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Bz
NEWEELHHEEERBD D LT 5. 2 LT, REROERTOBNN D
ITEW R TET D W ONWTE XD, & 2T, MEMMPMEER OB D 5 i
FHUEEWVIEE, 2F 0, MERR RO FIZHNIEH 51T E, MEM O
LI RDZENTREND. ZZ T, IMEMRRIZHNITH D13 L LEMENE
KB &%, BHDHET VKL TRT. M, 2 OfF%21E Gunther Uhlmann X &
Jenn-Nan Wang X & O HL[FFETH 5.

1 F

NEMEELHDBERND ST T 5. TOBEROERZEBH L THhEDE

FETHHMEICONWTEZRD. ZOFEOHEILX, —STEH &
NEYPEDFIZHNIEHDIFE, BERLIZK LGS (REMNELLD)
ZEEHFITRTIETHD.

W, & OB 2 W RTEIL, Calderén OWRIE L FEITH T\ 5. 2T, £7°
%52 % C Calderén OWRE L 13X E 5\ 9 BIEMNIZOW TR S, X, 5 3 Tl
REOE LW IR BIEIZ OW TR L, FR— B LA OLEMEICET 2 %o ofk
REMRIT 5. 5 4 B TH A OEFEF N.-Uhlmann-Wang [13] #5305 5.

2 Calderén O ¥ RE

%9, Uhlmann [18] 23 3/T, Calderén O HEIZEAT 20280 Z LT\ b Z &
ZHDIZIRRTHE <. X, Alessandrini [2] (%, Calderén O RIRED, Rl 2 EPEIZ BT
BHHFFEOERL, K OY open problems DfFEIT % LT 5.

ST, TN BRI T DI, Calderdn [6] O JEBEAIGHSCIZH K L, Calderén @
¥ [58 (Calderén’s inverse problem) & FEZ4LCTUN5 723, & 4 ‘inverse conductivity
problem’, ‘electrical impedance tomography (EIT)" & & F:(3Xi 5.

QCR"ZAREKT, BRIIMLERTETEONTODLETH. 2 Q LTERS
NEERTEDOEEE TS, QIHERICHIE L, Q EOBE vy IdMzERE2 RS, 2
D & &, BN u k2 AT

"0 ou
V. (Ve =0  [mb. _( Ou >:0, 0 |
(YVu) = 0 in < ;axj v(x)azj(fﬂ) x € ) (1)

'R AT RIS HIBIH PD




THZ6N5. M, yWVulBREET. 22 CEERQOERICEN f 2525 L,

Sl&EE Z & D EA v i, (1) I Dirichlet 52/ 5:1F & §# L 72 ¥k @ Dirichlet RO fiE T

Lk b,

V- (yVu) =0in (2,

(vVu) @
u = f on 0f).

Z @ Dirichlet I8 (2) Zf#< W9 Z &1L, B T AIERORER NP TH D
EWVIIRID T, B ROEFICENE 5 2D &, IRBRONERDOBNIN E 5 725 )
EWVWH T EEFRDZ LITHYTS.

SC, WUIRRED T, Z @ Dirichlet [ (2) 23— DD EZFF>Z LIX L <AL
NTWD (BI2E (7, §8.2], [11, §2.3] ). K-> T, 52 L7 Dirichlet 7 — % f %
%fIix 9% Neumann 7 — Z (23544 A

(&L M@—u@—hﬂ@» )

5@7) - hlirﬂo h

A,y:f»—>fy$8Q

MDERTE D, 22 TrlT o0 OHALINEREZ L% F L, u 1 Dirichlet [F/&E (2) ©
figTd 5. Z D A, I, Dirichlet-to-Neumann map (DN Ef§) & /X T\ %. DN
% A 1L, BERCEAL f N5 2 bz & EICEER TOBIR v(0u/0v)|sq ERIESE D
BRI, BERBUANHEYS T 5. 2 2 C, [RERDOBEREN NS 700 & XL,
LESCEMNE G2, ZOBRIZAE L 2ERZBHAIL, ZOBERTOHRUNT—2 M 615
EBREFHTE GRT) B & &) B, Calderén OWiHBEIZFIYS 4%, E1H, Calderén
OWIE &, ARy BRI THD XIS, ZOA, Dy EREEEL, L0 )R-
THD. WRE Lo TWb D, Dirichlet B/&E (2) 2 @I fE < DTl <, Bk
YRR TH D Z EICHKT H. Ziulxt L, %I Dirichlet fE (2) i< Z &,
IS, RSN TH D & &I, HRRXoME Rk 5 2 &4 JERE &ps. M,
Calderén QWi IBEIZRINTH 2158 v ZIRET HHIER O T, REREMEDO—>
ThD.

Z @ Calderén O FIEIZ %t L, Calderén [6] 134 544 A, D 2 IRIE Q. D3RHT
HCTHDHI L, ZOMBULELEN v = c(cITEE) TR THDHZ L ERL, Z LT,
vy=1+h(EL h®D L® JVAFH55/hE0) EETTND & Xy DUl % B
THHEEZGZTWAN, 2 2 TIEEFEMTART 5.

3 WHREDERMEE

ST, WHEZE 2 A0, B FORAKRMMEICIL, 2 IERkOL 570N H
% ([14, 841 Z ).

o —EM. —o0BIHT — BT L, HERI LW REHR S — T D Dxn
EI0 SV Z D &, REGHRNE 2R, BT — 2 R0 5 ).



BIZIE, & LREERN R 2> TOWTHRECEBNT =23 56 TLES DT
HIE, BT — 2 D ORIERZIREST D 2 LIFTE < R>TLED.

o BEM. “ODBMT —ZDOEP/NINE ZIHERILIZWRMT —Z D%
INEWVDINE DI FEERIZFEREITO 2L 2B 25 &, BT — 2 ITREDA
D DILRET B, ZEVE, BT — 2 ICERENR Ao 7o & &I, ZIARM
BN D5 A TLE ) RBOREDOEIELZ G2 TS, VR 5.

o BIERL. BT — 2 ExbNTo L ZIC, ZOBNT — 2 2 BARMIZED X 5
(CINL A IR T — Z 2155 (R TE 5790

LLFCl, Calderén OWRIED G AT, Fx OREIZXT L ED L 9 fERNH D D),
NI E D X D R ERIZR D00 E, KRl —EME & ZEMDOB ST OV TR
~5.

31 —Ei%
ZITEET y BB EEORFRITOVTRHIL LS.

I 1 (Sylvester-Uhlmann [16]). %&kotn >3 & 5. v; € C2Q) 1L v;(x) > 0 (z € Q)
T ET5(G=1,2. 20L&, BLA, =A, R5IEQ Ly = BT 5.

SOFY ZHUL, BEE AR C2(Q)ITEL, F LTy > 0BT D, L) 2L &
R T D500 TR, BEFBIAI A, 2 By BRETE D (D, B8Ry (T —
BILEED) VWO ZLETHAD.

W, Z DO OFZE & LT, £, Kohn-Vogelius [9] 13 v BENTRITH D & W H )
EDOHLEDT BN, y WFTHITHL LN ZENTDOTNoTNDLEWVIRW T T
D) —BEMERLTWD. D%, Eitdi@ b, Sylvester-Uhlmann [16] 3%t 3 L ET
REDS C? R DEGEO—B M%7 Uiz, 22/ 2 IRt DA 122 T, Nachman [12]
IMEE A IS R ONES B E LT ET—BMEEZ R L. T0% LREDOIE S )
EDREE T & T H I CHIIEDNHER, BUEIX, T’ 3 LLER S v € W¥22(Q) TH
FUZ—BMED AL L [15], IRoTB 2 D & X1y € Lo(Q) 2 HIE—BEMEN RN 25 2
E 4l B TWND.

—FH,y MNIELNTRNEEOEE 2L LT, ZEERIBNIEY (inclusion) % &1
GENH 5. M, (ETHIT LTy € LX(Q) O%A [4] HF D 720) v BB TR
&L, V- (vVe) (T8 OFF AR ER R TIERWD, B2 ERT L2 &
THARIZ Dirichlet I (2) 5 25 Z N TE S Bl 211, §2.11 28). & C, TH
ELTUEED LD RERITARDDONITER T D721, Isakov [8] DFEFR D, FEH T
RER 7236 /R L &L 9. 1, 2 IRoTIZBRAVIE, L TR L7z [4] DFERIE, M TEH D
b HAREIRDYG G & Em A TN D.



