Edge rings with g-linear resolutions
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#2727 GIZoWT, GD edge ring K[G] & G O {i,j} \THIH L7z ZIRBIHR 2,2, TEERI N
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PRI OMEINT NS, KT, ¥OHLDT T 70D K[G] DI/ free resolution 122 THLEEZE
HENRASINT WS [2, 5, 7, 8, 10, 12, 13, 14]. KHFETIL g > 2 D g-linear resolution % fFD
edge ring (Z&H L7z,
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ERKE D L E S/I D g-linear resolution ZFD> &\ 5. HIk- KiZld edge ring A 2-linear resolution
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8 1.1 ([12, Theorem 4.6]). THAHEA [n] OAREREM S 57 G 2N LT, K[G] % 2-linear
resolution ¥ D Z & &, K[|G| MR 57 Kys D edge ring K[Ka 5] LD n— 26 2% IH
ARBRLFAMTH B L IFFAMTH 5.

X501z, HE - H - £481% edge ring ¥ 3-linear resolution %2 & 5 G REKE M7 Z 7D
KRB D1 2R U7 [7).

8 1.2 ([7, Theorem 0.1]). 3-linear resolution % F D HREAE AL 2 Z 7 D edge ring I$ T
Thb.



¥/, ¢ > 4IZDOVWTHREREHEMMZ Z 7 D edge ring A° g-linear resolution Z 2 & &, edge
ring | & 725 Z EAHIG - IMH - ERIZ & o TEETH ([7, Conjecture 0.2]), 54277 7 [10]
RHRT T T [14] 12DV TR L T W 2.

—fiZ, S/I ¥ g-linear resolution Z D& &, LARAEL D ZD.

o reg(S/I)=q—1
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78 1.3 ([3, Proposition 1.9 (d)]). S/I »% g-linear resolution ZFf> & &, I OAERITOMEEIZA
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EE 1.4 ([9]). ¢ > 4 IZDOWTHREREHK S T 7D edge ring 7¥ q-linear resolution % H D& E%Z
NIFHEMETH 5.
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EIE 1.5 ([9, Theorem 1.4]). HRREMEHEM 2 Z 7 G I LT, K[G] % 2-linear resolution % i
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I'= ({vi,v2}, {va,v3}, ..o, {vg, vg11})
TRIND. ML IIRIVEBOBCHEIL vy = v OBTHD. (BEAK
I'= (eil,eh,. . .,61'2(1)

ICNUT, Igiz&Ehd —HA fr &

q q
fr= H Yiop 1 — H Yiay,
k=1 k=1
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& 2.1 ([6, Lemma 5.9]). AREMERM 77 GOr—V v 74 TT7IV Ig & {fr :
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fo 3 I O ZIHRD 5 72 2 MUNESGRIZIE T BERIFIITTH 5.

@ 2.2 ([6, Lemmas 5.10 and 5.11] and [11]). T 22 7 7 G Ok & 5. —IHA fr ¥ [g O
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Hi,jy € BE(G):d,j € V}.

THRENDESHRV C [0 WEETZ L% G 3G OBEEN IS5 T THE LS. G % G OF
NI ST Lt & P & P DETH 5.

B 3.1. G eAREMI I 7L L, G % GOFERD I Z5 7295, K|G| PEHEAELFET
HB LT 5. K[G] W g-linear resolution ZH> & &, K[G'| & g-linear resolution % .

P C R™ 27t d D lattice polytope £ 5. ZD & E P D §-polynomial (or h*-polynomial) 1%

5(2,0) = (1 -\t (1 + i It n Z”w)
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DRFIEE 4 d THHZEPHoNT WS, deg(P) = deg(d(L,N\)) & L7z& & codeg(P) =
d+1—deg(Z) LiEL. ZDLE

codeg(Z) = min{r € Z~¢ : int(rZ)N7Z" # 0},

72720 int(r2) IZR* AD r P OSSN TH 5. WL DPDOFEME T TR P OREIE reg(K[2])
UTehs.

@ 3.2 ([7, Corollaries 3.2 and 3.4]). G # ARERHFM I 77, @ &2 GOHPITIT7LT
5. ZDE & deg P < deg P < reg(KI[G]).

