
Some relations between Schwarz-Pick type inequality and

von Neumann’s inequality

Պڀݚ਺ཧՊֶݩ԰େֶେֶӃଟݹ໊

ਆ݈ଠߥ (Kenta KOJIN) ∗

֓ཁ

ෳૉؔ਺࿦ͱ࡞༻ૉ࿦ͷͦΕͧΕͷจ຺ͰݱΕΔೋͭͷෆ౳ࣜͷؔ܎Λௐ΂Δ. ୯Ґԁ൫্

ͷҰ༷ϊϧϜ͕ 1 ҎԼͷਖ਼ଇؔ਺શମΛ Schur Ϋϥεͱ͍͏. ͦͷࣗવͳҰൠԽͷҰͭͱͯ͠

Schur-Agler Ϋϥεͱ͍͏΋ͷ͕஌ΒΕ͓ͯΓ, ͜ͷؔ਺଒ʹର͢Δྑ࠷ͷ Schwarz-Pick ͷܕ

ෆ౳ࣜΛࣔ͢. ͞ΒʹͦͷԠ༻ͱͯ͠, 2× .Δ͢࡯ߟର͢ΔμΠϨʔγϣϯཧ࿦Λʹྻߦ2

1 ಋೖ

ຊߘͰ͸ෳૉؔ਺࿦ͱ࡞༻ૉ࿦ͷͦΕͧΕͷจ຺Ͱॏཁͳೋͭͷෆ౳ࣜͷؔ܎Λௐ΂Δ. ྖҬ

Ω ⊂ Cd ্ͷ SchurΫϥε͸

S (Ω) = {f ∈ O(Ω) | sup
z∈Ω

|f(z)| ≤ 1}

ͱͯ͠ఆٛ͞ΕΔ. ͨͩ͠, O(Ω)͸ Ω্ͷਖ਼ଇؔ਺શମͰ͋Δ. ·ͣෳૉؔ਺࿦ͷจ຺Ͱ஌ΒΕͯ

͍Δ, ୯Ґԁ൫ D = {z ∈ C | |z| < 1} ্ͷ Schwarz-Pickͷෆ౳ࣜ [13, page 5]Λ঺հ͢Δ. ͜Ε͸

Schwarzͷิ୊ʹݱΕΔෆ౳ࣜͷҰൠԽͰ͋Δ.

Theorem 1.1 (Schwarz-Pick ͷෆ౳ࣜ). f ∈ S (D) ͕ઈର஋ 1 ͷఆ਺ؔ਺Ͱ͸ͳ͍࣌, ೚ҙͷ

z, w ∈ Dʹରͯ࣍͠ͷෆ౳͕ࣜ੒Γཱͭ:

∣∣∣∣∣
f(z)− f(w)

1− f(w)f(z)

∣∣∣∣∣ ≤
∣∣∣∣
z − w

1− wz

∣∣∣∣ .

୯Ґԁ൫ D্ͷٖ૒ڑۂ཭Λ Theorem 1.1ͷෆ౳ࣜͷӈล, ଈͪ

dD(z, w) =

∣∣∣∣
z − w

1− wz

∣∣∣∣ (z.w ∈ D)

ʹΑͬͯఆٛ͢Δ. Schur Ϋϥε΍ݱʹޙΕΔؔ਺଒͸ఆ਺ؔ਺ f(z) = eiθ (θ ∈ R) ΛؚΉ
͕, ͜ΕΒͷؔ਺ͱͯ͠ͷৼΔ෣͍͸ࣗ໌Ͱ͋ΔͨΊ, ຊߘͰ͸؆୯ͷͨΊʹ |α| = 1 ͷ࣌͸

dD(α,α) = 0 ͱఆٛ͢Δ. ͢Δͱ, ೚ҙͷ z, w ∈ D ʹରͯ͠ Theorem 1.1 ͔Β༰қʹ dD(z, w) =
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sup
f∈S (D)

dD(f(z), f(w)) ͕ै͏. ͜ͷද͔ࣔΒ, ҰൠͷྖҬ Ω ⊂ Cd ্ͷMöbiusٖڑ཭

dΩ(z, w) = sup
f∈S (Ω)

dD(f(z), f(w)) (z, w ∈ Ω)

Λ͑ߟΔ͜ͱ͸ࣗવͰ͋Δ. ͳ͓, ຊ࣭తʹಉ౳ͳ Carathéodoryٖڑ཭͸ cΩ = tanh−1(dΩ)Ͱ༩͑

ΒΕΔ. ೚ҙͷ f ∈ S (Ω)ʹରͯ͠, Möbiusٖڑ཭ͷఆ͔ٛΒࣗ໌ʹ Schwarz-Pickܕͷෆ౳ࣜ

dD(f(z), f(w)) ≤ dΩ(z, w) (z, w ∈ Ω) (1.1)

