
qزԿؔͷ֦ுͱϞϊυϩϛʔอଘมܗ

ɹՂೆ (Kanam PARK)∗

֓ ཁ

qزԿڃ, ΨεͷزԿڃͷ qྨࣅͱͯ͠, Heineʹل19ੈ ʹΑͬ
ͯಋೖ͞Εͨ. ͜ͷ qزԿڃ, ϋΠωͷެࣜͱݺΕΔࣜΛຬͨ͠,
ఆੵͷ qྨࣅͰ͋ΔδϟΫιϯੵʹΑͬͯද͞ΕΔ͜ͱ͕ΒΕ͍ͯΔ.
ຊߨԋͰ, qزԿڃͷ֦ுFM,N Λఆٛ͠, ϋΠωͷެࣜͷ֦ு, ͦ͠
ͯFN,M Ͱද͞ΕΔಛघղΛͭ࣋Ϟϊυϩϛʔอଘมܗͷ, N = 1ͷ߹ʹ
͍ͭͯ͢.

1. qزԿؔ
qزԿڃ, ΨεͷزԿڃͷ qྨࣅͱͯ͠ಋೖ͞Εͨ. ΨεͷزԿڃ
ͱ࣍ͷΑ͏ͳࣜͰ͋Δ.

ఆٛ 1.1 (ΨεͷزԿڃ). ΨεͷزԿڃ, Ͱఆٛ͞ΕΔ࣍

2F1

(α, β
γ

; x
)
=

∞∑

n=0

(α)n(β)n

(γ)nn!
xn, |x| < 1. (1)

͜͜Ͱ, (α)n = α(α + 1)(α + 2) · · · (α + n− 1)Ͱ͋Δ.

(1)ͷ qྨࣅͱͯ͠ఆٛ͞ΕΔ qزԿڃͱ࣍ͷΑ͏ͳࣜͰ͋Δ

ఆٛ 1.2 (qزԿڃ). qزԿڃ, Ͱఆٛ͞ΕΔ࣍ [1][2]

2ϕ1

(a, b
c
; x
)
=

∞∑

n=0

(a)n(b)n

(c)n(q)n
xn, |x| < 1. (2)

͜͜Ͱ, (a)n = (1− a)(1− qa) · · · (1− qn−1a) = (a)∞
(qna)∞

Ͱ͋Δ.

͜͜Ͱ, qزԿؔ (2)ͷॏཁͳੑ࣭Ͱ͋Δ, ϋΠωͷެࣜͱੵදࣔΛհ͢Δ.

·ͣ, ϋΠωͷެࣜͱ࣍ͷΑ͏ͳࣜͰ͋Δ.

໋ 1.1 (ϋΠωͷެࣜ). (2), ͷࣜΛຬͨ࣍͢

2ϕ1

(a, b
c
x
)
=

(b)∞(ax)∞

(c)∞(x)∞
2ϕ1

( c
b , x

ax
b
)
. (3)

͜ͷূ໌, ೋ߲ఆཧͷ qྨࣅͰ͋Δ q-ೋ߲ఆཧͱ, ͷॱংަΛ͢Δ͜ͱͰࣔ͞
ΕΔ. ͜͜Ͱ, q-ೋ߲ఆཧͱ࣍ͷΑ͏ͳͷͰ͋Δ

ఆཧ 1.1 (q-ೋ߲ఆཧ). ͷ͕ࣜΓཱͭ࣍

(az)∞
(z)∞

=
∑

m≥0

(a)m
(c)m

zm. (4)
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,ʹ࣍ (2)ͷੵදࣔʹ͍ͭͯड़Δ. ఆੵͷ qྨࣅͰ͋ΔδϟΫιϯੵ࣍ͷΑ
͏ʹఆٛ͞ΕΔ.

ఆٛ 1.3 (Jacksonੵ).

∫ c

0

f(t)dqt = c(1− q)
∑

n≥0

f(cqn)qn. (5)

q → 1ͷͱ͖, ͜ͷϦʔϚϯੵʹҠ͢ߦΔ. ͜ΕΛ༻͍Δͱ, (3), ͷΑ͏࣍
ʹੵදࣔͱͯ͠ղऍ͞ΕΔ.

