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Carathéodoryͷ֩ऩଋఆཧෳૉղੳֶʹ͓͚Δݹయతͳ݁Ռͷ 1ͭͰ͋Δɽࢲ୯༿ؔ
ʹ͓͚Δେ͖ͳͷ 1ͭͰ͋ͬͨ Bieberbach༧ʹ͍͍ͭͯͯ͠ڀݚΔࡍʹɼ֩ऩଋ
ఆཧ͕༧ͷূ໌ʹؔ࿈͍ͯ͠Δ͜ͱΛͬͨɻ֩ऩଋఆཧʹ͍༷ͭͯʑͳจݙʹ݁Ռͱূ
໌͕ॻ͔Ε͍ͯΔɽͦΕΒͷத͔Β 5ͭͷจݙ ([3], [5], [6], [9], [10]) Λௐͨͱ͜Ζɼ͍ͭ͘
͔ෆ໌ྎͳ෦͕Έ͔ͭͬͨɽຊൃදͰɼCarathéodoryͷ֩ऩଋఆཧͱͦͷূ໌ʹ͍ͭͯ
վྑͨ͠Λத৺ʹड़͍ͯ͘ɽঘɼຊൃදͷ༰ԬࢁେֶେֶӃڭҭֶڀݚՊͷग़ᠽޫ
ઌੜͱͷڞಉڀݚʮAn elementary proof of the Carathéodory kernel convergence theoremʯ
Δɽ͍͍ͯͮجʹ

1 Bieberbach༧ͱ֩ऩଋఆཧͷؔ࿈

1.1 Bieberbach༧ͱ

ຊࢿྉͰɼa ∈ C, r > 0 ʹରͯ͠ɼB(a, r) := {z ∈ C | |z − a| < r} ͱఆΊΔɽಛʹɼ
D := B(0, 1) = {z ∈ C | |z| < 1}ͱද͢ɽ
·ͣɼ୯༿ؔʹ͓͍ͯ࠷جຊత͔ͭॏཁͳؔͷ S Λఆٛ͢Δɽ

ఆٛ 1.1. ͷ݅Λຬͨؔ࣍͢ f ͷΛ S Ͱද͢ɿ

1. f  D্ਖ਼ଇ͔ͭ୯ࣹͰ͋Δɽ

2. f(0) = 0͔ͭ f ′(0) = 1Ͱ͋Δ.

ɼBieberbach༧ͱਂ͍ͭͳ͕Γ͕͋ΔKoebeؔΛఆٛ͢Δɽʹ࣍

ఆٛ 1.2 (Koebeؔ). ͋Δ β ∈ RΛ༻͍ͯද͞ΕΔ࣍ͷؔΛKoebeؔͱ͍͏ɿ

f(z) :=
z

(1 + eiβz)2
(z ∈ D).

༧ (Bieberbach༧ [1]). f ∈ S ͱ͢Δɽf ͷ D্ͷ Taylorల։Λ

f(z) = z +
∞∑

k=2

akz
k

ͱද͢ɽ͜ͷͱ͖ɼͯ͢ͷ n ∈ Nʹରͯ͠ɼ

|an| ≤ n

͕Γཱͭɽ߸ཱ f ͕KoebeؔͰ͋Δ߹ʹݶΔɽ

Bieberbach༧ɼਖ਼ଇͰ͋Δ͜ͱͱTaylorల։ՄͰ͋Δ͜ͱ͕ಉͰ͋Δͱ͍͏ෳૉղੳ
ֶʹ͓͚Δॏཁͳ݁ՌΛͱʹɼDʹ͓͚Δਖ਼ଇੑͱ୯ࣹੑͷΈΛԾఆͨؔ͠ͷ S ʹؚ·Ε
Δؔͷల։ͷେ͖͕͞Ͳͷ͘Β͍ʹͳΔ͔ͱ͍͏Ͱ͋Δɽ



