a generic line F
R* ( oriented )
/ @ Re- numbering as

~. HinF
\‘\

H' \\\\HI{\F

HI“F<H1‘\F<"‘< HnNF

Ny

"
N

®Fix the sign of dii
So that The half space

T Hi={dc70] Covers

positive Side of F.

Hy F :a geheric line.
(oriented )



.. Minimal Stratification

[Rl

/

Def.
Sf, '-'—‘{Z e M(4) { A (2) G[Pm})

e

where Olpe =1

Then
> dimg Si=3,
> St S;
(hence. dimgSin S;=2)



). Minimal St ratﬁi Ca_fl’on

C

Cs
C. che(A):={C: chowber ;
CoF=6
.Hsf\F
|, cheld)={CLG G
Hy vF Cq,Gs,Ce%

Rew. 1chr (4)=ha (M(4)



.. Minimal Stratification §1C3

Q— {Ze H [ O&H'l(?) 6&<0} H C 6
: Cl’l {C ChaMIgekIC ~nF= (P} \\.l\-lsr\F
heorem (Y. 2012) e S
Hs F

(i SidS;, and SinS; is & disjoint union
of some chambers C € chp(A).

(i) Denote ST:=Si\ U C.U:= MA)\USc. Then

Ce h]:(A)

Si, U are contractible and M(A UUUS ull C.

= Cechplo)
(i“)lt 1S M"V\i\mal.(blzhl thﬁcb\F(A > Codim=0 Codim=| Codim=2



.. Minimal Stratification

Theorem (Y. 2012)

(i) SidhS), and SinS; is a disjoint union H,
of some chambers C € che(A)

(i) Denote SE:=Si\U C , U= MA)\USL. Then

CechplA)

Si, U are contractible, and M(A Uul__l S:ull C.

=1 CechglA)

Proof: Elementary.
(Only ‘Contractibility of T s complicated.)

Conjecture

The same holds for hyperplone arrangements
in any cimension,




.. Minimal Stratification

. o= 0&&!() Hi
Qg_f-SL.—{ZeH(A Aiel®) e,

- chy (A {C chamber | CaF= 6}

Theorem (Y. 2012)

(i SidS;, and SinS; is a digjoint_uhion H \H*
3 §
of _Some_chambers C € chi(A)._ He Hs
(i) Dencte S°:=Si \H (A)C U:= M A)\U Si. Then
€chp

Si, U are contractible, and M(A UULJ Siuld C.

= CechglA)

Si are 3-dimg Submanifolds which are intersecting in R
So we can deduce topological information from real picture’



.. Minimal Stratification

An Example

Ci

H,

Ha

Cq
Cs

Ce

H<,. HS‘

=4 oy }
S3= 0(—36 [R(D

Ci Vc

H,

Ha

Cs| Co

54={&Z

Hq. Hs

R}

Ci yc

H,

Ha

C#C; C.

Hc,. Hs

S3 nQ‘\-: Cj UCZ;.



3. Application to Milnor fibers.

Aim :

Qx4 )=,L=T“TO oy 2)

A product of hOMDgeneouj

linear forms

"The real FiCJEuren

L'(cC?
The Milhor fiber.

oQ"
PR o

[}
é Y .
4 °
PR
e 7
e
[ ]




3. Application to Milnor Ffibers,

Given datum M*I)CS/\%O“@“ “Milnor Fi\oer”
F’ = FA
/ >< = @:l ([3
% (1) 3LY-1) by 0o {xg2)e@ ]
=0
Q=2 (r2) He-2) - 02 4 2)=
G line arrang&ment ( N @3 z)=| %
-5 5
cC

A={Hy,, Ha cA={Hy,~, Ha Hua)
M(A)=C*\ Qch = \'Pg \ Q) Froblem: bi(F)=7




3. Application to Milnor Ffibers,

Remark * Q@A42) is homogemous of dog = Nt\,

s
7 {(x42)eClabsz) =1}
=@M
Mono dromy action
Q=% () HEBD D2 P'F——F
=0 U (V)

(%, %.2) —> (€x, $%,72),
AT+

where 1= |



3. Application to Milnor fibers.

S) . F_ —- F_ . (')C,\a-,Z) \_'__>(f9c-/ -f:'lfz)/ )
where T= em/"“

induces & linear automorphism
¥ H'(F) —— H'(F).