K|[G] ?* g-linear resolution #HfD & & reg(K|[G]) = q—1 £225 Z &SN T Wz, HliH 3.2
&0, deg(Pg) < q £75Z &% K[G] »* g-linear resolution 2§D Z L DBERMETH 5.

Iz, K[G] D codimension & BfRD & % cyclotomic number (22T cyclotomic number A%/ X
WIS AREREEATS . GENTHAMADERE S 77895, ZDEE ¢(G) =m—n+l
& G D cyclotomic number (% U <& circuit rank) & Kl¥Nns. F-#EET 57 G P e(G) =0 %
BT el GHATHBZLRAETHS. o(G) = 1,2,3 L53k 5SS 7 IkThTh
unicyclic, bicyclic, tricyclic THB &5, HkEiZ'S5 7 G DY A 27V DEIZ o(G) B L 29 —1 1L
FTChDILMRISNTOS [1]. Hi2, HiE25 74 uicyclic THBZ L L ZDT T TIZHA 2
W=D W LIZAETHS. 777 G Dilde={u,v} D edge subdivision operation i G H*
5e ZHIBRUCHEM w 2EZ5 238 {u,w} & {w,v} ZMABEEOI L2 L WS, £/, GITedge
subdivision operations #1795 Z £ TRo6N5 77 7% G D subdivision £ \»5. Bicyclic 77 7 &
tricyclic 77 ZIZLA T D &K S (RO I TE 5.

& 3.3 (e.g., [15]). G ZHEEHFM T T 7L T 5.



(a) G 2 bicyclic THBZ L& GMN Gy WL DOhDARERTZLTHONDEZ LIXFAMETHS.
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& 3.4. GEHE n DERI I 7895, ZDLE
dim Z¢ =n—r(G) - 1,
727U r(G) & G D ¥ RS kA D IE L
Kz, G nlESA mdOER 778 Lz &,
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codim(K[G]) = m — dim(K[G]) =m —n+r(G) = { (G =1 WBE—HI57.

DR O 26 1 R

(i) K[G] \&%mEAB & WAL,
(ii) codim(K[G]) = 0;
(iii) P 1FHAK.

INoDFRMENT 77 7 30EHINS.

8 3.5 ([6, Lemmas 5.5 and 5.6]). G ZTHFE n LB m OFREHEM I 7795, ok
% K[G] WS EABLABTHE 2 L L G AAFONT b2l 2 L IXABTH 5

(a) m=n—17TG FK;
(b) m=nTGREELID2OYA 7))V C %2FL, CEaY1 2.

777 GIZOWT deg(Pg) > q 2liil=3 X5+ 0k Mb20w<onb525. LATD 2 DO
1% [14] THX 50T,

%8 3.6 ([14, Lemmas 2.1 and 2.2]). B¢ >3 IZ2WT G D2 20RES 2 DY 127V Cy &
CoWEx 1HEZILAETHLE, deg P >qThb.

&8 3.7 ([14, Lemmas 2.3 and 2.4]). B ¢ > 3122\ T G MEF 1 7 VI path R $Z & T
"Jonsd I 7%8530 7 7128Kb, GOEEDOY A 7 VDEIN2 DL E, degPe > q T
bH5.

ZIZTGEMNdeg(Pe) > q Ziil=$ TR5MIBET 2 EHELMEEZ 2 D52 5.

78 3.8. ¢ >3 &9 5. K[G]» q-linear resolution D& 5. T2 LLEDG DM 7L
DEIF2qTHS.

Proof. C % GODEZX 2r DY A7V ed5. 2r<2q 95, ZHK fo € Ig DIREIEr < ¢
&7, KJ|G] i g-linear resolution ZFHDZ LN TER. 2r >2q 295, GOEZ 2r DY
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&0 codeg(Pc) <r. fi#E32 &V, deg(Pg)>2r —2+1—r=r—1>qThb. LI>T
K|[G] 1% ¢-linear resolution ZFf> Z & 3T E 72\, O

HRE 3.9. G MY I NEDReE—D2FD XD REKE tricyclic 777235, ¢>31Z20
T, GOIEEOBY A ZINVDEIN 2 DE & deg(Pg) > qThb.

& 3.10. ¢ > 3 T35, WL TT G BB A IV ERZLVWET L. K|G] W g-linear
resolution ZHi> & &, K|[G) IZEHHETH 5.

