On Affine Structures coming from Berkovich Geometry
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I T WO AINEMED — D UTRENEHFTET 7 71 VLK JAMS) 2 7z
IT—OEEPEHINTVWS., ZOMEILT % Strominger-Yau-Zaslow 12 & D #2818 X 17z SYZ
FREMFIEZNZYEZOFH [SYZ96] (ZHK L TH D, T Calabi-Yau %K DB &
IAMS %1582 Bt (SYZ Picture) T #F R mASBE L 4 5. 2006 412 Kontsevich-
Soibelman 1% Z DK % RBERATFEIRNZH X 5 72012, (#£12) Non-Archimedean SYZ Picture &
IF1EX4 % Calabi-Yau ZBkAKDBALIE D &5 TAMS %135 #i7- 7 F ik & LA U 72 [KS06]. Z D
& &, Calabi-Yau ZHAEDREIZH U T Ll 2 OB 2 5F oD IAMS 28 TH U] T
HBZeDPEEINTWS (cf [KS06, Conjecture 3]) £ DD, —MMRMBIIZITE > T WA
W, GEEE N, R T — ROV SRR D K-trivial 2248 PR OB KGR (L EIZ R LT, SYZ Picture &
Non-Archimedean SYZ Picture D i 5 TF 5 15 IAMS % BRI E L, BEELRKTLZ LT
Rl 7 — VL RRR D K-trivial 745 PR DR A B AL 26 U Ciliss D — M E2FEH T 2 Z & 125k
U7z. &7z, hybrid fi#tifb & 5 HEH L WA Z WS 2 LI2 ko T, Zo—H % &%
PICRBD I 5 Z il U7z, SEOFEHERTIR I NS OFRRIZOVWTHEN TS, Zh s 0fiRE
1% [Got22] KU [GO22] 23D <.
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1 A

2006 4£1Z Kontsevich-Soibelman (Z [KS06] iIZHBWTRD & 5 72 PR ZRIB L 7=,

Conjecture 1.1 (cf. [KS06, Conjecture 3]). Kb U T\ 2Rk Calabi-Yau 2 RRARD fEIZH L T,
special Lagrangian torus fibration % F\N THEL U 72 IAMS L IET V% A 7 Z&%f2 % FIWCTHERR L 72
IAMS 13—E9 5.



HLU, ZOIAMS W5 DIk, HEREFITET 7 71 L& (Integral Affine Manifold with
Singularities) DS TH O, n IRITTAAILERK B 53 IAMS TH 5 L1, RIRIC2 DI EEZRWZ
& A TEMBEBMNET 7 714 VBB (e GL(n,Z) x Z") L7225 X5 BRMKT N7 ADGFHET 5 (B

T7AVEERRD) ZeRET. AR, BRT7 774 VEERROLIX, B IZEBBEBNRT
774 VEB (e GL(n,R) x R") 725 X5 BMKT M I ANVGFIHET B L %L, B W RHER%E
FITT77AVEEERDOEIE, RIRITGC2 DMDEAEZRNZLE AT BMRTY 771 ViddEzRD

L EIET.
ZOFHEPREINZHRLEUTHE0DD, w4 HmWHETCEZDOFEENTRINIEIZESLFT
BAIIIREINTWE I T —NIETH D, I T —/IEIIRZENIZWLS DRI ST

W3 234 [A1% Strominger-Yau-Zaslow %° [SYZ96] 2B WTHIE L 7z SYZ FR XN st (I
Mzl 2 D) (ZEHT 5. K2, SYZ FAUIRIE Calabi-Yau £ RkK DR AGRAL R IZXT L 2 D 2
7 =X O % IAMS Z HHOWTHETESZ L WS 22 REBLTWS (K1),

B SYZ PRUCEED C X7 = DR ™~

(- {0 Calabi-Yau % Btk BARLIE) — >

Step 2

Y
(B2 0355t — TAMS

Step 1: SYZ Picture (special Lagrangian torus fibration % F3\ 72 /5%
Step 2: Legendre transform
Step 3: Step 1 D% fi# < .
\ J
U2 U, B 112815 Step 1 (SYZ Picture) IZIXEFZ WD B2 DGRV BET, Tz REBEEME
PHZHR T 2 DIEHE L WS WO IEEDSH o7z, 2T, ZO Step 1 (ZH2Y4 9 2 RBCKAT 20 72 1 /E
& U TR & 17z D7 Kontsevich-Soibelman 7% [KS06] 12 THER L 72T IV F A T 2% AW 7=
7 70 —F (non-Archimedean SYZ Picture) TH 5. FET I F X 57 AR 21350 % RBERMTZ DL
POEENTZHETH D -ORBEBMF L OHELRR W LIFR KA SN TE D, non-Archimedean
SYZ Picture (ZARBCRMAIN RN E U TIEHI WA Z 2272, DFD, Conjecture 1.11xZ® SYZ
FRUZHED K I 7 =X ORI 2 RBEETHIEIR D E24 M %2 FiR T 2 —ED FHRD—D2DTH
5.
ARG TIX, Conjecture 1.1 OFFEPIZ AT 72565 DFER 2 HF N 5.

