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1. ಋೖ
৔ͷྔࢠ࿦͸ి࣓৔΍ॏྗ৔ͳͲͷݹయ৔ΛྔࢠԽ͢Δ͜ͱͰಘΒΕΔཧ࿦Ͱ͋Δɻ
͜ͷཧ࿦͸෺ཧֶʹ͓͍ͯॏͶ߹Θͤͷݪཧ΍ঢ়ଶͷભҠ֬཰Λඳ૾͢Δ͜ͱɼ·ͨ
ૉཻࢠͷੜ੒ɼফ໓Λهड़͢Δ͜ͱΛཁ੥͍ͯ͠ΔɻͦͷͨΊ৔ͷྔࢠ࿦Λ਺ֶతʹ
ࢠΔͷ͕Α͍ɻ·ͨɼૉཻ͑ߟड़͢ΔͨΊʹ͸ɼώϧϕϧτ্ۭؒͷϑΥοΫۭؒΛه
ʹ͸ϘιϯͱϑΣϧϛΦϯͷೋछྨ͕͋ΔɻϘιϯ͸ԿݸͰ΋ಉҰͷঢ়ଶʹͳΔ͜ͱ
͕Ͱ͖Δɻ͕ͨͬͯ͠ϘιϯܥΛ͢࡯ߟΔ৔߹ɼϘιϯϑΥοΫۭؒͱ͍͏ϑΥοΫۭ
ؒΛରশԽۭͨؒ͠Λ͑ߟΔඞཁ͕͋Δɻ͜ͷ৔߹ɼ࡯ߟԼͷܥͷঢ়ଶ͸ϘιϯϑΥο
ΫۭؒͷϕΫτϧͰهड़͞Εɼ෺ཧྔ͸ϘιϯϑΥοΫ্ۭؒͷࣗڞݾ໾࡞༻ૉͰهड़
͞ΕΔͱղऍ͞ΕΔɻ·ͨ͜ͷͱ͖ɼ෺ཧྔΛ؍ଌͨ͠ࡍͷ࣮ݱ஋શମ͸ࣗڞݾ໾࡞
༻ૉͷεϖΫτϧͱҰக͢Δɻ͜͏ͯ͠৔ͷྔࢠ࿦ͷڀݚʹ͓͍ͯϘιϯϑΥοΫۭؒ
্ͷ࡞༻ૉͷεϖΫτϧղੳ͕ॏཁͰ͋Δ͜ͱ͕Θ͔Δɻ
ଟ͘ͷ৔߹ϋϛϧτχΞϯ H ͸ H := H0 +HI ͷܗͰද͞ΕΔɻ͜͜ͰH0 ͸εϖ
Ϋτϧ͕Α͘Θ͔͍ͬͯΔࣗڞݾ໾࡞༻ૉͰ͋ΔɻH ͕෺ཧྔͱͯ͠ҙຯΛ࣋ͭͨΊ
ʹ͸ࣗڞݾ໾࡞༻ૉͰ͋Δ͜ͱ͕ཁ͞ٻΕΔ͕ɼҰൠʹ͜Ε͸ඇࣗ໌Ͱ͋Δɻͦͷͨ
ΊϋϛϧτχΞϯͷղੳΛ͢Δʹ͋ͨΓɼࣗڞݾ໾ੑΛࣔ͢͜ͱͱͦͷεϖΫτϧಛ
ੑΛௐ΂Δ͜ͱ͕؊ཁͰ͋Δɻ͞Βʹɼ͕҆ܥఆ͍ͯ͠Δ͜ͱΛࣔ͢جఈঢ়ଶͷଘࡏ
Λূ໌͢Δ͜ͱ͸ɼॏཁͳ໰୊ͷ1ͭͰ͋ΔɻຊࢴͰ͸ந৅తφ2-ϞσϧͷεϖΫτϧ
ղੳΛBogoliubovม׵Λ༻͍͍ͯͯͬ͘ߦɻ