WIEn L2 L3 &35, DIIMERETELNT,DCQETDH. 22T, ok
REREN 1 THD LD R RRE8KQOTIINED D B D56 525 25, FZ,
NEW D ECIIRERT—RRE L, ZNE kT2 RITEDOTEE, k#1). 75L&,
Z DAREER () 13

Y(x) =1+ (k- 1)xp() “4)
ERENTNDEEBEZDLZLENTED, 22T, xpld D OEFBKENG, xp(z) =1
forx € D; xp(z) =0forz € R™\ D). i, 2D & &, % % % Dirichlet [ (2) 1%

{ LD’]CU =0in Q,

A v, B
u = f on O, AL, Lpyu:= V- ((1+ (k—1)xp)Vu) (5)

ERD, N,y =10n00 72025, (3) TEF L7- DN EH&IT

ou
Av.f%>$8Q (6)

EIRD. ZDLE RMPANLT S,

T 2 (Isakov [8]). D; i% Lipschitz 52 & FF oSG T, D; c Q & L, 45 Q\ Dy
(TER LT D (G = 1,2). ki (ZIEQEET, b #1720 9%, @ICk =k K&
D =D; #RATHZLTEHTD. ZDLE, b L (6) TEHX L DN EHENR
Ay = A, 27372513, Dy = Dy ROy = ky BT 5.

ZOEHICE Y, MEM Z S TIRERDOEE S, BERBI» B EM O - (LE &
O ZTOIRERPIRETE D Z LD 5.

3.2 HEMH

—EM L, CZoBMT — 2 B U, fHS T ARAERD T D En
IMEEDZ Lol 2 TRICEZD Z L, OOBNT — X OENNS TN
X, SIST D RAEMDOZ G /NI W E S DY, B ZEETH D, 2 THili/ziE
v, Alessandrini [2] 1%, Calderén @ i[5 D 22 & M BE 3 2 felr OAFZE O, K OY
open problems OFFIT % LTV D Z & 2 H DI TEL.

ST, 22 THET RO RGEDOHREEZMI L L 9. %2 5 Dirichlet [T
Q) ThHV, 2L THIETHDNEBRA, 1T(3) TERIND.

2, W E ERYET 5 L Cldocx OGREERN K TH 2 LEITE L, X, NEY L TOREREN
—HRTHLLELEN. ZOHE, ARER A 1T y(x) = y0(2) + 1 (2)xp(x) LRENDTHASH. 22
T,y 1 Q BSOS, v 13 D RS ). FEEE, Isakov [8] 1IZ Z DA E > TWD. 1272, ZZ TIRE
BOFREZMHEICT D720 TKA2 BD—HEOGEZFEITT 5. #, vo 1% background |2 L, 2« BEAn
ThdLBET L. U, MEWE &8 EEE 2 556, (TTEMDNED - T2EH D) x4 DIRERE
DIRREIT 32> TWD EWVWIRED FTHEW Z[FIE - Bk L X 9 & v BEEICxHET 5.

3T y(x) = kforz € D;vy(z) = 1forz € Q\ D27z 5720,




EH 3 (Alessandrini [1]). n > 3,5 >n/2, E>0&95. 2D L X,

1

vi(x) > oL Vil stz < E (G =1,2) (7

5T,
I = allz=(e) < (1A — Amllc) ®)

LRECE B 1L, w i (0,00) EOBIKT,
w(t) < Cllog | (o << é) ©)

LR E RS, 22T, e (0,1)1En, s DAITUELFL, C > 01X E, s,n, Q DA
179 %. X, H" 13 O Sobolev 2/ & % L, |||z 1 HY2(0Q) 725 HY2(9Q) ~D
TERZEOIERFR 7 V2 E KT

£, Bk w i,
w(t) —0 as t— +0

iz d &, 2L TEOA—2—1Fw(t) = O([logt|™) TH L Z LITEETS. K-
T, W (8) 1,

(&) ‘BT =2 DE A, — Ayl PN STIUT, ABHRDZE ||y — vellre) B/
S 72BN, FOHF—K—Tlog DETH D,

Eathb D, — 7, & (7)1 apriori I TH D, UL DG, ARERN (7) Wiz 2 &
DTDFNoTND L X, () OMENRILT D Z 300D, 22T, log DFEDA—
H—iE, EENT B A —F—Thb. LN D, — T OFHE optimal T
% [10]. i, 2 It (n = 2) DIGE OFRER BEEICES)E LTV D (B 21X [5]).
WA, ABBARNBITEY 7 B 005, FREEE v 1L @) EEDPINL TV AEEIT SN
THEx L9 (- T, %z % Dirichlet T (5), DN 521X (6) TH D). £, —FH M
IZOWTIIEEL2 i@ Y, Isakov [8] IC L > TRENTWA. ST, IEQOEE Lk (E#1)
FEETD. T5E, 7 13IMEM D ORI D. £ 2T,y ITkIET 2 DN 5% A, %,
Ap £EL Z EIZL & 9. Alessandrini-Di Cristo [3] 1%, & % minor 73 a priori K ED T,

HAD1 — AD2||£ S g fcﬁ E&i dH(aDhaDg) S w(e)

MRNLT 5 Z & &R LTz, T Z°C, dy 1 Hausdorff distance, X, w (XX (0,00) Lo
HFRIE MBI T,
w(t) < Cllogt|™ (te(0,1)) (10)

72 Bl E RS, B L, O n i apriori 7 — X ORIK D, ZOFEFRIZ LY, minor 7¢ a
priori i E ? K T,



&) BT —% D7 ||Ap, — Ap, || B/INSTIUX, ZDDNTEMIDZE dyy(0D1, 0Ds)
HINSLK 72 BM, FDOF— X —lFlog DHETH D’

WD T ENGIND.
ST, 22 TCTHANDRLIZWZ X
NEMIED A a‘r‘;hliﬁ;élic‘:‘ TEENEL KD
ZETholz. DD, CEMFHMIMIZRIL D EE (FFIZ, (10) D O, n lZxI5) 25, 15
HIROBE R 00 &S ﬂ:@ D L OB dist(9Q, D) 12 & D X 5 ITKIFET D a7
W, ZZTC, 22 THEHROLEIBRHDHET NS LT, ZEMMEE LV FEL <R
X9,

4 EHEROBEMN

ZITHZEM2RIEDLEEEXD. 4,0<r <R
L, Q={reR?:|z|<R},B:={reR?: |z| <r}
&9 %. B, & BOE#ET L (XEM), AH, ¢ : 0B —
R Z#E 6072 8% e L, 0B 1

y = Fy(x) =2+ sy(z)v(zx) (x € 0B)

DB TINTTNDHETH AL, v 1T OB OHENIMNERRZ L TH 5.

LT CHICFEE 2T 2 28, Z ORI FhE 2 REHEIZHRI T 5 (EFE RO EE
7o EIRIFIRRIR). ERERIL, B D apriori IED T, 7l (12) 23KSLT 57, EWVvH 2 }:
Thbd. ZIZTC, M (12) ZfRL Lo, T ROr ZEE L7 & ZI121E, (12) 1

1¥llz20m) < Co|loglldAs(w)l|c| ™
R 2 RHIiAF B IS . FEDD ([ 2 (0m) 1F, KHHBIZE > T 2ONTEM B & By O
ZhERT. 0, HLIZH D || dAp())|| o 1%, TN HIEFITKEERIZE > T 2081
T—% Ap & A, DFEITHIET D (dA 1T EH TH Y, % TEXRT ). A>T,
J:T‘l’*u)l L 7= Alessandrini-Di Cristo [3] D#5ER () (ZxHS T 23l 6T b =
ENGyInD. T TR, FHMlZBEN TV S ER Cy 1L, Cy = Clog(R/r))™ &FEIT T
WHZEICHERETD. B, R/r — o0 &35 &,00 —» oo THY, FOA—F—
I% O((log(R/r)) ) THD. R/r — +oo lx, MEMB RGN Z L3S T 50
O, L EICE 0, NTEWPROFIZHIULH HIFELRERITELS Y, 24— 4 —
% O((log(R/r)) ) THD, & E?ﬁ) TIND.

ST, EMRZERICERD -0, i 5E a2 ¥l L L 5. £, & X % Dirichlet
fIEIL (5) TH Y, %S+ % DN g—fgﬂi 6) THHZ EZBEWHLTEL. /BIL, f e



Hl/Q(ﬁQ) ﬁ:;(‘j_ L/, ﬁzfji Up, Us &U\ DN 31% A37 ABS 7’&‘_’

Agf:
ug = f on 02, 4 ov

ABSf .