2 g
FHERZBRBIZHT-->T, HiEERZ WL D0EELT 5.

Definition 2.1 (variety). K 2K 3 %. X " K E® variety Th 5 &1, X B K En#l»roF
RAIDZ X — LA THDBI 2T,



Definition 2.2 (Calabi-Yau variety). K #{Kk& 9 5. X 2 K E® Calabi-Yau variety TdH 5 £ 1%, X
7 K _E® smooth proper variety T& - T canonical bundle wx BHHE R 2EDDZ & %57

Remark 2.3. —##i21%, X A% n kst Calabi-Yau variety &\ 5 D%, EFOFRMFICTMAT, 1<
i<n—1IZHLTH(X,0x)=02%2ZEETS. HL, Ox E X OMEELT 5. K
Definition 2.2 DK TIX 7 — XV ZERIK (Definition 2.10) £ Calabi-Yau variety Td 5.

Remark 2.4. —fi%iZ C L:® Calabi-Yau variety X O#E# MM/t X (C) := Hom(Spec C, X) I Kéhler
MGz > IEES W, UL2L, X A C L projective TH X, ample line bundle L 23E & %
P(HY(X,L)V) ~OHDAHIZE > T, P(H(X,L)V) D Fubini-Study metric #51 ER 3T Z £1Z &
D Kihler iGN EE 5. R, wrs(L) 25 ERVICE > TEHESI N/ Z D Kidhler HE L §5 & &,
H?(X(C),R) kT [wrs(L)] = c1(L) LT 5. fHU, ci(L) 1k L @ first Chern class TH 5.

Definition 2.5 (Calabi-Yau manifold). 2> /32 MNEZEZERK M 73 (algebraic) Calabi-Yau manifold T
H 5l Kihler iz Hi5, 5 C L0 Calabi-Yau variety X 7L T M = X(C) %2729 Z
LERRT.

Calabi-Yau manifold (23U C, (ROECENEETH 5.

Theorem 2.6 ([Yau78, Theorem 2]). Calabi-Yau manifold M (XU T, w %5 @ Kihler form &4
5. ZOLE,w & cohomology class D3R L M LD & % Kihler formw’ (i.e. [w] = [w'] € H*(M,R))
ThH->7T, W BT 2 Ricci form Ric(w') 1IZ2WT Ric(w') =0 L7225 DN —RITFHET 2.

Ric(w) =0 &7 % & 5 7 Kihler form w (249" % metric g D Z & % Ricci flat metric £TF-X.

Remark 2.7. X #% projective & 3 #11¥, Remark 2.4 @ & 5 12/ 5 0 Kihler form & LT, {TED X
=@ ample line bundle L (23 2 wpg(L) MDA TES. TD L E, Theorem 2.6 ZH\ 5
&, £ D ample line bundle L (ZX U, [w] = ¢1(L) € H*(X(C),R) & 725 X 5 7% Ricci flat metric
ZAHBE9 % Kihler form w 2 —RIZIFAET 2 Z L D30 5. FRHZ Z OMELIZ B W T, Ricci flat metric
29 % Kéhler form w 1% L TR < ¢ (L) IZEKFLTWD Z LICHERT 5.

Remark 2.8. Theorem 2.6 |& Monge-Ampere HFER &\ 5 LR E D IERIE 22 @i iR A % fg <
MEIZIRE I N5 D7D, #I12 Tian ¥ Chen-Donaldson-Sun (Z & © Fano £ B4R 12X L T Monge-
Ampere FRERDMENPFIET 5 Z & L RO Kpoly ZE M & WX 2 RBEEAT I 72 S F 235l T
52 ENRINTNVS.

Z Z ¥ CT Calabi-Yau variety & Calabi-Yau manifold % €2 U 72753, W& Z2FIZKHET, £
T Calabi-Yau Z#k{k & 5.