We have elgen o\ecomloosijcior\.

- eigen spoace

H(E) = @H(F), <

X*'=
\ n+l
Since ? =(d.



3. Application to Milnor Ffibers,
E.&S)' Part: A=,

invariant \mvt

el
H'(F), =H'(F)" 2 H (F/<es) & H(MUAY) ™

Nontrivial part : 2% (Recall: T:/<F>=WA)-—@\Q,H;)

H'(F), ZH'(MW,L,) 0o
rank L Jocal system on M(A),S‘,t.: L
A

each 'mohoolromy avound Hi is A
a2 2 A

Hl(\:)ﬁ = @ H'(F), * non-trivial egen space.
A



3. Application to Milnor fibers.

Khown Focl  and eramsles
Thw.(Orlik-Randell, Hattori) If cA={H,, Hn Hw} is
generic (= only double points), then H'(Flg;=0. (i.e. bi(F)=n)

\__/

TN



3. Application to Milnor fibers.

Non-generic cases: =0
/\i /
AN //
A
00 - \\\\\
4 >
Az-arr. Pappus arr.
HIO=HESHO@HEy  HE=HE,8H (A @H(,,

Sh Sn su S Su Cu
c*® C C C* C



3. Application to Milnor fibers.

Problem Compute dim H' (F), = oim H'(M. L)
for \&1, by M'Sih@r “real structure”

Rem. dim H'(F)y is velated to many sther things.

o Betti numbers of certrin Coverihg_ spaces

° Al{XQr\der POI‘/nDMial of T[[(“\, of H(?‘D

° Counting certain plane curves.

° Hoo{ge str. of H'(r.C).



3. Application to Milnor fibers.

Now we assume A={Hi,~ Hn§ is defined /[R
Notai‘ion: o0

ch(A): The set oF chambers. co | e |7,
cs |“| Cq
Aol,jawency o(x‘sfance_: - Cm -
Crol =1 l2
For C.C"€ chiA), ch(d)={c,, C}
d(c.c’):= ' i o
) - of lines which e o(Cs Cu)=4

separates C & C'.



3. Application to Milnor fibers.

Fix 2eCF (&) with order ﬁ.( >l ‘@[(h+|3>

A baho\ IS O YQ%EGYL bounded by
a puir of consecutive parallel [ines,

In a band B, there ave exactly
two unbounded chambers,
set WB) and U2(B).

Next we define Rk-resonance.



3. Application to Milnor fibers.

A bomo\ IS O re‘gim bounded by
a puir of consecutive parallel [ines.

In a« band B, there are exactly
two unbounded chambers,
set W(B) and U2(B).

d
A band B is k-resonant é‘g % | a(we). Ua (B)).

Eg. O{(UI(BD, U1(BI>>:5 ~ Bl (S 3-yresonant.
d(U)8), Us(B)) =4 ~~— By is not 3-resonant.



3. Application to Milnor fibers.

guffog¢ 'ant B is ﬁ-VQSOhomt.(Q:; S[y\('l"\-d(:t,bh\) >=0)

Def:

vector space spanned by

7lo)= 5, sn(=4809) [] € C[ehA]

CsB

~ \ \ X/
(B / U(B)

—=%

d
V(B)=-- +SLV\( )[C]+

/[/-\/'\/-\/\
/]UV\/\_/

\/




3. Application to Milnor fibers.
V(B):= CZ sin(“' d(u.(B).C)).[C] € d:[ek(A)]

Ex. u.(B) u18>) 9, &=3

e V\ M\W
Cq Cq | Cq
! \

v(B)= ZSU\(?T){CF] d(U(B), C, )=P.
P=1

— 43.3 e+ g [Ci1+0fcd-Elc,]- %[Cﬂ"'o [+ B e+2( Cs)



3. Application to Milnor fibers.

GFQOW\('[THC_ idea behmd
v(e)= 3 sin(2450) [c] € C[h(A].

