Metric algebroid (235 1F % Double F&id&

it%jﬁ%jﬁ%ﬁmfi%ﬁﬁnﬂ > f R I
# & (Haruka MORI)

BE

Metric algebroid & 1%, Courant algebroid ®fkiEe U TERI NI L WREFEETH D,
PIEER 121 Double Field Theory (DFT) (28127 — VU WfE L BHE T 2 HL/M SN T WS
AHF5E T, metric algebroid % Courant algebroid Z#RH L7 < TH 2 2D Lie algebroid »*

BB TEL I 2P, £, TD 2 DD Lie algebroid X Lie bialgebroid
75 derivation &F 28D 7ZEDTH B H¥ D h - /2.

1 ELC®IC

SELER L, TWHBIR %GR T 2 -EAERIE, 1 IRTDIEND 2RK->7288TH D] LWVWIREDE
ETEAONLMRTH Y, ErbInEN 2l T 2RO AT 2 ba & U CIFRICEE R MR
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Double Field Theory (DFT) i, T 35(5@“[@’5:Eﬁﬂ?ﬂ’ﬂké\/ufzijﬁiﬁﬁff)6. IhiE, @I d
RICDRFZEPEREZ, 50D 2d RTIZT B I THRBEINT WS, DFT 128127 — I NIED R
FHER, FI2D P THRSNTED, Cbracket EIFEN AN G 5N TWS.

C-bracket DFf#I%, Jacobi EEFREF/LIRVE VWS HTHS. LW ->T, DFT O =N
FRMEDE ST H 2 ARG IX, D72 < & Lie algebra TIXRWHIDFEIETH 5. C-bracket 12 & -
THEI N BEMREEPMTH 20DV TIEEIC B, 8, 6] TilmIhTEY, B 0EETHS
Vaisman 1%, Z D&% metric algebroid & FEA TWS. #EfllI& &R 9 5%, metric algebroid 1%
Courant algebroid ZE#HK T 2BBRAD S5, WO 2D ZHEDE L TEHRIND.

Metric algebroid &, ARIZVBLHLRFLEP SRS NAMETH D, BFL L THOMEE D
FIZED LS HREAREHZ2DONIEHE DFARSNT I 2D 572, Metric algebroid % E#3 % B
IZHME & 72 % Courant algebroid (232 5Kk > TH B &, Courant algebroid 1%, Lie bialgebroid ®
Drinfel’d double & U TR ONBHETH 2 Z EWRINT WS [6]. THiX, Lie bialgebra (g, g*)
@ Drinfel’d double & U T Lie algebra (g @ g*) Z#kd 2 —#HDF/H%Z, Lie bialgebroid O &4
NI L7 DTHSB. L7zh > T, metric algebroid £, il 522D algebroid @ double & L
TRONDZDTIEHLRVWNEEZSNDS. AIfFETIE, metric algebroid 2%, 2 D® Lie algebroid (7
Lie bialgebroid Tld7\) @ double iIZ& > THEA SN L ZHSMNIT LT,



ARTlE, 1ZUDIZHEHARL 7% Lie bialgebra % @ Drinfel’d double iZDWTE & 5. KT,
Lie (bi)algebroid & Courant algebroid DE# % 5-Z, Lie bialgebroid ® Drinfel’d double (ZD\
TR 3. F\i&IZ, KB E 75 metric algebroid &, ZTDHHIZH 5 algebroid FHEIZ DWW TR S,

2 Lie bialgebra & Drinfel'd double
2.1 Lie bialgebra

V &R MVER, []:V XV =V ZKSF TR 2550 (Lie bracket) & UC, K K L
® Lie algebra (f%#%) g % (V,[-,:]) THZA%. ZdD& &, Lie bracket [-,-] I Jacobi 1B % /i
LTWB. VARSI MVERTHZZ 06, ZORINZER VT UL TH, W7 Lie bracket
[,:]* 2525 T, g &7 Lie algebra g* 2 €& T DI LN TES. 72, g & g* DMICH
RIZARE () ZERTES.