LB’]CUJU =01in Q, 8u0
- us = f on 99, AP

LBS,k'us =0in Q7 aus
dQ’

LEFT D, BT, MEW B OJE Y TO DN GO o T OAUL T4 dAp () %

dAB(’QD) = IIIT(IE(ABS — AB)

s—0 §

TEFET D UL BALIZ WL, Hil 2 1E [17, §9.10] Z21R). i, A28 5 B, 1%
YIS TNDZEEFRELTEL. Z0L X, ROMEEPELNT-.

FHER (N.-Uhlmann-Wang [13]). £ > 0,k #1&T5. m>0,M >0&L35.r <1,
R>2&t35. 2L %,

1

[l mom) < M H- [dAB(Y)c < p (11)
BT EED ¢ € H(OB) 12/ LT,
R\™ —m
[ozm < € (10 ) floglaAaw)]e (12)

MR D AR L, C > 01 k,m, M ORITKD. X, Z OFHIE optimal Tdh 5.
SEE. FHE (12) & O optimality 2> 5,

r v [logl|dAp(¢)]|c| r

72 DRHIAMF 45, 2 2T, sup T p 115 (1) 27T b D 2ED.
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Introduction

9529 —HK# (cluster algebra) *!i%, Fomin-Zelevinsky[5] 1 & > T 2002 4B A S 417 BB A
F =Q(z1,...,1,) DWIREA T, ¥—K (seed) 2»5ZFR (mutation) & MFIENZHIETERING D
FRAY—EH (cluster variable) & XN 2700 n D7 7 25 —ZEI» 5K 595 A — (cluster) &\»
IEGL VS MINELEEZ L DDDDZ L TH D, i, MG (=7 7 A5 — i) OMEEHICIER I
IREOWERBEROER E L TEEN T2 LS nTw 5. PRSI, 77 28 -80S,

o “PHIMIEHIHE G D HEFEER
e unipotent subgroup U O JEREER
o flag variety G/B DR HERESR

ICHAES 2 “BONEEHERLS (dual canonical base)” @b D “fHafAbE AL 20 H L T» T, RBHD
b “EIEMETE (total positivity)” 2 “HEREIY” 22D “SHAGDEMIC il § 2 TH 5 9 LifFS 1, HA
INHLDTHS.

1 RERERE
77 A8 —REUZDW TR B, ZDEESFD—D>TH S

o fiii & BHEDBILR
o BHFOEMERLIK

IZOW TS 5.

1.1 BREZDRER

R (quiver) LIZHUC, MERE /7702 %2F). Tabb, HEOESLZOMICH Z2MEMT SN
HEHEDHADZ L% E ). ERIFIEFICHHR 2 DT, MDA LM S DD, 2D BRI 2525 2
T, B BB ME 2 RO RERICBIRT 2 2 LK S, <2

Definition 1 (fii & 2 0#H). (I,E) 2E6R7 57 L1, Q= (1,Q) 2ERY 57 (I, E) I = % A
Y5,

* R BORRNTIIJET, ykimura@kurims.kyoto-u.ac.jp
L4113 WG 2 | 13 = AN e Vb T PN
L ZDFr ANV ER— TR, BT 7 A —RBUCBD 2B E RO A EZET 2. L OFELLSEERICOWT (7] 23F I3
720,
*2 0TI RBE LIS, BEREA CICHBET 25 2 0 R 7 — OV (B0 L 2 AUSKTEET % B4 ) offE o BEfE &
Vo T ECHEL T L . Lie #%° Lie BROFBH L S > T2 b Tidkwe.

igi



file & AT ~£ 2 Bl i
(1) it Q = (1,Q) DEBLE 1, I-graded X7 P VZER @, M; ERIUBE My, : Mowy(ny — Minen) PRLA
9. 22T, MENTSNAL R e QITNL T out(h) THA, in(h) THREZEDT.
(2) MOEB M = (Mi)ier, (Mn)nea), M' = ((M)ier, (Mp)nea) @M LT, OKIDOH ¢ =
(pi): M — M’ &3, I-graded SUBRMOH TH > T, fEED h € QITH LT, M) vout(n) = Pin(h)Mn
Zii7zTHDEF). ThOLUTONAZAHUCT 25D TH 5.

%

o

M,
Mout(h) s Min(h)

Soout(h,)l J{‘Pin(h)

/u — Mi/n
out(h) ~pr ()

L EHR 26777 Th 20, MiIZiBEEE (path category) % (HHIC) T 2. T4bbLHEME
WREL, D%1F 25 2L TE2ADF (path=~F) 2 E$2 L9 RBETH2. ORI L IMHD T 77D
(FE) RETH D, MORBLIARIC T —XVEZ % T, D LERZMORBDO L TEICOWTELTAHRS.

Example 2 (A; fit). AR =270 H VAP HEZEZATHL. ZOLE, MORBIZAWHZLOTHD,
AT 1IRIGAZ PVEROEME L TR0 T, i SEMANRETRTZOEME LTHONS.

Example 3 (A; fiff). JHFD22H D, UB—272FH2MEFEZ 5. 22T, ZODOMORBDIFEM & 1%, &
Bl g 5479 X, X 1cx LT, wiliZefid A, B OSHEL T, AXB ' =X LREB2ETHY, THUIT
SO DORMEICHEINS. Ko T, BENAEB (DR X3 25D, 22D~ FIVEBDOLRIG
DR (KILR7 Fov) i, (1,0),(1,1),(0,1) THH, RIGRZ FD3 (1,1) DS DIFFGRIZ 0 TRV ET S,

Example 4 (A" fii (Jordan fif)). TEM2S D& 0, WHTELD 5 HHEH~D S DB~ b 5% %
2%, 22T, SoOMOEBNARTH B L ZEBREED 2175 X, X/ IS LT, 4551 A 2EEL T,
AXATL =X/ RSNz EThH, T Jordan BHEZORIEZ DL DTH 5. k- T, FRCMFERBLRZ
FICEE L 2 AU, S2OTIcR LT, YA EBL (=Jordan 70 v 7) FEL, 215 DEAITETDHEB
BEROND I L0k D, BHCIERERE T 2. WA &1 Jordan 70 v 2 BEET 5. 2 TORB%
% Z0UE, RIS W IREET 5. D F ) REEAE I Jordan BEEE TR E N 528, Jordan BEMEIK ©I3 6 s
b (KA L IR SERD S E £ 2EIEIEB) bEET 3.

Example 5 (Kronecker fi#). LT D% Kronecker fif & 9.

a

AT

+\__,_/f
b

Kronecker fifi OFHUI1Z regular RHL & X IEN 2 BBREOERIADELET S, dimM; =dimMy =n L, i
HOADITH 2 EHHETIET S, 29T 2L ZE, ) TOTHIZ Jordan BFEER OB EFEE &0, $7
ADNFRED & SHEEMR E DS Jordan BE¥ERIN B 6 BB E R 5. Thbb, FEEMR Lo (EEE) E
DEFENS. ZONEEZKEICH TR 2 Z LIk, FHEER LoD %3 7 — VB & Kronecker
RORBD T 7 —~VEIZ, 7—VE L L BRI TRV S 0D, Z20nZ L oEkEIEFRE L % %
(Beilinson).

ET V7 1OT7—UBETRBN T S N RO E Db 2 AR EREO SMBFOB & L CEHRIN D E
ANt E SR oz g O ERIE & affine fiff & X145 affine Dynkin diagram 122412 1) & 2 AN 7D
RBIDEKIE I EFE & 7 % (Geigle-Lenzing).

