The factorization method for the acoustic inverse
scattering problems
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We consider the inverse scattering problem of time-harmonic acoustic plane waves by
multiple impenetrable obstacles. For the purpose, we derive the factorization method, which
is a sampling method for solving certain kinds of inverse problems where the shape and
location of a domain have to be reconstructed. It has first been introduced by Kirsch [2]
for inverse acoustic scattering problems. For details of the factorization method, we refer
to [3]. Recently, it has been applied to reconstruction of a scatterer with different physical
properties, see e.g., [5], [6].

Let k > 0 be the wave number and for 6 € S? we set

u'(z) == e*" 2z e R3, (1)

where i in the left hand side stands for incident plane wave. Let Q C R? be a bounded open
set with C? boundary and let its exterior R\ Q be connected. We assume that € consists
of two bounded open sets, i.e., Q = Q; U Q, such that Q; N Qy = 0. Note that each Q;
may consist of finitely many connected components whose closures are mutually disjoint.
Consider the following exterior mixed boundary value problem:

(A+E)u*=0in R*\ Q (2)
u® = —u' on Y (3)
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where r = |z|, and (5) is the Sommerfeld radiation condition. Here and throughout this

paper, vg,(z) denotes the unit normal vector at x € 0€y. We refer to Theorem 7.15 in [7]
for the existence and uniqueness of the problem (2)—(5). It is well knwon that «® has the
following asymptotic behavior:
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u’(z,0) = 47’55‘“ (z,0) + O(W), |z| — 00, Z:= ol (6)




The function u* is called the far field pattern of u*. With the far field pattern u*°, we define
the far field operator F§''4 : L*(S?) — L*(S?) by

Fl'E g(2) = /S u™(,0)g9(0)ds(9), © € S*. (7)

The inverse scattering problem we consider is to reconstruct the unknown obstacle 2 from
the far field pattern u>(Z,0) for all ,0 € S%. In other words, given the operator Fg{f@,
reconstruct 2.

Recently, we have obtained the following result by modifying the original factorization

method:

Theorem 1 ([1]). Let a bounded domain B = B, U By be known a priori. Assume that
By CQy, Qy C By, QN By = 0. (See Figure 1). Then for z € R*\ By
- sza(pn 2(52)|?
zEQl<:>Z|< /\lL(S)‘ < 00 (8)
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where (A, @) is a complete eigensystem of the self adjoint and positive operator Fyu given
by
F# =

Re[e (R, + FA)] |+ e, + FE2L) )

Here, Fg}f\’o is the far field operator for the pure impedance boundary condition on B with an

s a i )
impedance function i\g (i.e., 8i + idu® = — v iAou’ on 8B>, where Ay is arbitrary
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positive number.
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Figure 1:

Theorem 1 empolys the following two ideas: The first, coming from [6], is to make use of
an a priori known outer estimation Bj for a part of unkonw obstacles; the second, coming
from [4], inner estimation Bj.

Compare our work with previous works. In Theorem 2.5 of [6], reconstruction of unkonwn
obstacles, like Theorem 1, has been shown by imposing an eigenvalue of —A in the unknown
obstacle © (but we do not need an inner estimation By). On the other hand, our work does
not require eigenvales instead of using an inner estimation B;. Therefore, by our work we
can expand the application of the factorization method for some inverse acoustic scattering
problems.
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