[,:]:gxg—g®dco-bracket & §:g - gxg &3 5. § BEAFD l-cocycle &M %2ii729 DTH
niE, (g,[,],0) I& Lie bialgebra £72%. 7272L, z,y € g TH Y, ad, {Z x ® adjoint KXHET

H5:
§([z,y]) = adPs(y) — ad{Pé(x). (1)

(g,[,],0) Ao TWIUK, (g% [, " p*) FNEZEL CHEETE5DT, (g,[,],0) 721 T Lie
bialgebra # €& T & 5E2. %7z, (g,[-,],6) #' Lie bialgebra TH L, (g%, [, ]*, pu*) & Lie bial-
gebra TH 5. SWVHANIE, [, ]* D co-bracket 3 X TH Lie bialgebra % 52 51 2E. DIk,
Lie bialgebra ® Z & % (g,¢*) L KT 5.

2.2 Drinfel'd double

gl gt DEM gD gt 28X5. z,ycgé&negtlLizeE, gogt BIZIERIEZRBERELE X
(,):g@g" xgdg" > K %

(z,y) = (&n) =0, (2,8) = (x,6). (2)

DEIITEHETES. £/, g & g" % subalgebra £ 95 & 572 Lie algebra d ZE&HETE 5. [, ]o
FIRD & 51252 65055,

[z,ylo = [z.9], (&l =[50, |2, = —adgz +adié. 3)
(+,-) {& 0 £ Lie bracket [-,-]o IZXH LU TAZETH Y, IROXNDPERILT 5

(z,[y,€lo) = ([, €]o, y)- (4)

*Lady : g — End(g) TH Y, z,y € g XU T adz(y) = [z, y].

2,0 & 5 DELE 6% 1 gF X g* — gF L LTEHERXNEX .

*3 [, -]* @ co-bracket £ LT p* : g* — g* xg* #5 X, TOEE p £ LT Lie bracket [-,-] # 52 T% Lie bialgebra
(g%, [, ]*, u*) 282N TES.

*4 adg 1%, (aden,x) = — (n,adfz) LD LI ITEHT 2. T4bB5, aden = [€,n]".



(g,0%) X LT, g g* I Lie bracket BEFZI N72E D% g ® Drinfel’d double & MUY, —#%iZ
0%, gagt ERT. AXPTIH 0 ERELTS. (g,¢%,0) DFlE Manin triple £\ 5.

3 Lie bialgebroid & Drinfel'd double
3.1 Lie algebroid

Lie algebroid 1%, JEZEM] M &, 2D EDO~XZ hVK L, anchor map & XN A5 a: L — TM
DOl (M, L,a) & UTERINDS. —KIKNIZ, HERT FMIVED ST MV Z LD {3 #AF U)W
EIEEN DD, ThEAXHFTIEHT TRTZLIZTS. TM OYEiciond T MV T(TM)
IZH LT, Lie bracket [, ] WERTEL2DERAULSIZ, LOYMTHONDERT ML T(L) 12
X U THi7zIZ Lie algebroid bracket [-, ], 2 &EF TSI ENTES. ZD&E, anchor map i [,
W UCHERBITH D, T0bb, [ & [ BUTOEIICHETS. X,)Y el'(L) £92¢,

alX, Y] = [a(X), a(Y)]. ()
e, feC®(M)ed5L, [, 8BTS Leibnitz rule IZBAFD XS IZEHINS:
(X, YL = fIX, Y] + (a(X) /)Y (6)

JEZE[] M DY 1 mUD R WE MR D4, Lie algebroid 1% Lie algebra & 725,

L2723 _R 27 MVER L* 12 L TH, HEKIZ (L A7) Lie algebroid 2 E€#% 3 25 Z &M T
5. L* fllcEFE L 7z Lie algebroid (25 1J % anchor map % a, : L* — TM, Lie algebroid
bracket % [, |« &R T 5. (B) LFEBRIC, Enel(L*) &Lz &

ax[§,nlL- = [ax(§), ax(n)] (7)
BT 5. £72, [ ] (CHT B Leibnitz rule I3 FO X 3 1@ H S h5:
€, fnle- = fl&mlL- + (ax(&) f)n. (8)

