Orthogonal decompositions of integral trace forms of certain algebraic

number fields via Bezoutians
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AIREARER K %2 0BEE ik, FHER Q Lo trace BEMNTED 2 ZXEADRMELTE D, K @ trace
form B\ & integral trace form L IFIEN S, ARFETIE, K 2SHMER, H5FEO trinomial 22 5E £ 2HE12, £
@ integral trace form ® FHEHEL Z LOBERFRP, p EBEER Z, LOBERIZBET 28R E2 [N T 5.

1 Introduction
K 2 HBRXRBEEE L, KO Q EOm/NSIEHRE f(z) &5 5; K ~Q[z]/(f(z)). 20L&, B
Trrg: K x K= Q; (a,8) = tracegg(af)

¥ K _E® symmetric Q-bilinear form €& 25, ZHE K 5 Wik f @ trace form & IFFY, symmetric Q-bilinear
form space (K, Try/q) % Trg 7213 Try LRI LI2T 5. &7z, Trg g & K OBEER Ok (ZHIRT 2L, L —
A DML S I EIBBIR Z1THD 2 B9, O 10D symmetric Z-bilinear form trg o BEE 2. Ihz K
H 5V f O integral trace form ¢ IFU, symmetric Z-bilinear form module (O, trg q) % trg £72id try &£
AT, try @ Zy ~DRBIEKR%Z tri, £7203 try, &RT.

—fi%1Z, trace form & %\ & integral trace form DAMMZRAFSEIL, O. Taussky [?] B2 olE sz INhTED, £
D Conner-Perlis [?] % Serre [?] i & b, BBRZEWRE O H®, Galois cohomology & DEiE A5 Galois D%
FEADISHEN RS, BEE TOMEDEH MO SNz, %< H 5 (integral) trace form [ZBIHE T BEEED 5 5,
ARFGTHS HEIZIRDEDTH 5.

Problem 1.1 symmetric Q (Z)-bilinear form @ 5 %, (integral) trace form S EE 2L D22 THRET L. 7213,
2T (integral) trace form % BRI FHEE &.

RO BB, [7], [?] 2D E, MHRD integral trace form &, » ZFED trinomial 5 & & F % integral trace
form IZBAL, 2D Z LOELNRE, p HEHER 7, LOBHEROBKNRHRRAE[NETEILTH 5.

BB TO%EME LT ([7] 2)). R 2 BB U, (X4, 51), (X2, B2) % symmetric R-bilinear form
module £ 3 %. (X1,81) & (X, 82) ' symmetric R-bilinear form module & UTCHE & 725 & & (X1,8) ~r
(Xo, B2) (E7IFHIT Xy ~p Xo) &KL, (X1,61) & (X2,82) D (symmetric R-bilinear form module & UT®D) &
% (X1,01) © (X, Bo) (X7213HIC X; @ Xo) ERT. KT, 0 BLEQME m € Zoo KX L, m x (X1, 1) (£7212
Bz m x X1) T, (X1,581) ® m HOERMNZ KT,

Xi@---dX1 m>1,
—_—

m X (leﬂl):mXXl = m
(0) m = 0.

‘(9_\'5:, (Xhﬁl) & (Xz,ﬂg) DT VY IVFEE (Xhﬁl) [ (Xg,ﬂg) (if:ii$03 Xq ®X2) EFRT. if:, RBHED n xn
HWEMTH M A2 L, M 2AEDH S R™ 1D symmetric R-bilinear form module % (M), & ETL D& L, LT OfH
D7z, (a) X1 :=([a]) ® X1 (Va € R) £BL. KT, G, H TN D%/ %K T;

o= ([23]) = (2 4])



2 Relationships between (integral) trace forms and Bezoutian forms

fi(z), fo(z) € Rlz] % R EDZIHNE U, n > max{deg f1,deg fo} Z 7=z n 1T L,

Bulfi fo) = fi(@) fo(y) = Aly) falx) i gz ly ! € Ry,

=y
My (fr, f2) = laijh<ij<n
EBL. ZDEE, My(f1, f2) & RBEONFATH & 720, R® LD symmetric R-bilinear form ZE®H 5. T D
symmetric R-bilinear form % f; & fy ® Bezoutian form (Bezout ® “ X)) LIER. BAM&, M, (f1) := My (f1, f1)
(f] 1% f1 DR M4) £FT. Bezoutian form (Bezout ® —¥XER) (L Tk, &A [?], Krein-Naimark [?] (2
BN MRHN DD, AR THRRBHERIZET, IROTHEIZE D (integral) trace form % Bezoutian form & /25 Z &2
FofBoNBERTHE I L EERLTEL.

ij=1

Theorem 2.1 K = Q(0) & n MORBUkL L, 0 O Q LOBNEZIHA%E f(2) £BL. ZOLE, Tri ~g (Ma(f))g-
T IT, 0 RS LT f(2) € Zle] ELTEL L, tr o (M(f)), &5 BEDOBEFHEMIE, 1,0, -,
6" B K OWBEE T L Th S, T, ZORMEDKD 0L F, tric, >z, (Ma(f)),, THE.

3 Main results for cyclotomic fields

Big, 1 OIS n TR G, 1ITHU, try, o= trge,) &8 <. —MHlEE%S 2ok, n HMEE 51X 4 THHhTWS LR
ET 5. £72, I THEE (0,1} © r @OERZ, i) = (i1,d9,- - ,i,) TIT OEEOTERTEDLT 5.

Theorem 3.1 n % 3 LA LOBIE U, TORREGMEE n = 2p7' ps? ---pir &L, n/ =pi'ps? - pir & BK.

