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In this note, stimulated by M. Fernandez-Loépez and E. Garcia-Rio, we shall
give an upper diameter bound for compact shrinking Ricci solitons in terms
of the range of the scalar curvature. As an application, we shall provide
a new sufficient condition for four-dimensional compact shrinking Ricci
solitons to satisfy the Hitchin—Thorpe inequality. We shall also consider
some generalizations of Ricci solitons and give corresponding theorems.
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(1.2) Ric, +§£Xg = \g
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00,00000000000000 Rici 00000400000 shrinking 00
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00000 [22], Cao [6], Wang-Zhu [43] 00000000 Riecci 0000 (M, g) O

000000,00+¢0000000000Y,:=—,X00000000000 ¢
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Theorem 2.1 (Myers [28]). Let (M,g) be an n-dimensional complete Riemannian
manifold. If there exists some positive constant X > 0 such that Ric, > g, then (M, g)
is compact with finite fundamental group. Moreover,

n—1
T
O00,0000000000000 Ambrose 000000 ODOOOO0OO

diam(M,g) < 7

Theorem 2.2 (Ambrose [1]). Let (M, g) be a complete Riemannian manifold. Suppose
that there exists some point p € M for which every geodesic v : [0,00) — M emanating
from p satisfies

/ Ric, (3(s), 4(s))ds = +o0.
0
Then (M, g) is compact.
00 Riemann 000 (M,g) 0 MOODOODOO X € ¥M)0000

1
Ricx := Ric, +§£Xg, Ricy := Ricgy + Hess f
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Theorem 2.3 (Ferndndez-Lépez and Garcia-Rio [12]). Let (M, g) be a complete Rie-
mannian manifold satisfying Ricx > Ag for some vector field X € X(M) and positive
constant X > 0. Then M is compact if and only if | X| is bounded on M.
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Theorem 2.4 ([37]). Let (M,g) be a complete Riemannian manifold. Suppose that
there exists some point p € M for which every geodesic 7 : [0,00) — M emanating
from p satisfies

| Riex(3(5).3(s))ds = +oc
0
and | X| < C for some non-negative constant C' > 0. Then (M, g) is compact.

Remark 2.5. Theorem 24 000000 X OOOOOOOOOOOO Zhang [45] O
O00000000. Theorem 2.3 0 Theorem 24 0000000.
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Theorem 2.6 (Wei-Wylie [44]). Let (M, g) be an n-dimensional complete Riemannian
manifold satisfying Ricy > Mg for some positive constant X > 0. If |f| < k for some
non-negative constant k > 0, then (M, g) is compact. Moreover,

(2.7) diam(M, g) < my /z \/ﬁ

Theorem 2.8 (Limoncu [24]). Let (M, g) be an n-dimensional complete Riemannian

manifold satisfying Ricx > Ag for some positive constant A > 0. If | X| < k for some
non-negative constant k > 0, then (M, g) is compact. Moreover,

(2.9) diam(M, g) < § (% + \/ %2 +(n— m) .

Remark 2.10. Theorem 2.6 00 28 0000 £k=00000,0000 Theorem 2.1
O00000. 00, Limoncu (25,24 00000000000 (2.7),(29 00000
0000000 [35,36) 000000,

00,0000000 Riei 000000000000000000.00,0000
00000 Rieci 00000000000000000000 Witten 000000
00000000000000000-00 [16)/00000000,000, Andrews—Ni
2], Chu-Hu [11], 00 -Li-Li [15) 00000000000

Theorem 2.11 (Futaki-Li-Li [15]). Let (M, g) be an n-dimensional non-trivial com-
pact shrinking Ricci soliton satisfying (1.3). Then
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00, Fernandez-Lépez O Garcia-Rio [13] DO00000O Ricei DO0O0O0O0O0O0OO
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diam(M, g) >

Theorem 2.12 (Ferndndez-Lépez and Garcia-Rio [13]). Let (M, g) be an n-dimensional
compact shrinking Ricci soliton satisfying (1.3). Then

Rmax - n)\ Rmax - ’I’L)\ Rmax - Tl)\
M, 2 )
diam(M, g) > max{\/x(c—x) \/ A —o) \/A(C—c) }
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Theorem 2.13 ([36]). Let (M, g) be an n-dimensional compact shrinking Ricci soliton
satisfying (1.3). Then

(2.14)  diam(M, g) < % (2\/Rmax — Ruin + V/4(Ruax — Runin) + (n — 1))\7r2> :

Remark 2.15. Theorem 2.13 0000 Ricci OO OOOOOO0OOOOOOODODO, Ricci
00000 Einstein 000000,0000 (2.14) 0 Myers 28] D00 OOOOOO
O Einstein DO 000 Einstein OO0 0000000 OOO0OOOONO.