1.2 Bieberbach༧ͷূ໌ͱ֩ऩଋఆཧͷؔ࿈

Bieberbach༧ de Branges [2]ʹΑͬͯূ໌͞ΕͨɽͦͷޙɼFitzgeraldͱ Pommerenkeʹ
Αͬͯผূ໌ [4]͕༩͑ΒΕͨɽҎԼɼFitzgeraldͱ PommerenkeʹΑΔ Bieberbach༧ͷূ໌
ͷखॱͷҰ෦Λઆ໌͢Δɽ·ͣɼRobertson༧ͱ༧ͷఆࣜԽʹඞཁͳ໋Λ͢ࡌهΔɽ

໋ 1.3. ҙͷ f ∈ S ʹରͯ࣍͠ͷ 2݅Λຬͨ͋͢Δؔ g ∈ S ͕ଘ͢ࡏΔɿ

(i) ͯ͢ͷ z ∈ Dʹରͯ͠ g(z)2 = f(z2).

(ii) g D্ͷؔح.

໋ 1.4 (Robertson༧). f ∈ Sͱ͢Δɽf ʹର໋ͯ͠ 1.3Λ༻͍ͯಘΒΕΔؔΛ gͱ͢Δɽ
gͷ D্ͷ Taylorల։Λɼg͕ؔحͰ͋Δ͜ͱʹҙͯ͠ɼ

g(z) = z +
∞∑

k=2

c2k−1z
2k−1

ͱද͢ɽ͜ͷͱ͖ɼ֤ n ∈ Z, n ≥ 2ʹରͯ͠ɼ

1 +
n∑

k=2

|c2k−1|2 ≤ n

͕Γཱͭɽ

͜ͷ Robertson༧ΛԾఆ͢ΔͱɼBieberbach༧͕Γཱͭ͜ͱΛূ໌Ͱ͖ΔɽRobertson

༧ɼ࣍ͷMilin༧ΛԾఆ͢Δͱূ໌͢Δ͜ͱ͕Ͱ͖Δɽ

໋ 1.5 (Milin༧). f ∈ S ͱ͢Δɽf ʹରͯ͠ D্Ͱਖ਼ଇͳؔ hͰɼh(0) = 0͔ͭ D্Ͱ

e2h(z) =
f(z)

z

Λຬͨ͢ͷΛఆٛͰ͖Δɽhͷ D্ͷ Taylorల։Λɼ

h(z) =
∞∑

k=1

γkz
k

ͱද͢ɽ͜ͷͱ͖ɼ֤ n ∈ Nʹରͯ͠ɼ
n∑

m=1

m∑

k=1

(
k|γk|2 −

1

k

)
≤ 0 (1.1)

͕Γཱͭɽ

ͭ·ΓɼFitzgeraldͱ PommerenkeʹΑΔผূ໌ʹै͏ͱɼBieberbach༧Λূ໌͢Δͱ͍͏
͜ͱɼMilin༧Λূ໌͢Δ͜ͱͰ͋Δͱ͜͏ݴͱ͕Ͱ͖Δɽ
ɼCarathéodoryͷ֩ऩଋఆཧͱʹ࣍ Bieberbach༧ͷূ໌ͷؔ࿈ʹ͍ͭͯઆ໌͢ΔͨΊʹඞ
ཁͳፊઢྖҬɼፊઢࣸ૾Λఆٛ͢Δɽঘɼʮፊઢʯͱ͍͏ݴ༿খদ [8]͔ΒҾ༻ͨ͠ɽ

ఆٛ 1.6 (ፊઢྖҬɼፊઢࣸ૾). z0 ∈ Cʹରͯ͠ z = z(t)Ͱɼt ∈ [0, t0)Ͱ࿈ଓɼz(0) = z0͔ͭ
lim
t→t0

|z(t)| = +∞ Λຬͨ͢ͷΛ z0͔Βແݶԕ∞Λ݁Ϳۂઢͷํఔࣜͱ͍͏ɽΓ ⊂ CΛɼ͋Δ
 z0 ∈ C͔Β∞Λ݁Ϳ͋Δ୯७ดۂઢͱ͢Δɽ͜ͷͱ͖ɼ୯࿈݁ྖҬ C \ ΓΛፊઢྖҬͱ͍͏ɽ
͞ΒʹɼD্ਖ਼ଇ͔ͭ D͔Β͋ΔፊઢྖҬͷશ୯ࣹͰ͋ΔؔΛፊઢࣸ૾ͱ͍͏ɽ



