Affine Super Yangians and rectangular W-superalgebras

gobobooo bboog bbbuoooooboboooobo
000 (MAMORU UEDA)

od

000000000000 00000000 rectangular W OOOOOODODODOOOOOODOOOOO
0000000000000 00AQODOODODOOOOO0OO ADO rectanugular 00 W OOOOOO
0000000 Ragoucy-Sorba0 00000000000 O0OOOOO

1 00

1980000000000 0DOO00DO00oOOoWwWOOoUOoOoooOoooowogoouooooo Wk(g,f)

O
¢g; 000000 (oOoo)oooo,

f;90 (even) DD OO,
kODOO0OD0ODOO0ODO

goboooboobooboboobuooboooboobbooboobbooboobbooboo

Ezample 1.1. L.g=sl(2),f#0000W*(g, f)=00000000
2. f=0000WF(g,f)=VFk(g); 000000000

W(ODDOO0)000O000000000000000000000000000000000000000
000D000W(@O0OO00)00 Wk(g,f/)0DOOOO0O0DD000 W(0oOoo)oo Winig, /)00 AOD
0000000000 ([40 ete.)O[4] 0 Brundan O Kleshchev 00g0 ADODOOODMOODO00O0O00O0
000000000000000000000000

000000 Drinfeld([6],[7) 00000000000 00000000000000000O000000
00000 gO0000000000 Y,(g)000000000000000000000000000000
000

1. V3(9) 0D g0DO0 AOODOOOODOOOODOO
2. h=0000000000000 geCu]0OOODO

Brundan O KleshchevO g0 ¢gl(n),f 000000000000 AOODOOOOOOODOODOOO shifted
000000000000 g0 fOO0ODODODWOOODODODOOM4ODODODODODOODODOOOD
ood

On
L, O 0

g=gly =9, ®gl, f=]|0. 1, (1.2)
o, --- 0O, 1, O,

00000000 Ragoucy O Sorba000O0O0D0 (14000000000, (resp. 1,) 0 n OO0 (resp.



00)oOooooo

Theorem 1.3 (Ragoucy-Sorba, [14]). 00000 Y,(sl(n)) 00 (1.2) 0000000 W OO Win(g, f)
gooboboooog

gobooooooooooooobooooooooboooo

2 OOO0OOd

0000D0D000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
00000000000000000000000000 si(n) 00000 Guay([8)) 0000000000
000MO0000000000000000000000000000000000 [10],[19),[2]0000
oooo)

000000000000 si(n) 0000000000s(n) 000000000000000000000
ooooo

0ooooo:

o~

sl(n) = sl(n) ® Clu*'] @ Cc

commutator relation

[z @u',y @ u'] = [z,y] ® " + dppsottr(ay)e,
c0000.

s?[(n)[l Chevalley generator 00 0 0 0000000000000 O00OOOOOOOOOOO
000: {zfh |0<i<n-—1}

commutator relation:

[hi7 hj] = 0, [h“l';t] = :I:al-’jx;t,

[, ;] = 6ijhi,ad(2) " i zT = 0,(i # )

2 ifi=j
where a;; = ¢ —1 ifi=7j+1,
0 otherwise,
0000000000000 00D g|0D0000OD0O00OOODOOOOOOOOOO
000 {af, his |0<i<n—15€Zso}

goood
[hi,ss hjr] = 0,
[hi,Oa m]i,s] = i(ai’ O‘j)xis’
[z, 27 = 8ijPirss,

[hiﬂ‘+17x;‘%s] - [hiﬂ“v‘m;‘%s+1] =0,

['rfr+17xji,s] - [mfr’ xji,erl] =0,
+ + +
Z [xi,%u) T [mimo(ka”) ’ xj,s]] =0.
0E€ES1—ay;

DDDDxiD his 00000 xf@us,hi(@usIZIIZIIZIIZIIZIIZI(EJDDDDDDDDDDDDDDDDDDD
0000000000000 00oO0oooooooo)



0000000 Guay’s affine Yangian 00 0000000000000 O0O0O

Definition 2.1. Y, .(sl(n)) 0 COO0ODOO000000000000000000000000000
oo0: {zm, his|0<i<n-—1s€Z>}

goood:
[hi,m hj,s] =0, [m;"_ra €Ly, S] 613 h; T8 [hz 0,5 r] :I:azj g
+ + + + . .
S e Tl =0 £,
wEGl,aij
€1 + €9 €1 — &2
[hz’,r—i-lyxjfs] - [hi,rvl'jfs+1] = iaz] {hz 7y L j sf — Mgy D) [hi,mzji,s]a
+ + + o+ €1+ €2 61—62 + 4
[xi,r+17xj,s] - [xi,wxj,s%»l} = iaij ) Ly r7 €Ty s} — 1 2 [ 0,7 j,s]'
2 if 1 = j, 1 if j=1di-1,
O000a;;=9-1 ifi=45x£1, myy=<-1 ifj=4+1, 0000
0 otherwise, 0 otherwise

