Odd colorings of Biplanar graphs
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Graph G @ odd coloring ¥ i& proper coloring ¢ T, {TE® non-isolated vertex v € V(G)
WHLTH % color ¢ BIFIELT, | t(c) N N(v)| &L 22 L WIRHGRHELZTHDT
»%. Graph G ® odd coloring IZRHERF/NDEE%E G D odd chromatic number & FECF,
Xo(G) £EL . AFETIX biplanar graph @ odd chromatic number {22\ T, biplanar graph
G 8(G) > 3, gir(G) > 6 FMITEBIE xo(G) < 12 £\ 5 EHEFHT 5.

1 J57EEEICDOWVWT

DI, 77 7 B DERER Z RO W TERT 5.

BREGV LV ORRZ 20O RIEDEEDEE O G = (V, E) % simple graph & '
. simple THW graph FEET 55, AR TIE simple graph L2 bH WD THIZ graph & &
W7z ¥ Zd simple graph 5 5d D2 $%. Graph G = (V, E) DEE V % vertex set, £E E &
edge set LFEZhZNV(G), BE(G) t#EL . V(GQ) DItk vertex, E(G) DIL% edge MR, X5
W2 {u,v} € E(G) ZHIZ uv 5 W0id vu £F . Vertex set D RKZF X |V(G)| Z graph G D order
WY, edge set D RZF X |E(G)| & graph G O size EFER. G D edge e = uwv € E(GQ) IZ2W\WT,
vertex u £ v X T 52 VWS . H B vertex v ITHEE T 5 vertex DES % v D neighbor ¥ FELX
N(v) &< . vertex v IZBEEET % vertex DB N (v)| & v D degree &N d(v) EF L. (—HANC
E degv R deg(v) BEEFHNIND I HZW.) d(v) =0 Ziifi/z TTHM Z isolated vertex &FEA.
Graph G ®Ff2 maximum degree Z A(G) & & ¥, minimal degree Z §(G) £ EL. THITG D
average degree % d(Q) <: %) ¢ ZFE <. Degree 2% a 7% % vertex % a-vertex & PR,

Graph G & graph H 2’ V(H) C V(G) »2 E(H) C E(G) %®ifi7=5 & %, H % G ® subgraph
EIEXR. graph G @ subgraph H 2MEED u,v € V(H) ML T, w € E(G) 2513w € E(H) %
ii7=3 ¢ =%, H % G ® induced subgraph ¥ M-X. H 75 G @ subgraph TH2 % HC G &R
FLL, vertex set V' C V(G) 1 & % induced subgraph % G[V'] £ £il3 %. graph G 23 graph H
% induced subgraph IZ&FR\WVWE &, G H-free TH 2 2\ 5. (LEDTEHAMNIC path DMFET 5
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graph % connected graph & P&, graph G O#K7% connected subgraph % G @ component &
PSR

BIRED vertex DF W = (vq,--- ,v,) THEED 1 <i<n—11KMNLTyuv € E(G) DL X,
W % walk LFER. (walk DERICERIN 2 ED 255G H5.) £TOD vertex BHWVITERL 5 walk
% path GE) MR, F72, v1 = v, D DZENLUIND vertex NHWIZHERZ 5 walk % cycle ¥ FEA.
walk W = (vy, -+ ,v,) X LT walk @ length Z n — 1 L ED 3.

Order 8 1 ML LD graph 22 & vertex vy, -+, v, & v;(1 < i < n) IZHEHT % edge Z2THD RV
7z subgraph % G — {vy,- -+ ,v,} TET. [FFRIC size 23 1 A LD graph 25 edge eq, ..., e, ZHD
FRu 7z graph & G —{e1, - ,en} TRT. n=1D L TIFHIZ G —v, G—e EKiT 5. Connected
graph G IZBWT, EED vy, , 051 KN L TG — {vy, -+ ,0p_1} (k > 2) 5% connected D ¥ X,
G & k-connected (k-3#ff) TH2 LS.

H 5 edge e = uv IZH LT, H7z72 vertex u ZIBAIL T edge e % path (u,w,v) IZEZHZ 2 #%
€ edge e @ subdivide (ffi53) &FE.

EED R 5 vertex DIC edge D3FHES % graph % complete graph & MK, order n @ complete
graph % K, &< . FHZ K| % trivial graph ¥ FES.