ͷఆཧ࣍ 1.7Λূ໌͢ΔͨΊʹ Carathéodoryͷ֩ऩଋఆཧ͕༻͍ΒΕΔɽ

ఆཧ 1.7. S∗ ⊂ S Λፊઢࣸ૾ͷͱ͢Δɽ͜ͷͱ͖ɼ֤ g ∈ S∗ʹରͯ͋͠Δ D্Ͱਖ਼ଇͳؔ
hͰɼh(0) = 0͔ͭ D্Ͱ

e2h(z) =
g(z)

z

Λຬͨ͢ͷΛఆٛͰ͖Δɽhͷ D্ͷ Taylorల։Λ

h(z) =
∞∑

k=1

ckz
k

ͱද͢ͱ͖ɼ֤ n ∈ Nʹରͯ͠ɼ
n∑

m=1

m∑

k=1

(
k|ck|2 −

1

k

)
≤ 0

͕ΓཱͭͳΒɼMilin༧ਅͰ͋Δɽ

ఆཧ 1.7ʹΑͬͯɼ෦ S∗ ⊂ S ʹରͯ͠Milin༧ͷ݁ͷෆࣜ (1.1)͕Γཱͭ͜ͱΛ
ূ໌͢ΕBieberbach༧͕ূ໌͞ΕΔ͜ͱʹͳΔɽͭ·Γɼ SࣗͰͳ͘ɼSΑΓ݅
Λগͨ͘͠͠ڧ෦ S∗ʹ͍ͭͯ͑ߟΕΑ͍ͱ͍͏͜ͱʹͳΔɽ

2 ֩ऩଋఆཧͷূ໌ͷ४උ

ҎԼɼCarathéodoryͷ֩ऩଋఆཧͷূ໌ʹؔ࿈͢ΔॏཁͳఆཧͱɼͦΕΒͷఆࣜԽʹඞཁͳఆ
Δɽ͍ͯ͠ࡌه͍ͯͭʹٛ

2.1 ୯༿͔ؔΒͷ४උ

ఆཧ 2.1 (Riemannͷࣸ૾ఆཧ). ҙͷ୯࿈݁ྖҬ Ω ! Cͱҙͷ z0 ∈ Ωʹରͯ͠ɼΩ͔Β
Dͷશ୯ࣹͰ͋Δਖ਼ଇؔ f Ͱɼf(z0) = 0, f ′(z0) > 0Λຬͨ͢ͷ͕། 1ͭଘ͢ࡏΔɽ

ఆཧ 2.2 (Koebeͷ 1/4ఆཧ). f ∈ S ͱ͢Δɽ͜ͷͱ͖ɼB
(
0, 14

)
⊂ f(D)͕Γཱͭɽ

ఆཧ 2.3 (Koebeͷۂఆཧ). f ∈ S ͱ͢Δɽ͜ͷͱ͖ɼͯ͢ͷ z ∈ Dʹରͯ͠ɼ

|z|
(1 + |z|)2 ≤ |f(z)| ≤ |z|

(1− |z|)2

͕Γཱͭɽ

2.2 VitaliͷఆཧͱMontelͷఆཧ

ఆٛ 2.4. F ͋Δ։ू߹ Ω ⊂ C্Ͱఆٛ͞Εͨؔͷͱ͢Δ.