[9],[8,[13],(12) 0000000000000 0O000O00O0

l.eg=e,=000000Y,(sl(n)) 0000000 si(n)u] 000000

2. Y., .,(sl(n) 0000000000

3. "evaluation map” 00000 Yz, ., (sl(n)) 0O U(gl(n)) O degreewise completion 0000000
0oooo0oo0

0000000000000 0000000DO000D000[I7)0D00000000000DO0O0O0OO0OOD
obobobobbogboboooobobOobOoboboboooooboobDobOobobo

1.g0g0 g 0000000000000 D0O00O0O0O0O0O0O0O0O0O0O00OOg0 evendOOoddOOO
O00000veg; 000p(w)=4i0000v0 parity0DOOO
2.g000000O0 [, ]D0000DOOOODOOOO

[gi7gj] C gi+j(i,j S Z/2Z)a
[y, 2] = (~1)PPW [z, y],

[z, [y, 2] = (~1)"FPO [y, [z, 2] + [[z. ], 2].

000000000 gli(n)0sl(n) 000000000000 D00OO0ODOOOOODOOOOOOO
gooogooooo

gl(mln) = {(é g) ‘ A€ gl B € My o(C),C € M, n(C), D € g[n} ,

st = { (2 1) € sttmln)

A0 DOOOOOOO evenDBO COOO0OOOO oddOOOOOODOOOO

the commutator relation

tr(A) —tr(D) = 0} ,

[E; j» Ex 1] = kB — 6 l(71)(p(i)+p(j))(p(k)+p(l))E



where
. 0if 1 <i<m,
p(i) =1, . .
lifm+1<i<m-+n.

Definition 2.2. Y, ., (sl(m|n)) 0 CO0OO0D0000000000000000000000000000

oooo
oon {xzis, his|0<i<m+n—1,s€Z>o}
000023, 0 2f,00dd, 000000 even 0000

gooog

[hi,m hj,s} =0, [$+ T ] 51]}74 r+s) [hl 05 L5, r] iazg G

0,177 g8
€1+te g1 —¢€
i1, @5y = (i @5 g q] = iaijg{h ¥[h', )

+ + + o+ €1t+¢&2 —&2, + 4+
[xi,r+17xj,s] - [wi,r7xj,s+1] = ta;; D) j [2; ]
+ + + + .
Z [ziﬂ‘m(l)’ [ LTy(2)? ") [xiyrw(l—aij) ’ 3«"]‘,5} e ]] 0( 7& j)7
w€61+\aij|
[x;tr x;ts] =0 (i=0,m),

* * =0 (i=0,m).

Hxiq,wxfo] [x zi+1 s))

oooo

. 0if1<i<m
p(i) =1, . .
lifm+1<i<m-+n,

-1 p(i) -1 p(i+1) ifi=1
1) jf.)‘ SR —GJ)ZH)ﬁZ—J+1
_(_1)p(+ Vif j=i+1, B (i) -

. ’ 0 otherwise,
0 otherwise,

gooo

(1770 [20)00000000000000000

1. Y., ,(sl(mln)) D0D0D0O0DOO
2. 6, =6,=000000Y,(sl(m|n)) 0000000 si(m|n)[u)] 00000000000

3. 7evaluation map” 00000 Yz, ., (sl(m|n)) OO0 U(gl(m|n)) O degreewise completion 0 0 0 0 O

ooboooooood

3 wWoo

gooooo

V.00ooooo ooooog

0)evooooQ
0 € End(V) O translation operator(]
Vu e V,Y(u,2) =3 cpumz "t €End(V)((2));0000 000

gboboboooooogo
Y (]0),2) =id, VYu e V,Y(u,2)|0) =u+ V[[#]],



010) =0, [0,Y(u,z)v= di;Y(u,z)v,
Vu,v€eV, Y(u,2),Y(v,z)DOOOOOOOOO.