Definition 2.9 (i XGR/EfE). A 2 C DL LORMAEE L, ZORS EMEEZ A* = A\ {0}
&35, flatfamily f : X - A2 UTt#0ETAX = f1(t) »° n K5 Calabi-Yau % kkiK,
t=0FETX = f1(t) IR THDEORBDEFRS. 205 X 2BELVY, X* =
FTUAY) = A* ZRIETRE VS, L0, X PEBRBRETHBLIE, t A0 IZHLE/ FOI—%



BT . H(X;,Q) — H™(X,, Q) 23 (T — )" =0 RO (T — )" £ 0 &7z LTW3B I L 2487,
7z, KB f: X 5> ATHLT A - A* ZBKRBRIEKREWD.

Definition 2.10 (7 — RLVZHK). K 2k 35, X BN K EOT7—RIVEHFETH 5 L1, BHEHE
m: X xX 2> XU TmPHTEEXHPLHERDOH L R>TWE LS BREDVFET S K L
O proper variety D Z & & 57,

— T — ROVLERR L projective TH D Z DRI LNT WS, £72, C EOT—RIVEZHMEK X
WZDOWTIRIRDHI SN TN 5.

Fact 2.11 (cf. [Mum70]). X % C E®D gIRTT —RNEHEEL T 5. ZDL ZIRMPKNLT 5.

o MMM T A2 Z%9) C CI MMFEIEL T X(C) = CI/A %ii- 7.
o Pic’X % X O Picard £t PicX OMHBETH o THA I & AREBIIFREIZ 25 & 5 ot h & 75
LEAEEETH L X, Pic’X X C EDOT —RIVELEERDREE % /D,

X(C)=2CI/ADF, z € X(C) IZ& B translation t, : X(C) - X(C) % t,(y) = x+y T
DD, ZDLE, (HTIHEt, : X - X &HL. L% X LD ample line bundle &3 5 &
E, o (L) QL VI OBHERM ¢ 0 X — Pic’X ABEIND. 20 & S R
p=0¢r: X > Pic’X % X ORBL VS, RlZIEELET —NUVERAEDZ L 2R/IBT7 —~NIL%
=2 AN

Remark 2.12. f@i#id ample line bundle L IZ&F L TWA X SITRZ 54, K D IEMEIZIE, £ first
Chern class ¢1 (L) (ZHfEL T\ 5.

Definition 2.13 (G [RFEVE). WG 7 — OV ZEMAD (WK) SBIbIE A* — A* IZAREE G »MEARAL T
W3 &k, BEERE o : G — Auta-A* DFEEL T, & o(g) BMERD t € A* 12 LT Ay LD
Oy EROEOBACHBTHELZ L 2IET.

Rt 7 — OV ERR D (W K) IBALME A* — A* ICHBERE G BWMEALTWS & &, HRIZ XY =
A* /G — A* BEHETED. R, E7 714 N1N—= X, = A /G IET —_RUVERKDHERAGIZ 7 > T
B0, X* - A" IZZD0 L5 R AREOBIMEEZ S ZTWS., X B K-trivial TH % & 1%, dualizing
sheaf wy, DAL 725 Z L 2159 . AL, X, i smooth &1L 57\ 728, —f%IZ canonical bundle
DR D T dualizing sheaf & 2 2 HENH 5 I LITHEET 5.

Remark 2.14. EOFERIZHEWT X, I$ normal TH 5728, X, @O smooth locus | T canonical divisor
#ZZ T, D closure % & % Z & T dualizing sheaf |% Weil divisor & U THEBEH I 5.

2.1 SYZ fibration

ZDFIZHBWT, M IZHEIZ C LD n ¥Rt Calabi-Yau ZkKE U, w % M ® Ricci flat metric 12
X9 % Kihler form, Q % M _E® holomorphic volume form & 9 5.



Definition 2.15 (special Lagrangian submanifold). M D5 n IRItiDZ kK N 23 special Lagrangian
submanifold ¥ 1%, N 2 w|y =0 KCFImQ|y =0 2L TWbZ L %2ET.

Definition 2.16 (SYZ fibration). B % f\ifiZ#k{k & 3 5. fibration f : M — B % special Lagrangian
torus fibration TH 5 1%, [LED 7 74 N— My := f~1(b) » M O special Lagrangian submanifold
THOTEM—FALHWAFRMTHS Z & 2EET. IO fibration D Z & % SYZ fibration £ H\ 5.