1. E ⊂ Ωͱ͢Δɽ͜ͷͱ͖ɼ͋ΔఆM > 0͕ଘ͠ࡏɼͯ͢ͷ z ∈ Eͱͯ͢ͷ f ∈ F ʹ
ରͯ͠ |f(z)| ≤ M ͕Γཱͭͱ͖ɼF E্Ұ༷༗քͰ͋Δͱ͍͏ɽ

2. ҙͷ༗քดू߹K ⊂ Ωʹରͯ͠ F ͕K ্Ұ༷༗քͰ͋Δͱ͖ɼF  Ω্ٛҰ༷༗ք
Ͱ͋Δͱ͍͏ɽ



3. ҙͷؔྻ {fn}∞n=1 ⊂ F ʹରͯ͠ {fn}∞n=1ͷ͋Δ෦ྻͰ Ω্ٛҰ༷ऩଋ͢Δͷ͕
ଘ͢ࡏΔͱ͖ɼF  ΩͰਖ਼نͰ͋Δͱ͍͏ɽ

ఆཧ 2.5 (Montelͷఆཧ). F ͋Δ։ू߹ Ω্Ͱਖ਼ଇͳؔͷͱ͢Δɽ͜ͷͱ͖ɼF ͕ Ω্
Ұ༷༗քͰ͋ΔͳΒɼFٛ  ΩͰਖ਼نͰ͋Δɽ

ఆཧ 2.6 (Vitaliͷఆཧ). {fn}∞n=1͋ΔྖҬΩ্ਖ਼ଇͳؔͷྻͰɼA ⊂ ΩAd ∩Ω ̸= ∅Λຬ
ͨ͢ͷͱ͢Δɽ͜͜ͰɼAdAͷूੵશମͷͳ͢ू߹Ͱ͋Δɽ·ͨɼ{fn}∞n=1ΩͰਖ਼ن
Ͱ͋Γɼ͋Δ෦ྻ {gn}∞n=1 ⊂ {fn}∞n=1ͰɼΩ্͋Δؔ gʹٛҰ༷ऩଋ͢Δͷ͕ଘ͠ࡏɼ͞
Βʹ {fn}∞n=1͕A্ gʹ֤ऩଋ͢ΔͱԾఆ͢Δɽ͜ͷͱ͖ɼ{fn}∞n=1Ω্ٛҰ༷ऩଋ͢Δɽ

3 Carathéodoryͷ֩ऩଋఆཧͱূ໌ͷ֓ཁ

ຊষͰ·ͣCarathéodoryͷ֩ऩଋఆཧΛఆࣜԽ͢ΔͨΊʹඞཁͳ֓೦Ͱ͋ΔྖҬͷ֩ͱ֩ऩ
ଋΛఆٛ͠ɼͦͷྫΛ͍͔ͭ͘༩͑ΔɽͦͷޙɼCarathéodoryͷ֩ऩଋఆཧͷఆࣜԽͱূ໌ʹͭ
͍ͯઆ໌͢Δɽ

3.1 ྖҬͷྻͷ֩ͱ֩ऩଋͷఆٛͱͦͷྫ

ఆٛ 3.1 (ྖҬͷྻͷ֩ɼ֩ऩଋ). {Dn}∞n=1ͯ͢ͷ n ∈ Nʹରͯ͠ 0 ∈ DnΛຬͨ͋͢Δྖ
Ҭͷྻͱ͢Δɽू߹D′Λ࣍ͰఆΊΔɿ

D′ := {w ∈ C |{0, w} ⊂ H Λຬͨ͋͢ΔྖҬH ͕ଘ͠ࡏɼ

ेେ͖ͳͯ͢ͷ n ∈ Nʹରͯ͠H ⊂ Dn}.