MOFBD 2§ 7 — VB E (B L < I35ER0Y) 27—~ VBT 7% <, HEE (hereditary)
BT =)V EWHEN D 7 — VIS 72 B R R B I B VL TE, 2 ORI ROSHEICE D ETONRD

3 B 0 D REEAME Lo AFIRK N Lie BEOAIRIICHEIIO 2 T, B0 OREEAK Lo REO RO 4 T84 £



i & SR
DR S 12 DT, WHRO N (& 2 ORIR) 2RI > EE R & 7 325, ORI B VLTI,
EIRIC AR L 205 (R S) O s SR I 2 i & 7 5. +4
TS DR T Tl A < IR LI DR A TR O RIS, O RO B E AR L
THICHIRT 2 2 L AR 2 21T A < O RBRIE, (K Eo) BEKITREO BB b AN &
% A

Definition 6 (path algebra (#8#&fR%)). Q = (I,Q) 2 & T 2.k 2K LT 5. kI % {e;}icr ZHIEKE L,
eie; = eje; = 0; je; DERANTERI NS kRELET 5. kQ 2 {en}heq ZHEIRE T 2 kI-bimodule & § 5.

kI DEFHIZLITTED 5.
eienej = 0; in(h)dout(h),j€h (i,5 € I,h € Q),

bimodule kQ @ kI L7 v VR#% kQ THRL, ik Q D k 1d path algebra (FEEAEH) & 9).

DB & KHEGT 2 path algebra OMBEDOBE ORI IZ HARZBRMESGFET 2. £/, 20T TIRAL,
REFAG LG RIITABOARHFME (INEED 72 T OB OBEFE) 1 X 2582 E T, Gabriel fif & X1E
N2 5HEIEBERI IR (b L <132 OHHIRG) 20 6 E £ 223, I b AN AL AZRICE D, “BIRAM S ©
RHOLTEEZEZ 5 2 LT, RO (REH) & EOGRRITGRBOMBENEB I NS Z EPHoNTHS
(Gabriel).

Question 7. fOEBICB VT “fHETHAVWRER” 25 2 ik, BETHS. Tihbb, HEHHRNRNE
RIHTH 2 X9 %, EDLIRbDTHAIH»? LTRGED, HRIHTH 2 b DIFIEHF A0 Tk
W EEDOLNDZDT, ZOPHEIIEDLHIITINDIEA ) D?

1.2 Gabriel-Kac O EHE

1.2.1 Jb—bk % & Kac-Moody Lie B
RO XBLDOEIEFRIRBUI LU T ORRICHHI S 1% (Gabriel-Kac D& ). FiEE B2 72912, Kac-Moody
Lie Bi& V— P ROFEZHNT 5.

Definition 8. L=k F—=% L X, L TFTOF—¥ DO L% F .

1. P: free Z-module (weight lattice & /W-(X#1%),
2. P* = Homgy(P,Z) & pairing (,) : P® P* — Z,
3. HIREA I,

4. {a;tier € P (BHIL— 1),

5. {h;}ier € P* (HfliaL—1),

6. P LOXGEREGA (, ): Px P — Z.

TH>TC, UTOFMEZHTHDRE .

(a) (hi, A) = 2(a;, \)/(a, ;) for i € I and X € P,

(b) aij = (hi,j) = 2(i,05) /(s 00) BHNY VATINEGZ %, THDLUTOREZMT L2,
(hi, i) =2, and (h;, oj) € Z<g and (h;, ;) =0 < (hj,a;) =0 for i # j,

(¢) (qi, ;) € 2Zxo,

(d) {ovi};ep 1FHUEIRAL.

IR CARAIE A R



i & ST £ Bl
COLE = {aibier, IV = {hitier £5<. VE, {eitier U{filierU{h € P* 0, Q) Ic k> THERE R,

[, ']
[, €]
fil =
J=

( Jei
—a;(h)e;
03,

R, fi
[emf]

TERIND Lie iz gy TEDLT. 4,04 DA TTATH - T, = P,;,Q £ Xb 5 %5 W0HKZ b DHME—
DHFEL, ZHUT X 5% ga TR L, Kac-Moody Lie B2 E W9 . T Lie Bt ga 13, {e;}ierU{fitierU{h €
P* @, Q} TN, LOBFRALL LT OMGRALE

17(1”'

k=0

17(1”'

Z fi(k)fjfi(l_aij—k) =0
k=0

TEHIND Lie BLEF—BWENZ. BHOOOMFRIE Serre BIFR & kigh<Twz, o, P =
ek k! ) = fE k! % %3, Kac-Moody Lie B, AR & LT, HRIITEELH Lic BE 2 0 loop Lo
HFLIERTH 5 affine Lie BRZ EA TV 5. {e;}, {fi} TZNZNERSINSEIT Lie Bz nt n™ TEDLT
LE, AR

g=n"®hen"

ZRFO. £, AR Lie BR b 13 g (S HARICFHSTICIE L, b 1<BE 9 2 IR I 22 g (1 — b 220

TR ITK D,
g:b@ @ Ja
aceRCH*
ERIT 2. 22T, R={a € % go # 0} 52 HAZA— b F— 5 5EE 2—hRE LV, dimga
%w—baww—F%@§&w5.i:,Eﬁ%%%mwTEw—h,Ew—hbiRi:{aewmﬁ#0}K

FoTERINS. HiceITHLT,
S,()\) =\ <)\,hz> Q4

TERIN L PRI X > THELI NS Aut(h*) DEIHEE Weyl BEL VW, R O EATH > T, 1T D
W OFERNC K D BRI N DAL ZIL— ), fIEAZELV—FEwIH . FL—F BL—MIUTD L)
ORI o 5.

o a: FIL— |t <= (0,a) =2 < dimg, =1
o a: EN—F <= (a,a) <0 < dimg, > 1

1.3 BRORIREI—BFFR : Gabriel-Kac DFEE
fROFLHD 72T LV — FRDOBIRIZ, “Gabriel-Kac OEH” Ik > TUTD X I BRI S 3.

Theorem 9 (Gabriel, Bernstein-Gelfand-Ponomarev, Kac). R %Zffi Q OEMEIERI O FAEHD 22 THEE

£95%.
dim: R — Z>o[I]

ZRIGNT BV M = (dim M;)ie; O EE25BRETS. ZDLEE, UM DOERIILD 7.
(1) dim(R) = R,
(2) EEDFEL—F a € Ry LT, ME—DDEMFIEBDFEEE M(a) TH - T, dim M(a) = a Ziif
72T HDONEET 5.
_1p—



i & ST £ Bl
(3) (LD — F a € Ry IS LT, EBHIEBORME M TH-T, dim M = o Zililz§ b0, “IE
WA AT 5.

$ 72, Gabriel 3, ROFBICE VT, HIENRBIEIMATSH 2 2 & (IREBA) &, iz gD 27 7
(ADE Mo Hiffi Lie Bio))Dynkin [IETH % L 2SFfETH 2 2 L 2R L1

1.4 EFREMIR

mTEE U, (g) &1, Kac-Moody Lie SROEBREMBROBFEIZTH D, BB T XA =% v &R,
Yo =17 ICRRMET 5 2 & CHREIRBAER U(g) 20T 5 2 L0 T E 2 2% v OEFEIEUEA Q(v) Lo dEn]H
B, X0 IEREC L, JETHR JER A7 Hopf RE(TH 5.

Definition 10 (& REME U,(g)). BFOX IV — 7 =826, ERIG {¢"}hep- U{Eitier U{Fi}ier
LU T oA TERS IR THS.

e =" g

¢"Eiq™" = ¢*Me;

¢"Fig" =g Me;

q i q i
ei, fil = 6ij———7—
[ ]] J q— q_l
17(11']‘
5 EEE Y o
k=0
170.1']‘
> FOR I g
k=0

22T, E® = BF k), FP = FF k]| 25 L, ¢ = qmm)/2 Th )| [k, B ¢ »SEE S ‘g8 T
EFRIND “¢-BET” TH 5. mtED D> DRRAIZ ¢-Serre BIRI L MEEN .

=BT Kac-Moody Lie Bt & (3D #EHT, D F D Aot & BIRATER L 7253, EIZ, Drinfeld 12 &
% “Hopf pairing” % {F;}ic; THERIND TZAMIER U, (g) ICHEAL TR 2 Z & T, 0% D Kac-Moody
Lie BREFMIU X912, oMk “IBERL” M2 A TbDL L TERT 5 2 LHK, BTRHER2MEIE, T2
bt & 2 DWNFED & E £ % Drinfeld double & XX % Hopf R > T w5, F72, ¢-Serre BARANIL, Z
DR Z IERIC T 5 720 DBy 5 BARA & 72 o T % (Lusztig).

1.5 Hall R ERERE

Ringel 1&, Gabriel-Kac D&% X h HAICHRT 2 Z L2 HEL LT, REDEY 294 (R¥ v 7) Lo
BI&IC Hall B & KIEN 22 HA L. & 2 CREHD 7 DICHIRE LD 7 —~VEICEEZ IR 5.