ΛಘΔ. Carathéodoryٖڑ཭͸ Schwarz-Pickܕͷෆ౳ࣜΛຬͨ͢ ,཭Ͱ͋Γڑখ”ͷٖ࠷“ খྛٖ

཭͕͋Δछͷ૒ରʹ͋ͨΔڑ [19, Proposition 3.1.7, Remark 3.1.29]. ͜͜Ͱ, ͜ͷෆ౳ࣜʹؔ͠

ͯຊߘͰ͢࡯ߟΔ໰୊఺Λೋͭड़΂Δ. ·ͣ, ୯Ґԁ൫ D ͷ৔߹ͱҟͳΓҰൠͷྖҬ Ω ʹର͢Δ

Möbius ཭ڑٖ dΩ ͷ۩ମతͳදࣔΛಘΔ͜ͱ͸ࠔ೉Ͱ͋Δ. ·ͨ, Möbius ཭ͷఆ͔ٛΒෆ౳ڑٖ

ࣜ (1.1) ͸༩͑ΒΕͨ S (Ω) ෦෼ू߹ʹରͯ͠ͷྑ࠷ෆ౳ࣜʹͳΒͳ͍Մೳੑ͕͋Δ. ͦ͜Ͱຊߘ

Ͱ͸චऀͷ࿦จ [21] ,͖ͮجʹ ୯Ґԁ൫্ͷ Schur ΫϥεͷҰൠԽͱͯ͠࡞༻ૉ࿦ʹ͓͍ͯॏཁͳ

໾ׂΛՌͨ͢ Schur-Agler Ϋϥε SA(Bδ) ⊂ S (Bδ) (2 ষͰີݫͳఆٛΛ༩͑Δ) ʹର͢Δྑ࠷ͷ

Schwarz-Pickܕͷෆ౳ࣜΛ͢࡯ߟΔ. ͳ͓, ,Ͱ͸ڀݚຊ͏ߦૉ࿦తΞϓϩʔνΛ༺࡞ ؔ਺ͷਖ਼ଇੑ

Ҏ্ʹ von Neumann ͷෆ౳ࣜͱݺ͹ΕΔ࡞༻ૉෆ౳͕ࣜॏཁͳ໾ׂΛՌͨ͢. ,ࡍ࣮ Schur-Agler

ΫϥεΛҰൠԽͨ͠ਖ਼ଇͰ͸ͳ͍ؔ਺ΛؚΉؔ਺଒ʹରͯ͠΋ओ݁Ռʹ͋ͨΔෆ౳͕ࣜ੒Γཱͭ.

ͯ͞, ຊߘͰ͸ Schwarz-Pickͷෆ౳ࣜͱઌ΄Ͳड़΂ͨ von Neumannͷෆ౳ࣜͷؔߟ͍ͯͭʹ܎

,Δͷ͕ͩ͢࡯ ͜͜Ͱ࠷΋؆୯ͳ৔߹ʹݶఆͯ͠ऀޙΛड़΂Δ.

Theorem 1.2 (von Neumannͷෆ౳ࣜ [5, Theorem 1.47]). ‖T‖ < 1Λຬͨ͢ Hilbert্ۭؒͷ

༗քઢ࡞ܗ༻ૉ T Λ͑ߟΔ. ͨͩ͠, ‖ · ‖ ͸࡞༻ૉϊϧϜͰ͋Δ. ͜ͷ࣌, ೚ҙͷ f ∈ S (D) ʹର
ͯ͠

‖f(T )‖ ≤ 1

͕੒Γཱͭ. ͜͜Ͱ, f(T )͸ղੳؔ਺ΧϧΩϡϥε [17, ఆཧ 3.2.6]ʹΑͬͯఆٛ͢Δ.

