Nearly Gorenstein polytopes
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AHE1E Thomas Hall, Max Kolbl, ¥~ UL X A & O HEF TR [HKMM] O NFEICHE S <.

k ZHERIK e U, JFE R, B, A FR 2RO G2 2 N, Z, Q, R TXT.

2] R DZETHROVWARES X Ot conv(X) ZBEE L V5. TR TOTEMDFK T DIEEEL
THHZHEAEPCRIDI L ZBFZEFL VLS. PERITNICA+ 1 FHOEZEEZ 1 & LTHD
AB, ZDHEE L 22 Cp CRITI2MESNS. PO Ehrhart RA(P) X k[CpNZT D Z 2 TH
3. ZZTHEMTR (x1,...,xa, k) € Z9M 1F Laurent LIHK 4] - - t4sk L RI—HH 3 5. Zodisl
MR C 2 HR e M EEims BRI R omse e Mo <.

Cohen-Macaulay B & Gorenstein Bi&r[#EIC I 1T 5 DRI AE 2 R 7= L T 5. Cohen-
Macaulay 72735 Gorenstein T WERDHFFE T, Gorenstein £ W I 5RWIEE % £ 5 55 2 X &E
LW Z R IZEARBIN, BiZ L D Gorenstein % — k(b L 72ME& B4 EFR—> a V%
B RIER SN TV 5. Nearly Gorenstein 28, level 8%, Z L T almost Gorenstein Bt & FEEL % %
DBZDFNTIL > TN,

AFHE T, [HHS19] TEA X7z nearly Gorenstein £ 5% 5T 5. R % Cohen-Macaulay
IN-ZE T = k% & 37 %. Nearly Gorenstein 1%, R OIE¥EMEED b L — X tr(wgr) % non-
Gorenstein locus TH % | £ W5 F5k [HHS19, Lemma 2.1] Z B RICEREIN-METH S, &
D EED HFFIZ, R DY Gorenstein TH 2 Z & &, EENMEED b L — AR EEKIC—HT % (e
tr(wgr) = R) T DFAMETH %. R 2 nearly Gorenstein TH5 & ld, TOFL—ZXD R D (7

S—OD) KT EMAAL T 7 mEEL (le.m Ctr(wg)) TEEWVS,

HELER [HHS19, Theorem 5.4] %°, T v P ZHIKD T v B [HS21], F 7= 8UENERER [HHS21],
ZLT2RICDHERT 7 7 A4 VHEER [Miyar] 72 &, Bk & 72 HEEEmAN RIS FES 2 B O nearly
Gorenstein EDAFE S LTV 5.

JF 5% & IS T2 A D Ehrhart 22D Gorenstein P:1X, & % [EEEE k 237ETE L T kP D3 &
THsZ Lk EE[BNOS] W5 HHMPIRFERND 5. AT, — KRB F2ZHEI» AT S
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1.2 Nearly Gorenstein k-f{#{

RZEE—2ODOXEBFEMAKA T 7l mZ2dD N-ZEF = k- 33, LUK, RIZFEK
Cohen-Macaulay T, IE¥ENIE wg 2FfDO L 35, a(R) Z RD a-FTEEE T 3, e

a(R) = —min{i € N : (wg); # 0},
72721 (wR)i & wr D i-%H OB = 557

Definition 1.1. XU+ & R-IIEEM ISR LT, trgr(M) 2 ¢ € Homgr (M, R) B2 T2EZ L 2D A
77V G(M) DFIE L TERT 3, ie.

tl‘R(M) = Z (b(M)

¢eHomg (M,R)
BIZOWTRRIOZRNN I VWE 21X, ZTHEBHIZ tr(M) TRT.

Remark 1.2 ([HHS19, Lemma 2.1]). A ZIEX#ENIRE wa % B D Cohen-Macaulay Al##3R 55, A
DFEA T 7 NVERDES % Spec(A) TRT &, XHIEL

{p € Spec(A) : Ap23 Gorenstein T2\ } = {p € Spec(A) : tr(wa) C p}.

Definition 1.3 ([HHS19, Definition 2.2]). R %3 nearly Gorenstein & (X, tr(wg) DO m £7225 2 &
2\ 5. K2 R A3 Gorenstein TH 25 Z 2 & tr(wr) = RIZFEMETH 5.

Proposition 1.4 ((HHS19, Lemma 1.1]). R Z¥ & L C, 1 # ROIEBERFEEFLA T 7L T 5.
QR)ZROLHEL L, I =xecQR): xXICRI2T3. DL X%,

tr(l) =1-1"L
%D 7=, HlD Gorenstein D— (L TH 2% level TRICOWT D Z T TEFKET 3.

Definition 1.5 ([Sta07, Chapter III, Proposition 3.2]). R 25 level &1, wr DM/ NERSR D RED
ETEHELWI 2 ZWS. R2 Gorenstein 72 51X, wr 1&7272 1 DI THEREINL DT level IT72 5.

