A numerical criterion of ACM bundles on Rational Normal

Scrolls

EEN S3- e e SH e R
Y% 125 (Shingo YASHIRO)

=

TR & DB ER O VRO L L THK X5 Rational Normal Scroll & FEE
NDLREDDH 5. Z D Rational Normal Scroll I20WTIIEEA RIRED B DEZERLINT
W3, ARZHBWTIE, Rational Normal Scroll E® line bundle 75 ACM T» % & ¥ OEEK]
HIEGEMITOWTIHRR B,

1 Introduction

AT, kb IIEEEEORBMIEAKRE L, S = klz0,...,2n] ZEFEOXEN T degz; =1 DZ
ERBRE T2, 72 S I3 EMPY OFREERTH 5. X & n JUtiHERIAL L, X ORT
D BT 2 SN DIAA op : X - PV IZoWTEZ %, PN ofdEE O ¥ 20idiA
BN TEA4TT7IVE Iy ICBWT, X 5 ACM (Arithmetically Cohen Macaulay) T® % ¥ 1%

HY (PN, Zx(m)) =0 (m € Z), and H'(PY,0x(m)) =0 (1 <i<n, m€Z)

LB BRBELDEETH S, ZDaRERY—O vanishing ZEET S Z LT, BEMRSHE
2R50%0, FHROATH%.

DIF, Rational Normal Scroll 7 : X = P(O(a1) ®---® O(a,)) =P (0<a; <+ <a,) %
EZD. IR ER PN KHYAR, 20 X FORTEY = aH +bF (a,b € Z) 2T 5.
d=a1+ - +a £BLLE, ROFREMEONS.

EIE 1.1 ([1],cf[2]). Y 23 ACM TH 27D DRETIFEMNEZ, a>20D -d+1<b<1TH5%.
F—BOBECRE->T, X C PN 24HZHAE T5. X 2 m-regular TH 3 & 1%
HY(PN, Ix(m —i)) =0 (i > 1)

MDD ZWVI . FLHFEEZRRIK X 53 mregular THEZ %, regX :=regZy THH
b7,

FROFER L FRRIC, m: X =P(O(a1)®---®0(a,)) > P (0<a; <---<a,) 2EZ%. Zh
ZHHEZER PN I DIAAR, 2D X LORTEY =aH +bF (a,b€Z) 255, d=ay+--+a,
rBE, IRERY -0 vanishing 2EHE T2 LT, ROMREES.



a (a>2 and b=—-d+1),
EIE 1.2 ([1],cf.[2]). reg X =
a+1l (a>2and —d+2<b<1).

FHZ Z D regularity & 22 Z &, MVNEHETHEZHEKT 2 L TO 1 20HERINERTH 5.
TR 3] DEE LD, ROZ PR 5.

EE 1.3 ([3]). m-reqular BHEZHEK X c PN oW/NEESR F, — Sx — 0. & X 5.
F,=@,5(—ap;) (i>0) &L, ap,=max{a,;} ELEEZE, a, <p+mDBEHILD.

F SRR X OBEDIAAIIH T 2M/NEHTRICBENT, N, ZHER2DDONEEINS
(M4][5). WNEHBED#HZ Fe - Sx - 0T F, = @j S(—a; ;) ZEBEZAT- %, X » N, &Mzl
T, ROFMGEHEZT e THS

Ey=Sand a;; =i+1 (j€Z, 1<i<p).
CDEMFEEDIAS op: X - PN 2EZXrE L=0x(D) T3k

1. No &tixifizz3 21, m> 0BV T
Sym™ H (X, L) — H°(X,L®™)
D2 LFAETH .
2. Ny %5723 1%, No &tE%H7ZL, 2D Ix 2 RERNXNTERSIN S 2 LFAMET

H5.
3. Ny &b Zeiil=3 &ix, Ny &tFEziw7zL, 2D Ix O 2 XEXKDERIT Q, ITHBWT

ZLiQi =0 (L; € S linear)
2BBEBRADBEDIOZE L[FMETH 5.
D N, & &l 3G TN EOENTIET Z 5. P21 m-regular T N, &tz 7z
ERRNPRAS )72 25 I NOLITUN= 1 iy 7k
0— @S(—p— 1) — @S(—p) — = @S(—m— 1) — @S(—m) — S = Sx —0.

DIETH»IF 5. ZHid Linear resolution & MHIN 2B TH 5. 2o 3 %A D ERHA MR
(Rational Normal Curve) % X b —f#J72 Rational Normal Scroll ®fi/NEHH 7T EDETH %
([6][7]). ZD%M7s¥ % Rational Normal Scroll EDRTFRETZRIKITONVWTERL TV DH
ARRDT —< 5.