͜ͷͱ͖ɼ{Dn}∞n=1ͷ֩DΛɼ
D := {0} ∪D′

ʹΑͬͯఆٛ͢Δɽ{Dn}∞n=1ͷͯ͢ͷ෦ྻ͕ {Dn}∞n=1ͱಉ֩͡DΛͭͱ͖ɼ{Dn}∞n=1
Dʹ֩ऩଋ͢Δͱ͍͍ɼDn → Dͱॻ͘ɽ

ҙ 3.2. D′ = ∅ͷͱ͖ɼ{Dn}∞n=1ͷ֩DD = {0}Ͱ͋Δɽ

ྫ 3.3. (i) ֤ n ∈ Nʹରͯ͠ɼ

Dn := C\
{
1 + it | |t| ≥ 1

n
, t ∈ R

}

Ͱఆٛ͞ΕΔྖҬͷྻ {Dn}∞n=1Λ͑ߟΔɽ͜ͷͱ͖ɼ{Dn}∞n=1ͷ֩Dɼ

D = {z ∈ C | Rez < 1}

Ͱ͋Δɽ͞Βʹɼ{Dn}∞n=1ͷҙͷ෦ྻಉ֩͡DΛͭ࣋ͷͰɼDn → DͰ͋Δɽ

(ii) ֤ n ∈ Nʹରͯ͠ɼ

Dn := C\
{
it | |t| ≥ 1

n
, t ∈ R

}

Ͱఆٛ͞ΕΔྖҬͷྻ {Dn}∞n=1Λ͑ߟΔɽ͢ΔͱɼͲͷΑ͏ʹ ε ∈ (0, 1)Λͱ͖ͬͯͯ͋
Δ n0 ∈ NͰɼB(0, ε) ̸⊂ Dn0 ͱͳͬͯ͠·͏ͷͰɼ{Dn}∞n=1ͷ֩DD = {0}Ͱ͋Δɽ͞
Βʹɼ{Dn}∞n=1ͷҙͷ෦ྻಉ֩͡DΛͭ࣋ͷͰɼDn → DͰ͋Δɽ



(iii) ֤ n ∈ Nʹରͯ͠ɼ
Dn := C\ {z ∈ C | Imz = (−1)n}

Ͱఆٛ͞ΕΔྖҬͷྻ {Dn}∞n=1Λ͑ߟΔɽ͢Δͱɼ{Dn}∞n=1ͷ֩Dɼ

D = {z ∈ C | Imz > −1} ∩ {z ∈ C | Imz < 1}

͕ͩɼ෦ྻ {D2n}∞n=1ͷ֩ɼ

{z ∈ C | Imz < 1}

ͱͳͬͯ͠·͍ɼ{Dn}∞n=1Dʹ֩ऩଋ͠ͳ͍ɽ

3.2 Carathéodoryͷ֩ऩଋఆཧͱূ໌ͷ֓ཁ

֩ऩଋఆཧʹ͍༷ͭͯʑͳจݙʹ݁Ռͱূ໌͕ॻ͔Ε͍ͯΔɽͦΕΒͷதͰಛʹ [3], [9]
୯༿ؔͷݹయతͳ໊ஶͰ͋Γɼ[5], [6], [10] Bieberbach༧ͷূ໌ʹ͍ͭͯղઆ͕͋Δɽ
͜ΕΒ 5ͭͷจݙΛௐͨͱ͜ΖɼҎԼͷΑ͏ͳෆ໌ྎͳ෦͕͔ͨͬͭݟɽ
· ؔྻͱྖҬͷྻͷධՁʹ͍ͭͯʢVitaliͷఆཧɼRiemannͷࣸ૾ఆཧͷҰҙੑʣɽ
· ୯࿈݁ྖҬͷྻͷ֩୯࿈݁ྖҬͰ͋Δ͔ɽ
͞ΒʹɼCarathéodoryͷ֩ऩଋఆཧࠓճߟࢀʹͨ͠ 5ͭͷจݙʹඞཁे݅ͷܗͰ̍ͭͷ
ఆཧͱͯ͠ॻ͔Ε͍ͯͨɽҰํͷূ໌ʹଞํͷ݁Λ༻͍Δ͜ͱΛڧௐ͢ΔͨΊʹɼࢲҎԼͷ
2ͭͷఆཧʹ͚ͯఆࣜԽͨ͠ɽఆཧ 3.4ɼఆཧ 3.5 [7]ʹΑΔɽ

ఆཧ 3.4. {fn}∞n=1  D ্Ͱਖ਼ଇ͔ͭ୯ࣹͰ͋ΔؔͷྻͰɼ֤ n ∈ N ʹରͯ͠ fn(0) = 0,

f ′
n(0) > 0Λຬͨ͢ͱ͢Δɽfn(D) = Dnͱද͠ɼྖҬͷྻ {Dn}∞n=1ͷ֩ΛDͱ͢Δɽ͜ͷͱ͖ɼ
{fn}∞n=1͕ D্͋Δؔ f Ұ༷ऩଋ͢ΔͳΒɼf(D)ٛʹ = DͰ͋Δɽ