͜ͷෆ౳͕ࣜ Schur-Agler ΫϥεΛಋೖ͢Δಈػ෇͚Ͱ͋Γ, 1990 ೥ͷ Agler ͷڀݚ [1] ͸ෳૉ

ؔ਺࿦ͱ࡞༻ૉ࿦ʹଟେͳӨڹΛ༩͑ͨ. ·ͨ, ͜ͷෆ౳ࣜ͸࡞༻ૉͷμΠϨʔγϣϯཧ࿦ʹ͓͍ͯ

ॏཁͳ໾ׂΛՌͨ͢. ,ૉͷμΠϨʔγϣϯͱ͸༺࡞ ༩͑Βͨ࡞༻ૉΛΑΓੑ࣭ͷྑ͍࡞༻ૉͷҰ෦

ͱͯ͠ଊ͑Δ͜ͱͰ͋Γ, 4ষͰઆ໌͢Δ. ͜͜Ͱ͸, Sz.-NagyʹΑΔ࠷΋جຊతͳμΠϨʔγϣϯ

ఆཧΛ঺հ͢Δ. ϢχλϦʔ࡞༻ૉͷεϖΫτϧ෼ղͱ Taylorల։Λ౿·͑Δͱ, Լهͷ Theorem

1.3͔Β Theorem 1.2͕ಋ͔ΕΔ.

Theorem 1.3 (Sz.-Nagy [25]). Hilbertۭؒ H ্ͷ༗քઢ࡞ܗ༻ૉ T ͕ ‖T‖ ≤ 1Λຬͨ࣌͢, H

ΛؚΉ HilbertۭؒK ͱ, K ্ͷϢχλϦʔ࡞༻ૉ U ͕ଘͯ͠ࡏ, ೚ҙͷ n ∈ Nʹରͯ͠

Tn = PUn|H

͕੒Γཱͭ. ͨͩ͠, P : K → H ͸௚ަࣹӨ.



ຊߘͰ͸, ·ͣ von Neumannͷෆ౳͔ࣜΒ Schwarz-Pickܕͷෆ౳ࣜΛಋ͘. ଈͪ࡞༻ૉ࿦Λෳ

ૉؔ਺࿦ʹԠ༻͢Δ. ࣍ʹͦͷٯͱͯ͠, ಘΒΕͨ Schwarz-Pickܕͷෆ౳ࣜΛԠ༻ͯ͠ 2× ʹྻߦ2

ର͢ΔμΠϨʔγϣϯཧ࿦Λ͢࡯ߟΔ.

2 Schur-AglerΫϥε

͜ͷষͰ͸୯Ґԁ൫ D ্ͷ Schur ΫϥεͷҰൠԽͷҰͭͰ͋Δ Schur-Agler Ϋϥεʹ͍ͭͯड़

΂Δ. ,ͯ͠ʹΛಡΜͰ௖͘͜ͱݙจߟࢀ෦෼͸͍͔ࡉ ͜͜Ͱ͸ఆٛΛ༩্͑ͨͰ͍͔ͭ͘ͷίϝ

ϯτΛ͢ΔʹͱͲΊΔ. ಋೖͰ von Neumannͷෆ౳ࣜΛ঺հ͕ͨ͠, Schur-AglerΫϥεͱ͸ von

Neumannܕͷෆ౳͕ࣜৗʹ੒ཱ͢Δਖ਼ଇؔ਺ͷΫϥεͰ͋Δ. ͜ͷΫϥε͸ 1990೥ʹ Agler [1]͕

ଟॏ։ԁ൫ Dd ্Ͱಋೖͨ͠. ͜͜Ͱ͸ΑΓҰൠͷઃఆͷ Schur-AglerΫϥεΛ঺հ͢Δ.

dม਺ͷଟ߲͕ࣜ੒෼ͷ s× r ྻߦ δ Λ͑ߟΔ. ͜ͷ࣌,

Bδ = {z = (z1, . . . , zd) ∈ Cd | ‖δ(z)‖ < 1}

ͱఆΊΔ. ͨͩ͠, ‖δ(z)‖͸ྻߦ δ(z)ͷ࡞༻ૉϊϧϜͰ͋Δ.

Examples 2.1. (1)

δ =




z1

. . .
zd





ͱ͓͘ͱ, ͜Ε͸ଟॏ։ԁ൫ Dd = {(z1, . . . , zd) ∈ Cd | |zi| < 1 (1 ≤ i ≤ d)}Λ༩͑Δ.

(2)
δ = [z1, . . . , zd]

ͱ͓͘ͱ, ͜Ε͸։୯Ґٿ Bd = {(z1, . . . , zd) ∈ Cd | |z1|2 + · · · |zd|2 < 1}Λ༩͑Δ.

