On finiteness of the geodesics joining a pair of points in curve

complexes

RRUTRE REBEANMSUCRERIETIR BRI
RFEERT (Kanako OIE) *

B E

S R g, BRI ¢, p @D puncture % b Ola) ZfFIFAIRERE & T 5. AR TELLT
DIERIZONTINT 5.
1. “%g=1,c+p>3" FHlE“g>2,c+p>1" D = S D curve complex ED 2 £ ag,as T
RD K57 DPFIET b:ds(ag, az) = 2, ag & as %S curve complex WD geodesic D
BUITE2@TH 5.
2. “g=2,c+p>1" F/F “g>3" DL E S D curve complex ED 2 5 ag,as TRD X S 7«
b DOFIET %:ds(ag,az) = 2, ag & az ZHE.S curve complex N®D geodesic DEENIL T 3
ETh 5.

1 EA

Curve complex (& Riemann [ @ Teichmiiller ZZfi] Z %% L T\ 7z Harvey 12 & » THRANIE
AZN 3], D Z L DIMAEIT L o TR I N T WS, KT Masur-Minsky 1, curve complex A
D geodesic 23 DRIE DRMAIMEE % W TERK I N7z, curve complex @ §-hyperbolicity 12D
WTRLT [7]. 2O, ending lamination conjecture DFEIR [8, 2] 7R ¥, BERIFH * b 72
b LY.

2012 4F1Z Birman-Menasco &, curve complex PIZBIFT21T7Z1EF D (dead ends) ZHHiD
geodesic DIFEZ/RL7Z [1]. 5 DX T, 2D &5 %2 THHLICHBEATW b D) T
HBERRTNS. ZD7=®, curve complex D geodesic 23 DE N HE OFHEITEKREFE N D
DrEbns.

ZAUZBI LT, Ido-Jang-Kobayashi (& curve complex N®D 2 fTZ N5 ZHEXR geodesic 231D
LBV DT DI ZRLTWS [5, 6. —HEZICODN S K ST curve complex ND 2
MTZNOZHER geodesic DEREAFET 258D DVBDH 5. Lo T, LNOMEEE X
5Z83ZYTH5.

Question. Curve complex N®D 2 i TZN O ZHESRETD geodesic DEEUZ 1 XD b KERAH
RO 22 X57%dDIIFEET 557

AFE T, FEEOBIWITNT 2 H5ERREIE Z2ilih 3 5. FHIE, FHREIUTO@ED TH 5.
SFHEEL g, BT ¢, p M D puncture Z DM XTI AIREdIEIE 35 (X 1).

Theorem 1. “g=1,c+p>3" F7E“g>2,c+p>1" D& X S D curve complex ED 2 5
ag, as TRD X 572 DPIFET % :ds(ag, az) = 2, ag & as ZHfhiS curve complex N D geodesic D
FHEETE 2HTH 5.
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Theorem 2. “g=2c+p>1" F7iE “g>3" DL XS D curve complex LD 2 5l ag,as TX
DEIRDBDPIFET %:ds(ag, a2) = 2, ag & as ZHES curve complex WD geodesic DEEUZ T
E3ETH 5.

1: Surface S

DURCIE 2 OAEFICEE S 2 FARR L FFEOE R, AEIIC WSS K CRER ORI 24805 5 .

2 i
2.1 Curve complex
Z DHEITIE, S D curve complex IZDOWTHNT 5.

Definition 1. S 23 sporadic TH 3 1%, “g=0,c+p<4” XE“g=1,c+p <17 DD IL
DL EIZWVWD. £ 8 D sporadic TRWE X, S X non-sporadic TH B XN .

Definition 2. S ® simple closed curve o IZ2OWT “a 1&E 41 A D puncture &t S ND
disk % bound 3 %" i

“a X 0S D& % component 2 parallel TH2” & X o lZ inessential TH B LWV D.

%72 a 78 inessential TRWE F o 13 essential THHETF .

essential

inessential

essential
2: Essential curve D]

Definition 3. S 77 essential simple closed curve Z & E2WVWE &, S simple THD LW . F
72 S 73 simple TR\W& =, S non-simple TH 5 LW\ 9.

3 TIEXTANTOD sporadic surfaces DXENPNT WS, EFEDPDS S 23 simple TH B2 51F
sporadic TH 3 Z L IXBEZICHOD 5. £z, X 3 25 S ¥ sporadic 2>D non-simple TH 5355,
“g=1,c+p< 1V FXE “g=0,c+p=4 22T dbbhrs.
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3: Sporadic surface

Definition 4. S | non-sporadic & 3%. LINTEFR X2 simplicial complex % S @ curve
compler £ W\, C(S) THT.

C(S) : S ko essential simple closed curves @ isotopy JEDEA,

CO(S) D n+1{HD 0-simplex A5 S LD disjoint curves TEIHEXN 3 & %, ZH 513 n-simplex
Zik %,

4: g=2,¢=0,p=3 DL ED S D curve complex C(S) .
Remark. C(S) 1 RIATANCHERR 7% simplicial complex T® 5.

i, S A% sporadic %2 non-simple D ¥ =% curve complex [ FER T X 2 NAFTITAERT 5.

