Some Cheeger-Gromov-Taylor Type Compactness
Theorems via the Modified Ricci Curvature

0000 (Homare TADANO)*

g g

In this note, we will give some Cheeger—Gromov—Taylor type compactness
theorems for complete Riemannian manifolds via modified Ricci and m-
modified Ricci curvatures. Our compactness theorems improve previous
ones obtained by Fernandez-Lépez and Garcia-Rio, Limoncu, and Qian.
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00 1.1 (S. B. Myers [7]). Let (M,g) be an n-dimensional complete Riemannian
manifold. If there exists some positive constant A > 0 such that Ric, > \g, then (M, g)
is compact with finite fundamental group. Moreover, the diameter of (M, g) satisfies
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00 1.2 (W. Ambrose [1]). Let (M,g) be a complete Riemannian manifold.
Suppose that there exists some point p € M for which every geodesic v : [0,4+00) — M

diam(M,g) <

emanating from p satisfies

/0 mRicg(ﬁ(s),y(s))dseroo.

Then (M, g) is compact.
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00 1.3 (J. Cheeger, M. Gromov and M. Taylor [2]). Let (M, g) be an n-dimensional
complete Riemannian manifold. Suppose that there exist some point p € M and positive
constants rog > 0 and v > 0 such that the Ricci curvature satisfies

(1.4) Ric,(x) > (n — 1)%

for all x € M satisfying r(x) > 1o, where r(x) denotes the distance between x and p.
Then (M, g) must be compact. Moreover, the diameter of (M,g) from p satisfies

diam, (M, g) < rgexp (E) :
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00 2.4 (M. Ferndndez-Lépez and E. Garcia-Rio [3]). Let (M,g) be a complete
Riemannian manifold satisfying Ricy > Ag for some wvector field V. € X(M) and
positive constant X > 0. Then M is compact if and only if |V| is bounded on M.
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00 2.5 (M. Limoncu [4]). Let (M,g) be an n-dimensional complete Riemannian
manifold satisfying Ricy > Mg for some positive constant X\ > 0. If |V| < k for some
non-negative constant k > 0, then (M, g) is compact. Moreover, the diameter of (M, g)
satisfies

(2.6) diam(M, g) < § (% + \/ %2 +(n— m) .
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00 2.7 (G. Wei and W. Wylie [11]). Let (M,g) be an n-dimensional complete
Riemannian manifold satisfying Ricy > Ag for some positive constant A > 0. If |f| < k
for some non-negative constant k > 0, then (M, g) is compact. Moreover, the diameter
of (M, g) satisfies
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00 2.10 (M. Limoncu [5]). Let (M,g) be an n-dimensional complete Riemannian
manifold satisfying Ricy > Ag for a positive constant X > 0. Suppose that there exist a
point p € M and a non-negative constant k > 0 such that

k
d(z, p)

for all x € M\ {p}, where d(x,p) is the distance between x and p. Then (M,g) is
compact. Moreover, the diameter of (M, g) from p salisfies

diam, (M, g) < %\/n — 1+ 4k.
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00 2.11. Let (M,g) be an n-dimensional complete Riemannian manifold. Suppose
that there exist some point p € M and positive constants ro > 0 and v > 0 such that
the modified Ricci curvature satisfies
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for all v € M satisfying r(x) > ro, where r(z) denotes the distance between x and p.
If there exists some non-negative constant k > 0 such that the vector field V' satisfies
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r(z)

for all x € M\ {p}, where r(x) denotes the distance between x and p, then (M, g) must
be compact. Moreover, the diameter of (M,g) from p satisfies

diam,, (M, g) < roexp <2k + VAR + ((n = 1)%0? — k(n — 1))7T2) .
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00 2.13 (M. Limoncu [4]). Let (M,g) be an n-dimensional complete Riemannian
manifold. Suppose that there exists some positive constant X\ > 0 such that the m-
modified Ricci curvature satisfies Ric{} > \g, where m € (n,4+00). Then (M, g) must
be compact. Moreover, the diameter of (M, g) satisfies
. m—1
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00 2.15. Let (M, g) be an n-dimensional complete Riemannian manifold. Suppose
that there exist a point p € M and positive constants ro > 0 and v > 0 such that the
m-modified Ricci curvature satisfies
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for all x € M satisfying d(x,p) > ro, where m € (n,+00) and d(z,p) is the distance

Ricy}(z) = (m — 1)

between x and p. Then (M, g) is compact. Moreover, the diameter from p satisfies

diam, (M, g) < rgexp <E> )
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