(i) e=0D&x,
s i i
tr, ~z @( ml"’an ).
itmer()
ZZT,
X ( )) _ H pcm—l P — )zm+1 _ 1)/2 x H.
(i) e>20r %,
. {<2€1>(<1> o(-1e (26*2 ~1)x H), n =1,
I'n =7 i
Diineron (1) Zm=1tm (n/2) [T,y pig) Vi), 0! > 1.

(Y
(Y

Y = (1)@ ( (2¢72 H P (ppm — 2)"m L — 1) x H.

WIT, iy = trge,),p PEMERICBIT 2R 2B R 5. %0)7‘:&), BUF T ¢(x) T Euler’s totient function %,
D,, THAHE Q(C,) PHIBIAZ ZNENRT DL TS, £/, p 2ARKME T B, LR p #H M a € ZF IZXL,

L, ae(Zy),
Ug,p ‘= 7
up, a ¢ (Zy)?
LB ZIT u, i p BEEUCEAHERELRIZEQEHRDS L, B/NDEDERT. A, p=2 ORIE, ugp
(a € Z) BRD &S IZHEHT B,

Uq,2 =

~N ot w o~
S|
m
ot
—~ = =
N
X NX NX



Theorem 3.2 p 2 &H# L T5. £/, nZ2 3ULOBEHEE L, n=pn' (e>0,ptn') &XKT.
(1) e=00DLE,
trn,p :Zp ((p(n) - 1) X <1> S2) <an,,p>'
2) e>1orE,
trnp =z, (P°7 1) ((n1 % (1) ® (U ) BP) ((n2 X (1)) ® (Uas p))-
zzT,
(=) =D2 0 = (—1)E T e=D-1/2 =
a; = as =
D,,, n >1, D, n >1
nD
n = )pt =1, ny =) (p-2) -1

Theorem 3.3 n % 3 DA LOBEE U, ZDRNESMEE n =27 ps? - pir &L, n =p{'ps? - pér &K
(1) e=0mEx,
trag ~z, (P ((D=m=rmn [T pi))e((e(n) - 27)/2 x H).
m=1

i erm

2) e>20r%,
- {<2€1>(<1> ®(-1)e (22 —1) x H), n =1,
20 (901 (2, @ (—1)Z, & (p(n) — 27 /2 x H), n' > 1.

(N
(v

Zo= @ (0= o)

imerm

4 Main results for certain trinomial extensions
P,(z) := 2™ + nklz® + 1 ZLAFOMHE (P.1), (P.2), (P.3) %727 trinomial &3 3;

(P1) 1<s<n»Dged(n,s) =1.
(P2) k,l€Z D n DEHNKIZ | DENBETHLH 5.
(P3) 1 & d:=1+(=1)""Yn—s)" %k (Is)* 1 FHKFERF.

/o n(s):=25+1 &BE, & 2IRDEDIZEHRT 5,

ZIT, 8 >2 401, =2 )y KOHRES S
ro=mn, = 8,7
Tm—1= Gm—-1Tm + Tmt1 (0 < Tmy1 <7y 1 <m <w), 16 = Gurwit (Twt1 =1)
BT TERE ¢ & 1 PEND. ' =102, go=n—1,10=128BZ,LT 5,
Theorem 4.1 n % L O&M 2 THEBEDER Y U, n 3582 51E,
o s{—(n—s)k}~1kl  n(s) <n, b (n—s8)k n(s)<n,
0 s{—(n—8)kl}® 1k n(s)>n, 0
Am = (7am—1)qmbm—17 bm = Qm—1 (1 S m S w — 1)7
ap s’ =1,
doy =< —ag,_2b, o §>2 r,_1=r,+1,71,:0dd,

Auy—1 %MU\%



B ZDLE,
trp, ~z (n) @ (—nl)(Xo ®no x H).

ZZT,
do 1 . ‘
Xo= ql (1d)/do]> odd no—{(n3)/2 n:odd,

() - even (n—2)/2 n:even.

RIZ, trp, & Zp ETHREGFLRL THOSND trp, , DEERIZEHT SR EEANS. BT, FED r € Z, ITHL,
vp(r) Tr D plEMEERTHIDL TS, £/, LHA f(z) € Qz] TN, d(f) T f DHHXERTHLDLT 5.
Theorem 4.2 p Z&HEME L, n=p"n,, d =pidy, | = pl, (e = vp(n),eq = vp(d), e = v, (1)) EFKT.

(1) ptimopldors,
trpmp ~7z, (n — 1) X <1> &) (ud(pn)’p)

@) ptimopldors,
tre, p >z, (0)(ua ) @ ((n—2) x (1) & (ug ).

o,
7 ndyl/dy n:odd, , [(=1)""D/2pn=1dn=2 n:odd,
7 )l =ndyl  mieven, ' |(=1)"2/2pn-lm=2 o even,
(B) pliors,
trp, p =z, (07 ) (tn, p) © (P77 (0 —2) x (1) ® (uay p))-
o,

d - {(1)("1)/2ngldlz’fl n : odd,
b=

(=1)"/2pn=tdin=t n : even.
Theorem 4.3 n = 2nny, | = 251l (g, = v2(n),e; = v2(l)) &BX.

(1) 2fnDLE,
i N (Un2y®G®(n—3)/2xH  2fkl,n=3o0r 21kl s =2,
P2 782 Y () @ (27) (n— 1)/2 x H)  ZhIU.
(2) 2|nDLE,
trPn,2 =7, <26n><un2¢2> S2] <25n+1>(<u—"2dl2,2> S2] (TL - 2)/2 X H)

S Xk
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