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1 Introduction

L2(Rd)্ͷγϡϨσΟϯΨʔํఔࣜɿ
(
1

2
p2 + V (x)

)
ψ(x) = Eψ(x); p = −i∇ = −i(∂1, . . . , ∂d)

ͷղ ψಈؔͱݺΕɼඍখͳཻࢠʢࢠݪࢠͳͲʣͷӡಈΛهड़͢Δ͜ͱ͕ΒΕͯ

͍Δɽ͜͜ͰɼxۭؒมɼV ϙςϯγϟϧؔʢ͢ͳΘͪ−∇V ͕ిΛද͢ʣɼE

શΤωϧΪʔͰ͋Δɽࠨลͷ࡞༻ૉ෦ҰൠʹH ͱද͞ΕɼγϡϨσΟϯΨʔ࡞༻ૉʢ·

ͨϋϛϧτχΞϯʣͱݺΕ͍ͯΔɽ

ͷೋͭʹྨ͞ΕΔɽ࣍ͷঢ়ଶɼେ͖͘ࢠయྗֶʹ͓͍ۭͯؒΛӡಈ͢Δཻݹ

ଋറঢ়ଶɿ ۭؒͷ͋Δ༗քͳྖҬʹɼҙͷࠁ࣌Ͱཻ͕ࢠଘ͍ͯ͠ࡏΔɽ

ཚঢ়ଶɿࢄ ͲΜͳ༗քͳྖҬΛબΜͰɼ͋Δࠁ࣌ʹͦͷྖҬ֎ʹཻ͕ࢠଘ͍ͯ͠ࡏΔɽ

ଋറঢ়ଶΛ͔ͭ൱͔ɼH͕ࢠཻ͍͓ͯʹܥΔཧ͍ͯ͑ߟ ʹؔ͢Δϋϛϧτϯํఔࣜɿ

∂H

∂p
=

dx

dt
(= ẋ),

∂H

∂x
= −dp

dt
(= −ṗ)

Λղ͖ɼཻࢠͷݹయيಓΛΈΔ͜ͱͰௐΒΕΔɽҰํͰɼଋറঢ়ଶͷଘࡏɾඇଘࡏɼྔࢠ

ྗֶʹ͓͍ͯH ͷݻ༗ʢεϖΫτϧʣͷଘࡏɾඇଘ͕ࡏରԠ͍ͯ͠Δɽ·ͨɼࢄཚঢ়

ଶʹಛҟ࿈ଓεϖΫτϧɼઈର࿈ଓεϖΫτϧ͕ରԠ͍ͯ͠Δɽʢ͔͠͠ɼࣗવͳཧϞσ

ϧʹରԠ͢ΔϋϛϧτχΞϯʹ͓͍ͯɼଟ͘ͷ߹ɼಛҟ࿈ଓεϖΫτϧݱΕͳ͍ɽʣ͜

ͷΑ͏ʹֶతʹɼ࡞༻ૉH ͷεϖΫτϧΛௐΔ͜ͱͰ͍ͯ͑ߟΔཧܥͰͷཻࢠͷେ

·͔ͳڍಈ͕Θ͔ΔͷͰ͋Δɽ

͜ͷΑ͏ͳഎܠΛ౿·͑ߨԋऀɼ࣍ͷܗͷϋϛϧτχΞϯʹରͯ͠εϖΫτϧͷڀݚΛ

ఆ͞Εͨݻʹɽҙͨͬߦ ϵ ∈ (0, 2]ʹରͯ͠

H =
1

2
p2 − |x|ϵ + q.