Definition 5. C(9(S) D2 a, b I LT a & b Z#E3 simplicial path % [ag = a, a1, ..., a, = b]

RIT 5. COS8) ICHIANEE R EA T 2 Z 2ick b cO(S) 3Bk 5. LUR
ZOMREE dg b EL 22T 5.



[(10, ai,az,as,aq, CL5]

ds(a, b) =5
5: a & b %At path

Definition 6. C(S) N® path [ag, a1, ..., a,] D3 ds(ag, an) ZEB LTV B, [ag, a1, ..., a,] &
C(S) ND geodesic TH 2B LS.

S

[CLOa as, 0,2] [CLO, agn)v az]

6: agp & as ZHES geodesic

2.2 Subsurface projection
Z OHEITIE, FRERDOIEIAIZHW S5 subsurface projection IZDWTHISTT 5.

Definition 7. S @ subsurface X 7% S @ essential subsurface TH % £ 1%, 0X D5 component
A3 S T essential TH B & XIZTWVWD.

X % S O essential subsurface ¥ 3%. LLRTIEL e CO(S) ITHLTL & 0X DEDOBUL ¢
D S 2B 3 isotopy HOHTRNTHZ T 5.

Definition 8. /NX # () THE2 XL WE X T cut 35 LW, FRINX=0TH5HLZ/(IZ
X % miss 5 WD,

X % S O essential 72 subsurface T non-simple Zb D §5. 720 CO(S) I X % cut T
235, 2o COS) 2o COX) D power set NDEAR wx % subsurface projection ¥
P, XDESITEET 5.

N X @O component Z a; (i = 1,...,n) €335, W 90X Uaq; ® X IZHBIF S regular
neighborhood @ boundary component @955 “OX IZHFENRNH DT X T essential TH 2D
D" BT TIEEE no(ay) £ ZBIZT B, ZDL &

77)((5) = U 71'0(041').

i=1



Example. g =2,c=0,p=2 £ 35. £/ X 1 S D essential subsurface THH, £ 1% CY(S)
DILTH25% (M 7). WEINX ={aj,a2} THS. (M 7(Db).) TDEZE, mo(ag)(resp.
o)) & 2 DDIT my & ma(resp. n1 & no) D65, (K 7(c).) TD my, ma, ny, no FH
WIZER 2 COUX) Dt b, Lo Trx(l) = mo(ar) Ump(az) = {my,ma,n1,ne} £78%.
(%)

(b)

aq

=

7 (%)
X

X 8: wx kB (D

Subsurface projection 2B L THIGNTWAHEL 2 DN T 5.

Lemma 1 (Lemma 2.1 [4]). X (& S @ non-simple T essential 7% subsurface £ 3 %. [ly, (1,. .., 0]
%C(S)Dpath TIRTDL R X Feut LTVWEDDET 5. 2O,
diamx(ﬂx(&)), Wx(fn)) < 2n( 9)

[\
2n

9: Lemma 1 D



Lemma 2 (Lemma 2.3 [6]). a, 8 €CO(S) 2 L,ak BIZ X Zcut T5bDL T 3. ZDH,
Vk e N,3h: 8 — Ss. t. hlg\x = idg\ x,diamx (7x(a), mx(h(B)) > k.

S S

: 28
& :
N N

X X

10: Lemma 2 O

3 GERAODEIES

Z DETIX, Theorem 1 DFFIA DS Z 433 5. [H, Theorem 2 DFFA S [AMEDEmIC L D 5
ZHNDEDAFRTITEMES 5.

Theorem 1 DFFFHDBEIE. WE S IZIX A WIT disjoint 72 essential simple closed curves agl), a§2)

T, agl) Ua?) S ZEPL X IZHIZ2L5BDBOMBFEETS. TZT P = (annulus with a

puncture) %7z (pants with no puncture).

S S
- a.
— U\ J — N _J
X P

—

X P

11: S %P ¥ X 2933 al?, ol of

Theorem 1. DIRZE X D, X & non-simple TH 5. - T, X Wi essential simple closed curves
DT D, ZOHD 5 20%ES, ZND% ag,ah £ T 5. Lemma 2. IZ&D,JFh: S5 — S s.t.
hlp = idp,diamx (7x (ag), mx (h(ah)) > 4.

ZZT az = h(dy) eFHUI X0,



12: h(aly) Dl
ZDEE qy, az lE Theorem 1. DifiixE A= I & E2/RT.

Claim 1. [ao,agi),ag](i =1,2) & C(S) ND geodesic TH 5.

Claim 2. qp & ay Z#EHS geodesic 1% {[ao,agi),ag]}izl’g DVWITNDLTDH 5.

Proof. ay & as ZHiiA geodesic TN D D DNFEELIE T2, BB Ta) £ agl),a?) s.t.
lag, a1, az] 23 C(S) WD geodesic | £ 3 5. ZD& Z, Pl simple TH D, SHD essential simple
closed curves TP IZEENS D DIX agl) iR ag2) IZ isotopic 1272 A DT, a1 & X Zcut35. L
72735 TC Lemma 1. &,

. diamy (wx (ag), mx(az2)) < 4
FIE. diamy (mx (ao), mx (az)) > 4, -
Theorem 1. DFEAEH D .
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