ఆཧ 3.5. {Dn}∞n=1֤ n ∈ Nʹରͯ͠Dn ! C͔ͭ 0 ∈ DnΛຬͨ͋͢Δ୯࿈݁ྖҬͷྻͱ͢
Δɽ{fn}∞n=1D্ਖ਼ଇͳ͋ΔؔͷྻͰɼD͔ΒDnͷશ୯ࣹͰɼfn(0) = 0, f ′

n(0) > 0Λຬ
ͨ͢ͱ͢Δɽ{Dn}∞n=1ͷ֩ΛDͱ͢Δɽ͜ͷͱ͖ɼҎԼཱ͕ɿ

(i) Dn → D͔ͭD = {0}Ͱ͋ΔͳΒɼ{fn}∞n=1 D্ Ұ༷ऩଋ͢Δɽٛʹ0

(ii) Dn → D͔ͭD ! C͕୯࿈݁ྖҬͰ͋ΔͳΒɼ{fn}∞n=1D্ఆͰͳ͍͋Δؔ f ʹ
Ұ༷ऩଋ͠ɼf(D)ٛ = DͰ͋Δɽ

ͨ͠ʹߟࢀ 5ͭͷจݙʹɼఆཧ 3.5ͷূ໌ʹؔ͢Δ༰ʹ͍ͭͯɼઌఔड़ͨΑ͏ͳෆ໌ྎͳ
෦͕͋ͬͨɽࢲ Step3ɼStep4ͰͦΕΒΛվળͨ͠ɽStep3ͰRiemannͷࣸ૾ఆཧͷࣸ૾ͷҰ
ҙੑͱఆཧ 3.4Λ༻͍ΔɽStep4Ͱఆཧ 2.6(Vitaliͷఆཧ)ͱఆཧ 3.4Λ༻͍ΔɽຊൃදͰɼఆ
ཧ 3.5ͷূ໌ͷ֓ཁΛઆ໌͢Δ͕ɼҎԼʹࣗ໌ূͨ݁͠ݾΛ͓ͯ͘͠ࡌهɽ

ఆཧ 3.5ͷূ໌. ֤ n ∈ Nʹରͯ͠ f ′
n(0) > 0ΑΓɼD্Ͱਖ਼ଇ͔ͭ୯ࣹͰ͋Δؔ

Fn(z) :=
fn(z)

f ′
n(0)

ΛఆٛͰ͖ΔɽFn(0) = 0, F ′
n(0) = 1ΑΓɼ{Fn}∞n=1 ⊂ S Ͱ͋Δɽ



(i)ͷূ໌ɿStep1ɽ lim
n→∞

f ′
n(0) = 0Λࣔ͢ɽ͠ 0ʹऩଋ͠ͳ͍ͱԾఆ͢Δͱɼ͋Δ ε > 0͕ଘ

ʹɼͲͷΑ͏͠ࡏ n ∈ NΛͱ͖ͬͯͯɼ͋Δ n0 ≥ nͰɼf ′
n0
(0) ≥ εΛຬͨ͢ͷ͕ଘ͢ࡏΔɽ

ͭ·Γɼ

1ʹରͯ͋͠Δ൪߸ n1 > 1͕ଘͯ͠ࡏɼf ′
n1
(0) ≥ ε

n1ʹରͯ͋͠Δ൪߸ n2 > n1͕ଘͯ͠ࡏɼf ′
n2
(0) ≥ ε

...

nk−1ʹରͯ͋͠Δ൪߸ nk > nk−1͕ଘͯ͠ࡏɼf
′
nk
(0) ≥ ε

Λຬͨ͢ {fn}∞n=1ͷ෦ྻ {fnk}∞k=1͕ଘ͢ࡏΔɽ͜͜Ͱɼ֤ Fnk ʹରͯ͠ఆཧ 2.2(Koebeͷ 1/4

ఆཧ)Λ༻͍Δͱɼ

B

(
0,

1

4

)
⊂ Fnk(D)

͕Γཱͭɽ͜͜Ͱɼw ∈ B
(
0,

f ′
nk

(0)

4

)
ΛҙʹͱΔͱɼ|w| < f ′

nk
(0)

4 , |w|
f ′
nk

(0) < 1
4 Ͱ͋Δɽ͜Ε

ΑΓɼ͋Δ z0 ∈ D͕ଘͯ͠ࡏɼ

w

f ′
nk
(0)

= Fnk(z0) =
fnk(z0)

f ′
nk
(0)

ͱද͞ΕΔɽͭ·Γɼw = fnk(z0)ͱͳΔɽ͕ͨͬͯ͠ɼ

B

(
0,

f ′
nk
(0)