2 Rational Normal Scroll

IR, Rational Normal Scroll DfEE & OMUNEHZEEHE 2 5. LIERCHRATFREZ, #iffic
B2 #IERELTHL. Rational Normal Scroll 1%, P! LD n X2 FLE £ D4
7 P(E) = P! %5 BEBEME PN ICHbAAL b DOTH S, BRI

E=0(m)®---d0(a,) 0O<a; <---<ay)



WHLT, N=Y" ai+n—1B0THDAL D THZ. X =P(E) DERAT TNV Ix 2%
Z%. D=%" a+n&LT2x D74l

Mp, = Ti0 - Tla;—1 | T20 - T2a.-1
’ Tri1 v T1,a, T2y T2 ay

Tno - Tn,a,—1
Tn,a Tn,ay,

D 2 x 2/MTANARIRTER SN B4 T 7L Ig(MDJ) WELW. S = k[$170, R 7$n,an] B3
ERA T 7 Ix ORVNE D

()
00— S(—N)&N-1 S(—i—1) o+l )

<N>

“\ 2

o 5(-2) s Sy 0.
TH%. ZHud Eagon-Northcott EED—fil& 72 5.

SEE 2.1, 1 ORZ M AR O(ar)(ay > 0) DX, X =P(O(ar)) 2P THY, HDAARIZ
X CPm 255, EHAHIREEEKT 2.

AR 2.2 FER2ORZ PR E=0(a1)®O0(a2)(0 < a; <ag) D E, 7: X =P(E) — Pkt
LT, &€=ER0(~ay) 322, X=PE') kb, Zah s Hirzebruch M ICAEITH 5 2
EMNVZRB.

IR 2.3 [to, 1] ZIEZER P! OFREERYE L, [21,...,20] & X LB 27 74 ~"—P—1
HREER T2, HDABLED PN ETO P(E) DEFRERE z; 5 1%

_ 4ai—J4]
Tijlpe) =to" Ttz

ERTIENTES.

ZZT, PiceX COWTEKRLTEL. i: X PN 2EdAALL, m: X - PLE PV e T
5. H=["Opv(1)] &L, F=[m"Op| £T5. ZOLE

PicX 27ZH & ZF
£72%. T ZT intersection pairing & LT
H" =degE, HV L F=1,F?>=0

20 2 5. *?Rational Normal Scroll P(€) & P! @ akEn Y —# HO IZOWTIEROEFRIVZ 3 !

*1 8] TR E N B IERL IR Y bLH A S5 Hirzebruch M

*2 X Fo® minimal section ¥ LT, Hy = H —an, F BN %. ZHIE H —rF 7 effective ¥ 23 X5 RHEAD r €N
EARDBIEDTED.



i 2.4. P! LOREBn OXZ PLH
E=0(a1)®--d0(a,) (0<a; <---<ay)
DL X =P(&) I2WT, a>0,b>-12F3L
H°(X,0x(aH + bF)) = H°(P*, Sym® £ ® Op: (b))
DI D ALD.

@8 2.5. DN, E X kLR b T2, a>0,b> 10Dk %

hO(X,OX(aH+bF)):(D—n)< ”Z*l >+(b+1) < aZﬁIl >

L%, *3

2

AEAROFTEANTH 5 EREHEEZ, [7], [8], [9], [10] R THEFHXhTWS. LT, P!
DERENERE [to,t1] £ T 2. ThbE, HOPLON)) = (to,t1) £ T 5. SHEEMRP X8 n D
KT DIz & % KISk

HO(P',O(D)) = (to, to e, ... toty 1 t7)
BEZD. ZOREKICEIDHEREIN IS o : Pl — P OFMDIAATH D, ZDHC = ¢op(Ph) IX

nﬁwﬁﬂ@ﬁtté.:ﬂémﬁﬁ@@ﬁtmﬁ.:@@ﬁ@%%4?7»10@<;)m@2m
AXRZHEATER S NG, ZOEMRFEHIR C OERA 77V 1o 1F 2 x n 175

Lo X1 T2 e Tp—1
My 1=
r1 T X3 - In

D 2 x 2 /MIFIRRRTEREINZ A T T (M, 1) ICFLWV. ZOM/NEHZ R Rational
Normal Scroll DFfHl75ETH 5.

FeibD N, F&FIZOWTEZ % L, Rational Normal Scroll % EFHAFHHHIE Minimal Degree
CIHEN DR ZRIED 7 F A 725, Zhid degX =codim X +1 722 K5 RZJRIKTHD,
zhoix

1. S22

2. 2 JEdh

3. Veronese Surface

4. Rational Normal Scroll

5. FEl 2.~ 4. FTOHFEZHIAD Cone Type

B ZORED, X ORBERTICE>T A BREZ e bh 3.



kb, FhidregX =2 &7 5. ZO Linear resolution £ 25 WE 5 &fl2 LTIE, degX =
codimX + 2 745 X5 kG 2K (Almost Minimal Degree) @27 7 AN DI TW3S
([11],[12)).