Definition 11 (Hall fW#%). F, # ¢ HOIGr 6 22 HRELE L, AZ Fo-7—~VEET S, SZTF, 7—
SOV L, & Ext! BRTE, EOXR7 FLVERICR > TOT, AREORENTF, EOX7 b LEH OO #
fEIC o TWwa IR W). 72, AIZMTOEMZIEZLTw2 ERET 3.

o LD X, Y 1K LT, dimp, Ext'(X,Y) < o0
e gl.dim A < 0o

ZDEE ADONROABBEDESE Xy ETDHLE, 04 % Xy #HELTECR7 MVERET S, 20D
LE, [X],[Y] € Xq LT,
[X]#[Y] = @ N 6%, (2]

[Z]exa



fiit & A A ~E 2B

L%, 22T, %y & Z DD subobject THHT, W TH->T, Z/W ~ X, W ~Y Ziiite § b DLAED
HERT. HUS Hall REWIEN S, SO E, 64, WEAL,

0—-Y—-27—-X—0

LWI DIk ESE X OHCHEL Y OHCHL? S 22812 X 5 (Hlik) fEHIC X > THl> T
BoNIHESOROMEEFRA—HING. £7, x(X,Y) I AIZEF 2 Euler JH2\T,

X(X,Y) = (~1)" dim Ext’(X,Y)
i>0

TRERIND (FFR & IXPR S %2 )Grothendieck #f Ko(A) L bilinear form Td 5.
C.Ringel 3 AREKICB T 2MOEHD T 7 —VIE D Hall REZ2FARS 2 LT, LTFTOTHERL 7.

Theorem 12 (Ringel, Lusztig, Green). *> Q % loop ZFfrz 2w L, g W57 % Kac-Moody Lie B,
U, (9)]y2q ZHIET 2 T (D ¢ = v ~DORIRIL),

S; ZETRICNIET 2 Q DMERIRBLE T2 L E, A% {Silicr KL TERINET—XVEETS. C
DEE, RORBDMDIABRDIFIET S ;

Uy (0)l2mg — Ha: FY e [SE7).

Ringel 12 & % Hall fUE ORI, BRIE EOBETLLEKZ 72 S 2023, Lusstig 3D 74 77— LT
b E ) RESHEEE O (BRENHOBIEOME % “sheaf-function dictionary” 12 X - THifild 2 g D
R 0¥ AEWS 2 LT, ORBDEY 274 2% v 7 LofRkE, 40 bMoRED % 32O LM
Bk 7 7 2% e cEERl L, Hall #% v, “EEREBRICHM T 29" ofRE-OEZEAT 2
Z & T, Ringel-Hall fRED “EM2AN 2R S RIF” 28R L, BHERREO M % A4 L 7. Lusztig 1< & % 5HE
HEEIE Grojnowki-Lusztig 12 & O, HIEIZ X % (lower) KIS M & —H T 2 2 LA2UR S, (MR) #5 ik
it &N B A G DS REE TR S 1 5. BEHEIRIR 20 v U RIS S AL 13, T4 C LR BEAL (categorification)
BAO—H VI,

o (degenerate) affine Hecke BRLNFRHED (£ 27 —) REGHICE T % (£ 2 7 —) DAL RARE
% il 9 % BiEw (Lascoux-Leclerc-Thibon-A AR )

e Khovanov 612 X 20V H D m T AL RO B{LOWFE I Z 53 % Khovanov-Lauda-Rouquier 1R
(fift Hecke %) D% (Khovanov-Lauda, Brundan-Kleschev, Rouquier)

WKEBWTHERNERNRE L TBIN 2 HE LK TH % (Khovanov-Lauda, Lauda-Vazirani, Varagnolo-

Vasserot).

2 VAT
77 A8 —REBUTFTDOT =2 Ick>TELEINS.
Definition 13. (1) n > 1 IZXL T, seed &1, L TOFT—F 05K %:

e edge loop & oriented 2-cycle Z& £ %\l Q T, HREEAD {1,2,--- ,n} TH B HD.
o u={up, -, up} CQzq, - ,x,) 1, HIBEBUE Q(zy, - ,2,) ZEKT 2D D.

(2) (Q,u) Zseed &L, kel Z—Dt3%. kAMMD seed mutation &%, LT TEE % seed TH 5.

*5 Ringel 3G A DEGEIHA L, — D 5A4121E, Ringel DHRMOLA DG & Lusztig (< & 2 R FREBR U, (g) DR
LIRS E AR 72 Green IS X WS 5. Lo Lads, BPEMHERICE T 2 IR & A5 3TIC Lusstig 2582210 11
LTz,



fiit & A A ~E 2B
(M1): k 2382000 — k — j IS LT, i 56 j ~NLEMZS.
(M2): k £D%d5o> T30S %TRTO- < DIET.
(M3): (M1), (M2) DEAEDH IS5 T W 2D 5 edge loop & 2-cycle Z § X THIFRT 5.

ZOfi%E 1p(Q) THET. £, u={ur, - un} IKHLT,

[Lip wi + Tl ue
uy,
EL, p(u) = (u\ {up}) U{us} EEET 5. (LOBIFRAZ exchange relation &> .)

(3) Z =Q(x1, - ,m,) ZHHEUA LTS, (x= {21, - ,2,}, Q) % seed (initial seed) & § 5. initial
seed 5 seed mutation DHRMEDHE DK LIC L > TSNS seed I2E& N2 GHBIEIADIL S D4
HGx YD TAY— (cluster) LW\, VI RAY —ICEHENLI0% T FTAY —EH (cluster variable) &\ 9.
% 72, initial seed 125K £N% 7 7 X ¥ —ZH = IHAEH (initial variable) £\ ). §RXTDY 7 XY —%&
Bl bIo k> TERIN BB LI TRY—E (cluster algebra) Ag &9, *7

uy, =

7728 —REEAT D X9 RIEAMLREAERICE N5 2 LAREng.

Theorem 14 (Laurent phenomenon [5]).

Ag C Z[J:f,in, e mi]

J n

Remark 15. 7 7 A% — 0%, U+ —F 2% exchange relation I2% > C, IR Ab¥ 7B TH %
23, ZOHARERTLE L TROERILD (BE)Grothendieck # DD Euler JTB2» 6 & £ 2 HOERKTH
% Heisenberg #EORERTH 2 =T b —F A% “quantum exchange relation” IZ &> TR) &GbEL&ET 7 F
A —REE VIR ERIN TS (1, 4]

21 ARBEDYFRAT—#

ST, 7 7R —RBZERLLLEIAT, DEET “HHBZUIEZHL LW 22 2 LI3HE
HWTHhs. LoTUTOEREIZLLZLEbNS.

Definition 16. fii Q 239 5 X9 —&MR (cluster-finite) TH 2 &%, il Q DEKT 27 7 25 —RED 7
TR —ERDOTEAVHREATHL I L2V,

Fomin-Zelevinsky [6] 1, 7 7 2% —HRZHD 7 7 22 LT D & 5 ISR T 7.

Theorem 17 (7HER [6]). (1) 7 7 A —FARTH2 I L &, QW Dynkin fiTdH s 2 L BFAETH 3.
(2) Q % Dynkin fliL T2 £ %, 75 25 —RIK Ao DHMERTIZ A2 5 25 —EHz Q 1o MiT 5
N—FRDIEV—FDESE LT ITHIET 5.

2.2 Caldero-Chapoton DT

SC, LOERIC L > T, WA TIE 0w o A5 =B ETEL— FOES L DTSR Vbl Th
%53, —J Gabriel ®EHIC X b, FIEL— bixf LT, EEEIEEZWNIET 2. T, 202 00ME%2 N
LC7 7 A9 —EHFEBNERENET 2D TH 205, ZORIGIE X D LT X ) ICEBERIEIICHIET
27 7 A= v EIRIED Euler ORI L v I TET “HARNIZ” SRS 115,

CIRRR W LKEY E TH D LI Rl
T ZZTERLLYZ 5 A8 —R%Z “cluster algebra without coefficients” &MHENT V2 HDTH .
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Theorem 18 (Caldero-Chapoton [2]). Q % Dynkin filii& L, a = 37, ;. wia; ZXMIET 20— FRDIE

= b, Mo(a) 2TEA— b a (CHIET 2 EEHIZEB L L, Gry (Mo(a)) T, Mo(a) DXIE~Z b L3V O

DRUBED L THENEREL T2, (T2 IATVERELEV)) ZOLE o lTHIETE7 7R
¥ —28 CCola]*® EM TR TEZ 6N S

1 Win Vin Vout
CColo] = rme D X(Crv(Mo(e) [] wouitiy ™" iy

" oo<v<a heQ

LK% Caldero-Chapoton DA & 9.

