A Zoo of Myers-type Theorems*
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EH 1 (S.B. Myers [15]). If there exists some positive constant A > 0 such that the Ricci
curvature satisfies Ricy, > (n—1)Ag, then (M, g) is compact and the diameter of (M, g)

has the upper bound
diam(M, g) <
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EIE 2 (W. Ambrose [1]). If there exists some point p € M for which every geodesic
~v: [0, 400) = M emanating from p satisfies
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[ iy (4(0) 40t = 4o

then (M, g) is compact.
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EIE 3 (G.J. Galloway [8]). If there exists some point p € M for which every geodesic
v :10,400) = M emanating from p satisfies
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(1.1) m/ t* Ricy ((t),4(t))dt = +oo
0

for some constant A € [0, 1), then (M, g) is compact.
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EIE 4 (G.J. Galloway [8]). Suppose that the Ricci curvature is non-negative. If there
exists some point p € M for which every geodesic ~v: [0,+00) — M emanating from p

satisfies

oo )2
(1.9 [ PRGOS

for some constants tg > 0 and X € [0,1), then (M, g) is compact.
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3 5 (P. Mastrolia, M. Rimoldi, and G. Veronelli [14]). Suppose that the Ricci
curvature satisfies Ric, > —B?g for some non-negative constant B > 0. If there exists

some point p € M for which every geodesic v : [0,+00) — M emanating from p satisfies

) +1
) -1

(b)\ 1 aA )

either the condition

/b t* Ricy (4(t),5(t))dt > Bv/n — 14 b* + a* <

exp <

(1.4)
)\2
-
by
or the condition

2B
eXp( nf1>+1 +7’L—11n§

exp ( 2%_‘1) -1 4 a
for some constants a, b, and \ such that 0 < a <b and X\ # 1, then (M, g) is compact.

(1.5) /btRicg(ﬁ(t),f'y(t))dt >BVn—1lb+a

FZ=. In the case of B =0, (1.4) and (1.5) must be intended in a limit sense. Namely,

the integral conditions (1.4) and (1.5) must be replaced, respectively, by

b 2
(1.6) / 2 Ricy (3(1),3(1))dt > (n — 1)+ (n— 1) A

()\ — 1) (bA—l . a)\—l)

and ) o
/a £ Ricy (4(8), 4(1))dt > (n — 1) (1 40 5) .
When ) € [0,1), by taking the limit b — +o00, (1.6) recovers (1.3).
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EIE 6 (J.-G. Yun [37]). For any positive constants X > 0 and € > 0, there exists an
explicit positive constant § = §(n, \,e) > 0 such that if there exists some point p € M

for which every geodesic 7: [0,+00) — M emanating from p satisfies

+oo
/0 ((n — 1)A — Ricy (3(t). (1)), dt < 6(n, \,),



then (M, g) is compact and the diameter from p satisfies diam, (M, g) < % +e.
E7- B-Y. Wu [35] % (1.7) 25552 & T &8 | O—M{Lz3EH L 7=,

B 7 (B.-Y. Wu [35]). If there exist some constants X\ > 0 and A > 0 such that for
any point p € M and each minimal geodesic v emanating from p, the Ricci curvature

satisfies

/ ((n — DA — Ricy(3(1), 4(1))) , dt < A,

then (M, g) is compact. Moreover, the diameter of (M, g) has the upper bound

T A
diam(M,g) < — + —.
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£ 8 (E. Calabi [5]). Suppose that the Ricci curvature is non-negative. If there exists
some point p € M for which every geodesic v : [0,+00) — M emanating from p satisfies

hmmm{éé¢ﬁ%ﬁﬁxﬂﬂﬂh—¢ifTMS}:+m,
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then (M, g) is compact.
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EIE 9 (J. Cheeger, M. Gromov, and M. Taylor [6]). If there exist some point p € M

and positive constants ro > 0 and v > 0 such that the Ricci curvature satisfies

(3 +%)

(1.8) Ricg(z) 2 (n — 1)W9($)

for all x € M satisfying r(x) = ro, where r(x) denotes the distance between p and x,

then (M, g) is compact. Moreover, the diameter of (M,g) from p has the upper bound

diam, (M, g) < roexp <E> :
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I 10 (V. Boju and L. Funar [4]). If there exist some point p € M, natural

number k > 1, and positive constants ro > er_1 and v > 0 such that the Ricci curvature

satisfies
(1.9) Ricg(z) = (n — 1) Ak, (r(2))g(2)
for all x € M satisfying r(z) > 1o, where r(x) denotes the distance between p and x,

then (M, g) is compact. Moreover, the diameter of (M,g) from p has the upper bound

™

diam, (M, g) < ep—1 (Lk_l(ro) exp <;)> .
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EH 11 (J. Wan [31]). If there exist some point p € M and positive constants o > 0
and k > 2 such that the Ricci curvature satisfies

C(n,ro, k)

)2 o roF

g()

for all x € M, where r(x) denotes the distance between p and x, then (M, g) is compact.

Here the constant C'(n,ro, k) may be taken as

Oty = [ Dt b2
Y (n—l)(1+r—°) forany >0 k=2
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EIE 12 ([26]). Let m € (—oo,1]. Suppose that the potential function is bounded from

above. Set v = exp(i). If there exists some point p € M for which every geodesic

n—m

~v: [0,400) = M emanating from p satisfies

“+oo
/O V(1) Ric (3(8), 4 (8))dt = +o0,
then (M, g) is compact.