000000000
00000000000000000000000VO00000000000a(z)0 b(z)0 End(V)((2))
0000000000

a(2),b(z) 00000000000& N >>0, (2—w)Na(z),bw)] =0,

< Hei(2) bo<icv—1; O s.t.
N-1

ci(w '83w Zz*”*lwn. (3.1)

j=0 nez

<.

a(2) = ¥z amyz " L0(2) = Xpez by P 00000(3.1)00000000000000000PE
(operator product expansion) 00 0O

ooovoooooood

Y (u,2)Y (v, w) Z Y((z (_j)Z}’;U), (3.2)
>0
Y (ugjyv, w) = Resy (2 — w)’ [V (u, 2), Y (v, w)]. (3.3)

O0o00000oO0oooooooono
a
(3:2) & [u@), v = ;0 <T) (U(r) V) (atb—r)>

a i u)p(v a
33) & (amdayw = 3 (§) (=1 (s (s0) = (=07 )00 ()
i>0
gooooooouodoouooouodouoooooooooooooooa
godo0oodooboooobooooboooooboooobooobooooooooono

Ezample 3.4.
g; 000000000000,
k;gO OO,
g=gt*'!eCxy;90 xkO0O0DDO00O0O0OODO
Cygltl®Ca00000000g 00020 10000000

000000V*(g) 0 U(@)u(gaecyCr = U(gt™'t")00000V"(g)0

|0) = 1,0(at*) = —sat* ', a(z) := Y(at™?, z:at_S s
SEZ
b, (e
(@) ~ s EE

goboobboobooboboobbooboobbooboo

000000000000000000000000 rectangular WOOOODOOOODOOODOO (0OO
000 [11]000)0000g0 fO0DDOOODOOODO

g = gl(ml|nl) = gl(m|n) ® gl;,



Om+n

1m+n Om+n 0
f - Om+n 1m+n . 5
Om+n e Oern ]-m+n Om+n

O0000Omin (resp.  limyn) O (mn) x (m|n)-0 (resp. 00)O0000D0D0O0D g0 fO0D0DODO
Wooooo0 Wr(g, f) O rectangular W 000000000 0W*gl(mlnl), (™) 0000000
(m,n) = (1,00 000 W 000 principal WO O OO00O

Kac-Roan-Wakimoto ([11]) 00 00000 WF(gl(mi|nl), (™M) 000000000000000 bO
00000000 x00000V*(g)0000000000000;

b= D  emtmritmini

s2t 1<i,j<m+n

5(681 (m+n)+i,t1 (m+n)+j1- 682(m+n)+i2,t2(m+n)+jz)
= 551,t25t1,826i1’j26j1,i2(_1)p(21)(k + (l - 1)(m - n))
- 551,151552,15251'17]'1 61'2 2J2 (71)p(i1)+p(i2)(c - 681752)'

00000000 VA(g) 0000000000000 Onon-super 000 [1] 000, super 000 [18] OO
000000000000000000000000000000

4 000

Theorem 1.3 00 0000000000000 0OODOO0OO0OOOOOOODOOOOOOOOOODOO
rectangular WO OOOOOODOOOO0DODOO0OO0OO0OODOOOODODOOODOORagoucy-Sorba ([14) 00000
0000000000000 0OBriot-Ragoucy ([3) 00 00000000D00OO0OOOOOOOOOOCODO
0000000000000 15000 0principall WOOOODODODOOOODODOOODOOOD (18000
oboboooooobooboobobobooooooobobobobooooooon

loopooooo|-—-°%°0%% s ooooooooog |
%DDDDD %DDDDD
\D;DDDDDDD\~TEEEJDDDDDDDEDDDDDD\

Ragoucy-Sorba’99, Briot-Ragoucy’03 I Schiffmann-Vasserot’13, U.’20
rectangular W O OO QOQOQO

oooooo

‘rectangular oo woo ‘ ——————————————————— > ‘rectangular w oo ‘
EDDDDD EDDDDD
ooooo
‘rectangular oowoooood ‘ —————————— > ‘rectangular wooooood ‘

Theorem 4.1 (Briot-Ragoucy [3]). 000000000 Yi(sl(m|n)) 0000 W OO Win(g, /000D
opoooboo

000000000 Ya(s(m|n)) O [16) 000000Y,(sl(n)) 000000000000000

1. Vi(sl(m|n)) 00D0DO AOODO0O0D0D0OO0D0OO0OOO



2. h=000000000000 sl(m|n)) 0000000000000

00000000000000000000000WODO00000000000000000000000
0000000000000000000000000000000000000000
VO0O0O0O0DO0O0O000000000000000 L(V)0000o