SYZ fibration f : M — B Z BIZ=D2D7 7 71 V& (Va,Vp) E—DDEIR g 2525 L
PHoNTWS., KiZ, Ve iR ImQIZE>TEE->TWE7%D (B, V) IFERMEEZ ML TWD
7774 VEEETH Y, %D non-Archimedean SYZ fibration TH X 5415 IAMS & LIRS R E T
774 VIMETH B,

2.2  Non-Archimedean SYZ fibration

ZOfiTIE, X & K :=C((t)) Ld Calabi-Yau Zfkfk& L, K ® DVR % R := C[[t]], RIRk%
k=CebL. &7z, K LOMBAMNE (BL, FERNBTEERHATS) LT, |tll=cticko
TEHLLZHDEZZ 5.

Definition 2.17 (semivaluation). A % K EARENRE LTS5, BH |- |: A - Rso B A EOD
semivaluation TH 3 &%, LED f,ge AT UTI|f+g| <|f|+ 9] XK |f|-|g] = |fg| DAL
U, EEDae K — AIZHU |a] = ||a|| BELT 25 Z 24T,

Definition 2.18 (Berkovich f##{t). K EARMMAE A 2L, U := SpecA LB & &, UD
Berkovich @it U % A L ® semivaluation AL E&KT 5. £/ U OffHE LT, £ED
feEAIZXL, || |f| TEXDEH f: U™ — Ry D oMW iMHEZ ANS. &b
<, U2l G-topology BWHARIZEZR I N, T L > THIEREVIEZRTE 50, FHMIZ [Ber90]
2L, — D K LERATARE scheme X ([Zxf L T%H, 4 affine open subscheme U C X 12X L T
Usn 2L, T o280 &b8 52 12 & 5T Berkovich it X" 2 EHTH I LN TE 5.
X & U [ARRIZ G-topology ZHiH, MHEE Oxa NEXRTE .

Definition 2.19 (model). flat R-algebraic space X A%, F8 X := X Xgpecr SpecK = X %2 T
WbEE, ZOX % X O model L\N5. X512, T X » normal scheme T, FRT7 7 1 /N—
X (= X Xgpecr Speck) DHHIML X, req DEBEKI 73 HY Q-Cartier, % U T pair (X, X)) A% minimal
dlit model TH % & ZiZ, X & X D good minimal dlt model £\ .

Definition 2.20 (dual complex). (X, X}) % dltpair £ 95 & &, X D dual complex A(X) &%, {XT
EEDIEA CWHEIEKTH S :

X7 % divisor £ ULTO Xy 128268808 1 TH 5 & 5 7% prime divisor 2RD KT divisor & F
%. ZD& 57 prime divisor B; 2 FIWT X7 =, B & BLEE, N, BEi#0%25JCI %
FAB. ZIT (s Ei DBEWERIRDITN LT, [J]—1RIED cell ZH I E5. D& LD
jEJTIEHL, Ney Bi DEBEMIRAE e iy Bi PEEOBMRAICEENTLE S L34
W, ZDZ 2D 5% cell [ALDOM® attaching map 2FEE X CW #k L 72 5.



X % X @ proper 7% good minimal dIt model & 9% & &, dual complex A(X) ¥ X @ Berkovich f#
it X2 OEDEEG L AR T 2 KDL Rz, X2 25 A(X) A retraction py @ X" — A(X)
DHEEIND Z DA SNTWD (cf.[BFI16, Corollary 3.2]). 2D & &, X OFHELEL LT
D A(X) 1 good minimal dit model X OHL Y FITHK S W LB HH5NTHH [MNI2, §4.5], Z
N%& X O essential skelton LW, Sk(X) & EL. £72, 25U T X »5FEI NS retraction
px : X — Sk(X) & X 2T 5 non-Archimedean SYZ fibration &£\~ 5 . SYZ fibration 787 7 7
A VHi&E % 5 2 T\W72 & 512, non-Archimedean SYZ fibration $ Sk(X) IZ IAMS #i&x 525 Z &
MRS N TWA [NXY19, Theorem 6.1].

3 EHER

ST, EREREBRRTNI S, UF, A2 HRSWERERED C OBUEHLOMMEY L, %
DRBEMHE A= A\ {0} £T 5.

Theorem 3.1 (cf. [GO22, Theorem 2.8]). {EEDRIET — NINVZERIKD K-trivial 72 G RpGD A* =D
MRGBAER X* 12 LT, &7 74— X, BXH 5 fibration f; - X; — By 2FH, By ORIRIL 2 %
fR\7z & T AT SYZ fibration (2725 T\Wb. ULrd, O f; DEDD By EO_DOR RS2 #HT
T 74 UEEE —DDFREDOHM (B, Va(t), Ve(t), g:) &EL7REET t — 0 TPERL, Z DGR
(Bo,V 4(0),VE(0),go) XHRIIZEEZ TS, K, (By,VE(0)) X IAMS TH 5.