2. Ϟσϧͷఆٛ
ૉ༺࡞Λಋೖ͍ͯ͘͠ɻҰൠʹ᜚ີʹఆٛ͞ΕͨՄดޠ༺ͱ߸ه͔͍ͭͣ͘· T ʹ
ରͯ͠ T ∗ ͸ͦͷڞ໾࡞༻ૉɼT ͸ͦͷดแΛද͢ͱ͢Δɻ·ͨࣗڞݾ໾࡞༻ૉ T ʹ
ରͯ͠ɼͦͷݻ༗ϕΫτϧΛ T ͷଋറঢ়ଶͱ͍͏ɻಛʹT ͕Լʹ༗քͳ৔߹Ͱɼ͔ͭ
௿ΤωϧΪʔ࠷ E0 := inf σ(T ) ༗஋ݻ༗஋Ͱ͋Δͱ͖ɼݻ͕ E0 ʹର͢Δݻ༗ϕΫτ
ϧΛجఈঢ়ଶͱ͍͏ɻ͜͜Ͱ σ(T ) ͸ T ͷεϖΫτϧશମΛද͢ɻ
࣍ʹந৅తφ2-ϞσϧΛఆ͍ٛͯ͘͠ɻຊڀݚ͸ɼର૬࡞ޓ༻ϞσϧΛந৅తͳώϧ
ϕϧτ্ۭؒʹҰൠԽͨ͠ϋϛϧτχΞϯͷεϖΫτϧղੳΛͨ͠΋ͷͰ͋Δɻର૬
ϞσϧͷϥάϥϯδΞϯ͸φ༺࡞ޓ : Rd → RΛݹయ৔ͱͯ͠ɼ

L =
1

2

∫

Rd

{(∂tφ(t, x))2 − (∇φ(t, x))2 −m2φ(t, x)2}dx

+
1

2

∫

R2d

φ(t, x)V (x, x′)φ(t, x′)dxdx′

Ͱද͞ΕΔ΋ͷͷ͏ͪɼಛʹ V (x, x′) = −λρ(x)ρ(x′) ʹର͢Δ΋ͷͰ͋Δɻ͜͜Ͱ
λ ∈ R ͸݁߹ఆ਺Ͱ͋Γɼρ ͸ద੾ͳؔ਺Ͱ͋Δɻ͜ͷϞσϧ͸ઌڀݚߦ [1],[2]ͳͲʹ
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Ε͍ͯΔɻ্͞ڀݚ͍͓ͯ ϞσϧΛɼந৅తͳώϧϕϧτۭؒH༺࡞ޓͷର૬ه ্ͷϘ
ιϯϑΥοΫۭؒFb(H ) := ⊕∞

n=0 ⊗n
symm H Ͱ͸ͨΒ͘ҎԼͷઢ࡞ܗ༻ૉH(λ),λ ∈ R

ʹҰൠԽ͢Δɿ

H(λ) := dΓb(T ) +
λ

2
Φs(g)

2.

͜͜Ͱ dΓb(T )͸H ্ͷඇෛࣗڞݾ໾࡞༻ૉ T ʹΑΔୈೋྔࢠԽ࡞༻ૉͰ, Φs(g) (g ∈
H ) ͸ Segal৔Λදͦ͠ΕͧΕҎԼͷΑ͏ʹఆٛ͞ΕΔ࡞༻ૉͰ͋Δ:

dΓb(T ) := ⊕∞
n=0T

(n)
b ,

T (n)
b :=

n∑

j=1

I ⊗ · · ·⊗ I ⊗
j−th︷︸︸︷
T ⊗I ⊗ · · ·⊗ I ! ⊗n

sD(T ), n ≥ 1, T (0)
b := 0,

Φs(f) :=
1√
2
(A(f) + A(f)∗), A(f) := (A(f)∗)∗, f ∈ H ,

(A(f)∗ψ)(n+1) :=
√
n+ 1Sn+1(f ⊗ ψ(n)), n ≥ 0, (A(f)∗ψ)(0) := 0, ψ ∈ ⊕̂∞

n=0⊗̂
n
symm(H ).