͜͜Ͱɼ−|x|ϵ ੱྗϙςϯγϟϧɼqઁಈ߲Ͱ͋Δɽ͜ͷϋϛϧτχΞϯ͔Βཻࢠͷݹయ

Δͱɼ−|x|ϵ͢ࢉܭಓΛي ͱ͍͏߲ͷӨڹʹΑΓɼʢݹయྗֶతʹʣཻࢠࢄཚঢ়ଶ͔ͨ͠
ͳ͍ɽ͜Εɼ−|x|ϵ ͕ੱྗϙςϯγϟϧͱݺΕΔཧ༝ͷҰͭͰ͋Δɽ
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ͯ͞ɼଋറঢ়ଶ͕ͳ͍ͱ͍͏͜ͱɼྔֶྗࢠతʹH ݻ༗Λͨͳ͍ͱ͍͏͜ͱ͕

ɼઁಈ߲ʹదͳ݅Λ՝ͤHࡍ͞ΕΔɽ࣮ظ ༗Λͨͳ͍͜ͱҎલ͔ΒΒݻ͕

Ε͍ͯΔ (cf. e.g. [BCHM])ɽ͔͠͠ޙड़ͷ Theorem 2.2ͷΑ͏ͳ݁Ռࠓ·ͰʹಘΒΕ͍ͯ

ͳ͍ɽߨԋͰɼ͜ͷఆཧͱؔ࿈͢Δ݁Ռʹ͍͓͍ͭͯͨ͠͠ͱ͍ͯ͑ߟΔɽ

2 Setting and results

2.1 Classical orbit

ͯ͞ঢ়گઃఆʹೖΔલʹɼϋϛϧτχΞϯ͕ੱྗϙςϯγϟϧΛͭ߹ʹɼཻࢠͷݹయي

ಓ͕Ͳ͏ͳΔͷ͔Λ͓͓·͔ʹ͏͓ͯ͜ݟɽH = p2/2− |x|ϵ ͱ͢Δͱϋϛϧτϯํఔࣜ࣍
Ͱ༩͑ΒΕΔɽ

p = ẋ, ϵ|x|ϵ−2x = ṗ.

͜ͷ࿈ཱํఔࣜΛղ͍ͯ x(t)ΛٻΊΔͱɼt → ∞ͰҰൠʹ࣍ͷΑ͏ͳڍಈΛ͢Δ͜ͱ͕Θ
͔Δɽ

x(t) =

⎧
⎨

⎩
O(t2/(2−ϵ)) for 0 < ϵ < 2,

O(e
√
2t) for ϵ = 2.

͜ΕΑΓɼ৽ͨͳҐஔؔ y(t)Λ

y(t) =

⎧
⎨

⎩
|x(t)|1−ϵ/2 (x(t)/|x(t)|) for 0 < ϵ < 2,

log |x(t)| (x(t)/|x(t)|) for ϵ = 2

ͱఆΊΕɼ|y(t)| = O(t)ͱͳΔɽ͜Εࣗ༝ӡಈʹ૬͢Δɽ

2.2 Basic setting.

·ͣɼݪۙͰमਖ਼͞Εͨڑؔ r ∈ C∞(Rd)ͰɼҎԼ͕ΓཱͭͷΛҰͭબͿɽ

r(x) =

⎧
⎨

⎩
1 for |x| ≤ 1,

|x| for |x| ≥ 2,
r ≥ 1.

͜ͷ rͱΫϩωοΧʔͷ δΛ༻͍ͯɼͳΊΒ͔ͳؔ f ͱภඍ࡞༻ૉ∇f Λ࣍ͰఆΊΔɽ

f(r) =

⎧
⎨

⎩

(
r1−ϵ/2 − 1

)
/(1− ϵ/2) + 1 for 0 < ϵ < 2,

log r + 1 for ϵ = 2,

∇f = (∂jf)δ
jk∇k.