000000 L(V) =VeClt ')/Im(@eid+ideL),

oooon

Yu,v € V,VYa,b € Zut®, vt’] = Z (?) (u(r)v)ta"‘b_r. (4.2)
r>0

UV)DO U(L(V)) O degreewise completion O

(U(a)’l))tb _ Z ((1) (_1)i(uta—ivtb+i _ (_1);0(u)p(v)(_1)a,Uta-i-b—iuti)7

(3
i>0
j0yt—t —1,

0000000000000 completion 000000000000 O0ODOOOOOO0OODOOOOOOODOO
gooogno

Ezample 43. 00000000000 Vk(g)0ODOOD

UV*(g)) = U(g) O degreewise completion,
Zhu(V*(g)) = U(g)

oooo

0000000000000 0D0D0o000!l=1000000000000Example 1.1 0 Example 4.3 0
0O0O0UWE(gl(m|n), (14m|n)))) O U(g) O degreewise completion 0 O 0 O OO0 O O evaluation map O O
goboooobgooboo

00000000 (m,n)=(1,00000(15 000000000000

Theorem 4.4 (Schiffman-Vasserot [15)). gl, 00 000000000000000 principal W 000D
goboobogoobooboobboon

000000000 Schiffman-Vasserot 0 AGTOOOOOOOO0OOOOO
gooootoooootooooooooooooboooooobooooono
m,n > 2,m#n,

Theorem 4.5. [ > 2, oooood
m>3,n=0

gooooooogg N
D: Yz, 2, (sl(mln)) — UWH (gl(mi|nl), 1™1™))).

0000000000a=k+(I—-1)(m—-n)£0000000000 UWPF(gl(minl), (™)) o000
00000



oo

[1] T. Arakawa and A. Molev. Explicit generators in rectangular affine W-algebras of type A. Lett.
Math. Phys., 107(1):47-59, 2017.
[2] S. I. Boyarchenko and S. Z. Levendorskii. On affine Yangians. Lett. Math. Phys., 32(4):269-274,
1994.
[3] C.Briot and E. Ragoucy. W-superalgebras as truncations of super-Yangians. J. Phys. A, 36(4):1057—
1081, 2003.
[4] J. Brundan and A. Kleshchev. Shifted Yangians and finite W-algebras. Adv. Math., 200(1):136-195,
2006.
[5] A. De Sole, V. G. Kac, and D. Valeri. Structure of classical (finite and affine) W-algebras. J. Fur.
Math. Soc. (JEMS), 18(9):1873-1908, 2016.
[6] V. G. Drinfeld. Hopf algebras and the quantum Yang-Baxter equation. Dokl. Akad. Nauk SSSR,
283(5):1060-1064, 1985.
[7] V. G. Drinfeld. A new realization of Yangians and of quantum affine algebras. Dokl. Akad. Nauk
SSSR, 296(1):13-17, 1987.
[8] N. Guay. Cherednik algebras and Yangians. Int. Math. Res. Not., (57):3551-3593, 2005.
[9] N. Guay. Affine Yangians and deformed double current algebras in type A. Adv. Math., 211(2):436—
484, 2007.
[10] N. Guay, H. Nakajima, and C. Wendlandt. Coproduct for Yangians of affine Kac-Moody algebras.
Adv. Math., 338:865-911, 2018.
[11] V. Kac, S. S. Roan, and M. Wakimoto. Quantum reduction for affine superalgebras. Comm. Math.
Phys., 241(2-3):307-342, 2003.
[12] R. Kodera. Braid group action on affine Yangian. SIGMA Symmetry Integrability Geom. Methods
Appl., 15:Paper No. 020, 28, 2019.
[13] R. Kodera. On Guay’s Evaluation Map for Affine Yangians. Algebr Represent Theor, 2020.
[14] E. Ragoucy and P. Sorba. Yangian realisations from finite W-algebras. Comm. Math. Phys.,
203(3):551-572, 1999.
[15] O. Schiffmann and E. Vasserot. Cherednik algebras, W-algebras and the equivariant cohomology of
the moduli space of instantons on A2. Publ. Math. Inst. Hautes Etudes Sci., 118:213-342, 2013.
[16] V. Stukopin. Yangians of classical Lie superalgebras: basic constructions, quantum double and
universal R-matrix. Pr. Inst. Mat. Nats. Akad. Nauk Ukr. Mat. Zastos., 50, Part 1, 2, 3:1195-1201,
2004.
M. Ueda. Affine Super Yangians. arXiv:1911.06666.
M. Ueda. Affine Super Yangians and Rectangular W-superalgebras. arXiv;2002.03749.
M. Ueda. Coprodut for the Yangian of type A;Z). in preparation.
M. Ueda. The surjectivity of the evaluation map of the Affine. arXiv:2001.06398.

17
18
19

[
[
[
20

]
]
]
]