1.3 1R FZHEKA L Ehrhart iR

DIFR, RY (resp. Z4) OX2Ef# % (RY)* .= Homg (RY, R) (resp. (Z4)* = Homy(Z4,Z)) T
£T.0n e (RY* & x € R DN n(x) TEL, P C R 2FFZHEIK, F(P) & P O facet
KDEES, ZL Cvert(P) Z POHEEKOEEL T2, X5, PIEdimP =d &=L, X
D77ty FPRREROL T 5:

HFeFP)ITHLTP={xeRY: ne(x) > —h¢}, (1)

CTENFNDOEE hi 3BT, BFERRZ blng € (Z9)* 13RI TS, ie. FDRFEE
Jﬂz FOBRANKIED 1 L A FRE T 5.
Cp2PLfffr 33, bbb,

Cp=Ryo(P x{1}) = {(x, k) e R*"*!: &FeF(P)ITHLTnr(x) > —khe}.



P ® Ehrhart IR X CED 3,
A(P) =k[CpNZIH ) =k[t*sk: ke N, x e kPN ZY],

TITE =ty x = (x1,...,xa) € kPNZ% P ® Ehrhart BIZIER 7 7 7 4 > EHER
(€ > T Cohen-Macaulay) TH % Z L IZHFERE. 51T, A(P) &% x € kPNZA 1T LT, K%
deg(t*s*) =k TEDTHF LN D N-XBU = k-RE L5 5.

Definition 1.6. P 25 Gorenstein (resp. nearly Gorenstein) & /3, Ehrhart & A(P) 2 Gorenstein
(resp. nearly Gorenstein) TH 2 Z & &2\ 5.

M7 774 VFEHBROERT L. POR=—UYIRERTEERT 5.
k[P] = k[t*s : x € PN Z1].

PO h—Y v 7 BRISEER N-X & k-2 5.

k[P] = A(P) I% P 2% integer decomposition property 2 Z & L [FfETH % Z & HBHI ST
W5, Z 2T, P2 integer decomposition property (i.e. P 13 IDP) ZHo X 1, £ TOIEREH k &
ETOXxekPNZYTHLT, B2 yy,...,ye EPNZI M x =y +---+yx il T LN
5%V,

T ZHRE 738 0 1 LT, ZOMENAEZ int(o) &2, 2O L &,

int(Cp) = {(x, k) e R : & Fe F(P) I LT np(x) > —khe}
THBILIERTS. 51,
ant(Cp) == {(x,k) e R¥*!: &F e F(P) Tt L Tnp(x) > —khg —1}
35, A(P) DIEHENBEE FIEHENMBEZRD LS ICPDOEETRIT I N TES.

Proposition 1.7 ((HMP19, Proposition 4.1, Corollary 4.2]). A(P) O IEHENNEE L FIEHEMEHI ZH
ZFURTHZ LN

wapy = (ts*: (x, k) € int(Cp) NZ4T) , w;l(P) = <thk : (x,k) € ant(Cp) N Z4H1)
MZ T, A(P) D a-FERIZP DRIFUCFEL W, ie.
a(A(P)) = —min{k € Z>; : int(kP)NZ* # 5} .

Definition 1.8. P C R 2 RXH a DT LZHAL 3 5. P ORSEF L RRSEFZ X TER

ERAE
|P| := conv(int(P) N z9), {P}:= conv(ant(Cp)i_q N ZY).

|P| i conv(int(Cp); NZ) 12— T 3 Z LITHE.

N5 DEZHAD AR D nearly Gorenstein Z H{ADWIFED HTHIDLRI R E 2 R- 5. 1872
HKP ORRB ap DEETHS. ZHid ap =min{k € N : int(kP)NZ? # o} TEHFIN 3.

Example 1.9. X CER SN D ZHEELE Z 5.
P = conv{(1,0),(2,0),(3,1),(3,2),(2,3),(1,3),(0,2),(0,1)}.
PDIZ, ap =1 TH 5 Z LITER. KZHEAA L FIRZHEIBEIRD X 51274 %:
|P| = conv{(1,1),(2,1),(1,2),(2,2)}, {P} = conv{(1,0), (0,1), (—1,0), (0,—1)}.



At B%RIDHEDEEL TS, 25D Minkowski I KTEFEXN5:
A+B={x+y: x€A,yeB}.

20DZMEAP cRY Y Q c R DEFEE P x Q c Rite THET.
P x Q IFXD & 512 L TEZ KD Minkowski & Rzt 3:

P/ = ,0,...,00eR™e: pePy, Q' ={(0,...,0,q) e Ri*¢: g e IZOWT,
{(p ) p } Q {( d q) qeq
e

PxQ=P +Q' &4%%. ¥, 20DZHKP, Q' C REIXRDEZMEMT-TLT2: Ficld:=
1,..., & LT, m(P)={0 /& m((Q) ={0} k3. 22 Tm: RY = RIFi-HHDERE
ROINDEE. COLEP +Q 22 O0DZMKDIEE AR TILNTE 3.

RIRIT, PO ZTHIR & RS Z A2 ER L TH L.