R G L EBL 7 1 m € (—o00,1] D ¥ & m-Bakry-Emery V v FliE 2 HWTRD & 5 12
HERX NS, FIZ ZNSIEEM | @ m-Bakry-Emery Vv FHIEADIEES 52 5.

EIE 13 ([26]). Let m € (—o0,1]. Suppose that the potential function is bounded from
!

n—m

above. Set v := exp( ). For any positive constants X > 0 and € > 0, there exists an
explicit positive constant 6 = 6(n, m, Umax, A, €) > 0 such that if there exists some point

p € M for which every geodesic v: [0,4+00) — M emanating from p satisfies

+oo
/O ((n = m)A — v (y(£))Ric} (4(2), 4(t))) , dt < 8(n,m, Vmax; A, ),

then (M, g) is compact and the diameter from p satisfies diam, (M, g) < \/vamax +e.

EIE 14 ([29]). Let m € (—o0,1]. Suppose that the potential function is bounded from
above. If there exist some constants A\ > 0 and A > 0 such that for any point p € M
and each minimal geodesic v emanating from p, the m—Bakrnymery Ricci curvature

satisfies
[ (= mn = o)) (3(0). (1)), de < A

then (M, g) is compact. Moreover, the diameter of (M, g) satisfies

A

T
d. M < ~ /—VUmax 2
iam(M, g) Umax + ()

VA
FEHL 5 13 m € (—o00,1] D& & m-Bakry Emery Vv Fi#i% % WV TRD & 5 ICHLRE
INb. ZOREUTER 4 © m-Bakry-Emery U v FHIEADILREEEONS.

EIE 15 ([28]). Let m € (—oo,1]. Suppose that the potential function is bounded from
above. Suppose also that the m-Bakrnymery Ricci curvature satisfies Ric" > —B2%g
for some non-negative constant B > 0. If there exists some point p € M for which every

geodesic 7y : [0,4+00) — M emanating from p satisfies either the condition
exp (2o + 1
exp( QTLB_ ) -1

(b)\—l . a)\—l)

3

b
/ 202 (7(8)) RicF (3(¢), 4())dt > Bv/n — mul L b + a

(2.1)

3

2 )‘2

+ (?’L - m>vmaxm



or the condition

b exp ZnB_am +1
/ tv*(v(t)) Ric* (¥(t),¥(t))dt > Bv/n — mvl, {b+a (\/?)
(22) a exp ( 2niam> —1
— b
+ n 1 mv?nax In o

for some constants a, b, and X such that 0 < a <b and X\ # 1, then (M, g) is compact.

SFE. In the case of B =0, (2.1) and (2.2) must be intended in a limit sense. Namely,
the integral conditions (2.1) and (2.2) must be replaced, respectively, by
)\2

b
/ t20 (7(8)) Ric} (7(t), (1)) dt > (n — m)vga™ ™" + (n — m)vfnaxLL(A—_

1) (bk—l _ a)\—l)

and

b
/ F0? (4(£)) Ric2 (5 (8), (D)t > (n — m)viia (1 + i In 9) .

a

FEBL 8 1E m € (—00,1] 1ZX'T % m-Bakry Emery V) v FEBAH B M THIZRE I L %
HRUZ ETRO &S ITHERE NS,

EIE 16 ([28]). Let m € (—oo,1]. Suppose that the potential function is bounded from
above. If there exist some point p € M, non-negative constant B > 0, and positive
constant ty > 0 for which every geodesic 7 : [0,400) — M emanating from p satisfies
either the condition

2

Ricy' (5(2), 7(t) =2 ——

2 forall t>0

with

B2 _
lim sup / RICf (3(),¥(t)) + —2>dt — 1/ DT B2y dns b = oo,
S§—+00 to t 4

then (M, g) is compact.

FEH 10 & m e (—o0,1] @& & m-Bakry-Emery U v Filli% % W TRD & 5 12HEE
INB. ZOREUTEM 9 ® m-Bakry-Emery Vv FHIRADIEEE SN 5.

EIE 17 ([30]). Let m € (—o0,1]. Suppose that the potential function is bounded from

above and put v = exp(

— m) Suppose also that there exist some point p € M, natural
number k > 1, and positive constants ro > ex_1 and v > 0 such that the m-Bakry—

Emery Ricci curvature satisfies

v (@) Ric} () = (n = m)vgay Ak (r(2))g(x)



for all x € M satisfying r(x) > ro, where r(z) denotes the distance between p and x.

Then (M, g) is compact. Moreover, the diameter of (M,g) from p has the upper bound

diam, (M, g) < ex—1 (Lk_l(ro) exp (%)) :

EH 1 EET VY v VBIBAERTH 2 L WS IKED FT Bakry Emery V v F#iERA
RO KD ITHRING.

EIE 18 ([27]). Suppose that there exists some non-negative constant 0 < H < +0o0
such that the potential function satisfies |f| < H. If there exist some point p € M and

positive constants ro > 0 and k > 2 such that the Bakry—E’mery Ricci curvature satisfies

C(n,H,rg, k)

Ries () > 7 @k

g(x)

for all x € M, where r(z) denotes the distance between p and x, then (M, g) is compact.
Here the constant C(n, H,ro, k) may be taken as

J— k —
CWzHrom=:(n+4H_1hﬁ52”€2 k>2,
Y (n+4H—1)(1—|—%°) forany >0 k=2.

MEOHE b, T AELOXHEEEL 2. m-Bakry Emery VU v F iR &
£ m-Bakry Emery Vv FifiE %2 F W7z EH 1 & 20— LRI DWW TI,
MBS [18,22] HEHILTRELL.
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