͜ͷ f ͷఆΊํɼ্ड़ͷҐஔؔ y͕͍ؔͯ͠Δɽ͜ͷΑ͏ͳ f Λ༻͍Δ͜ͱͰɼੱྗϋ

ϛϧτχΞϯʹରͯ͠ɼࣗ༝ϋϛϧτχΞϯͱಉ༷ͷ͕ٞల։Ͱ͖Δ͜ͱ͕ظ͞ΕΔɽ

ͯ͞ɼઁಈ߲ qʹର͠ҎԼͷԾఆΛ՝ͦ͏ɽ



Condition 2.1. q࣮ՄଌؔͰ͋Γɼ࣍ͷΑ͏ͳ࣮ؔʹΑΔղ͕ଘ͢ࡏΔɿ

q = q1 + q2; q1 ∈ C1(Rd), q2 ∈ L∞(Rd)

Ͱ͋Γɼ͋Δ ρ, C > 0͕ଘͯ͠ࡏɼ࣍ͷධՁ͕ Rd શମͰΓཱͭɽ

|q1| ≤

⎧
⎨

⎩
Crϵf−ρ for 0 < ϵ < 2,

Cr2f−1−ρ for ϵ = 2,
∇fq1 ≤ Cf−1−ρ, |q2| ≤ Cf−1−ρ.

ΔۭؔؒΛઃఆ͍ͯ͘͠ɽs͑ߟʹ࣍ ∈ Rʹରͯ͠ɼॏΈ͖ώϧϕϧτۭؒHs Λ

Hs = f−sH

ͱఆΊΔɽ·ͨɼHloc = L2
loc(Rd)ͱ͢ΔɽBR = {f < R}ͱ͠ɼఆٛؔɿ

Fν = F (BRν+1 \BRν ), Rν = 2ν , ν ≥ 0

Λ͑ߟΔɽ͜͜Ͱ F (Ω) Ω ⊆ RdͷఆٛؔͰ͋Δɽۭؔؒ B, B∗, B∗
0 ΛͦΕͧΕҎԼͰ

ఆΊΔɽ

B = {ψ ∈ Hloc | ∥ψ∥B < ∞}, ∥ψ∥B =
∑

ν≥0

R1/2
ν ∥Fνψ∥H,

B∗ = {ψ ∈ Hloc | ∥ψ∥B∗ < ∞}, ∥ψ∥B∗ = sup
ν≥0

R−1/2
ν ∥Fνψ∥H,

B∗
0 = {ψ ∈ B∗ | lim

ν→∞
R−1/2

ν ∥Fνψ∥H = 0}.

͜͜Ͱҙͷ࣮ s > 1/2ʹରͯ͠ɼแؚؔɿ

Hs ! B ! H1/2 ! H ! H−1/2 ! B∗
0 ! B∗ ! H−s (2.1)

͕Γཱͭ͜ͱʹҙ͓ͯ͘͠ɽ؆୯ͷͨΊɼҎԼͷه߸Λಋೖ͢ΔɽI ⊆ Rʹରͯ͠

I± = {z = λ± iΓ | λ ∈ I,Γ ∈ (0, 1)}.

