Bonnet-Myers Type Theorems via m—BakryEmery

Ricci Curvature with e-range*
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EH 1 (S.B. Myers [11]). If there exists some positive constant A > 0 such that the Ricci

curvature satisfies Ric, > Ag, then (M, g) is compact and the diameter satisfies

n—1
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diam(M,g) < m
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EIE 2 (W. Ambrose [1]). If there exists some point p € M for which every geodesic
~v: [0, 400) = M emanating from p satisfies
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then (M, g) is compact.
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(1) max{A — Ricy(3(1), 4(1)), 0} = 0
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B 3 (J.-G. Yun [23]). For any positive constants A > 0 and k > 0, there exists an
explicit positive constant § = §(n, A\, k) > 0 such that if there exists some point p € M
for which every geodesic v: [0,+00) — M emanating from p satisfies

+oo
/O max{A — Ric, (3(£), (1)), 0}dt < 8(n, A, r),

then (M, g) is compact and the diameter from p satisfies diam, (M, g) < 74/ = L4 k.
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EH 4 (E. Calabi [3]). Suppose that the Ricci curvature is non-negative. If there exists
some point p € M for which every geodesic v : [0,+00) — M emanating from p satisfies

vn—1
limsup{/ \/Rlcg ))dt — n2 lns} = 400,
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then (M, g) is compact.
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£ 5 (J. Cheeger, M. Gromov, and M. Taylor [5]). If there exist some point p € M

and positive constants ro > 0 and v > 0 such that the Ricci curvature satisfies

(1 +v)

Ricg(z) 2 (n — 1)W9(37)

for all x € M satisfying r(x) = ro, where r(x) denotes the distance between p and x,

then (M, g) is compact. Moreover, the diameter from p satisfies

diam, (M, g) < roexp <E> )
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EH 6 (Y. Lu, E. Minguzzi, and S. Ohta [10]). Let m € (—o0, 1] U [n, +0o0] and € be in
the range (2.1). If there exist some positive constants A > 0 and b > 0 such that

. m _4(1—a)f
Rlcf > e nT /g
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and e »=1 1 < b, then (M, g) is compact and the diameter satisfies diam(M, g) < & .
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B 7 ([21]). Let m € (—o0,1]U[n,+00] and € be in the range (2.1). Suppose that there
exists some positive constant b > 0 such that v == en=1/ < b. For any positive constants
A >0 and k > 0, there exists an explicit positive constant § = d(c,b, A\, k) > 0 such that
if there exists some point p € M for which every geodesic v: [0,+00) — M emanating

from p satisfies

+oo
/0 max {\ — v2(’y(t))Ric?1(7(t), Y(t)),0} dt < &(c,b,\, k),

then (M, g) is compact and the diameter from p satisfies diam, (M, g) < \ﬁ + K.
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EIH 8 ([21]). Let m € (—o0, 1]U[n, +00] and € be in the range (2.1). Suppose that there
exists some positive constant b > 0 such that v = et/ < b. If the m—Bakry—Emery
Riccr curvature is non-negative and there exist some point p € M and positive constant

to > 0 for which every geodesic 7y : [0,4+00) — M emanating from p satisfies

ligig){/ \/ t)) Ricy* ((t), ¥(t))dt — 2%/611&8} = +00,

then (M, g) is compact.
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% ([21]). Let m € (—o00,1] U [n,+o0] and € be in the range (2.1). Suppose that there
exists some positive constant b > 0 such that v == et/ < b. If there exist some point
p € M and positive constants ro > 0 and v > 0 such that

b (3 +v%)

v () Ric*(z) > FWQ(QJ)

for all x € M satisfying r(z) > 1o, where r(x) denotes the distance between p and x,
then (M, g) is compact.
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