࣍ʹ, von Neumannͷෆ౳ࣜΛ;·͑ͯBδ ্ͷ Schur-AglerΫϥεΛఆΊΔ. HilbertۭؒH ্

ͷ͍ޓʹՄ׵ͳ࡞༻ૉͷ૊ T = (T1, . . . , Td)ʹରͯ͠, σ(T )Λͦͷ TaylorεϖΫτϧ [12, 26]ͱ͢

Δ. TaylorεϖΫτϧͷఆٛΛ͜͜Ͱ͸༩͑ͳ͍͕, d = 1ͷ࣌͸௨ৗͷ࡞༻ૉͷεϖΫτϧͱҰக

͠, H ͕༗ݩ࣍ݶͷ࣌͸Մ׵ͳྻߦͷ૊ʹର͢Δ༷ʑͳεϖΫτϧͱҰக͢Δ [12]. δ ͸ dม਺ͷଟ

߲ࣜΛ੒෼ʹ࣋ͭྻߦͳͷͰ, T Λ δ ʹࣗવʹ୅ೖͯ͠࡞༻ૉϊϧϜ ‖δ(T )‖Λ͑ߟΔ͜ͱ͕Ͱ͖Δ.

Ambrozieͱ Timotin [6, Lemma 1]͸ ‖δ(T )‖ < 1ͳΒ͹ TaylorεϖΫτϧ σ(T )͕ Bδ ʹؚ·Ε

Δ͜ͱΛࣔͨ͠. ͕ͨͬͯ͠, ೚ҙͷ f ∈ O(Bδ)ʹରͯ͠ Taylorؔ਺ΧϧΩϡϥε [12, 26]Λ༻͍

ૉϊϧϜ༺࡞ͯ ‖f(T )‖Λ͑ߟΔ͜ͱ͕Ͱ͖Δ. ͦ͜Ͱ, ‖δ(T )‖ < 1Λຬͨ͢Մࢉແݩ࣍ݶ Hilbert

্ۭؒͷ೚ҙͷՄ׵ͳ࡞༻ૉͷ૊ T = (T1, . . . , Td)ʹରͯ͠, ‖f(T )‖ ≤ 1ͱͳΔΑ͏ͳ f ∈ O(Bδ)

શମͷू߹ͱͯ͠ Schur-AglerΫϥε SA(Bδ)Λఆٛ͢Δ. Մࢉແݩ࣍ݶ Hilbertۭؒಉ࢜͸Ϣχλ

ϦʔಉܕͳͷͰ, [26, Theorem 4.5]͔Β্ͷఆٛ͸Մࢉແݩ࣍ݶ HilbertۭؒͷબͼํʹΑΒͳ͍.

·ͨ, ఆ͔ٛΒ SA(Bδ) ⊂ S (Bδ)͸ࣗ໌Ͱ͋Δ. d = 1͔ͭ δ = [z], ଈͪ Bδ = Dͷ࣌, Theorem

1.2 ͔Β SA(D) = S (D) ͕ै͏. ·ͨ, ҆౻μΠϨʔγϣϯ [7] ʹΑΓ SA(D2) = S (D2) ΋ै͏.

͔͠͠, d ≥ 3 ͷ৔߹ SA(Dd) ! S (Dd) Ͱ͋Δ [23]. Schur-Agler Ϋϥεʹଐ͢Δؔ਺ͷஶ͍͠ੑ



࣭͸ Agler෼ղͱݺ͹ΕΔؔࣜ܎Λຬͨ͢͜ͱͰ͋Γ, ͜Ε͸ؔ਺ͷڍಈ͕൒ਖ਼ఆ஋ྻߦ ͸ʹີݫ)