Remark 3.2. —#%® Calabi-Yau Z K123 U T SYZ fibration 23 FZ(ET 202 E 5 2 &\ S REIT A
REETH B, [GO22, Theorem 2.8] TlE, BT 5 L D12, &7 714 /3=IZx L SYZ fibration »34F
169 %7213 T7% <, SYZfibration DL LT A* EOEHGEHRE LTHEALNEZLERLTWVS.
Z O SYZ fibration DEDIFAEIZB LT, 2 ORERISTIE, —D K3 fiic L THIELWE
WIS N T WA [0021, Chapter 4].

Theorem 3.3 (ffi#6i 7 — NIV L HRAKD K-trivial 72 G BRRG 233 5 Conjecture 1.1 O F &R, cf.
[Got22, Theorem 5.31]). A& BREEVEH D3 Y 2 5k % i 72 97 & 5 7R 7 — OV Z AR D K-trivial 73
ARREIZNT 2 A* EOWKBRILE X* 252 5. ZODOK, Theorem 3.1 TH X 507z (By, Vp(0))
W&, Y A BRIRILKIZH Y % base change SpecK' — SpecK D17, X = X IZWHT5H5
non-Archimedean SYZ fibration px : X* — Sk(X) D EDH 5 IAMS (Sk(X), px) E AT — IV DFEZER
WTJAMS & U T & 70 5.,

Remark 3.4. Theorem 3.3 Tif X7z non-Archimedean SYZ fibration % 5-Z % X 5 72 good minimal dlt
model X 137 — NV EREORICOHGHZIEHT 5 L THEA LGNS, ZDT —NIVERKDE(L
12 [FCOO 2B WTHEIZRSFARSNTE D, FEIE Theorem 3.3 Tk X7~ non-Archimedean SYZ
fibration IZ & 0 & £ % IAMS I [FC90] {Z B\ T degeneration data & FEIZNT WA HDIZ L - TH
RIIZRR T 5 Z A TE S, 2D degeneration data 7* S 2D good minimal dit model X % ## %
THBRIZBWT, 7—_UEHKRDIEIL%E cone decomposition (Z#E O 1 5 [Mum72] O i %
A BRAEE AN S 2L T 7 [Kin98] OELGRAEEIZ 75 D 7278, [Kin98] TO#MIFFAEI NS



IAMS #HRIIZEERT D ETA TR HDTH > 7. Theorem 3.3 IZB T2 BHEDRD KERE
Mkik, [Kiin98] Dz HKEI LI LT, Z0D IAMS PHHRMIZERTE % & 5 7 good minimal
dlt model X ZHER L7722 I1ZH 5.

BREBEDEH 2B B 72D DA% U L 5. Theorem 3.3 & [FRRD R 7 — ~ILLARIKD K-trivial 7
AR OMAIREE X* & X = X} @ minimal dlt model X 2%F 2 5. ZD&E, X O hybrid fRHfT
& XD ELE L CTIROME 20729 Z £ DI S T3 [BI17, §4 and Appendix].

Lo XM AR TH D, MGG o AP — A DELET .
2. MOBADAHTHS.

W_I(A*) = X*

3. 1 (0) = X A D L.

Theorem 3.5 (Theorem 3.3 D322 DT cf. [GO22, Theorem 3.2, Theorem 4.9]). ETED 7~
hybrid R At XY (2K U T, Theorem 3.1 TERUL =& T 74 8= X(t # 0) LD SYZ fibration %
fi U, X OED B non-Archimedean SYZ fibration % py £ 35 &, 5 A LOMNHLZKIKAB &
HAEEAR P Xvb s B (#% 1X 24 % hybrid SYZ fibration £IFEA TW3 ) DMFLE LIk & 725

1. te A IZHLT fhyb|t = ft-

2. fhyb\tzo = pPx.

Remark 3.6. 52, fP 13 BD&R T 7 18— B, IZ2FNZ 4 SYZ fibration $ U < 13 non-Archimedean
SYZ fibration IZ X W RFRFZFTT 774 VHEEEZFEL TWEA, (B, V() ICEEHT S &,
t=0%2EDTELMNIZT 7 7 1 VEEENZLTWD Z LD h 5. ZHld Theorem 3.3 125 L T
B2 2 5 2 T\Wd. 7z, Fermat BUEHHHEI OB IZX U T, Z O hybrid f##r{b & W72 RO
FERPEE T T WS [PS22, Proposition 5.8].
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