4

)
⊂ fnk(D) = Dnk

͕Γཱͭɽ͜ΕΑΓɼ

B
(
0,

ε

4

)
⊂ B

(
0,

f ′
nk
(0)

4

)
⊂ fnk(D) = Dnk

Ͱɼ{Dnk}ͷ֩গͳ͘ͱB(0, ε4)ΛؚΜͰ͠·͍ɼDn → {0}Ͱ͋Δ͜ͱʹໃ६͢Δɽ
Step2ɽٛҰ༷ऩଋ͢Δ͜ͱΛࣔ͢ɽ༗քดू߹K ⊂ DΛҙʹͱΔɽؔ |z|

(1−|z|)2 K ্

Ͱ࿈ଓͳͷͰɼM1 := max
z∈K

|z|
(1−|z|)2 ͕ଘ͢ࡏΔɽ֤ Fnʹରͯ͠ఆཧ 2.3(Koebeͷۂఆཧ)Λ༻

͍ΔͱɼK ্

|Fn(z)| ≤
|z|

(1− |z|)2 ≤ M1

͕Γཱͭɽ͜ΕΑΓɼ

|fn(z)| = |Fn(z)||f ′
n(0)| ≤ |f ′

n(0)|M1 → 0 (n → +∞)

ͱͳΔͷͰɼ{fn}∞n=1 D্ Ұ༷ऩଋ͢Δɽٛʹ0
(ii)ͷূ໌ɿStep1. {f ′

n(0)}∞n=1্ʹ༗քͰ͋Δ͜ͱΛࣔ͢ɽ{f ′
n(0)}∞n=1্ʹ༗քͰͳ͍ͱ

Ծఆ͢Δɽ͜ͷͱ͖ɼ෦ྻ {f ′
nk
(0)}∞k=1 ⊂ {f ′

n(0)}∞n=1 Ͱɼ lim
k→∞

f ′
nk
(0) = +∞Λຬͨ͢ͷ͕

ଘ͢ࡏΔɽ֤ Fnk ʹରͯ͠ఆཧ 2.2(Koebeͷ 1/4ఆཧ)Λ༻͍Δͱɼ(i)ͷ Step1ͷূ໌ͷٞ
͔Βɼ

B

(
0,

f ′
nk
(0)

4

)
⊂ fnk(D) = Dnk

͕Γཱͭɽ͍·ɼf ′
nk
(0) → +∞ (k → ∞)Ͱ͋ΔͷͰɼ{Dnk}∞k=1  CΛ֩ʹͭɽ͜Ε

Dn → D͔ͭD ! Cʹໃ६͢ΔɽΑͬͯɼ{f ′
n(0)}∞n=1্ʹ༗քͰ͋Δɽ



Step2. {fn}∞n=1 DͰਖ਼نͰ͋Δ͜ͱΛࣔ͢ɽStep1ΑΓɼ͋ΔఆM2 > 0͕ଘ͠ࡏɼ͢
ͯͷ n ∈ Nʹରͯ͠ |f ′

n(0)| ≤ M2͕Γཱͭɽ֤ Fnʹରͯ͠ఆཧ 2.3(Koebeͷۂఆཧ)Λ
༻͍Δͱɼͯ͢ͷ z ∈ K ʹରͯ͠ɼ

|Fn(z)| ≤
|z|

(1− |z|)2 ,

|fn(z)| = |Fn(z)||f ′
n(0)|

≤ M1M2

͕Γཱͭɽͭ ·Γɼ{fn}∞n=1K্Ұ༷༗քͰ͋ΔͷͰɼఆཧ 2.5(Montelͷఆཧ)ΑΓɼ{fn}∞n=1

 DͰਖ਼نͰ͋Δɽ
Step3. {fn}∞n=1DͰਖ਼نͰ͋ΔͷͰɼ{fn}∞n=1ͷ෦ྻ {gn}∞n=1ͰɼD্ٛҰ༷ऩଋ͢
Δͷ͕ଘ͢ࡏΔɽ{gn}∞n=1ͷؔݶۃΛ gͱ͢Δɽ͜ͷͱ͖ɼ{fn}∞n=1͕ D্ gʹ֤ऩଋ͢
Δ͜ͱΛࣔ͢ɽ{fn}∞n=1͕ D্֤ऩଋ͠ͳ͍ͱԾఆ͢Δɽ͢Δͱɼ͋Δ α ∈ Dͱ ε > 0͕ଘࡏ
͠ɼͲͷΑ͏ʹN ∈ NΛͱ͖ͬͯͯɼ͋Δ൪߸ n > N Ͱɼ|fn(α)− g(α)| ≥ εΛຬͨ͢ͷ͕
ଘ͢ࡏΔɽͭ·Γɼ