“rigid 727 [EEFIRIO X, MO RREHAKDH T, open-dense &M% 7 L, filiAS oriented cycle % & % 72
WEE EMEILRDILE T I EBRMSNT WS, 72, “rigid &7 EIERNRBROM 7 7 2~ v SRME1, 75
AR VHIRIE LD H B X7 P VD total space 2> 6 i DORILD 72 TEHRAEAND ARG HHEHICBT 2 <
DRVICBITE77A43—ThHh, 1§60 RHERESHEETH 5. LOXIIARE “rigid %7 BEEEFIERHOE
O BICEHERLIE & 75 A2 VSRR LD B 5 X7 FIOVIED 22D & M D RILD 70 T LR~ D H IR I 52
HH 6156 15 LRI & D pairing DRIBIEE BRT 2 2 & HHE, HAFDOIEEIEZFF>Tw5b 2 &ds
—MIHIfFE L%, Fef2IC Caldero-Reineke [3] 12 & % “FA"*10 2R TE E 720,

Conjecture 19. Q % oriented cycle Z & F %2 WAL T2, ZDELEI TR KRB Ao DV T AY —EH
FTNT, Zso[ut,uf, -, ul] Ic&ENS.

SE 3R
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no. 2, 405-455.
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[6]

*8 CC 13 Caldero-Chapoton DT H H Y, “7 5 A5 —1{EE (cluster character)” DIETH H 3.
*9 Q #3 Dynkin TH 5 & Z1d, TR TOEMNILEHIL rigid TH 3.
10 48 5 DFSUC X NEU T O P ER E > Tw B, 5D L ZABIEHK R vy 7DEFEEL, THIZZS>TWw3 [7]
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FEEZEY—ZEDRFRMEIC DN T

JUREHE M 1

0=

WY — - R B IE s BEFEAME LT (s) = 1+ s+ &+ &+ EEHINDE
DTHB. TOREDOIEDEBETOM (V—< 2 B—% ) I T BEMOFMRIE, 1 5—0D 1735
FRISENTZE [4] ISHDTHN. 2T TR, ((s) D s = 2,4,6,8,10, 12 1BV 2 DEEEEHIRD 5
NTV%. SHTR—ROEDHECHICHIT BNV A — WA ¢(2n) = (—1)"“%32"
BECHIGNTWS. AGEHTIE, V-~ =2 HDH 5HO— (L THE2LZEL—2EL NI ED
D (HEE) x (12 OF) LT BRI DOV THSIE D NIAS R L SHBOBE LN T 5. T OR5E
WEIUNRZEO PN, #MEE T, SEARERE DA TRONTZEDTHS.

1 Introduction

) R WHDTEOWEATOM ()= =2 0 50— Ths LHE— 2
BEOHFENELHEL— XML IITNTN, n WOBEER Ky > 2, ko, ..,k > 1ITH L
|

Gk, ka, ... bn) = > PO PR T
mi>mo>-->m, >0 71 2 n
N 1
g (klak27"'7kn) - § k1 ko o
m m q..m
1 My n

mi2>me > >my >1

TEREINZEDTHS. LUk + -k, ZEE LV, n ZHES ENS.
ZEL—2EXIIFSNEZEL—ZED (BHE) < (12 DFE) THhFZEDICDOWT, TTHTHE
DI BICHIEN TV ABFERZN DONFIHT S,
7.[.2m
TORAG 2 DRRFER R Z WS & DX, ZEHEE—ZHD TR L—IHhERENDRE,

@D MOFEHNGEZ 5N TS KO —fRIC, k> 01K L, ((2k,...,2k) € Q- 72 EHILN
————

(m € Zso) -

Tn5. "
L )=y

2n
Z DINAUE 1994 I Zagier[10] T PRI N, 1998 41T Borwein, Bradley, Broadhurst, Lisonék A
[2] C2EL—XEDKEETZRICET 2H5MOMEZM-> CitHZ 5 2 7. Zagier EHD,
Gauss OFERMEIE L DBIHEN S DT EZFHH L TWa (B [7).
7.‘_411—0—2

B) DT AR 82 1 {2 ) =

mo+mi+-+ma,=1
mo,mi,...,mM2n >0

TTT{2}"=(2,...,2) THB. TORIL, (3,1,...,3,1) DRI 2 % 1 FHTANIZA VT v 7 A
N—— N——

SRICHT B L TO— 2R E LSBT LD TH S,

HRANCEEAD G 2 NI DI FBZ 5 < 1992 FEOCR [5] ICHBWTTHS. Z I C. Moen DT EWVIGllE HBH, £ <
DOEMRIIA A T—ER DTV EEZ TV 3.




(m+2n) 71_2m+4n

(4) DL CHBTBA LY B2 L) = e e

mo+mi+---+map=m

BICBVTRENTNS.

COFEETS &AM RED 2] ISR LTH B, Thid (4) B0 T, (AR < (r2 D) LK
LRI THA S EDTH 5.

F#8 1 (Borwein-Bradley-Broadhurst-Lisonék([2]). S = (mg,m1, ..., ma,) 2RI MIFEEEE O
MLEL, m=mg+--+ma, B n+m>0ICHL,

3(S) == c¢({2}™0, 3, {2}, 1,{2}™2, ..., 3, {2} -1 1, {2}™2)

&?Z& . Q:Qn Cét 2n lﬁ(@iﬁlﬁhﬁﬁ’%@ﬁi (Co = {Zd}) <‘_’_ b, S an D S’\@ﬁfﬂﬂ% oS = (ma(o), . 7m0-(2n))
LEHKTS. TOLE, DMLY -

7.(.2m+4n

2 308) = G

o€,

ZHY—ZEICHT 5 N5 DRMROF S ELHY—XEICE T 2 HLUIZNIE EMS N TVE
M, JltIC 7% > T Zlobin[11](2005 4F) *>5=H [8](2008 ) IC & > T

C*({Qk}m) €Q- 71_2km7 C*({?” 1}71,) €cqQ- 7'1'4",
Z Cr({2}me, 3, {2}, 1,..., 3, {2} 1, {2} ™) € Q- gin+2

mo+my+-+map=1
mo,mi,...,Man >0

RENTVS. TCTIT, {3,1)" = (3,1,...,3,1) TH 5.
——

2n

2 TRREFE
F &3S, UROT LERT T ENTES.
EE 1 ([6]). n >0, KHKT S
> C({2)m0,3,{2}™,1,...,3, {2} "1 1, {2V ) € Q - it

mo+my+--+ma, =2
Mo,M1,...,M2n >0

REIT, TOEHOFHDOIT#HZMNRS . ESHICTHE 1 OFFG(ELEY—ZHICE T 35 % A
TEEDOTHNT S ([6) B . ZNEBRS T2dIicW L Dl SE T 5.
FTAR 1 TRz 3 LJARRIC 3 %

3(mo,ma,...,may) = ({2}, 3,{2}™, 1, {2}, ..., 3, {2}, 1, {2} %)

THEHETS. XTIV S = (mg,...,mp) WL, 2007 MEEZ S, = (mo,...,m,,0),ST =
(m0a~..,mn + ].) &i%g—% F iz 6n+1 7 (TL+ ].) m;ﬁj’ﬁﬁﬁ& L,, o e 6n+1 D S/\O){/Eﬁﬁ;’a’: oS =
(m0(0)7 s 7m0'(77,)) -(‘\%&bé

Fi8 2. A) nBEOBKETS. S = (no,...,man_1) ZEEDDIEEBHORZ MLEL, m =
mo+ -+ mop_q EBL. TDEE, RIRALT B

S 3((08);) £ Q- a2mrin

€G22,



B) S = (mg,mi,...,may) BEBDDIEEEROXRT FILEL, m =mo+---+ma, £ ndm >0
I RN T ?
Z 3((0S)T) € Q- p2mtant?,

0€Gant1

e, KO BENEULFOTHEEH S.
F18 3. O) JFEEE n, m IS, DUNDHGLY %:

2

C({2)7,3, {2, 1) + ({217, 3, {2}, 1) = ¢ ({23 TH e ({23 .
D) JEEEE n iU, LUK %
@+ 13,137 2) = Y ¢3¢ ({235,
i+j=n
E) EEEn KL, IR 3