3. Hitchin—Thorpe OO O OO OO

Hitchin [21] O Thorpe [39] 0 40000000000 (M,g) O Einstein 0000
0000,M0 Euler D x(M)0ODOO r(M)0000O

(3.1) 2x(M) = 3|7 (M)

Dobooobooob. bboobb,bo0obboobbbo 4000000000
00 Einstein 00000000, (3.1) O Hitchin-Thorpe DO0OOOO. (3.1) O
Einsten 000 000000000000O0O,00 (3.1) 000000000 Einstein
000000000000 4000000 LeBrun 23)00000000000.

RicciOOODOO Einstemn DOO0OO0O0O0OO0OO0OOOO0O,40000000 Ricci
0000000000000000000.Ma260)000000000000000
040000000 Ricei DOODOODODOO Hitchin-Thorpe D0 OOO0OONO

Theorem 3.2 (Ma [26]). Let (M,g) be a four-dimensional compact shrinking Ricci
soliton satisfying (1.3). If the scalar curvature R satisfies

(3.3) / R? < 24\*vol(M, g),
M

then the soliton (M, g) satisfies the Hitchin-Thorpe inequality 2x (M) = 3|7 (M)].

00, Fernandez-Lépez O Garcia-Rio [13] O Theorem 2.12 00000, 00000
Ricci 0ODOO0O0OODO OO0 ODOOO0OOODODDODO0OOOODOOODOOOO0OOOO




Theorem 3.4 (Fernandez-Lépez and Garcia-Rio [13]). Let (M, g) be a four-dimensional
compact shrinking Ricci soliton satisfying (1.3). If

2 2 2
i <
diam(M, g) < max{\/c— A’\/A— 0’2\/0—0}’

then the soliton satisfies the Hitchin—Thorpe inequality 2x (M) = 3|7 (M)].

OO0, Theorem 213 00000,00000 Ricecl DOOODOOODO OO0 ODODO
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Theorem 3.5 ([36]). Let (M, g) be a four-dimensional compact shrinking Ricci soliton
satisfying (1.3). If

(3.6) \/W(M + 672) < diam(M, g),

then the soliton satisfies the Hitchin—Thorpe inequality 2x (M) = 3|7 (M)]|.

Remark 3.7. Theorem 3.5 0000 Ricci OO0O0O00O0OO0OOOOOOOOOO, Ricci
00000 Einstein 000000 (3.6) 000000000, Hitchin [21] O Thorpe
(39 00000000 Einstein 0000000 Hitchin—-Thorpe 00 0O00000OO.

4. 000000
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OO0oooooob. oboooo,b0000b000Db0 Rice almost DO OODO
quasi-Einstem U0 000000 O0O.

4.1. Ricci almost 0 0 0[O
Ricci almost O 0 0 0 O Pigola-Rigoli-Rimoldi-Setti [32) D0 O0O0O0O0OOO.

Definition 4.1. 000000 Riemann 000 (M,g) O Ricci almost 0000 OO
000, MO0000000000 XeX(M)0OO Aec®(M)O00000

1
(4.2) Ricg +§£Xg = \g

O000000000. X 0O KillingOOOOOO dimM >3 00, Ricci almost O O
O00 Einstein DO00O0O0O0. O0O0O0O, Riccialmost 00000 OO DOOOOO.
Ricci almost 0000 (M,g) 0 A>0,A=0,A<0000, 00 shrinking, steady,
expanding 0 0000O. 00, X0 MOOOOODOOO f:M—-ROODOOOO
O00000 X=VfOOOOOODO, Ricei almost 00000 OO Ricci almost
0000 0bOooOOoo. fO00000 XOOOOooooooooo. OdoO Ricc
almost 000000 (42)000000000O00OO

(4.3) Ricg + Hess f = Ag.



O0000000D00D0000000 Riccialmost DO ODOOOOODOODOODO
00000000 [17. 00 AxeC>*(M)D00D0000, Ricei almost 0000 O Ricci
OO00O0D0OD. 00,0000000 RieceilUDODODOOODOODOO Ricci almost
0000000000 0000. 000, Perelman OO0 [29) 000000000
000 Ricei DO0OOO0DOO Ricei 00000000, Barros-Batista-Ribeiro Jr. [4]
O0000000000 Riceislmost U0 ODODOOOOOOOOOOO0O, OO Riccl
almost 00000000000 OO. 00O, Sharma 000 (34000000 K-OO
0000000 Riecel DODODODOODOO-Einstein 0000000, Ghosh [171 000
O00 K-OOOODOOODO Riccialmost OO DO OO0OOOODOOODOOOODO
OO00O000o0oOoo0go. 00, Kahlee DOO0OO0ODO Ricei almost DO O OOODO
Ricci 000000000000 OODODO [27]. Riccialmost 00000 Ricci ODOOO
OO0O0000b0o0obOb,RicciO00O0O0O0O0ODOOODO 40000000 Ricei O
000000000000000000. Brasil-Costa—Ribeiro Jr. [5] 0000000