1ʹରͯ͋͠Δ൪߸ n1 > 1͕ଘ͠ࡏɼ|fn1(α)− g(α)| ≥ ε

n1ʹରͯ͋͠Δ൪߸ n2 > n1͕ଘ͠ࡏɼ|fn2(α)− g(α)| ≥ ε

...

nk−1ʹରͯ͋͠Δ൪߸ nk > nk−1͕ଘ͠ࡏɼ|fnk(α)− g(α)| ≥ ε

Λຬͨ͢෦ྻ {fnk}∞k=1 ⊂ {fn}∞n=1͕ଘ͢ࡏΔɽ࠶ͼ {fn}∞n=1͕ DͰਖ਼نͰ͋Δ͜ͱΛ༻͍
Δͱɼ{fnk}∞k=1ͷ෦ྻ {fnkl

}∞l=1ͰɼD্ٛҰ༷ऩଋ͢Δͷ͕ଘ͢ࡏΔɽ{fnkl
}∞l=1ͷݶۃ

ؔΛ f ͱ͢Δɽ͞Βʹɼͯ͢ͷ l ∈ Nʹରͯ͠

|fnkl
(α)− g(α)| ≥ ε

Λຬ͍ͨͯ͠ΔͷͰɼ
lim
l→∞

fnkl
(α)− g(α) ̸= 0

ͭ·Γ f(α) ̸= g(α)Ͱ͋ΔɽҰํɼ{fnkl
}∞l=1, {gn}∞n=1ʹରͯ͠ఆཧ 3.4Λ༻͍Δͱɼf(D) = D

͔ͭ g(D) = DͰ͋Δɽ·ͨɼ
f(0) = lim

l→∞
fnkl

(0) = 0

Ͱ͋ΓɼWeierstrassͷఆཧΑΓɼ{f ′
nkl

(0)}∞l=1 f ′(0)ʹऩଋ͢ΔͷͰɼ

f ′(0) = lim
l→∞

f ′
nkl

(0) ≥ 0

ͱͳΔɽ{fn}∞n=1 D্ਖ਼ଇ͔ͭ୯ࣹͳͷͰɼf  D্Ͱਖ਼ଇ͔ͭ୯ࣹͰ͋Δɽ͕ͨͬͯ͠ɼD
্Ͱ f ′(z) ̸= 0ɼͭ·Γ f ′(0) > 0Ͱ͋Δɽಉ༷ʹͯ͠ɼg(0) = 0͔ͭ gD্Ͱਖ਼ଇ͔ͭ୯ࣹͰɼ
g′(0) > 0Ͱ͋Δɽ͜ͷ͜ͱͱɼf , gD্ਖ਼ଇ͔ͭD͔Β୯࿈݁ྖҬD ! Cͷશ୯ࣹͳͷͰɼ
Riemannͷࣸ૾ఆཧͷࣸ૾ͷҰҙੑΑΓɼͯ͢ͷ z ∈ Dʹରͯ͠ f(z) = g(z)ͱͳͬͯ͠·͍ɼ
f(α) ̸= g(α)ʹໃ६͢ΔɽΑͬͯɼ{fn}∞n=1 D্ gʹ֤ऩଋ͢Δɽ
Step4. ఆཧͷ݁Λࣔ͢ɽStep3ΑΓɼ{fn}∞n=1D্ gʹ֤ऩଋ͢ΔͷͰɼఆཧ 2.6(Vitali

ͷఆཧ)ΑΓɼ{fn}∞n=1D্ٛҰ༷ऩଋ͢Δɽ{fn}∞n=1ʹରͯ͠ఆཧ 3.4Λ༻͍Δͱɼg(D) = D

ͱͳΔɽ ✷
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