B2 % edge [AL2%H 50 K 512 LT vertex & edge ZHLE T % % graph % planar graph
LIRS, G DRIE 5 edge AEMRRDOLRWE S REEZ G OHlDIAA L FESR. planar graph G &
G DHDIAA G IEIFA—HTE S DT, G % plane graph LR, DAL GIEFEZ WV DHhOH
BIZHEIT 5. ZhoDfE face LFER. ZRZND face ZTEK L TV % walk % boundary & W
2. face f @ boundary @ length % face @ degree ¥ (N d(f) £ FEHK.

Graph G @ vertex set V(G) 7*6 NAD map ¢ : V(G) - N T, FED uwv € E(G) IZX LT
o(u) # p(v) Zifi7=3H D%, G ® proper (vertex) coloring ¥ FEIX, p(V(G)) DIL% color &
XK. D% D, graph DETEAICH LT, BHZE T 2THAD R S color IZR B X5 REBDZ L THS.
lo(V(Q))| =k £725 & &, ¢ % proper k-coloring £ FEX. graph G %° proper k-coloring Z#f2 ¥
%, G X k-colorable TH % 2\ 5. G 27 proper k-coloring 2D X 57 k ODHFTHR S /NI W
% chromatic number & TN, x(G) & &EL.



2 BA
2.1 Odd coloring DEE

Z DFE T Petrudevski & Skrekovski 12 & - T#E A X7z odd coloring DEFE & planar graph @
odd coloring Z#H/13 % [4]. Proper coloring 1Zxf LT parity condition %Z &/l L 7z vertex coloring
% odd coloring ¥ FE3.

E#& 2.1. (0dd coloring) Graph G @ proper coloring ¢ 2% odd coloring TH % &%, {EEOD
non-isolated vertex v € V(G) WML T&H 3 color ¢ BFEL T, [p~L(c) N N(v)| Barge 725, &
W9 parity condition Zi7z 3 Z ¥ % F 5. Graph G @ odd coloring 2B iH/ND EE% odd
chromatic number WU, x,(G) £ &L

EEED X(G) < xo(G) (X(G) 1& G @ chromatic number) AL D LD

Odd coloring DHlZ R 2FHC WL D05 Z2EATS. B : V(G) = {1,--- ,k} G D
coloring D& &, v € V(G) IZH LT, L} (v) = {eef{l,-k}: |7 (c)NN(v)| = 1(mod.2)} &
EHET B, ThDD, Li(v) & v O TAHBEEES T 5 color DRETH L. £/, Li(v) #0 D&
& IR ce L(v) B, ¢*(v) tELS. L(v) =0 DL Eid p*(v) =0 LED B.

f5ll 2.2. (0dd coloring @ffll) K 1 @ graph G &, xo(G) =4 TH DY, @1 % odd coloring 7223, o
1% v3 A parity condition %7z X R WD T odd coloring TR,

v || e1(v) | Lg, (v) | @i(v) || wa(v) | Lg,(v) | ¢5(v)

e vy 1 {2} 2 1 {2} 2

v | 2 (1} 1 2 m 1

e U3 1 {2,3} 3 1 {} 0

@ @ @ w3 | 14| 1 o | {1,3) | 1
Us 4 {1,3} 1 3 {1,2} 2

e @ wl 1 | {24y | 4 1| {23} | 2

1 Graph G 7 1 U 0 1 U 0

2 Graph G @ proper colorings @1, 2




2.2 Planar graph @ odd coloring

Odd coloring 1Z¥#1Z planar graph IZDOWTHFR XN T W5, Z DOHEITIX planar graph @ odd
coloring 12 OWTHIMNF 5. Petrusevski & Skrekovski 1& odd coloring %3 A L 7=5 XA T T D
FAETCTR (4],

F18 2.3. EE D planar graph G IZX LT, xo(G) <5.

REDRT— XY MILITFO@ED T, ZOFHOFERZMEINIZE > THRL.

EIE 2.4. ([3]) fEE D planar graph G IZX LT, x,(G) < 8.

MR DX girth (graph I2& £ 5 &/ND cycle DEX) IZHIRZ S, T4 2.3% 520N L
72bDTH 5.

EE 2.5. ([1]) fEE®D planar graph G IZX LT, gir(G) > 5 72513 x,(G) < 6.

COEHDOIIHICHW S NI AT O FEHOFHTH EERKEZ R L. ZHUuzonT
W3S 5.

3 T

Biplanar graph (#7230 D 73 E2 & - T2 planar graph IZ & > TH+¥ % graph TH D,
planar graph & BIfRDEEW graph TH 5.