໋ 1.2 (qزԿؔͷੵදࣔ). (3)ʹରͯ͠, a = qα, b = qβ, c = qγ ͱೖ͢Δ
ͱ, (3)࣍ͷΑ͏ͳࣜʹͳΔ

2ϕ1

(qα, qβ

qγ
; x
)
=

Γq(γ)

Γq(β)Γq(γ − β)

∫ 1

0

tβ−1 (qt)∞(qαxt)∞
(qγ−βt)∞(xt)∞

dqt, (6)

͜͜Ͱ, Γq(x) =
(q)∞
(qx)∞

(1− q)1−xͰ͋Δ.

2. qزԿؔͷ֦ு
1ͰΈͨ qزԿؔͷ֦ுΛ͑ߟΔ. (2)ͷ֦ுͱͯ͠, ؔFM,NΛ࣍ͷΑ͏ʹఆٛ
͢Δ.

ఆٛ 2.1 (qزԿڃͷ֦ுFM,N).

FM,N

({ai}, {bj}
{ci}

; {yj}
)
=

∞∑

nj=0

M∏

i=1

(ai)|n|
(ci)|n|

N∏

j=1

(bj)nj

(q)nj

N∏

j=1

y
nj

j . (7)

͜͜Ͱ, |n| =
N∑

j=1

nj, (a)n = (1− a)(1− qa) · · · (1− qn−1a) = (a)∞
(qna)∞

Λද͢.

M = 1, N = 1ͷͱ͖, (7) (2)ʹ૬͢Δ. (3), (6)ʹରԠ͢ΔΑ͏ʹ, ఆٛͨؔ͠
FM,Nʹ͓͍ͯ, .ͷ͕ࣜͳΓͨͭ࣍

໋ 2.1 (ϋΠωͷެࣜͷ֦ு).

FN,M

({yj}, {ai}
{bjyj}

; {xi}
)
=

({yj}, {aixi})∞
({bjyj}, {xi})∞

FM,N

({xi}, {bj}
{aixi}

; {yj}
)
. (8)

͜ͷূ໌, ໋ 1.1ͱಉ༷ʹ, ఆཧ 1.1ͱͷॱংަʹΑͬͯࣔ͞ΕΔ. (8)ʹΑ
Γ, ؔFN,Mʹରͯ͠, (6)ͱಉ༷ʹͯ࣍͠ΛಘΔ.

໋ 2.2 (FN,Mͷੵදࣔ). (8)ʹରͯ͠, ai = qαi, bj = qβj , yj = qγjΛೖ͢Δͱ,

(8)࣍ͷΑ͏ͳࣜʹͳΔ

FN,M

({qγj}, {qαi}
{qβjqγj} ; {xi}

)
=

N∏

j=1

Γq(βj + γj)

Γq(βj)Γq(γj)

N∏

j=1

∫ 1

0

dqtj

N∏

j=1

(qtj)∞
(qβj tj)∞

M∏

i=1

(xiqαi
∏N

j=1 tj)∞

(xi

∏N
j=1 tj)∞

t
γj−1
j . (9)



3. F1,M͕ຬͨ͢Ϟϊυϩϛʔอଘมܗ
Tsuda[5], ඍͷ߹ʹ, HL,N(HjܥͷΑ͏ͳϋϛϧτϯ࣍ ͋Δ {p(i)n , q(i)n }ͷଟ
߲ࣜ)

HL,N :
∂q(i)n

∂sj
=
∂Hj

∂p(i)n

,
∂p(i)n

∂sj
= − ∂Hj

∂q(i)n

(
1 ≤ i, j ≤ N

1 ≤ n ≤ N + 1

)
, (10)

ͷಛघղΛ, Կؔͷ֦ுࣜFL,NزͷΨεͷ࣍

FL,N =
∑

mi≥0

(α1)|m| · · · (αL−1)|m|(β1)m1 · · · (βN)mN

(γ1)|m| · · · (γL−1)|m|(1)m1 · · · (1)mN

xm (11)

{|x1| < 1, · · · |xN | < 1} ⊂ CN , (12)

ͰٻΊͨ. ·ͣ, FL,NͷੵදࣔΛ༻͍ͯύϑܥΛߏ͠, ࣜܗHL,NͷϥοΫεʹ࣍
ΛݟΔͱ, ͦΕ͕FL,N͕ຬͨ͢ύϑؼʹܥண͢ΔͷͰ, FL,NͰHL,NͷಛघղΛදͤΔ
͜ͱ͕Θ͔Δ. ,ճఆٛͨ͠FM,Nࠓ ͜ͷFL,Nͷ qྨࣅ (M = L − 1)Ͱ͋Γ, զʑͷ
ඪ, (10)ͷ qྨࣅΛಘΔ͜ͱͰ͋Δ. ͜Εʹ͍ͭͯ, N = 1ͷ߹ͷ݁ՌΛಘͨͷ
Ͱ, ຊߘͰͦΕʹ͍ͭͯड़Δ.