ड़͞ΕΔ͜ͱΛҙຯ͢Δهੜ֩)Ͱ࠶ [6, Theorem 3]. δ = [z]ͷ࣌͸ͱ΋͔͘, Ұൠͷ Schur-Agler

Ϋϥε͸͔ͳΓಛघͳؔ਺଒ʹ͑ݟΔ͔΋͠Εͳ͍. ͔͠͠, ࿈ଓؔ਺͸ίϯύΫτू߹্Ͱ༗քʹ

ͳΔͱ͍͏جຊతͳ࣮ࣄͷྨࣅ෺ͱͯ͠, ։ू߹্ͷ೚ҙͷਖ਼ଇؔ਺ f ʹର͠, Taylorؔ਺ΧϧΩϡ

ϥε T )→ f(T )͸ہॴతʹ༗քʹͳΔ͜ͱ͕஌ΒΕ͍ͯΔ ͸ࡉৄ) [4]). Αͬͯ, ։ू߹্ͷ೚ҙͷ

ਖ਼ଇؔ਺͸ہॴతʹ Schur-AglerΫϥεʹଐ͢Δؔ਺ͷεΧϥʔഒʹͳΔ͜ͱ͕Θ͔Δ. ͜ͷ࣮ࣄͱ

Agler ෼ղͷ؆୯ͳԠ༻ͱͯ͠, Ԭͷ֦ுఆཧ΍Ԭ-Weil ͷఆཧͷ࡞༻ૉ࿦తͳূ໌Λ༩͑Δ͜ͱ͕

Ͱ͖Δ [4]. ,ʹޙ࠷ ༩͑ΒΕͨؔ਺ͷڍಈΛهड़͢ΔΑ͏ͳ൒ਖ਼ఆ஋ྻߦΛ͚ͭݟΔ Agler ෼ղʹ

ؔͯ͠, Agler ͷݪ࿦จ [1] Ͱ͸ຊ࣭తʹ Hahn-Banach ͷఆཧ͔͠࢖ΘΕ͍ͯͳ͍఺͸஫໨ʹ஋͢

Δ. ,༗ͷ໰୊͸͋ΕͲݻΔઃఆ͢࡯ߟૉ஋ؔ਺ͷ৔߹ͳͲ༺࡞ Hahn-Banach ͷఆཧͷҰൠੑΏ͑

ʹ༷ʑͳઃఆʹ͓͍ͯ AglerͷΞϓϩʔν͸༗ޮͰ͋Δ (ྫ͑͹ [3, 6, 9, 10]).

3 ओ݁Ռ 1

͜ͷষͰ͸ [21] Ͱಘͨ Schwarz-Pick .ͷෆ౳ࣜΛ঺հ͢Δܕ ͦͷલʹ, ໰୊ઃఆʹ߹Θͤͯ

Schur-AglerΫϥεΛҰൠԽͨؔ͠਺଒Λఆٛ͠Α͏. લষͰड़΂ͨ Agler෼ղΛಘΔͨΊʹ͸, ؔ

਺͕ Schur-Agler Ϋϥεʹؚ·Ε͍ͯΔ͜ͱ͕ඞཁे෼৚݅Ͱ͋Δ. Αͬͯ, Մࢉແݩ࣍ݶ Hilbert

্ۭؒͷ࡞༻ૉͷ৘ใ͕ඞཁʹͳΔΘ͚͕ͩ, ͜ͷཧ༝͸୯७Ͱਖ਼ଇؔ਺ͷάϥϑ͸ແݸݶͷ఺Ͱߏ

੒͞ΕΔ͔ΒͰ͋Δ. Cd ಺ͷ։ू߹͕Մ෼Ͱ͋Δ͜ͱͱਖ਼ଇؔ਺ͷ࿈ଓੑΛ͑ߟΕ͹, ඇՄࢉແ࣍ݶ

.Ε͹े෼Ͱ͋Δ͜ͱʹೲಘ͕͍ͩ͘Ζ͏͑ߟΛۭؒݩ࣍ݶແࢉͰ͸ͳ͘Մۭؒݩ άϥϑ্ͷՄݸࢉ

ͷ఺͕ͲͷΑ͏ʹ഑ஔ͞Ε͍ͯΔ͔͕෼͔Ε͹, ؔ਺ͷڍಈ͕Θ͔ͬͨ͜ͱʹͳΔ. ͯ͞, ͠࡯ߟࡏݱ

͍ͯΔ໰୊͸ Schwarz-Pickܕͷෆ౳ࣜ, ͭ·Γڑ཭ʹؔ͢Δෆ౳ࣜͰ͋Δ. ଈͪ, ؔ਺ͷάϥϑ্ͷ

(೚ҙͷ)ೋ఺ͷ͕ؔ܎஌Γ͍ͨͷͰ͋Δ. ैͬͯ, ؔ਺͸ແ্ۭؒݩ࣍ݶͷ࡞༻ૉͷ৘ใΛ࣋ͭඞཁ

͸ͳ͘, 2× .͸े෼ͩͱ༧૝Ͱ͖Δ͍͓ͯʹڀݚͷ৘ใ͍͑࣋ͬͯ͞Ε͹ຊྻߦ2 ͞Βʹ, ਖ਼ଇੑ΍

࿈ଓੑ͑͞΋ෆཁͰ͋Δ.ͦ͜Ͱ, ࣍ͷΑ͏ʹͯ͠৽ͨͳؔ਺଒Λఆٛ͢Δ.