Lie algebra @& FBRIZ, L & L* OFICEHRICHABPERTE S, £/, T(NWWTM) ¥
L(ANIT*M) 12813 5 (multi)vector X form D —fft e UT, T'(APL) % T'(AL*) LT HAFEAREL
2EABHILPTE S, Lie algebroid derivative d : T(APL*) — T(APTIL*) IZA T D X S ICEH X
n3E. ¢ e T(A\PL*), X, eT(L) £ 5L,

p+1
df(leX% e 7X;D+1) = Z(_)i+1a(Xi)(§(X1v e ’Xi’ e 7X:D + 1))

=1
+ Z(_)l-i_] (5([XZ)X]]7 Xla e 7Xi7 o 7Xj7 e )Xerl))' (9)
1<J
FRRIZ, Lie Mo PHWEIEHEHTE, T(APLY) EOABEREBIL T(AIT*M) EOAFERE L IZE A
R EDITH/ZD Z K TE 5.

*5 W7 Lie algebroid derivative dy : T'(APL) — T'(APTLL) $AKRIZEZ 5015,



3.2 Lie bialgebroid

Lie algebroid &, Xi7: Lie algebroid @#Hl (L, L*) 2% L T, Lie bialgebroid Z €& T& 5.
(L, L*) % Lie bialgebroid T® ¥, BAFD derivation £ % 0§57 $E.  Z4ik, Lie bialgebra
IB1F % 1-cocycle F&ff: (M) IZHIET %:

4. [X, Y], = [d.X, Y], + [X,d.Y]L. (10)

JRZER] M DY 1 5 U DR WESEMAD 4, Lie bialgebroid & Lie bialgebra & 72 5.

3.3 Courant algebroid

Courant algebroid 1%, EZM] M ED X7 hVE B2 LT, AFD 5 2OBKRR

[[e1, e2]c, es]c + c.p. = DT (e1, €2, €3); (i)
pler, e2]c = [p(e1), ple2)]; (ii)
le1, fealc = flex, ea]c + (pler) flea — (e1,e2)+ Df; (iii)
(Df,Dg) = 0; (iv)
p(e)(h1, he) = ([e, hi]c + D(e, h1), ha) + (ha, [e, ha]c + D(e, h2)) (v)

BT &SR,

1. FERALTHRFRABEREIE X (-, )4,
2. R [ o,
3. anchor map p: E —-TM

O (B, (+,)a, [ ]le, p, M) EUTEZHSI NS, () 1&, FHEED Jacobi HEFAD 0 125K\ E
WO MEZXRL, Lie algebra (& %\ & Lie algebroid) & IZH S M RREMEETH DI L E R L
TWa. (O) 1%, pA T(TM) ED Lie REUZK U THEREITH S Z & 2EET 5. () 1 Leibnitz
rule 25X L TW5. (m) &, MR L anchor map Wl d 5 Z & 2 EET 5.

Courant algebroid £, DOV & DDEH &L LT, Lie bialgebroid @ Drinfel’d double (Z & - T

ONDIHETH D Z PR SNTWS [6]. Lie bialgebra O & FRRIZ, L & L* DEFNIZ K D H
ERRIMVEE=LOL 28AT5%. ¢;c(E), $hbbe=X;+& L&, T(E) B
DIERAL L RERIE X (-, )+ 1%

(e1,€2)+ (<€17X2> (€2, X1)) (11)
DS IHEREND. p BUTFOLS ILERT 5
plei) = a(Xi) + a.(&). (12)
£7-, D:Co(M) = T(E) i
(Df.0) = y(enf (13)

6 Z D&M [ MTEFELTS &V, (@) R, dEn)ps = [dE, )L+ + [€,dn)p+ L%MiTH .



DEIIZEET S, LD pDEZRLEDLEDL L, D=d+d, LRI ILWTES. ZOHED
Courant algebroid ZE#£ 3 2 il LT, Courant bracket [-,-]c

le1, e2]c = [X1, Xo]r + L Xo — L, X1 — di(eq,e2) -
+ [€1, &) + Lx, &2 — Lx,&1 +d(er,e2) . (14)

#EAT L. ZOFKINEE, [6) THEA25NZEDTHY, Cbracket & BRMITIZFE UK TH HEL.
(L, L*, L L*) Oifli%, Eikd Lie algebra T® Manin triple @, algebroid ~NDHLEE & 72> T\ 5.