3.1. F1,M͕ຬͨ͢ύϑܥ

·ͣ, F1,MͷੵදࣔΛ༻͍ͯ, ͦΕ͕ຬͨ͢ύϑܥΛߏ͢Δ. (9)ͷN = 1ʹ͓͚
ΔඃੵؔΛ, Φͱ͓͘ (t1 = u1)

Φ = uγ1
1

M∏

i=1

aixiu1

xiu1
(x0 = b1, a0x0 = q). (13)

͜Εʹରͯ͠
Φp0, Φp1,i, (1 ≤ i ≤ M) (14)

ͷu1ʹؔ͢Δੵ͕,ύϑܥͷղͷجఈʹͳΔ. ͜͜Ͱ, p0 = 1, p1,i = (1−b1u1)
∏i−1

k=1
1−xku1

1−akxku1
·

1
1−aixiu1

Ͱ͋Δ. ͦΕͧΕΨ0, Ψ1,i (1 ≤ i ≤ M)Ͱද͠,ޓσi = {xi ↔ xi+1, ai ↔ ai+1}
ͱ͓͘ͱ, Γཱ͕ͭ࣍

σi

[
p1,i
p1,i+1

]
=

1

xi − ai+1xi+1

[
(1− ai)xi aixi − ai+1xi+1

xi − xi+1 (1− ai+1)xi+1

][
p1,i
p1,i+1

]
, (15)

σi(p1,k) = p1,k(k ̸= i, i+ 1). (16)

·ͨ, มxMͷ qγϑτ (TxM (f(xM)) = f(qxM))ʹରͯ͠, Γཱ͕ͭ࣍

TxM (Φp0) = Φ
1− xMu1

1− aMxMu1
= (1− 1/a1)Φρ(p1,1) + 1/a1Φρ(p0), (17)

TxM (Φp1,i) = Φ
1− xMu1

1− aMxMu1
p1,i = Φρ(p1,i+1), (1 ≤ i ≤ M − 1) (18)

TxM (Φp1,M) = q−γ1Φ
1− b1u1

1− aMxMu1
= q−γ1Φρ(p1,1). (19)

͜͜Ͱ, ρ = σM−1σM−2 · · · σ1ͱ͓͘ͱ, (15)-(19)ΑΓ, .Δ͑ݴ͕࣍



໋ 3.1. ؔF1,M, Λຬͨ͢ܥͷύϑ࣍ [3]

TxM (Ψ0) =
xM − b1

aMxM − b1
ρ(Ψ0) +

(aM − 1)xM

aMxM − b1
ρ(Ψ1,1), (20)

TxM (Ψ1,i) = ρ(Ψ1,i+1) (1 ≤ i ≤ M − 1), (21)

TxM (Ψ1,M) =
q−γ1(1− b1)

aMxM − b1

[
ρ(ψ0) +

aMxM − 1

1− b1
ρ(Ψ1,1)

]
. (22)

xMҎ֎ͷมʹର͢Δ qγϑτ, ஔσiΛ༻͍Δ͜ͱʹΑͬͯٻΊΒΕΔ.

3.2. F1,M͕ຬͨ͢Ϟϊυϩϛʔอଘมܗ

F1,M্ͷύϑܥΛຬͨ͢ͷͰ, ͦͷྻߦཱ྆݅Λຬͨ͢. ͜ͷ͜ͱ͔Β, ͦ
ΕΛಛघԽ͠, ؆ͨ͠ͷΛ͋ΔϞϊυϩϛʔอଘมܗͷϥοΫεࣜܗͱղऍͯ͠
ඪͷํఔࣜΛಘΔ.