E ⊂ Cd Λू߹, ∆Λ E ্ͷ C஋ؔ਺͕੒෼ͷ s× r .ͱ͢Δྻߦ ͜ͷ࣌,

B∆ = {z ∈ E | ‖∆(z)‖ < 1}

ͱఆΊΔ. T = (T1, . . . , Td)Λಉ࣌ର֯ԽՄೳͳ .ͷ૊ͱ͢Δྻߦ2×2 Αͬͯ, σ(T ) = {z, w} ⊂ Cd

ͳΒ͹, ͋ΔՄٯͳ 2× ྻߦ2 S ͕ଘͯ͠ࡏ,

T =

(
S−1

[
z1 0
0 w1

]
S, . . . , S−1

[
zd 0
0 wd

]
S

)

ͱॻ͚Δ. ͜ͷ࣌ σ(T )্ͷ೚ҙͷ C஋ؔ਺ f ʹରͯ͠,

f(T ) = S−1

[
f(z) 0
0 f(w)

]
S

ͱͯؔ͠਺ΧϧΩϡϥεΛఆٛ͢Δ. ͜Ε͸ྻߦ஋ؔ਺ʹର͢Δؔ਺ΧϧΩϡϥεʹ֦ுͰ͖Δ

ͨΊ, ∆(T ) ͕ఆٛՄೳͰ͋Δ (ΑΓҰൠͷ࡞༻ૉʹର͢Δ࿈ଓؔ਺ΧϧΩϡϥε΍ਖ਼ଇؔ਺Χ

ϧΩϡϥεͱҟͳΓ, .(ͷΈΛѻ͍ͬͯΔͷͰ࿈ଓੑ΍ਖ਼ଇੑ͸ෆཁྻߦ͸ಉ࣌ର֯ԽՄೳͳࠓ



σ(T ) ⊂ B∆ ͔ͭ ‖∆(T )‖ ≤ 1 Λຬͨ͢೚ҙͷಉ࣌ର֯ԽՄೳͳ 2 × 2 ͷ૊ྻߦ T = (T1, . . . , Td)

ʹରͯ͠, ‖f(T )‖ ≤ 1 ͱͳΔΑ͏ͳ B∆ ্ͷ C ஋ؔ਺શମͷू߹Λ S2,gen(B∆) ͱఆΊΔ. ಛʹ

E ⊂ Cd ͕։ू߹, ∆ͷ੒෼͕ਖ਼ଇؔ਺ͷ࣌, S2(B∆) = S2,gen(B∆) ∩O(B∆)ͱఆٛ͢Δ. ͜ͷ࣌,

S2(B∆) ⊂ S (B∆) Ͱ͋Γ, δ ͕ଟ߲ࣜ੒෼ͷྻߦͷ࣌͸ SA(Bδ) ⊂ S2(Bδ) ⊂ S (Bδ) ͕੒Γཱͭ

[21, Example 3.1].

Definition 3.1. ∆Λू߹ E ⊂ Cd ্ͷؔ਺͕੒෼ͷ s× r ,ͱͨ࣌͠ྻߦ B∆ ্ͷٖڑ཭ d∆ Λ

d∆(z, w) :=
∥∥∥(I −∆(w)∆(w)∗)−

1
2 (∆(z)−∆(w))

×(I −∆(w)∗∆(z))−1(I −∆(w)∗∆(w))
1
2

∥∥∥
B(Cr,Cs)

.

ͰఆΊΔ.

Theorem 3.2 ([21, Corollary 4.2, Proposition 5.1]). ∆ Λू߹ E ⊂ Cd ্ͷؔ਺͕੒෼ͷ s × r

,ྻߦ f ∈ S2,gen(B∆)ͱͨ࣌͠,

dD(f(z), f(w)) ≤ d∆(z, w) (z, w ∈ B∆)

͕੒Γཱͪ, E ⊂ Cd ͕։ू߹͔ͭ ∆ͷ੒෼͕ E ্ͷਖ਼ଇؔ਺ͷ࣌͸

d∆(z, w) = sup
f∈S2(B∆)

dD(f(z), f(w))

͕੒Γཱͭ. ʹߋ δ ͕ଟ߲ࣜ੒෼ͷྻߦͷ࣌͸

dδ(z, w) = sup
f∈S2(Bδ)

dD(f(z), f(w)) = sup
f∈SA(Bδ)

dD(f(z), f(w)).

͕੒Γཱͭ. Α্ͬͯͷෆ౳ࣜ͸ Schur-AglerΫϥεʹର͢Δྑ࠷ෆ౳ࣜͰ͋Δ.

ͳ͓ূ໌ͷதͰ໌ࣔతʹ͸ݱΕͳ͍͕, Agler෼ղ (ͱͦͷྨࣅ෺)Λ࣮࣭తʹ࢖༻͢Δ.