> c@maEmLL TS 3T 310,

mo+mai+-+mon,_1=1 i+j=n—1

3 TIE1DFIRADINE

9% Q Lo 2 ZHIEMZIEAR Qr,y) & L, ZOHDEH, 90 % H' = Q+ Hy, H° :=Q+ 25y
TEDD. k>1IHL, 2, =ab "ty LB, QMIEBS 2,7 :9° >R %

Z(zklzkz "'an) = C(lﬁ,kg, . .,k‘n), Z(l) = 1, Z(zklzkz . --an) = C*(kjl,k‘g,...,]{)n), 7(1) =1

LERT D, FINEZEL—XMHE, ERPBONOHFS EAESZNTTEASILICKD, ZHE
P2 EDOERE LTI 2T ehbhd. HIAI,

X 1 1 1
(k1 ko) = Z prypesy el Z s Z WZC(kl,k2)+C(/€1+k2)~ (*)
n>m>1 n>m>0 n=m>1

N7z § FOMIEERICHIGE RS, v € Aut(9) &2 H DERIT 2,y ICHL v(z) = 2,9(y) =2 +y T
EEXDEDETH. QMIFES d: 9 - H 2w e HITHL, d(wy) = y(w)y EEEKTS. TOEXE,F
B ELHERY—MENZEL—2EOFEME LTHITZLWVIDE, Z = Zod BT % T L2 EK
T%. fIZIE, JlF EOR (x) ZTEAVT, RO X 5 BT 5:
(ks ko) = Z (2, 20,) = Z 0 d(2ky 28y) = Z (2100 20 + Zh+82) = C(k1, b2) + C(Rr + ko).
Q-MAMEEAS + - H1 x H — H! ZALED w,w’ € H! L IEBE by, ko ICHULRD K S ITEFEKT 5:

lxw=wx*x1=w,

2y Wk 2y W = 2g, (W * 2y 0") + 2k (2, W % W) + 2, 4k (W W),

FHC, Z BB« ICBHIL CHERIIN & 75 5. COMIED & 5 ELHE— 2z HNT 7z & AT 2B DHL
DHITHISEL TV S.

Bl 1. IERECE, ISR U, KDDL D:

C(k)C() = Z(2r) Z(21) = Z(21 * 21) = Z(znz + 212k + 2r1) = (K, 1) + C(1L k) 4 C(k +1).



F7z, Q-MHHEES m : §' x H! — H ZIFAI

lmw=wml=w (weH),

Zp, W1 T Zp,Wo = 2p, (W1 T 2p, W) + 2k, (28, w1 T we)  (wy,we € HY, Ky, ko > 1)

TEDD. (9] 221D
T 2. a,b,c ZIFEBHETS. n>011XH L, IHBEOD:

(on) d(z2 Mt (202)") =2 D dlze it (2a2)") * Zagtyjpe + D, (22 M (2a2)") * d(2] )

i+j=n i+j=n
=2 > d((20%)") * (Zatb)jte * Zatbybic — Hatb)(j+h)+2c)
i+jth=n
- Z d((zazb)i) * Z(a4b)k+2cs
i+j=n

(Bn) (22 T z(za2)™) =2 D d(ze 1t 2(2a2)") * Zatvyje + D (22 T 2(za2)) *d(2],,)

i+j=n i+j=n
-2 Z d(26(2a2)") * (Z(atb)jte * Z(atb)lte — Z(ath)(j+k)+2¢)
i+j+k=n
- Z d(Zb(ZaZb)i) *Z(a+b)k+2c'
i+j=n

FEE, n BT B IREE IO T, WA S ELAR LTV T THABNS. TOFEHD (o)
KBV Ta=3b=1,c=2,BE, ZZMI LI, INFETITBXRAEREHNSE T LT, @
LAVREND. EH 20—t zEZ Tz 2, B RER L CAZEHOLHUZTFRTZ T LICH 5.
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VR,
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SMOOTH FANO POLYTOPES ARISING FROM FINITE POSETS

AKIHIRO HIGASHITANI

[This study is a joint work with Prof. Takayuki Hibi.]

ABSTRACT. Gorenstein Fano polytopes arising from finite posets will be introduced.
Then we study the problem of which posets yield smooth Fano polytopes.

INTRODUCTION

An integral (or lattice) polytope is a convex polytope all of whose vertices have integer
coordinates. Let P C R? be an integral convex polytope of dimension d.

e We say that P is a Fano polytope if the origin of R? is a unique integer point

belonging to the interior of P.

A Fano polytope P is called terminal if each integer point belonging to the bound-

ary of P is a vertex of P.

e A Fano polytope P is called canonical if P is not terminal, i.e., there is an integer
point belonging to the boundary of P which is not a vertex of P.

e A Fano polytope is called Gorenstein if its dual polytope is integral. (Recall that
the dual polytope PV of a Fano polytope P is the convex polytope which consists
of those = € R? such that (x,7) < 1 for all y € P, where (z,y) is the usual inner
product of R%.)

e A Q-factorial Fano polytope is a simplicial Fano polytope, i.e., a Fano polytope

each of whose faces is a simplex.

A smooth Fano polytope is a Fano polytope such that the vertices of each facet
form a Z-basis of Z¢.

Thus in particular a smooth Fano polytope is Q-factorial Fano, Gorenstein and terminal.

@bro [6] succeeded in finding an algorithm which yields the classification list of the
smooth Fano polytopes for given d. It is proved in Casagrande [1] that the number of
vertices of a Gorenstein Q-factorial Fano polytope is at most 3d if d is even, and at most
3d — 1 if d is odd. B. Nill and M. Obro [5] classified the Gorenstein Q-factorial Fano
polytopes of dimension d with 3d — 1 vertices. Gorenstein Fano polytopes are classified
when d < 4 by Kreuzer and Skarke [3], [4]. The study on the classification of terminal or
canonical Fano polytopes was done by Kasprzyk [2].

In this talk, given a finite poset P we introduce a terminal Gorenstein Fano polytope
Xp. Then we study the problem of which posets yield Q-factorial Fano polytopes. Finally,
it turns out that the Fano polytope Xp is smooth if and only if Xp is Q-factorial.



1. FANO POLYTOPES ARISING FROM FINITE POSETS

Let P = {y1,...,yq} be a finite poset and P = PU {0, 1} where 0 (resp. 1) is a unique
minimal (resp. maximal) element of P with 0 ¢ P (resp. 1 ¢ P). Let yo = 0 and yg41 = 1.
We say that e = {y;,y;}, where 0 <4, j < d+ 1 with ¢ # 7, is an edge of Pif e is an
edge of the Hasse diagram of P. (The Hasse diagram of a finite poset can be regarded as
a finite undirected graph.) In other words, e = {y;,y;} is an edge of P if y; and y; are
comparable in ]5, say, ¥; < yj, and there is no z € P with y; < 2z < y;.

Definition 1.1. Let P = {90, Y1, - - Yd> Ya+1} be a finite poset with yo = 0 and yg4; = 1.
Let €;,i = 1,...,d, denote the ith canonical unit coordinate vector of R%. Given an edge
e = {yi,y;} of P with y; < y;, we define p(e) € R? by setting

ple) =e;—e; for 0<1i,j<d+1,
where ey = €441 = 0. Moreover, we write Xp C R? for the convex hull of the finite set
{p(e) : eis an edge of P}.

Example 1.2. Let P = {y1,y2,y3} be the finite poset with the partial order y; < yo.
Then P together with p(e)’s and X'p are drawn below:

Qi = Y4
01,07 (0,0,1)
Y2 Y2 L
(1> _17 0)
(i Y1 -
o0y 0
O
0=uyo

Lemma 1.3. The convex polytope Xp is a terminal Gorenstein Fano polytope.



2. WHEN 1S X'p Q-FACTORIAL?

Let P = {y1,...,yq} be a finite poset and P = P U {yo,ygs1}, where yo = 0 and
Yar1 = 1. A sequence I' = (i), Yiy,-- -, ¥i, ) is called a path in P if I is a path in the
Hasse diagram of P. In other words, I' = (Yiys Yigs - - -+ Yiy,) 1S a path in P if Yi; 7 Yix
forall 1 < j < k < m and if {y;,,y;,,,} is an edge of Pforall < j<m-1. In
particular, if {y;,,v;,,} is also an edge of P, T is called a cycle. The length of a path
' = (Yiy» Yigs - - - » Uiy, ) 18 £(I') = m — 1, while the length of a cycle is m.