4 metric algebroid

Metric algebroid &, 2012 4£IZ Vaisman 12 & - THRIEZ 1725 L\ algebroid #iETH 5 [b].
Courant algebroid & b#d 5 &,

1. IR TR R (-, ) 4,
2. IR [, -]y,
3. anchor map p: E —TM

DL (B, (e, [ Jvsp M) E LTREESND LA U EA, 25 A% 72 3 B 1 3id o
Courant algebroid 2 E#H T 2HKRADS> 5, (@) & (m) D 2HXDATELW. ZDOEKT Courant
algebroid 2 X SIZ—fBULL 72 DTH B WA BN TE 3.

5 #ER

£7, [e1,e2]c (ZHEDWT Courant algebroid DB Z WO THER L TA D &, FHKRAZEL
HWFET, derivation MEEHES LD LHHLRVEDIZNIT B Z LB TE . BARIMITIE, BB ),
(0) & (m) 28 @FETIE derivation &2 B THWTEH D, (M) & (w) & derivation S & 1358
B A TH 5. metric algebroid 237z T A EEHRRIT (M) & (w) EHoTWE I ENH,
MiZ/RT & S1IZ, £D double A metric algebroid (2725 & 5 7% algebroid 1%, Lie bialgebroid 7>
5 derivation &Mf:721 2 #ED 72 & 57 2 DD Lie algebroid DM TH B Z &b hro7z. Lizdio
T, metric algebroid Z&E#% T 2 BT HE & 72 2 59EIE, (@) THIR U 72 Courant bracket & &
KHAUE LS. #KE L metric algebroid DFEIMETH 2 LHIHEIZ T 272012, [, ]y &XT. D
HARM 722 2501

le1, ealv = [ X1, Xo]r + L, Xo — L, X1 — du(e1,€2) -
+ [€1, &)L + Lx, &2 — Lx,&1 +d(er, e2) - (15)

DEiiz5EzOoNE. ZD 2 DD Lie algebroid & metric algebroid ®iffliX, Manin triple ® X &
5L ABZENTES.

T Z OB, BRFIE L TIRSEIC [6] TEZE S N7z, Courant algebroid ®MESIZEILTIE, [ it HSNTW
5.



Lie bialgebra (g, g*)

Lie algebra  § Drinfel'd double Lie algebra
Lie algebra @ > godg"
cocycle &

Lie bialgebroid (L, L™)
Lie algebroid [,
Lie algebroid [ *

derivation &%

Drinfel’d double ‘ Courant algebroid
- Lo L*

Lie algebroid [,
Lie algebroid [, * double

derivation ZfF

v

metric algebroid

1 ZZ £ TO algebra X algebroid D D0 2FIZT 5L I DL S5I27 5. double & 5
Z & T metric algebroid Z KT 2 & 5 WAl OFEED RV D2 FARAER, #tlX derivation
FMDEEIHDZEDVHLE N R T2,

E7, ZORERICBEEL T, FEEIC DFT 28135 C-bracket #¥ metric algebroid OFFilE [+, |v
ZTDHLDTHBH I %R, THiE, metric algebroid AENDZ VL DDHIER>TWS, ZLH
B R723E D, DFT O — VxFE i35 b vz g2ef] £ C-bracket TRt I s, b Nz
RiZEfle U T, BBURILD para-Hermitian Z 5K M #E AT 5 &, para-complex #i&EiZ &> T
BRTM I LoLoRcpildnsg., L, L FIZizZFhEh Lie algebroid 2 EHTEEH, Ihb
® Lie algebroid ®RIZ1Z derivation £/ 13K 7L TWRWZ L DEND SNB. ThbE, (L, L)
IZ Lie bialgebroid (Z1&72 > TWARW, LA >T, L@ L EIZIE metric algebroid % 3 T ¥,
C-bracket 2343 2 AREUEIE X metric algebroid TH B L WA 5. MAT, ITNsDFFEEE TN
DIz, DFT 2B W THRWHIHRSEAE (strong constraint) 253 & \W\WD Z &k, BAMIIE D X S g
TEIZXIGT 20025 Z R TE 5. U Lo, [8 Tirorz.
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