2.3 Results

ຊత͔ͭɼॏཁͳఆཧͰ͋Δɽجճͷओ݁ՌͷதͰࠓͷఆཧɼ࣍

Theorem 2.2. Condition 2.1ΛԾఆ͠ɼλ ∈ Rͱ͢Δɽؔ͠ φ ∈ B∗
0 ͕ؔͷҙຯͰ

(H − λ)φ = 0

Λຬͨ͢ͳΒɼRd શମͰ φ = 0Ͱ͋Δɽ

Theorem 2.2͕ B∗
༗ؔݻ-∗Λओு͢ΔҰํͰɼBesselؔΛ༻͍ͯɼBࡏ༗ؔͷඇଘݻ-0

ΛߏͰ͖Δ͜ͱ͕Θ͔͍ͬͯΔɽ͕ͨͬͯ͠แؚؔ (2.1)͔ΒɼB∗ͱ͍͏ۭؒҰൠԽ

ɾඇଘࡏ༗ؔͷଘݻখͷۭؒͰ͋Δ͜ͱ͕Θ͔Δɽ͜ͷΑ͏ʹҰൠԽ࠷Δ͢ࡏ༗͕ؔଘݻ



ΕΔɽϨʔϦοώͷఆཧݺΛಛ͚ͮΔۭؔؒΛܾఆ͢ΔఆཧɼϨʔϦοώͷఆཧͱࡏ

ɼ͜Ε·Ͱࣗ༝ϋϛϧτχΞϯʹରͯ͠͞ڀݚΕɼͦͷ΄͔ͷϋϛϧτχΞϯʹରͯ͠ɼ

ΘΕ͍ͯͳ͍ɽߦڀݚΓɼݶԋऀ͕Δߨ

͔ͯ͜͜͞ΒɼH ͷϨκϧϕϯτ

R(z) = (H − z)−1

͕ͭੑ࣭ʹ͍ͭͯ͏͍ͯ͜ݟɽ·ͣɼR(z)Λ B͔Β B∗ ͷࣸ૾ͱΈͳͨ͠ͱ͖ɼͦͷ࡞

༻ૉϊϧϜ͕ɼہॴҰ༷༗քͱͳΔ͜ͱ͕࣍ͷఆཧ͔ΒΘ͔Δɽ

Theorem 2.3. Condition 2.1ΛԾఆ͠ɼI ⊆ RΛҙͷ૬ରίϯύΫτͳ։෦ू߹ͱ͢
Δɽ͜ͷͱ͖ɼ͋Δ C > 0͕ଘͯ͠ࡏɼҙͷ φ = R(z)ψ, z ∈ I±, ψ ∈ Bʹରͯ͠ɼ࣍ͷෆ
͕ࣜΓཱͭɽ

∥φ∥B∗ + ∥∇fφ∥B∗ + ⟨pjhjkpk⟩1/2φ + ∥r−ϵpjδ
jkpkφ∥B∗ ≤ C∥ψ∥B.

͜͜Ͱɼh͋ΔඇෛͳςϯιϧͰ͋Δɽ

Theorem 2.2ͱ Theorem 2.3͔Βͪʹ͏ै͕࣍ɽ

Corollary 2.4. Condition 2.1ͷԼͰɼH ͷεϖΫτϧਅʹઈର࿈ଓͰ͋Δɽ

H ͕ઈର࿈ଓεϖΫτϧ͔ͨ͠ͳ͍ͱ͍͏͜ͱɼҙͷॳظঢ়ଶʹରͯ͠ɼཻࢠඞ

ͱҰக͢؍ॳͷ࠷ཚ͞ΕΔ͜ͱΛҙຯ͍ͯ͠Δɽ͜ΕࢄʹԕํݶେͰۭؒແݶແࠁ࣌ͣ

Δɽͦ͜ͰʹͳΔͷ͕ɼཻ͕ࢠͲ͏͍͏ڍಈͰԕํʹࢄཚ͞ΕΔͷ͔ɼͱ͍͏ͷͰ͋

Δɽ͜ͷΑ͏ͳࢄཚঢ়ଶΛྔֶྗࢠͷΈͰѻͬͨͷΛࢄཚཧͱݺͿɽੱྗϋϛϧτχ

Ξϯʹର͢Δࢄཚཧ [BCHM]ͳͲͰ͞ڀݚΕ͍ͯΔɽߨԋऀޙࠓɼϨκϧϕϯτ͕

ͭੑ࣭Λ༻͍ͯɼ൴ΒͱҟͳΔΞϓϩʔνͰੱྗϋϛϧτχΞϯʹର͢ΔࢄཚཧʹऔΓ

ΉͭΓͰ͋Δɽ

ͯ͞Ϩκϧϕϯτͷղੳʹ͓͍ͯɼTheorem 2.3ͷ࣍ʹѻ͏͖ٵݶۃऩݪཧͰ͋Δɽ͜

͜ͰٵݶۃऩݪཧͱɼϨκϧϕϯτR(z)ͷ z → λ ∈ Rʹ͓͚ΔڥքͷଘੑࡏΛओு͢Δ
ͷͰ͋Δɽ͔͠͠ɼTheorem 2.3͔ΒٵݶۃऩݪཧͪʹैΘͳ͍ɽͦ͜Ͱɼઁಈ߲ʹର

͢Δ͞ΒͳΔԾఆͱϨκϧϕϯτͷ͏ҰͭͷϊϧϜධՁΛ༩͑Α͏ɽ·ͣɼςϯιϧ ℓΛಋ

ೖ͢Δɽ

ℓ = δ − η̃(∇r)⊗ (∇r).