3 GIEADBIRE SEDERICOWVWT
IR, OIS TH 2. £33 X LORT Y 27 effective TH 272D DM EERT L L

fHiE 3.1. Y = aH +bF 7° effective TH 3 12DDRELIEMHEa=0,b>a, Fl2lda=1,b>1
F/lXa>2,b> —aa, TH5.

Proof. Bertini DEHIC X 5. Q.E.D
¥ 7z ample S5&tF 2 bR 2 XD X 51272 5.

8 3.2. Y = aH + bF 2% ample TH 312D DRE+35%&ME a > 0,0 > —(a1 + -+ ay)a &
75,

Proof. 3D Ample HIEEIZ L 5. Q.E.D

IHBZEFMALT, akERY—O vanishing 2EE 325 Z L THEREZF5.

FE5ROEROTFHCOWTA LR S. S, (1] THELNLFRO—HEZ A L, 2] T
HERNINTWVWS. ZT5 51 Cone Type & DEEEMENERZNINTED, KRESE Koz, X
512, Arithmetically Buchsbaum Divisor IZB 3 2 &3 [13] X o TidRHEA TV S, ThiZ
Rational Normal Scroll & b —f%72 Minimal Degree 22K EDRFIZOWTER XN T
W3, ZOHTH ACM divisor ¥ regularity DRI Z R L 727HlIZZEZ IR > TV 3.

EHE 3.3 ([13]). Y 2 ACMZRIAL U, B0 F /2  c > 5 8IRET 3. d> (c+1)2 Dk &, X
D 3EMFHWVZFETH 5.

1.regX =[(d—1)/c] +1
2. m(X) = [d/c]
3. X 13® % Minimal Degree variety LORFTH 5.

ZO &I BEATEHTENIZLEZTWVWS. ACM vector bundle IZ2W T [1] #Z8L TW
TR ES.

EAf

Az 2eDHBIHLD, 5 20 HBEAREE THMREIOMHEEANDTT 2 NZZ KRR TR Z W
REELL o520, EXHEHILAEL ETFXT eI, MIREZZTL TV ELVERNE T,



BE 3k

[1] S. Yashiro. A numerical criterion of acm bundles on rational normal scrolls. Preprint.

[2] Euisung Park. On syzygies of divisors on rational normal scrolls.  Mathematische
Nachrichten, 287(11-12):1383-1393, 2014.

[3] David Eisenbud, Mark Green, Klaus Hulek, and Sorin Popescu. Restricting linear syzygies:
algebra and geometry. Compositio Mathematica, 141(6):1460-1478, 2005.

[4] R.K. Lazarsfeld. Positivity in Algebraic Geometry I: Classical Setting: Line Bundles and
Linear Series. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge A Series of
Modern Surveys in Mathematics. Springer, 2004.

[5] R.K. Lazarsfeld. Positivity in algebraic geometry II. Ergebnisse der Mathematik und ihrer
Grenzgebiete : a series of modern surveys in mathematics. Folge 3. Springer Berlin Heidel-
berg, 2004.

[6] D. Eisenbud. Commutative Algebra: with a View Toward Algebraic Geometry. Graduate
Texts in Mathematics. Springer New York, 2013.

[7] D. Eisenbud. The Geometry of Syzygies: A Second Course in Algebraic Geometry and
Commutative Algebra. Graduate Texts in Mathematics. Springer New York, 2006.

[8] R. Hartshorne. Algebraic Geometry. Graduate Texts in Mathematics. Springer, 1977.

[9] P. Griffiths and J. Harris. Principles of Algebraic Geometry. Wiley Classics Library. Wiley,
1978.

[10] J. Harris. Algebraic Geometry: A First Course. Graduate Texts in Mathematics. Springer,
1992.

[11] Le Tuan Hoa, Jiirgen Stiickrad, and Wolfgang Vogel. Towards a structure theory for projec-
tive varieties of degree = codimension + 2. Journal of Pure and Applied Algebra, 71(2):203~
231, 1991. Special Issue In Honor of H. Matsumura.

[12] Le Tuan Hoa. On minimal free resolutions of projective varieties of degree = codimension
+ 2. Journal of Pure and Applied Algebra, 87(3):241-250, 1993.

[13] Uwe Nagel. Arithmetically buchsbaum divisors on varieties of minimal degree. Transactions
of the American Mathematical Society, 351(11):4381-4409, 1999.