~/ \ \ x /

(B ¢ T ST » . / U(B)
| \,’
r - =\ J/

sin(LAUD.0))_ I (6% _ &%)

This measues the monodromy of certain local sysfem.



3. Application to Milnor fibers.

\7(3): (:%B S“’\( - o\({h(B),C) )EC]

Notation : RBg(A) dendtes the set of k-resonant bands.

—”’\EOVQM.(Y.B Let A'—’-{Hn,“‘,Hn} be o line carr. in R’;
le([*()\#ﬂ with order & st. [<8, §[(h+), Then

Ker(7: CIRBg(A) 1—>CLch(A)])) X H'(F ).

In particular, dim H'(F)y is egual to the number
of linear relations among V(B), Be RBa(A).



3. Application to Milnor fibers.
Theorem Ker(7: CIRBg(A) 1—ClchlA)]) X H'(F).
(He\r\ce dim H'(F)x is egual to FF of linear ral’s among v(B)s.)
(B)=Ici]+[cs1-[Cq]-LCul.
53) [Ca]+{Cq] - [Cgl=[Cu]
v(8.)=[C\]+[C,] +[C3T+[ (o]

- [Cx]"[cq-l = [Clo-l'"[Cu]
= 27(B)+ 5 V(B3)
“ dim H' (ﬂeﬂ‘i/; =1

MLlQ— (Pa]apus arr)

v u‘;{[p ﬁ]p




3. Application to Milnor fibers.

M(L%gob&r)
Tf 3H;echA st. all imtersections on Hi has

multiplicity 2 (ie. No higher multiple points exist on Hi)

— H' (F,=0 for X =+l

(P\roo“f) fut Hi ot o9.
;L A” mJCersectlons on Hlso ;\ave (muH:P ‘c_l‘Ey =2

& There are no bonds,

~ RBo(A)=P. Hence hr(Q[RBt]“’ QM)
o0 =0 (Q.E.D.,)




3. Application to Milnor fibers.

1

F’/\M(Y) EXC(’.pt ‘FUY A‘g ‘&Yk._l and PQV\CilS, ——\

A

A

H'(F),, 0 implies
thot each line Heé ¢ las ot Least 3
multiple infersections on it.

(Roughly, H(P).#0 implies A is Far from generic. )



3. Application to Milnor fibers.

™ H'(F)y, #0 implies YHE A hos at Least 3 higher anultile points.

Such line arran@emen’cs are rare,
however oliscrete geometers have found
many inferesting examples.

Two Sources :
° B.Erréinbalxm, A Cafalogue o'F SimPlicial arkanC]ements

in tThe veal projective plahe.

» B. Grlinbaum, Configurations of poinls and lines
(Book. AMS)



3. Application to Milnor fibers,
EmmPleS (Frbw. Granbaum’s paper A thq(ogue of SEMP[E(.(QQ arrangemmto

o0 ‘E)‘;\‘Eg; \.“fﬂ/

A

L2 e,
S

A(12,2) Hl(F -'H:

A(12,3) H|(F)#|=0 A(13,1) Hl(F *‘=0

A(25,2) H'(F)*lz A(30,3) H|(F)4=l= 0



3. Application to Milnor fibers.

Conjecture. Assume A={Hy,Hz, " Hn.Hu} is defined /IR
D H'(F),=0 if M3+l
@ olim H(F)x 21 if \#I.
© H'(F),#0 iff A has 3-amultinet str
(Colorihg_ of |ines SC('tl'S‘)oyihcg_
certain combinatorial conditions. )

References :
» Milnor fibers of real line armhjeme_r\ts, J. of S\ihﬁu(ﬁvities (2013)

° Minimal stratifications for line arvcangements and -+ (2002),