͜͜Ͱ δΫϩωοΧʔͷσϧλɼη̃ɼℓ ≥ 0ͱͳΔΑ͏ʹબΜͩ͋ΔΧοτΦϑؔͰ͋

Δɽ͞Βʹ conjugate operator AΛಋೖ͢Δɽ

A = Re pf , pf = −i∇f .

Condition 2.5. Condition 2.1ʹՃ͑ͯɼ͋Δ τ, C > 0͕ଘͯ͠ࡏҎԼͷධՁ͕Γཱͭɽ

|∇fq1| ≤ Cf−1−τ , |ℓ•kr−ϵ/2∇kq1| ≤ Cf−1−τ .

͞ΒʹҎԼɼβc > 0 ϵ, ρ, τ ʹͷΈґଘ͢Δఆͱ͢Δɽ



Theorem 2.6. Condition 2.5ΛԾఆ͠ɼI ⊆ RΛҙͷ૬ରίϯύΫτͳ։෦ू߹ͱ͢
Δɽ͜ͷͱ͖ͯ͢ͷ β ∈ [0,βc)ʹରͯ͠ɼ͋Δ C > 0͕ଘͯ͠ࡏɼҙͷ φ = R(z),ψ ∈
f−βB, z ∈ I± ʹରͯͦ͠ΕͧΕ͕࣍Γཱͭɽ

∥fβ(A∓ a)φ∥B∗ + ⟨pif2βhijpj⟩1/2φ ≤ C∥fβψ∥B.

͜͜Ͱ a͋Δ༗քͳؔͰ͋Δɽ

Theorem 2.6 φ = R(z)ψ͕ۭؒԕํͰͲͷఔৼಈ͍ͯ͠Δ͔Λ͔Δ҆ͱͳΔɽ

Theorem 2.3ͱ Theorem 2.6Λ༻͍Δ͜ͱͰɼ࣍ͷܗͷٵݶۃऩݪཧ͕ಘΒΕΔɽ

Corollary 2.7. Condition 2.5ΛԾఆ͠ɼI ⊆ RΛҙͷ૬ରίϯύΫτͳ։෦ू߹ͱ͢
Δɽҙͷ s > 1/2ͱ ω ∈ (0,min {(2s− 1)/(2s+ 1),βc/(βc + 1)})ʹରͯ͠ɼ͋Δ C > 0͕

ଘͯ͠ࡏɼҙͷ z, z′ ∈ I+ ·ͨ z, z′ ∈ I− ʹର͕ͯ࣍͠Γཱͭɽ

∥R(z)−R(z′)∥B(Hs,H−s) ≤ C|z − z′|ω,

∥r−ϵ/2pR(z)− r−ϵ/2pR(z′)∥B(Hs,H−s) ≤ C|z − z′|ω.

ಛʹɼB(Hs,H−s)ͰͷϊϧϜҐ૬ͷҙຯͰɼ͜ΕΒ࡞༻ૉͷ I± ∋ z → λ ∈ I ʹ͍ͭͯͷۃ

Δɿ͢ࡏଘ͕ݶ

R(λ± i0) := lim
I±∋z→λ

R(z), r−ϵ/2pR(λ± i0) := lim
I±∋z→λ

r−ϵ/2pR(z).

͞Βʹɼ͜ΕΒ࡞༻ૉͷݶۃ B(B,B∗)ʹଐ͢Δɽ
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