A proof of the Teichmiiller TQFT volume conjecture for the
73 knot
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1 BA

HIHEIS D #EEE (Topological Quantum Field Theory, TQFT) &, Atiyah, Segal, Witten ®Z3
M2z THEmD Z 8T, HAOXZREROLRTEDI IR EOMBEDO LR TEANDEFOZ L TH 5.
TQFT ofile LT, Jones-Witten BEGAEI SN TWS [1]. ZAUIEZER- %2 a2 > o7 Mg 3 RoTEHE
K323 SU(2) Rz LT, Chern-Simons FLEIEZ W TR X N 2 #EHED, B L < I3 ECREEL
NEZEEONEALREEZEZ 2 WO HETH L. 2O LI BRI E > TREIND &5 RN
TEREZBETAIERE LT

X 512, Jones-Witten HFRTHOLN 2B FALREEE L T, fAETEIAIONATWVWS [2,3]. Z
AU S3 N MRS O H Ol & Jones ZIEA OMHL R, 5 0 H 22 O WA BN 2 ¥ v
STHRTHD, WL ODOMEFECHIIN LT, ZDRMILAFEEHI TV 2238, SERIIFRR I T
7. ZoTRIE N Re Y — R o EmE LB GREZ R LTV 5.

—77, SU(2) L ZE LD, M@ 2 > 7 TRV K 5 72 Chern-Simons HEmZ DWW T, f#
WL <, T RB@ENE 5 Twiw, Andersen, Kashaev I3 & F Teichmiiller Blimx W5 Z
T, ME#ED SL(2,C) TH 2 55 Chern-Simons BEIIXIGT % Z & SHHRF I L 2 LR X iz
TQFT ZH L 7 [4]. MWEHADHED &bEoMlASHOEME L, WHADIEDH A OMENEG Z 5
T2l Z T & 5i 50 2t 3 KITZHRIK (oriented triangulated shaped pseudo 3-manifolds) %
e L, Rz 2 Z0t0=MAEnElE i e 32 &5 B> 6, MR ARES, 32 REnEEE
BT 23X RENOEFOBELEDS. 127201, BRIKTIIRL, OB ERTZ % categroid
FICHIBR L7BFTH 2. FRCTHRICENEF 2 A7z PUEAR s LTk, Faddeev @& F H X4
B @y, % Dirac © 7V & EBEEUZ F W TREEIER D ED 515, Andersen,Kashaev ® TQFT
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251551 5 ELREEL Z, 1T LT, Z 0N THETICHELO —#Ho FEMMEEI TV 5.

ZOFRICBELT, (83,41), (S3,52) 1o LT, MEAZEIOEREEZROTIHEHIATWS, X
512 83 WD twist knot 124 L Tik, %3 % Andersen-Kashaev ® TQFT DEZETHW S B %
TRA=ZIZDOWVWT b >0 OFEHFETT, MAKSEHIOEEE 2R S EXMLLE LTI A Tw
% [5].

2 Andersen-Kashaev @ Teichmiuller TQFT (C2DWT

AHilE, Andersen, Kashaev @ Teichmiiller TQFT [4] DR Z F & Db DTH 5.

2.1 oriented triangulated pseudo 3-manifolds

R3 NOHREDIEEE 3 BiAD a ¥ —DIERMEFE 2 5. TNZhOBKIIRIEFOTESZFED b
¥%. HADIEFIX, LOMEZFHEET 5. 20DV DODORAIT 1 OHE DM A% THFDIE
Fefs, MEEPICT27 7 4 YAMEEBIC X > T &b, A—H3 2. ZOF—HIc Xk 3%
i X M E g ozl zizo CW HBIKTH D | oriented triangulated pseudo 3-manifold & FE.
i€{0,1,2,3} I LT, Ay(X)Iko>T, X i Xtk RS, EED i > j LT,