777 G D edge ring K[G] WHEHHETH D Z L DBE+IFEM2HERT 5.

B 3.11. G Z2HEAE n BB m OFRERE S Z 78 U, By,...,B, 2l Tir\w7ay 795,
UFEAETH %:

(i) K[G] &/,
N n GlE—¥r 77
(i) m = ‘
n+1l GIRIFEZHII7;
(iii) G IFATOWT N2z d:
(a) s=1T B, 3B 1 27LTH5B;
(b) s=1T By ¥ BV 1 2V path 2 RT L THRONZIEZIT S T7TH S,
() s=2T B, & B lZY 12V T B ® By M & HIZHY A7V THS.

B 1.4 DFEH]. K[G] % g-linear resolution % K22 CTld7awe § 5. M@ 3.8 & 3.10 &
D, GEIDLLLHL 1 D2MY A 7V eRb, GOEREOMY A 7 NVDEZIE2q THD. 61T, fi
3.6 L0, GIZEBYA IV EELZ 12070y BWEET 5.

B @Y1 o 0ed 5. KIG) XBHETIERWDOT, GldR{LE 2200HY A7)V 0 &
Cy 2F5D. XoTGIZ BUC,UCy 2& tricyclic 027 7 7 W FHET 5. UL ZHIdHE
39IZFETS.

DEYA ISR BTHY 7 EF-RVWe E, K[G) F@ifERs. G2z 120&Y41 7))L
Mot 7uy s B 2D 5. 5 GIZiE BUB %& tricyclic D27 7 7 BMEHET
L. LU INIEAHE 39 IZFET 5.

9% & B D cyclotomic number (& ¢(B) > 3 {7z 9. 95 &MY A 7RO LS4 tricyclic
W BOWHYT7 HWFEHESTS, LErLINIEHE3IICFETS. O

S 3k

[1] W. Ahrens, Uber das Gleichungssystem einer Kirchhoffschen galvanischen Stromverzwei-
gung, Math. Ann. 49 (1897), 311-324.

[2] J. Biermann, A. O’Keefe and A. Van Tuyl, Bounds on the regularity of toric ideals of
graphs, Adv. Appl. Math. 85 (2017), 84-102.



3]

[4]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

D. Eisenbud and S. Goto, Linear free resolutions and minimal multiplicity, J. Algebra 88
(1984), 89-133

J. W. Grossman, D. M. Kulkarni and I.LE. Schochetman, On the minors of an incidence
matrix and its Smith normal form, Linear Algebra Appl. 218 (1995), 213-224.

H. T. Ha, S. Kara and A. O’Keefe, Algebraic properties of toric rings of graphs, Comm.
Alg. 47 (2019), 1-16.

J. Herzog, T. Hibi and H. Ohsugi, “Binomial ideals”, Graduate Texts in Math. 279,
Springer, Cham, 2018.

T. Hibi, K. Matsuda and A. Tsuchiya, Edge rings with 3-linear resolutions, Proc. Amer.
Math. Soc. 147 (2019), 3225-3232.

Z. Greif and J. McCullough, Green—Lazarsfeld condition for the toric edge ideals of bipartite
graphs, J. Alg. 562 (2020), 1-27.

K. Mori, H. Ohsugi, A. Tsuchiya, Edge rings with g-linear resolutions, 2020, preprint.
arXiv:2010.02854.

R. Nandi and R. Nanduri, On regularity bounds and linear resolutions of toric algebras of
graphs, J. Commut. Alg., (2020), published online.

M. Ogawa, H. Hara and A. Takemura, Graver basis for an undirected graph and its ap-
plication to testing the beta model of random graphs, Ann. Inst. Stat. Math. 65 (2013),
191-212.

H. Ohsugi and T. Hibi, Toric Ideals Generated by Quadratic Binomials, J. Alg. 218 (1999),
509-527.

H. Ohsugi and T. Hibi, Koszul bipartite graphs, Adv. in Appl. Math. 22 (1999), 25-28.

A. Tsuchiya, Edge rings of bipartite graphs with linear resolutions, J. Algebra Appl., (2020),
published online.

V.A. Voblyi, A.K. Meleshko, Enumeration of labeled outerplanar bicyclic and tricyclic
graphs, J. Appl. Ind. Math. 11 (2017), 296-303.

R.H. Villarreal, Rees algebras of edge ideals, Comm. Algebra, 23 (1995), 3513-3524.