4 ओ݁Ռ 2

લষͷ݁ՌͷԠ༻ͱͯ͠ 2× ,ʹର͢ΔμΠϨʔγϣϯཧ࿦Λ࿦͡Δલʹྻߦ2 ʹ෇͚ػͷಈ࡯ߟ

͋ͨΔ࣮ࣄΛ঺հ͢Δ. μΠϨʔγϣϯཧ࿦͸༩͑ΒΕͨ࡞༻ૉΛྑ͍ੑ࣭Λ࣋ͭ࡞༻ૉͷҰ෦ͱ

ͯ͠ଊ͑Δཧ࿦Ͱ͋Γ, von Neumannܕͷෆ౳͕ࣜॏཁͳ໾ׂΛՌͨ͢ࣄΛೝࣝͯ͠௖͚Ε͹े෼

Ͱ͋Δ. μΠϨʔγϣϯཧ࿦ͷৄࡉ͸ [22, 24] ͳͲΛࢀরͯ͠௖͖͍ͨ. 1 ষͰ Theorem 1.3 ͔Β

Theorem 1.2͕ै͏͜ͱΛίϝϯτ͕ͨ͠, ஋ؔ਺ʹରͯ͠ྻߦ von Neumannܕͷෆ౳͕ࣜ੒Γཱ

ͭͳΒ͹, .ૉ͸μΠϨʔγϣϯՄೳͰ͋Δ༺࡞ ͜ͷ࣮ࣄ͸ ArvesonͷμΠϨʔγϣϯఆཧ [8]ͱݺ

͹Ε͓ͯΓ, ͜͜Ͱ͸͜ΕΛઆ໌͢Δ. T = (T1, . . . , Td)Λ Hilbertۭؒ H ্ͷ͍ޓʹՄ׵ͳ༗քઢ

,ૉͷ૊ͱ͠༺࡞ܗ sp(T ) Λ T ͷδϣΠϯτεϖΫτϧ [8] ͱ͢Δ. Ұൠʹ σ(T ) ⊂ sp(T ) ͕ͩ, H

͕༗ݩ࣍ݶͷ࣌͸ σ(T ) = sp(T )͕੒Γཱͭ [8, 12, 11]. 4ষͰ͸ 2× ର͢ΔμΠϨʔγϣʹྻߦ2

ϯΛ͢࡯ߟΔͷͰ, ͲͷεϖΫτϧΛ͑ߟΔͷ͔͸͋·Γؾʹ͠ͳͯ͘ྑ͍.



Definition 4.1. X ⊂ Cd ΛίϯύΫτू߹ͱ͢Δ. sp(T ) ⊂ X ͔ͭ೚ҙͷ k ∈ Nͱ X ্ͷ༗ཧ

ؔ਺͕੒෼ͷ೚ҙͷ k × k ྻߦ Rʹରͯ͠

‖R(T )‖ ≤ sup
z∈X

‖R(z)‖

͕੒Γཱͭ࣌, X ͸ T ͷ׬શεϖΫτϧू߹Ͱ͋Δͱ͍͏.

Theorem 4.2 (Arveson ͷμΠϨʔγϣϯఆཧ [8]). ίϯύΫτू߹ X ⊂ Cd ͱ Hilbert ۭؒ H

্ͷ͍ޓʹՄ׵ͳ༗քઢ࡞ܗ༻ૉͷ૊ T = (T1, . . . , Td) ʹର͠, X ͕ T ͷ׬શεϖΫτϧू߹

ʹͳΔͨΊͷඞཁे෼৚݅͸, H ΛؚΉ Hilbert ۭؒ K ͱ K ্ͷ͍ޓʹՄ׵ͳਖ਼࡞ن༻ૉͷ૊

N = (N1, . . . , Nd)Ͱ, sp(N) ⊂ ∂X ͔ͭ X ্ͷ೚ҙͷ༗ཧؔ਺ r ʹରͯ͠

r(T ) = Pr(T )|H

Λຬͨ͢΋ͷ͕ଘ͢ࡏΔ͜ͱͰ͋Δ. ͨͩ͠, ∂X ͸X ্ͷ༗ཧؔ਺શମ͔ΒͳΔҰ༷؀ʹର͢ΔX

ͷ Silovڥք [15]Ͱ, P ͸K ͔Β H ΁ͷ௚ަࣹӨͰ͋Δ.

μΠϨʔγϣϯཧ࿦Λ͢ڀݚΔࡍ, ॻ͖ม͑ͨ֓೦ʹܗશεϖΫτϧू߹Λෳૉؔ਺࿦ʹదͨ͠׬

Λ͢࡯ߟΔ͜ͱ͸͠͹͠͹༗ޮͰ͋Δ.