AJ(X) = {(a,b) | a € Ay(X),b e Aj(a)}
LED L. FRHRRESR R
i A(X) = Ay(X), ¢": AL(X) = Aj(X)
CEDD. Fie, BERNLRERE G
Di Aj(X) = Aj_1(X), 0<i<y
%, MEFEAT T & N THR vo, v1, ..., v; 2RO R ND j RITOHAEK S = [vo, v1, ..., 0] ITHLT,
9;S = [vo, ..., 0i—1,Vit1,...,05], i€{0,...,]}

EIRBEIICED D,

2.2 Shaped 3-manifolds
X % oriented triangulated pseudo 3-manifold &3 5.

EF& 1 X LD shape structure &1, FVUHIAD FZIIH S 2 H A & XN 5 EOFEBEADED
ke

ax  AYX) = Ry
THoT, FMUHEDETER D HH S 3 0DICBI2HADHDN 7 L7252 X5BbDDOZLTH 5.

shape structure %2 oriented triangulated pseudo 3-manifold X, shaped pseudo 3-manifold
EIREN S, X B shape structure DG % S(X) &5 5.



EFE L XD, EROMHEFITH LT, RMAOAFREOmAIFEFEL <7%5. €T, FHEmAIE, &
Sl D 3RS LT, FId 7 & 785 3 DDOMEMDIEST 5.

EE 2 X _ED% shape structure I8 LT, weight BE%K
wx : Al(X) — R+

X OBBellH LT, ZORDDHAOMEWNIGXEZ I TERT . Thbb, TED
€ c Al(X) L:;FJ'LVC,
wx(e)= Y  ax(a)

ag(¢31)=1(e)
CEDD.
E#&E 3 shaped pseudo 3-manifold X O e iX, X ONFBIZH D, »D wx(e) = 2r TH B & X,

balanced ¥ FEA. balanced T\, unbalanced & FEX. @ % shaped pseudo 3-manifold X @
2 TODAD balanced TH 3 & =, X 1, fully balanced TH2 &5 5.

2.3 MEAFEORMEIODOMEDESICH TS Z/3Z fERBICDOWVWT

X % oriented triangulated pseudo 3-manifold & §%. X DA ZH, FPUEAKD S THE D &
03 3 o0zKENZIERFE 52 5. 612, ZOXKENERZ, PUREADRHI O DA 5 7 5
BHCHLTH, KEEFZFES 2. £ TOMUREKD R OLDM» 5% 28E6% Aé/p(X) )
3. AYP(X) & ALX) M LT, 2T oMERO KO DM & > TER X M7= FEBEHIC X
LEEATHD, MILT 2G5 %

P AG(X) = A7 (X)
L35, R BEEL
€ap €{0, 21}, €ap=—€pa, a,be AVP(X)
% a, b HBIFET HVUHEADSRZZ L F ey =0 L L, a, b BFIET 2 KA L, KENEFD R
TaBbIDHATTLEI € =187F5.
2.4 leveled shaped 3-manifolds

E#E 4 leveled shaped 3-manifold & %, shaped pseudo 3-manifold X ¥ level & FEIX4 % SEEL
Ix eR2BR5M (X,Ix) D2 TH%. LS(X) T, X LOETOD leveled shaped structure D
BERTLITT 5.

EEDS 2 D0 leveled shaped pseudo 3-manifold(X,lx) & (YV,ly)1d X & Y OfAEED »H 5 [H

UREAES
h: X —=Y



e, 5
g:A1(X)—R

TUTOXM LT LOPFET 5L &, ¥ —VRETHZ LS.
Ay (01(X)) C g7 (0)

ay(h(@)) = ax(@+7 Y papng@>' (1), Vae AY(X)

beAL(X)

Iy =Ix+ Y, gle) > (;_mﬁ®>

e€A(X) a€(¢®1) 71 (e)