ఆཧ 3.1. ,Aྻߦ BΛ

A =dX−1
1 X2 · · ·X−1

2M−1X2M , (23)

B =X2M(z/q, t)−1 ·X2M−1(z/q, t), (24)

ͱ͢Δ. ͨͩ͠, dର֯ྻߦ, Xi = Xi(z, t) =

(
ui 1

z ci/ui

)
ͱ͢Δ. ͜ͷͱ͖

A(z, t) · B(qz, t) = B(z, t) · A(z, qt), (25)

ʹΑͬͯఆ·ΔϞϊυϩϛʔอଘมܗ 1, F1,MͰද͞ΕΔಛघղΛͭ࣋.

ূ໌ͷ֓ཁΛड़Δ. F1,Mͷੵද͔ࣔΒಘΒΕΔύϑܥͷ͕ྻߦ, (23),(24)ͷ
Α͏ʹද͞ΕΔ͜ͱ͕͔Εྑ͍. ͜͜Ͱ, ໋ 3.1ʹ͓͍ͯ,

−→
Ψ = (Ψ0, · · · ,Ψ1,M)

ͱ͓͖, Ͱද͢͜ͱ͕Ͱ͖ΔܗͷΑ͏ͳੵͷ࣍Ͱྻߦ

TxM

−→
Ψ =

−→
ΨA, (26)

A = RM−1RM−2 · · ·R1QM . (27)

͜͜Ͱ, ,Riྻߦ QM (M + ,Ͱྻߦਖ਼ํ࣍(1 ͦΕͧΕ࡞༻ૉσi, TxMΑΓಋ͔ΕΔߦ
ྻͰ͋Δ. ͜Εʹରͯ͠, ύϥϝʔλʔaM = 1 ͱಛघԽ͢Δͱಉ࣌ʹ, xM = zͱ͓͘
ͱ, (27)ʹ͓͚ΔҼࢠ, ͷΑ͏ʹͳΔ࣍

Ri =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · i i+ 1 i+ 2 i+ 3 · · · M + 1

1 1
...

. . .

i 1

i+ 1 (1−ai)xi

xi−z 1

i+ 2 aixi−z
xi−z 0

i+ 3 1
...

. . .

M + 1 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (28)

1 q-KPͷ૬ࣅ؆ͷϥοΫεࣜܗ [4]Λมߏͯ͠ܗͨ͠ͷ



QM =

⎛

⎜⎜⎜⎜⎜⎜⎝

1 2 · · · M M + 1

1 1 0 · · · 0 q−γ1 (1−b1)
z−b1

2 0 0 · · · 0 −q−γ1 (z−1)
z−b1

3 0 1
. . .

... 0
...

...
. . . 0

...

M + 1 0 0 · · · 0 1 0

⎞

⎟⎟⎟⎟⎟⎟⎠
. (29)

·ͨ, ͜ͷͱ͖, ύϑܥ (20)-(22)ʹ͓͚Δະؔ Ψ0, Ψ1, · · · ,ΨMͷ͏ͪ,ΨM͚͕ͩ
zʹґଘ͢Δ. ͦ͜Ͱ, ଞͷؔͷൺ Ψ1

Ψ0
, · · · ΨM−1

Ψ0
Λ x1, · · · , xM−1ʹͷΈґଘ͢Δؔ

ͱͯͦ͠ΕͧΕ r1, r2, · · · rM−1ͱ͓͘ͱ, ࣜ (26), (27)Ψ0ͱΨM͚ͩͷ࿈ཱํఔࣜ
ͱͯ͠, ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δ࣍

Tz(Ψ0,ΨM) = (Ψ0,ΨM) d′Y −1
1 Y2 · · ·Y −1

2M−1Y2M , (30)

͜͜Ͱ, d′ର֯ྻߦͰ, i = 1, · · ·M − 1ʹ͓͍ͯ

Y2i−1 =

(
qγ1
rM−i

1

z q−γ1xM−irM−i

)
, Y2i =

(
qγ1
rM−i

1

z q−γ1xM−iaM−irM−i

)
, (31)

ࢠ2ͭͷҼޙ࠷

Y2M−1 =

(
qγ1 1

z q−γ1b1

)
, Y2M =

(
qγ1 1

z q−γ1

)
. (32)

͜Εͱ (23)Λݟൺͯ, ݁ՌΛಘΔ .(Bಉ༷ྻߦ)
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