Definition 4.3. Ω ⊂ Cd ΛྖҬͱ͢Δ. σ(T ) ⊂ Ω͔ͭ೚ҙͷ k ∈ Nͱ Ω্ͷ༗քਖ਼ଇؔ਺͕੒

෼ͷ೚ҙͷ k × k ྻߦ F ʹରͯ͠

‖F (T )‖ ≤ sup
z∈Ω

‖F (z)‖

͕੒Γཱͭ࣌, Ω͸ T ͷ׬શεϖΫτϧྖҬͰ͋Δͱ͍͏.

༗քઢ࡞ܗ༻ૉ͕μΠϨʔγϣϯՄೳ͔൱͔Λ൑ఆ͢ΔͨΊͷ؆୯ͳ৚݅Λ༩͑Δ͜ͱ͸ॏཁͰ

͋Δ. ࣍ͷఆཧ͸ 2× ཭ͷ৘ใ͕ຊ࣭తͰ͋Δ͜ͱΛڑ༗஋ؒͷݻૉϊϧϜͱ༺࡞ରͯ͠͸ʹྻߦ2

͍ࣔࠦͯ͠Δ. ূ໌Ͱ͸ Agler [2]ʹΑΔ࡞༻ૉ࿦ͱෳૉزԿֶΛڀݚ͙ܨΛ༻͍Δ. ͦͷ࿦จ಺Ͱ

Möbiusٖڑ཭͸ಉ࣌ର֯ԽՄೳͳ 2× ͷ૊ʹର͢Δྻߦ2 2ͭͷݻ༗ۭؒͷͳ֯͢౓ͰଌΕΔ͜ͱ

͕ࣔ͞Ε͍ͯΔ. Agler͸ͦΕΛ༻͍ͯ Lempertͷఆཧͷ࡞༻ૉ࿦తͳূ໌Λ༩͑ͨ.

ͦΕͰ͸ຊߘʹ͓͚Δ΋͏Ұͭͷओ݁ՌΛड़΂Δ.

Theorem 4.4 ([21, Corollary 5.8]). B∆ ͕࿈݁ʹͳΔΑ͏ͳ, ਖ਼ଇؔ਺͕੒෼ͷྻߦ஋ؔ਺ ∆Λ

.Δ͑ߟ ͜ͷ࣌ҎԼͷ৚݅͸ಉ஋Ͱ͋Δ:

(1)೚ҙͷ z, w ∈ B∆ ʹରͯ͠, d∆(z, w) = dB∆(z, w)͕੒Γཱͭ.

(2)B∆ ͸ σ(T ) ⊂ B∆ ͔ͭ ‖∆(T )‖ ≤ 1 Λຬͨ͢೚ҙͷಉ࣌ର֯ԽՄೳͳ 2 × 2 ͷ૊ྻߦ

T = (T1, . . . , Td)ͷ׬શεϖΫτϧྖҬʹͳΔ.

(3)S2(B∆) = S (B∆).

Remark 4.5. ಉ࣌ର֯ԽՄೳͳ 2× ͳ׵Մʹ͍ޓͷ૊શମͷू߹͸ྻߦ2 2× ͷ૊શମͷूྻߦ2

߹ͷதͰ᜚ີͰ͋Δ [14].

Example 4.6. 2ষͷ Examples 2.1ͰΈͨೋͭͷ δ ʹରͯ͠, dδ = dBδ ͕ै͏. Αͬͯ Theorem

4.4ͱ Remark 4.5͔Β, ͦΕͧΕ͕ॖখ࡞༻ૉͷ͍ޓʹՄ׵ͳ 2× ͷ૊ʹର͢Δྻߦ2 Druryͷμ



ΠϨʔγϣϯఆཧ [14]ͱ, Մ׵ͳॖߦখ࡞༻ૉʹର͢Δ Hartz-Richter-ShalitͷμΠϨʔγϣϯఆཧ

[16, corollary 3.2]͕؆୯ʹಋ͔ΕΔ. ·ͨ, 2ষͰड़΂༷ͨʹ d ≥ 3ͷ࣌͸ SA(Dd) ! S (Dd)ͱͳ

Δͷʹର͠, ೚ҙͷ d ∈ Nʹରͯ͠ S2(Dd) = S (Dd)͕੒Γཱͭ.

,ʹޙ࠷ ඇՄؔ׵਺࿦ [5, 18]ͷจ຺ʹ͓͚Δ Schur-AglerΫϥεʹର͢Δ Schwarzͷิ୊͸஌Β

Ε͍ͯΔ͕ [20], ຊߘͰ঺հͨ͠ख๏Ͱ͸ Schwarz-Pickܕͷෆ౳ࣜͷඇՄ׵Խ͕࣮ݱͰ͖ͳ͍͜ͱ

Λ஫ҙ͓ͯ͘͠.
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