A ED weight 1%, X Y B35 —PFRETHZ & =
wx =Wy oh

DEDILDZEDRENS 2D, F—INETHDI LN,

E#&E 6 pseudo 3-manifold X D 2 D® leveld shape structure(ax,lx) & (o/y,l) &, €FE5 T
BWT, h: X - X 2EFEEHR LT, F—FRETHS L E, based 7 —JFfHE WS

leveled shaped pseudo 3-manifolds F® (based) 7 — L RMERIfRIZ, level ZiENFHR DB & T,
shaped pseudo 3-manifolds @ (based) 7 — Y [FMERFRZFHE T 5. X LD based leveled shape
structure O 7 — Y [AMEEOEEG % LS, (X), X O based shape stucture D7 — I FREHDES
S.(X) L 3.

2.5 3-2 Pachner move

X % shaped pseudo 3-manifold £ 3 3. e & 3 DDEZZMMHIK t1,t9,t3 ITX-oTHEINS X
@ balanced 34§ %. S ZVUHEIK t1,t9,t3 225725 X @ shaped pseudo 3-submanifold & 3 5.
SZiE, 2 DDOVHEIK ty, ts 2R 2D =MAE7E S, BFEEL, S & 0S. D=AE7EI» 5T
2X212F22eHTES. ZhUFHe ZRIDRS ZETHELHN A1(S:) = A1(S)\e 722 (K 1).
51T Se Riid S o shape structure 2353553 % weight & [ U weight Z 7553 2 HE—D shape
structure DIETET 5. t; DAL (o, Bi,vi) €328 (1=1,2,3 1ML, ZelZBUJ2HALT
%), AN DB AL S .

ag= P2+, as=p1+72
Ba=P1+7s, Bs=P0s+m

Ya=P3+72, V5 =PB2+73

E#& 7 D5 shaped pseudo 3-manifold Y X, S & S, ITiE Tz ET X ofEohb e ¥,
X 75, e 2o T shaped 3-2 Pachner move IZ &> CTI§F6N 525 5.



1 3-2 Pachner move

leveled shaped pseudo 3-manifold (Y, ly) {Z, leveled shaped pseudo 3-manifold (X,lx) 225 H
DEMEMHT-TEHIELNS & X, leveled shaped 3-2 Pachner move IZX > TiHELNE WS,
ZOFRMI, Y =X, b ec A{(X) DD,

1
ly =l1lx + B Z Z Ep(a),p(b)ax(b)

ac(¢31)~1(e) beAL(X)
ERBIETDHS.
Z DIERIZ, level IZHAFS 2 AE®ED, leveled shaped 3-2 Pachner move IZ0f L TAETH 5 &
SITEDLNTNS.

EE 8 H5 (leveled) shaped pseudo 3-manifold X 1, ML FOEA%H7zF & =, (leveled) shaped
pseudo 3-manifold Y @ Pachner refinement & FER. 2 DM & 1%, (leveled) shaped pseudo
3-manifold OH R
X=X, Xo,.... X, =Y

T, EEDie{l,...,n—1} XL, X;41 H X; 225 (leveled) shaped 3-2 Pachner move {2 & -
TIRONDEIRODNPEAT LI THS. 20D (leveled) shaped pseudo 3-manifold X, YV i,
X & Y @ Pachner refinement X', Y’ TX'| Y/ N7 —JFMETHE X 52D DNFHET S L =, [
ETHZLFS.

E#E 9 oriented triangulated pseudo 3-manifold I,
5.(X) £ 0

A0
Hy(X — Ao(X),Z) =0

Ziii7=3 & %, admissible TH 3 &\ 5.

E&E 10 2 DD admissible (leveled) shaped pseudo 3-manifold X & YV & X & Y @ Pachner
refinement T3 % (leveled) shaped pseudo 3-manifold X' Y’ ® % —2EfE L' : X' — Y’ T, IR
DFEM 2T LD DHEET % & %, admissibly equivalent &1 5.

A1(X') = A1(X)UDx, Ay(Y')=A(Y)UDy



h/(ST(X/) N QX/J(D_)()_I(QTF)) N Qy/,r(Dy)_l(Qﬂ') 75 0.