Theorem 4.4 (Brasil-Costa—Ribeiro Jr. [5]). Let (M, g) be a four-dimensional com-
pact gradient Ricci almost soliton with positive scalar curvature satisfying (4.3). If the

/ R%*du <6 / ARdj,
M M

then the soliton (M, g) satisfies the Hitchin—Thorpe inequality 2x(M) = 3|T(M)|.

Chen OO0 [9)000, 00 Riemann 00000 shrinking Riecei 0000000
000000000000, Riccdialmost 00000 Ricci OOOOO0O0O0O0O0OOO,
Theorem 4.4 0 Ma [26] D00 Theorem 3.2 00000 .

Riemann 00000000000000O0000, Riemann OO0000000O00O0O
0000000000000000000. Brasil-Costa—Ribeiro Jr. [5)0 40000
O00000 Riccialmost 00000 $S*00000000000OOOOOODODOOO

Theorem 4.5 (Brasil-Costa—Ribeiro Jr. [5]). Let (M, g) be a four-dimensional com-
pact gradient Ricci almost soliton with positive scalar curvature satisfying (4.3). If the

scalar curvature satisfies

scalar curvature satisfies
/ R%*dju <6 / ARdy — 19272,
M M

then the soliton is isometric to the standard sphere S*.

00 Riccialmost 00000 Riecci OODOOODOODODOO, Theorem 4.5 0 4 0
O000000 Rieci DOO0O0O0O Sf00000000O00OOOOOOOOOOO

Theorem 4.6 (Brasil-Costa—Ribeiro Jr. [5]). Let (M, g) be a four-dimensional com-
pact shrinking Ricci soliton satisfying (1.3). If the scalar curvature satisfies

(4.7) / R?dp < 24)\*vol(M, g) — 19272,
M

then the soliton is isometric to the standard sphere S*.

O0,RicciD0000000O0O0OO0O0O Case-Shu-Wei [8] 0 00 OO quasi-Einstein
gbooobooggogaon.



4.2. Quasi—Einstein 0 0 0
00 Riemann 000 (M,g) 0000000 XeX(M)DODODO fecCc*M)ODOO

1 1 1
Ricy := Ricy +-Lxg — — X" ® X*  Ric} := Ricy + Hess f — —df @ df
2 m m

goo,0000 meakrnymeryRicciDDDDD.DDD X0 Xoooooo.

Definition 4.8. 000000 Riemann 000 (M,g) O quasi-Einstein 000 00O
o000, MOODOO00O00O0O0O f:M—-ROO0<m<oocOOOoOonOo

(4.9) Ric} = Ag

OO0000oobooo. fO00bDO0o0d0, quasi-Einstein 00 00O Einstein 00000
O.0000,quasi-Einstem 0000 OO0 OO00O0OOO. m=o00 00, quasi-Einstein
0000 Riecci DOODOOOO. Quasi-Einstein 000 (M,g) 0 A>0,A=0,A<0
000, 00 shrinking, steady, expanding 0 000 00O.

Quasi-FEinstein 0000 Riemann 00000000 Einstein 000000000
O000000000.00,00000 Riemann 000 (M,g) 0 m OO0 Riemann
000 (N,A) 00000000

(M x N,g) := (M x N, g ® exp (—%) h)

0 Einstein 00000000 (M,9) 0 (49 0000 quasi-Einstein 000000
OO0 (N,h) O Einstein 00000000000 [3]. Quasi-Einstein 0000000
0 Wang [41] 0000000, Riccialmost 00 0000000000000 quasi—
Einsten 000000000000 . O00O,Ricci000000DO0OOOODOODOODO
00 steady 000 expanding 0 quasi-Einstein 000000000 [40]. 00,30
0000 shrinking Ricci 00000000000, 2000 shrinking quasi-Einstein
000000000 8. 00 K-O0OOODOOOOO Rieci 00000 O0OO-Einstein
O00D0000,00000000 K-O0OOOOODOO quasi-Einstein 0000000
00000 [18]. 00, Kdhler 00000 quasi-Einstein 000000000 [8].
m—Bakry—Emery Ricci DODOODOODO, 00 Myers-Ambrose 0000000000

Theorem 4.10 (Limoncu [24]). Let (M, g) be an n-dimensional complete Riemannian
manifold satisfying Ric'y > Ag for some positive constant X > 0, where m € (0, 00).
Then (M, g) is compact. Moreover,

diam(M, g) < %\/n —1+m.