E# 3.1. (Biplanar graph) Graph G 5 =-D® planar graph O THKE % & =, G % biplanar
graph EIER. 37205, E(G) = E1 U By il T8E B, Es BPEIEL, (V(G), Ey), (V(G), Es)
MHIZ planar graph 2 Z 22 F .

f 3.2. (Biplanar graph ®fl) X 30 K3 3 I3 planar graph TI372 23, biplanar graph T®H 5. %
B, K13 +2K; & Ko s+ Ky 2532 2 2 T2 planar graph Oif1 L L THE 3.
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Planar graph (X173 % 748 2.3% biplanar graph IZHHRL TEZR L TAS.

M 3.3. HAEDOH k BEFAEL T, EED biplanar graph G 23 LT xo(G) < k 272570

FIXZDOMWDOEZIIBTH 5. BHER S complete graph K, D% T E—[A] subdivide L7z
graph K* @ odd chromatic number & n 7223, Z® graph I3fEE D n 12DV T biplanar graph &
REPHLTHS.

4 KZ 7 biplanar graph TH 5 Z & 23X



BlZIE K2 13K AR T XS ROL e FOIHE T 2 2 & TEALH planar graph 272 5.
Fio, —MO K 220 THAERDDENT & o T biplanar graph TH2 L ZRT I LD TE 5.

BI_E# % biplanar graph £2KD&EIZ-DWT odd chromatic number ®_ERIZTFEL W, —H T

Z DED chromatic number @ FRIZ 12 AT TH B2 Z g hroTWab. ZZ T TNOMERE %
5.

8 3.4. Biplanar graph 2ADBEIC Y D & 5 254231 odd chromatic number @ RS 12
PURIZ72 % 2.

C OIS L TARTIEU N2 EEH L LOURY. ZOEBEEZEOFT VO FLOMRTH 5.
FIE 4.8. fEE D biplanar graph G 122V T, §(G) > 3, gir(G) > 6 2513 xo(G) < 12.

COEBIZE>THRLALD §(G) >3, gir(G) > 6 LVISFHEEZHTE x,(G) <12 THSZ L
WBRENTZD, TR R ZRED 2 Z e BN TEZ0ICOWVTIETH o TV,

4 FTFIEBOIEA

FEMOIFICIE = OOME L MEEEZHVS. #Hr LT odd cT-critical graph ZE& 3 5.

E#& 4.1. (0dd c'-critical graph) Graph G 25 x,(G) > ¢ 2> 24EE D proper subgraph H 124} L
T Xo(H) < ¢ Zifi7=5 & %, G % odd c"-critical graph &L, odd ct-critical graph D 2k% S.
LEL.

Z b ZH I graph G & subgraph H IZX LT x,(H) < Xo(G) DD LD EIFIR & 720038, &
HZFEH T 2 B2 odd ct-critical graph & W S/ NMEEZRE > 7z graph #E 2 5 Z LI 3FERHTH 5.

) 4.2. (Odd ct-critical graph Ofl) K 50 C5 1% odd 5T -critical graph TH 5. EEE, x,(C5) =5
TH23H, {EED proper subgraph H IZDWT x,(H) <5 &k 3.

— O HDOMEIX odd ¢t -critical DEARPLHEICOWTIHERNTZHDTH 5.



M5 Cs

BB 4.3. c>4,GeS tT5. LIRARD IO,

(1) 1D v € V(G) 1 LT, d(v) = 0(mod.2) F7243 d(v) > |£).

(2) FED e = 2y € E(G) LT, d(z) = d(y)(mod.2) 7 51& max {d(z),d(y)} > S+ 7
d(w) = d(y) = 5.

CTOBDOHER BN T IRV O DLEEREHET S.

KB d &7 BTER R d-vertex EFER. F72, HATHM v 2% d-vertex L [ET 2 X, ZOHA %
(u X3 % )d-neighbor L FER. N(v) IZEEN 2 d-vertex 2RDEEZ Ny(v) £FH L. THA v 238G

£E% Ne.(v) &EL.

M 4. 43ER 2525 2 BRI S 7z, FEM O TIE Z i Z —RIL L7z 8 D2 FH
5.

W 44. () c>5Lt3%. Ge S v3dt, EED easy vertex v IZH L T, 2d(v) >
N2 (v)] + | Nez(v)] + ¢ — 1.

flif 4.4% — b3 2720, £33 easy vertex DER T — LT 5.

E&E 4.5. (n-easy vertex) JHM v DA XETH % B>, F721& 2-neighbor, - -, 2n-neighbor D3
DPEFFO L X v % n-easy vertex L FER. F7-, THR v ICHHE T % n-easy vertex DEAZ N,e. (v)
rEL.

i 4.4% — AL L LT OMEZHET 2. FEMOGATIE n =2 D5E%2FAHT 5.