͜͜ͰA(f), A(f)∗͸ͦΕͧΕফ໓࡞༻ૉɼੜ੒࡞༻ૉͱݺ͹ΕΔ࡞༻ૉͰ͋ΓɼI ͸H

্ͷ߃౳࡞༻ૉͰ͋ΔɻT ͕ඇෛࣗڞݾ໾࡞༻ૉͰ͋Δ͜ͱʹΑΓɼdΓb(T ) ΋ඇෛࣗ
ૉͰ͋Γɼ0༺࡞໾ڞݾ Λݻ༗஋ͱͯ࣋ͭ͠ɻྫͱͯ͠ m Λඇෛఆ਺ɼH = L2(Rd)ɼ
ω(k) := (|k|2 + m2)1/2 ͱ͠ɼω ʹΑΔֻ͚࡞ࢉ༻ૉΛ ω̂ ͱද͢ͱ͢Δɻ͢ͳΘͪɼ∫
Rd |ω(k)f(k)|2dk < ∞ ͱͳΔΑ͏ͳ f ∈ L2(Rd) ʹରͯ͠ɼ(ω̂f)(k) := ω(k)f(k), k ∈
Rd ͱ͓͘ɻ͜ͷͱ͖ɼσ(ω̂) = [m,∞) Ͱ͋Γಛʹσ(dΓb(ω̂)) = {0} ∪ [m,∞) ͱͳΔɻ
·ͨɼΦs(g) ΋ࣗڞݾ໾࡞༻ૉͰ͋ΓɼͦͷεϖΫτϧ͸ σ(Φs(g)) = R Ͱ͋Δɻ

3. ओ݁Ռ
ͯ͞ɼϋϛϧτχΞϯ H(λ) ͷεϖΫτϧղੳΛ͏ߦʹ͋ͨΓɼ͜ͷ··ղੳ͢Δ
͜ͱ͸೉͍͠ɻͦ͜ͰɼϋϛϧτχΞϯΛϢχλϦม͢׵Δ͜ͱʹΑΓղੳΛͯͬߦ
͍͘ɻͦͷͨΊɼ·ͣओ݁Ռͷূ໌ʹ༻͍Δಓ۩Λ঺հ͢ΔɻJ ΛH ্ͷڞ໾ࢠͱ͢
Δɼ͢ͳΘͪJ ͸H ্ͷ൓ઢ࡞ܗ༻ૉͰ͋ΓɼJ2 = I ͱ͢΂ͯͷ f ∈ H ʹରͯ͠
∥Jf∥ = ∥f∥ Λຬͨ͢ɻ·ͨH ্ͷ༗քઢ࡞ܗ༻ૉU, V ͸࣍Λຬͨ͢΋ͷͱ͢Δɿ

U∗U − V ∗V = I, JU∗JV − JV ∗JU = 0,

UU∗ − JV V ∗J = I, UV ∗ − JV U∗J = 0.

͜ͷͱ͖ɼFb(H ) ্Ͱ͸ͨΒ͘࡞༻ૉB(f), f ∈ H Λ

B(f) := A(Uf) + A(JV f)∗,

ͱ͓͘ɻ͜ͷͱ͖ɼରԠ (A(·), A(·)∗) → (B(·), B(·)∗) ΛBogoliubovม׵ͱ͍͏ɻBo-

goliubovม׵ʹ͍ͭͯɼҰൠʹ࣍ͷఆཧ͕஌ΒΕ͍ͯΔɻ

Theorem 3.1. શͯͷ f ∈ H ʹରͯ͠

UB(f)U−1 = A(f),

Λຬͨ͢ Fb(H ) ্ͷϢχλϦ࡞༻ૉU ͕ଘ͢ࡏΔͨΊͷඞཁे෼৚݅͸ɼV ͕ώϧ
ϕϧτγϡϛου࡞༻ૉͰ͋Δ͜ͱͰ͋Δ [3]ɻ



T ΛԼʹ༗քͳࣗڞݾ໾࡞༻ૉͱ͠ɼE(·) ΛT ʹಉ൐͢ΔεϖΫτϧଌ౓ͱ͢Δɻ
֤f, g ∈ H ʹରͯ͠ɼ1࣍ݩBorelू߹ମ্ͷෳૉଌ౓ ⟨g, E(·)f⟩ ͕Lebesgue ଌ౓ʹ
ؔͯ͠ઈର࿈ଓͰ͋Δͱ͖ɼͦͷRadon-Nikodym ಋؔ਺Λ ψg,f ͱද͢ͱ͢Δɻಛʹ
ψg := ψg,g ͱ͢Δɻ·ͨɼઢ࡞ܗ༻ૉ A ʹରͯ͠ɼA ͷఆٛҬΛD(A) ͱॻ͘ɻ