2.6 categroid

EE 11 categroid C IR DK Obj(C) & Obj(C) DIEED 2 DDMR A, B OHITH T 25 D
& Home (A, B) TRD 2 DOMWEZIE/T DL HMNEN5.
1. FED 32035 A, B, C € Obj(C) &3t L THATRER S & XN BT8R A

Kin7C C Hom¢ (A, B) x Home (B, C)
EHOERDPFEEINCTR B X 5 R ERE S
o: KELB’C — Home (A, C)

DBFIET 5.
2. EEDONEG A € Obj(C) ITH LT, EEDGH f € Home(A, B), g € Home(B, A) & & ATRERR
'IE%%‘J idA S Homc(A, A) ﬁ)ﬁ?‘fb,

idgof=f 2D goidy=gyg

i g,

2.7 admissible leveled shaped pseudo 3-manifold @ categroid IC DWW T

leveled shaped pseudo 3-manifold DEMEREIE, I RNLT 1+ XL DRTE B Ot R L, MRP=
AR E X NI-HE T, FOEBIILOMZ 2 HRD, HOM X 23 5 CW-FMHEEBRIC X > THA
DXIST BN 2D EDE S LT, HADHLPZREME level DMZHS D TH . HEHRDI)
D12 & > T, Fl—d leveled shaped pseudo 3-manifold TH->ThH, B DEL 25 L ERX N
15208, LRIZibR 2 & 5 BREEERIBER O EI Ot 215 5.

NEFFAST VT & M 72 THA vo, v, v2, v3 BFED R3S WOPHEK T = [vg, v1,ve, v3] I LT, ZOREE

sign(7T") = sign(det(v; — vg, v2 — vy, v3 — vg))

L, HOFS% ,
sign(9,T) = (—1)'sign(T"), ¢€0,...,3

CEDD.

pseudo 3-manifold X 1ZXf L C, X MK T 2 WHKDOH OFFEIE, X OREHROMH EICROFFSE
Bzhgd 5.

signy : Ag(0X) — {£1}

COREBBIZ, X OBEAZELWMEBO =ATEH1 57225 2 DO ET 5. LA TIE, leveld

shaped pseudo 3-manifold X (D[FRMEEH) &, MR O0_X, 0. X B BRI AKRT. OFD,

X € Homp(0-X, 04 X).



Andersen,Kashaev ® TQFT &, BB B 2K 2K TIXER XN, admissible 724D admissibe 72
[F{E$E D 72§ sub-categroid FTERIN 3.

E# 12 admissible 72 leveld shaped pseudo 3-manifold 725 D723 categroid B, 1%, leveled
shaped pseudo 3-manifold D723 & D sub-categroid T®H - T, 5§53 admissible 72 leveled shaped
pseudo 3-manifold @ admissible 72 [FfEED 5725 b DTH 5. Z D sub-categroid IZB1) % HFHE
BIIE B 2 HFE X N, SAATREZR ST

K5 o ={(X1,X3) € Homg, (A, B) x Homg, (B, C) | Hy(X1 0 Xy — Ag(X; 0 X),Z) = 0}

Th3.

2.8 TQFT BdF

Andersen, Kashaev ® TQFT (X, admissible leveled shaped pseudo 3-manifold 22572 % 2 7RL
7 4 AL DIET categroid B, 206, #2iR 3 2 FRIENEREL D 72§ categroid D NDEAFDIE { F1, } rer
ZHRL7-DDTH 5.

(B3R BBEINEREE D72 3722 S’ (R™) 1, (838) Schwartz Z2f] S(R™) @GR AN D 7 5
ZEETH o 7.

EFE 13 categroid DX, MR LTERESE DD, 2 00FRESG n, m ITHLT, n S m
DHDOEAIZ,

Homp(n,m) = S'(R""™)
TH5.