BE 46. ne N c>4dn+1r3%. GeS8S 35k, fEFED n-easy vertex v IZH L T,
2d(v) > (35—y [Nk (0)]) + [Npez (v)] + ¢ — L.



EEHOFEIHIIIEEZ AW, Z4UX planar graph 2B 5 2% Euler’s formula 2> 57 ¥ % %
wERICEHL, FHA, [, 2R -2 MNIEWMZERL, ZOBIL > TFEEZTI SR TTE
TH5.

FIE 4.7. (Buler’s formula) Plane graph G IZ2WT, U’ DIID. 72721, F(G) & G OHID

V()] = [E(G)| + |[F(G)] - C(G) =1

Plane graph G 2™ LT, X(G) =V(G)UF(G)UC(G) ¢ 5%. B ug : X(G) - Z #LLFT
EDB.

d(x) (z € F(G))
6 (x € C(Q)).

COFHRIZE > THALNBHEZRIERA, H, 2V R—2 > FOROWHERME AT, Ok X,

= D dFH-6+ > (2dv)—6)+ > 6

fEF(G) veEV(Q) ceC(Q)
=2|E(G)| = 6|F(G)| +4]E(G)| — 6]V(G)| + 6|C(G)]
=—6(|V(G)| - |E(G)| + |[F(G)| — |C(G)])
= —0.

2d(z)— 6 (z€V(G))
pe() = { -6

EH 4.8DFEATIX, 52 SNWIABHEICN L THE 7 VI L2 ED TEMREZBE X8, &EN
WATEA, T, 3YR—3 Y FOFFOBRPETOMUETHE Z e 2 RLFELREL.

EIE 4.8. {LE D biplanar graph G IZ2WT, §(G) > 3, gir(G) > 6 2513 xo(G) < 12.

FEAA. Biplanar graph G € S13 28 6(G) > 3, gir(G) > 6 Ziifi/z3 & 3 5.

G 1 Z=2® planar graph O L THREZ DT, I DDD planar graph G, Go DIHDIAHA
ZREEL, ZNLIUIOVT pa,, pe, ZERT S. 5 =3 cx(ay) 161 (T) + Xpex(ay) Haa ()
EHBL,S=-12TbH5.

T OMET VY 2 B> THREOBBE(TS.
cd(v) =4 DL F, Ng(v) DENZRIESD S v ICER T 1 BEXE 3.

MERIC 2 € X(Gi) BFOEM%Z pg, () TRT. UTO_[ZiHT 5.
(a) EED z € F(G;) UC(Gy) R LT pg, (x) > 0.
(b) ERD v € V(G) ITH L p*(v) := pg, (v) + pug, (v) > 0.



(a-1)f € F(G;) £€3%. gir(G) 26 & pg, (f) = pe,(f) 26 —-6=0.
(a-2)c € C(Gy) &5 %. ug, (c) = pg,(c) =6 KDL
(b)v e V(G) £ T 5.

FEEOER v X LT pw) = pug,(v) + pe,(v) = 2d(v) — 12 ZEICK D IO Z LITHEERET 5.
d(v) < 12 75 Ny(v) £ 0 L R BBEDHEEZIUS L.

(1)d(v) = 4,6 D& &, Ny(v) #0 EIRETS. v € Voo, BOTHEL6KD, 2d(v) — 12 >
|INy(v)] DT ZAUE Ny(v) A0 EFJE. £oT, d(v) =4,6 251E Ny(v) = @
(2)7 <dw) <11 O, ME46XD |Ny(v)| < 2d(v) — 12 = p(v). &oT, p*(v) = plv) —

[Na(v)] = 0.

DEEDEED z € X(G;) RNLT pg,(x) >0 k230, S=-12 XD ZHEFE £oTG
OFMED S EH 4.8 505, O

5 ETEEDO—MIL

EH 4.8% thickness 1B L T3 3.

E# 5.1. (thickness) Graph G IZH LT, U T Zifi7z &/ D ¢t 2 G D thickness ¥, 0(G) &
<.

(1) BWCERER Fy,-- B, DPFIELTE(G) = FE,U---UE,.
2)EED 1 <i <t ML T (V(G), E;) % planar graph.

EFED 0(G) < 2 D graph & biplanar graph T® 5. Z® X 5 1< thickness 1 planar graph %
biplanar graph O#ERZ — L L 7= d D72 DT, EH 4.8% thickness IZOWT—{L T 2 DIFEAR
RFEBTH 5.

FIE 5.2. fEED graph G IR LT, §(Q) > 20(G) — 1, gir(G) > 6 & 51X x,(G) < 60(G).
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