Definition 1.10. P C R 2 Z[Hi{kL 3%, ZOWMHZEEFE L X TERT 5:
P*:={ne (R : HFxePIHL, n(x)>-1}.

PHRRFNTHD 1L, P L P 2xhenZ (Z9) T L TS FEZEETHZ 22203,

2 ERER

DU TERR 2B S, RO ERRIL, #8FZHED nearly Gorenstein 1272 % 7z 2 D&
ctaktterhen5Z 5.

Theorem 2.1. P € R Z R a DI FZHIKL T 5.
1. P 23 nearly Gorenstein 7% 513, P 1% Minkowski 77f# P = |aP| +{P} Z§D.
2. P=|aP|+{P} 25X, 2 K BFEEL, EEOEE k > KT LT kP 1& nearly Gorenstein.

X 512, nearly Gorenstein Z ik, Z L T% ® Minkowski 73RN 2 IRZ HA & FIRZHK
D77ty FRRICELT, UTFD Z ALK 5 72

Theorem 2.2. P C R4 ZRKE a DIGTFZHIKE L, P = |aP| +{P} & T3 ¥,

laP| ={x € R%: & FecF(P)icxtLTne(x)
{P}={xeR: &FeF(P)THNLTnp(kx)

l1—ahs} THD,

>
= (a—l)hp—l}.
MAT, dL |P| #2725 {PHIKHNTD 3.

Theorem 2.3. P C RY % nearly Gorenstein ZH{AL 5. 2D ¥ EREHwIT & 5 LRI ZH
K Q C RYDTHIET %:

P={xeR¥: £necdQ* N(ZYH ML Tn(x) > —hn},

Z ZThy I3EEL 2 512n € vert(Q*) I X o TE ¥ 2 AERIIIED 0. K72, nearly Gorenstein
LHRD 7 7 &y FOBI, B3 A CHKIET 288 C(d) U Fick 3.



HADEENET0E42E31TH2 X5 %ZHNAKZ (0,1)-ZEAFEL WS, Nearly Gorenstein
(0, 1)-ZHEKIZOVWTHH LWERBE SNz, ZOZHKDBEIHEER/INIGHI AL, Re v
FDIEFZHEESL, 77 7 4v 7 < baA FOREERZHEAREBHNCKR>TWS. HHRS, T4
77 7 HA U B ELELEEZIHIAD Ehrhart 37z £ O B (BoEIMEZ2FD) (0,1)-ZHAKD
nearly Gorenstein 1120\ TOSEITHIFE [HHS19, HS21, Miy22] DFER b @4 L7z, & b —fkoD
Ba® (0,1)-ZHKICE S 2 ROMERI DD o Tz

Theorem 2.4. P ZE &% $ 0 (0,1)-ZHIAL T 5. 2D L E, P DI nearly Gorenstein TH 2 Z
¥, H5 Gorenstein (0,1)-ZHKE Py, ..., Ps TH1<i<j<siZDOWVWT |ap, — ap,| < 1 R VD
HDODBTEEL, P=P; x--- x Py £EIF 3 Z & IZ[FEME.

FOEFEDFR Y LT, nearly Gorenstein & level DEIRMEICOWT RS oo 7.

Corollary 2.5. P % [IDP %+iD (0,1)-Z Mk & 3 5. K[P] 2% nearly Gorenstein 73 &% level TH 5.

BE Xk

[BNOS8] Victor Batyrev and Benjamin Nill. Combinatorial aspects of mirror symmetry. Con-
temporary Mathematics, 452:35-66, 2008.

[HKMM] Thomas Hall, Max Kolbl, Koji Matsushita, and Sora Miyashita. Nearly Gorenstein
polytopes. The Electronic ]. Combinatorics, Volume 30, Issue 4 (2023).

[HHS19] Jiirgen Herzog, Takayuki Hibi, and Dumitru I Stamate. The trace of the canonical
module. Israel |. Mathematics, 233:133-165, 2019.

[HHS21] Jirgen Herzog, Takayuki Hibi, and Dumitru I Stamate. Canonical trace ideal and
residue for numerical semigroup rings. In Semigroup Forum, volume 103, pages
550-566. Springer, 2021.

[HMP19] Jirgen Herzog, Fatemeh Mohammadi, and Janet Page. Measuring the non-
Gorenstein locus of Hibi rings and normal affine semigroup rings. J. Algebra,
540:78-99, 2019.

[HS21] Takayuki Hibi and Dumitru I Stamate. Nearly Gorenstein rings arising from finite
graphs. The Electronic |. Combinatorics, pages P3-28, 2021.

[Miy22]  Mitsuhiro Miyazaki. Gorenstein on the punctured spectrum and nearly Goren-
stein property of the Ehrhart ring of the stable set polytope of an h-perfect graph.
arXiv:2201.02957, 2022.

[Miyar]  Sora Miyashita. Nearly Gorenstein projective monomial curves of small codimen-
sion. J. Comm. Alg., to appear.

[Sta07] Richard P Stanley. Combinatorics and commutative algebra, volume 41. Springer Sci-
ence & Business Media, 2007.