L(S(RM),S'(R™)) T, S(R™) 5, S'(R™) O G5 D 75 322 % %7
FED ¢ € LIS(R™), ' (R™)), f € S(R™), g € S(R™) IZX LT,

o(f)(g) = o(f ®g)

TERI N2 FMEG
LSRR, S'(R™)) = S/(R™™) (1)
DT 3.
EFED A € LSR),SR™) MLT, ROLSKCERINLIME—DFEFF A* €
L(SR™),S'(R™)) BFET 5.
EED f e S(R™),g € S(R™) ITX LT,

EE 14 BFF:B,— D3,
F(X*) = F(X)

LRZEE «— BMFLIENS. 2T X3 X 12 X ERMOAEEANES D, F(X)* & F(X)
DI BT H 5.



Andersen-Kashaev @ TQFT 2B} 2BF 2K T 2 DICEHERKE 2R T DD, Faddeev D&
FENEBIE (6] TDH B.

& 15 Faddeev D& T EMNHBIRUL, (32| < b+ b7l TERINZ 2 DDEHREH 2, b %

5%y 3 3 B ‘
Pp(z) = ex / ¢ du
b(2) = exp ¢ 4sinhwbsinh (L)w

ThH?b. 22T, CIlE, ENCih-o TEA, [Ra 06T B EFERIASEN, BB ER

By (z — ibT1/2) = (1 + 2™ 5)Py (2 + ibT1 /2)
W&oT, z€ C_LOBHBABANILES %,

(I)b(Z) &ia
hi=(b+b"")?

Lo TEHEINL hEBLTOA, b IKET 3.

EIH 16 (Andersen, Kashaev) TE®D h e Ry IR LT, LURDEM 2T THE—D «— BT
35.
EED A € ObB, IZH LT, Fr(A) = Ag(A) TH Y, fEE D admissibly leveled shaped pseudo
3-manifold (X,lx) IZH LT, DIZBT 2053 2 5,
Fu(X,lx) = Zp(X)e™ 5 € S'(R2(0X))

YA, 2T, Zp(X) 1, sign(T) = 1 & 72 2 PUHEA T ISR LT,

exp (27Ti($3 — $2)($0 + 2?\5}5) + Wi%)

Py, (x?, — 22+ ;\7%)
ERBEICEDOND. T T, §(t) 1& Dirac DT VEBEETH D,

Zﬁ(T)(.%’) = 5(1‘0 + Tro — $1)

— 2h+1 1
pr = aras + & 3 9 g— , O = *OéT(aoaiT)a (&S {1a273}7
Y

Zp(X) % Zp(T) %57 EREE & MRS, admissible pseudo 3-manifold X Z¥%f L C, Andersen-Kashaev
® TQFT BEFIX, XD well-defined 2B % 52 5.

Fj,: LS, (X) — S'(R?X),

IX =D Dr %, S(RX) = CTHY, 2OBRER LS, (X) FOMBERIEMEEE S, #ic, FED

fully balanced admissible leveled shaped 3-manifold E®DBEF Fy, Offild, #FBHTH D, ZHik, 2

DO fully balanced admissible leveled shaped 3-manifold %% admissibly equivalent 72 51X, Fj, 13,

INHIZA—DEFERZH DY TE2 L VWO EKO T, il L& TH 5. L TFOHITIE, b %
hi=(b+b1) " eRy

LRBEOICES.



2.9 one vertex H-triangulation

(M,K) &I ONTH 3 RTEZREIE M ¥ M CEENLMECH K offle$5. (M,K) ®
TeTHs.

2.10 &0i&

oriented triangulated pseudo 3-manifold X %, ZN 2T 52THAD 0,1,2,3 TIHEFTIT S
N1y, , Ty ® N EOMNEAKE ADM Z ZROHEB DR D &bz & 2 FEMEREHR ~ ZHWT
X=(Ty,....,Tn,~) ERTZIZT 3. X LD shape structure S(X) IZMET 2HE Sx &

1
S = {OéX = (27ra1,27rb1,27rc1,...,27raN,27rbN,27rcN) S (O,ﬂ')SN IVk S {17...,N},ak+bk+ck = 2}

rF£L, Sx b shape structure ¥ FES.