Remark 4.11. Theorem 410 000000 X OOOOOOOOODOOO Qian [33] O
gbooooogaon.

Theorem 4.12 ([37]). Let (M, g) be a complete Riemannian manifold. Suppose that
there exists some point p € M for which every geodesic vy : [0,00) — M emanating
from p satisfies

/0 " RICE(3(5), 3(s))ds = +oc,

where m € (0,00). Then (M, g) is compact.



Theorem 2.12 00000000 0ODO0OO Riecci OOODODODODOODODOODOODOO
0 quasi-Einstein U0 000000000, 000000 quasi-Einstein U0 000
gboobooogbobuooobobboooon

Theorem 4.13 ([38]). Let (M, g) be an n-dimensional non-trivial compact shrinking
quasi-Einstein manifold satisfying (4.9) with finite m > 1. Then
m(m — 1) log (Rmax + (m — n))\)
(m —=1)(A = ¢) + Rmax — Ruin mA ’
m log (Rmax + (m — n))\)
C—-A mA ’
4m(m — 1) log (Rmax + (m — n))\) }
(m —1)(C = ¢) + Rimax — Rmin mA '

U0,000000 quasi-Einstein U0 O0O0000000O0O0OO0OOODOO0O Wang

2] 0000000000

diam?(M, g) > max{

Theorem 4.14 (Wang [42]). Let (M,g) be an n-dimensional non-trivial compact
shrinking quasi- Einstein manifold satisfying (4.9) with finite m > 1. Then

1
> —.
/\/X

Theorem 4.14 OO0 0 00O quasi-Einstein D000 Einstein 00 O0O0O0O00OOO0O
O0000.00,000000 quasi-Einstein 0000 (4.15) 00000000,00

ODO0O0000D0 Einstein DO0OO0OOO0O0OOOOOO. OO, Theorem 41300000
00, quasi-Einstein U0 UO0O00000000000000O0O0O00OO0

(4.15) diam (M, g)

Theorem 4.16 ([38]). Let (M, g) be an n-dimensional compact shrinking quasi- Einstein
manifold satisfying (4.9) with finite m > 1. Then (M, g) is trivial if and only if the
one of the following conditions holds:

m(m — 1) log (RmaXJr(m‘”)A) _ (n=D)7*(Rmax—Rumin)

mA A

(1) Ric, > | 1— \J,
m(m — 1) log (W) +(n—1)(m—1)7?
(2) cg < Ricy < <)\ + #log (Rmax +77§T — n))\)) g for some ¢ > 0,

, dm(m — 1) Riax + (m —n)A
(3) cg < Rng < ((1 + m log ( X ¢ — Ruax + Ruin g f07“

some ¢ > 0.

00, quasi—Einstein 0 0 0 00 00O Hitchin-Thorpe OO O OOOO, 0000000

Theorem 4.17 ([38]). Let (M,g) be a four-dimensional compact shrinking quasi-
Finstein manifold satisfying (4.9) with finite m > 1. If the scalar curvature satisfies

m — 2 T2)\2
4.1 2dy < 6A——— d (M
(4.18) Aﬁiu 6m+1@Ru+m+fM ,9)s

then the manifold (M, g) satisfies the Hitchin—Thorpe inequality 2x(M) = 3|T(M)|.



Remark 4.19. Theorem 4.17 0000, m =oco OO OO quasi-Einstein O O O O Ricci
0000000 (418) 0 MaOODODODOODDODO Ricci DODOODO Hitchin—Thorpe
O00000000oooooo 33)ocoooon.

00, Theorem 4.6 0 quasi-Einstem 00O 00000000, 00000

Theorem 4.20 ([38]). Let (M,g) be a four-dimensional compact shrinking quasi-
Finstein manifold satisfying (4.9) with finite m > 1. If the scalar curvature satisfies

m— 2 T2\2 m— 1
4.21 R*dy < 6A—— | Rd (M, g) — 19272 ,
( ) /M a m~|—2/M ,u+m+2vo( 9) 7Tm+2

then the manifold (M, g) must be isometric to the standard sphere S*.

Remark 4.22. Theorem 4.20 D000, m =00 0000 quasi-Einstein 0 0 OO Ricci
0000000 (4.21) O Brasil-Costa—Ribeiro Jr. [5] D00 000000 Ricei OO
000 $*000000000000000 (47 000000.
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