Assumption 3.2. 1. T ͸७ਮʹઈର࿈ଓͳඇෛࣗڞݾ໾࡞༻ૉͰ͋Δɻ

2. H ্ͷ͋Δڞ໾ࢠJ ͕ଘͯ͠ࡏ JTJ = TɼJg = g ͕੒Γཱͭɻ

3. T̂ := T − E0 ʹରͯ͠ g ∈ D(T̂−1/2) ∩D(T ) Λຬͨ͢ɻ

4. supx∈σ(T ) x
±1ψg(x) < ∞. ψg ͸࿈ଓͰ ψg ∈ C1(σ(T )\{E0})ɼ·ͨશͯͷ x ∈

σ(T )\{E0} ʹରͯ͠ψg(x) > 0 Λຬͨ͢ɻ

5. ࣍ͷ౳͕ࣜ੒Γཱͭɿ

lim
s→∞

sup
s−1≤x≤s+1

∣∣∣∣
dψg(

√
x)

dx

∣∣∣∣ = 0.

6. શͯͷ0 < ε < ε0 ͱs ≥ 0 ʹରͯ͠c ≤ |D(s± iε)| ≤ d ͕੒ΓཱͭΑ͏ͳ ε0 > 0

ͱఆ਺ 0 < c ≤ d ͕ଘ͢ࡏΔɻͨͩ͠D : C\(0,∞) → C ͸࣍Ͱఆٛ͞ΕΔෳૉ
ؔ਺Ͱ͋Δɿ

D(z) := 1 + λ

∫

[E0,∞)

µ

µ2 − E2
0 − z

d∥E(µ)g∥2, z ∈ C\(0,∞).

Assumption 3.2 Λຬͨ͢T ͱ g ʹରͯ̎ͭ͠ͷఆ਺λc,0 ≤ λc < 0 Λ࣍Ͱఆٛ͢Δɿ

λc,0 := −∥T−1/2g∥−2, λc := −
(∫

[E0,∞)

µ

µ2 − E2
0

d∥E(µ)g∥2
)−1

.

ຊڀݚͷओ݁Ռ͸ҎԼͷ௨ΓͰ͋Δɻ

Theorem 3.3. T ͱ g ͸ Assumption 3.2 (1)-(6) Λຬͨ͢ͱ͢Δɻ͜ͷͱ͖ɼҎԼ͕
੒Γཱͭ:

1. λ > λc ͱ͢Δɻ͜ͷͱ͖Fb(H ) ্ͷϢχλϦ࡞༻ૉ U ͱ࣮ఆ਺ Eg ͕ଘ͠ࡏ
࣍Λຬͨ͢:

UH(λ)U−1 = dΓb(T ) + Eg.

ಛʹɼU−1Ω0͸H(λ)ͷجఈঢ়ଶͰ͋Δɻ

2. λc,0 < λ < λc ͱ͢Δɻ͜ͷͱ͖Fb(H ) ্ͷϢχλϦ࡞༻ૉ VɼH ্ͷඇෛࣗ
ૉ༺࡞໾ڞݾ ξ ͱਖ਼ఆ਺ Eb ͕ଘ࣍ͯ͠ࡏΛຬͨ͢:

VH(λ)V−1 = dΓb(ξ) + Eg − Eb.

ಛʹɼV−1Ω0͸H(λ)ͷجఈঢ়ଶͰ͋Δɻ͞Βʹɼξ͸ͨͩҰͭͷ཭ݻࢄ༗஋β Λ
࣋ͭɻΑͬͯσp(H(λ)) = {nβ +Eg −Eb}∞n=0 ͱͳΓɼH(λ) ͸ଋറঢ়ଶΛ࣋ͭɻ
ͨͩ͠σp(A) ͸࡞༻ૉA ͷݻ༗஋શମͰ͋Δɻ
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