2 2T 2man (B A& 2mby, 2mer) V&, VUK Ty O 01 (%4 03,08 ) & 2@ KO Eofao
H2RT.

ar, b, cp [0, 3] WEEFO X 57 S O@%E Fx ¥R L, weight BIEICOWTDH, HEIRLT
EZR5.

X Lo fully balanced 7% shape structure % angle structure & M08 o7y := {ax € Sx | Ve €
A1(X),wx(e) = 2r} TED, X EOHEIRE N7z angle structure % oy = {ax € Fx | Ve €
A1(X),wx(e) =27} TEDS.

shaped pseudo 3-manifold ZMRJE & 72 % oriented triangulated pseudo 3-manifold X & shape
structure ax € Sx Ol (X,ax) ELTRIT I dH 5. (X,ax) D weight BIEE wx oy &
£

3 EEIE
HET, 58 NORIH T4 LT, 2 b > 0 O FC, MUFOERL LE L7 EHAFEH L7 [7).

FIE 17 (EFE) SP B2 M/ CTHE 73 1T LT, Rag x C _EOLUNOMWE % i 72 3 BI%K
Jgs.n, (ha) BIFHET 5.

(1) S® NOAETH 73 OMZEM O H 2 BABAMNAKSE X & X EOFEEOD angle structure
ax € dx WNLUT, F—IAELEA BT 2 EZWERE Max), plax) &, (F—IPELERS
720) AT 2 2 RXZHEK ¢(ax) T, RADBILT 2 IR DHFET 5.

. @ zA(ax)
Zn(X, ax) :e’d)(ﬁx)/ _ Jgs 7, (R, x)e” i d
Rt i2(ex) ’
Vi
(2) (S3,73) D% 3 one vertex H-triangulation Y 120 LC, f&UH 73 KT K % S/
e Z 3% ®TDb >0, wy, LK LTOT, ZOMDT LT 2r ¥H2E58ETD



T €7 X Py HUT, FAICHT 2E 2 REER o(r) T, RADBKILT 5 & 5% b OHEFE
53

, T — Wy ay (K) i) _ix
m @y | e\ ) oy o) = 5 i s 1 (B, 0
ay —=T,ay ESy b ( 27Ti\/ﬁ h( Y) 33’73( )

(3) S NOSETH T3 OWMZER ORI, LT ORIRIC & > TiE5h 5.

lim 2nhlog|Jgs 7, (h,0)| = —Vol(S*\73)
h—0+

4 EEIEDEFADELER

FERAD /81X, [5] & FEREDTETITWLIRICHAR S, £3, S2 MICHDIAZN M CH 75 1R L
T, EOHZ 1 DOMEEKRD 130233 S3 D one vertex H-triangulation %R, X2 Z DG H
1 RIS 2 & TiZE S3\7; OBBENEASEZRD S, 20 XS5 LTE S mE A E
WKRLT, DECBEBOEERITS. ZOFMEMBRICK D, B 17(1), (2) DRIIIRINE. X 5I,
TR D T M ZE R O BARPAE AR D ENC, SNBSS S 2 KO REMOMEZ 52 5 Z e h’
TELRMMEZRFEAT 5. —77, B Jgs 7, &, FDHEEDY angle structure DILT /8T X — X 1T 5
NI TRIND D, KT, angle structure DILE LT, Z DFEMMNHHFT &SI S 2 HifA %2 U,
Jgs 7, Z BB EONEBI R W R0 L IR U CRMIi§ 2 2 & T, EM 17(3) 2 E NS, &5
2, [7] ONERTIE, BAEEHOWIELEIREIC X o TH, EH 17(3) ORI DD T2,

BE 3k
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