A path I' = (Y Yigs - - Yipury ) is called ranked if

ﬁ{]yz] <yij+171§j§m}:ﬁ{k:yik >yik+171§k§m}'

Given a ranked path I' = (vi,, ¥iy, - - -, Yi,, ), there exists a unique function

Hr : {yilvyi27"' ayim} - {0>1727' : }

such that

© 1Y) = pr(ys;) + 1 (vesp. pr(yiy) = pr(yi,) +1) i gy, < iy, (vesp. yi; >

yij+1);

o min{ur(yi, ), pr(Yis), - - > ur (i, ) } = 0.

In particular, I" is ranked if and only if ur(y;,) = pr(vi,,)-
Similary, a ranked cycle is defined. Given a ranked cycle C, there exists a unique

function pc which is defined the same way as above.

Example 2.1. Among the two paths and three cycles drawn below, each of one path
and two cycles on the left-hand side is ranked; none of one path and one cycle on the
right-hand side is ranked.

o3 RS A, 4

Let P be a finite poset. A subset Q) of P is called a chain of P if () is a totally ordered
subset of P. The length of a chain @ is ¢(Q) = #(Q) — 1. A chain @Q of P is saturated if
z,y € Q with = < y, then there is no z € P with z < z < y. A mazimal chain of P is a
saturated chain Q of P with {0,1} € Q. Let y,z € P with y < z. The distance of y and
z in P is the smallest integer s for which there is a saturated chain Q = {29, z1,...,2s}
with

y=z0<z1 < < 25=2.
Let dist 5(y, z) denote the distance of y and z in P.
We now come to the main theorem.

Theorem 2.2. Let P = {y1,...,yq} be a finite poset and P = P U {yo,yas1}, where
yo =0 and Yd+1 = 1. Then the following conditions are equivalent:

(i) Xp is Q-factorial;



(i) Xp is smooth;
(iii) P possesses no ranked path T' = (yi,, ..., vi,, ) with yi;, = yo and y;,, = Ya+1 such
that

(1) pr(Yia) — pr(yi,) < dist 5(Yi, , Yia)
for all 1 < a, b < m with y;, < yi,, and no ranked cycle C = (yi,,...,Yi,,) with
{y0> yd-i-l} §Z {yilayizv s 7yim} such that

(2) ne (i) — neyi,) < dist p (i, via)
forall1 < a, b <m with y;, <vy;,, and

(3) pe (Yi,) — o (yi,) < dist s(yo, yi,) + dist 5 (Y3, » Ya+1)
foralll <a,b<m.

Recall that a finite poset P is pure if all maximal chains of P have the same length.

Corollary 2.3. Suppose that a finite poset P is pure. Then the following conditions are
equivalent:
(i) Xp is Q-factorial;
(ii) Xp is smooth;
(iii) P is a disjoint union of chains.

Example 2.4. Among the five posets drawn below, each of the three posets on the left-
hand side yields a Q-factorial Fano polytope; none of the two posets on the right-hand
side yields a Q-factorial Fano polytope.

SEOR IR
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Coexistence problem for the one-dimensional Schrodinger
operators with the periodic §V-interactions

BHMAFRR KFhE BEIFHARN /BRFRES KRS PD  HHEWHEE

ARG T, JEN R oW BUSHH EAERNICHES 1 RIT Schrodinger fEFHZRD AR FUICD
WTEZD. —ibE iz 1 BOWMIMERZEZ D, @O 1 BEOMIEHEE d/de ££T.
() ZEARICY R— M 2£FD Dirac DT IV EBIEE L, ZO— it E N7z Do = oW &
HLF, D=CPR) £BL. B1,50, 8 € R\ {-2,2} BRU 0 < ky < ky <27 ITHL T,
L*(R) FOEHZ H ZRCEET 5.

H=-D2+Y (810" (x — k1 — 27l) + 5o (2 — i — 21l) + 356" (2 — 271)),
l€Z
H5felXR)MFHELT, EED p e DITHLT
(HY, @) 12wy = (f, @) 2wy DD ILD. '

ERE H ORT vV, ZERIAE 2 B LU TEM 2r OB TS 5. BN S
MHELEHICHES 1 ot Schrodinger TEHZRE, [EAIHIAICI T % 1 ToThEmNOE T2\
ST oK TOEDDETIVTHS. EHZE H 1 P. Kurasov K OAREiART A b
BEEIC N 2 R E DGR [4] ZH W3 &, # T LOBRREMEZ HOWIZ RO REE 75 5.

Fl = {lil}+27TZ, FQ = {m2}+27rZ, F3 =217 &-?5%, 1 mﬁ%? I'= Fl UFQUF3 %%2_%

1=12,3 blﬁb,
246,
A] = ( 2718]’ 92—, >
0 2+,@;

ER<. X, j=1,23ICMLT, o =0240)/2-p;) £BL. L*R) FOFHET =
RCEERT 5.

Dom(H) = {w € L*(R)

d2

(Ty)(w) = 2 5y(@), @R\,

ylz+0) \ _ , [ yl@=0) . L
<%($+0)>_A]<%(x_0)>, T, 3_1,2,3}.

Z T, %A I cR _ED Sobolev 28 H2(1) 2R TCEFET %:

H(I) = {y c LQ(I)’ g—i, % c LQ(I)}.

C DEE, ROTEHH LD VD,
Theorem 1. H =T Th5.

Dom(T) = {y € H*(R\T)

T —MEE N/ O—2 vk - RE—NIL 27 Y ORRIERATSES (1, 2, 3, 5
B . EoT, % H BHCHBENETSS. £k, H ORF VY v LI &



Floquet-Bloch DEHN S, H D ART MVENY REEEZRED [5]. 9745, o(H) IEHRA
ZHA UG OWITRIERE O A REAXE OS2 F) OffESRE LTEREHENS. AL ITHL
T,o(H) DFDNBEAT j BHODINY R% Bj = (A0, \yj_1] LFEL. T O AFED HIREK
JITHRTUT, AR Ngjo < Agjo1 < Ny DD ALH, fEHZER H DAY MU

o(H) = U B;

EREIND. BET22DDNV K By & By BHKMBEZEZEESICE>TRTONTY
5. ZOKMZ G; LE£T. G 13 FHZE H DAXT b I )VF vy T EMENS. AWZETH,
BEUTeART T I)VF vy THMFAES 20O 7ZiiN5. §75bb, BE
A:={jeN| G;=0}

NS 5. A A 2T 5 &V S I, coexistence problem &PEIENDS. T ORTEI,
KIS d % Schrodinger 75RO fRZE R O FL D EIHE D H I 5 75 % NS D 2 REN T % B3
T, WM OO MNE CGRT > v )LD ATED RO I K E NS D ED) Z2H15
IHDOEEZMETHS. BAEMICIE, HLER j MAHELT, G; =0 ZHlTLTW5 5
&, A= dgj_1(= Xgy) ISR LT, 2 DORYIEINL ARG FAET 5 &0 S FRR LA TH 5.

THERZIBARZ LI O ZEITS . 9, 1 = Ky, To = ko — K1, T3 = 2T — Ky &1 <
&, RD2DDFEMIEETH S .

(A) K1/ko € Q and ko /T € Q.
(B) H5 (p17p2;p3) ENSIMFHELT 1 i 73 =P1:P2:P3, ng(p17p2;p3) =1 MDD,
7z, ged(pr,p2,ps) =1 2729 (p1,p2,ps) € NP ISH U, p=p1 +p2+ps LIELS. EHIL,

B:UBJHBJJA

j=1

CiEL A B, BELIEARY FIVF vy TORLEEREROESZELEL TWVES.
FRCO%EARD T, LUNDOFGERA D LD,

Theorem 2. (FEAANIC §O BSHHAERDN 1 DHZ5EE) 61 = 62 =0, 85 # 0 DR,
A=0THs.

Theorem 3. (FAJEIANIC 60 BISHHELEHD 2 DHZ5E) 61 =0, 2 #0, B3 # 0 Z{K
ETBE, RO (i), (ii) DD LD,

(i) o # £1 72l ap # +a3 BHIE, A=0 ThH5.

(ii) agaz = +1 ZIRET 5. TOK;, A = ) THZHEORETTHRMTE ke/r ¢ Q THS.
Ko/2m =m/n, (n,m) € N2, ged(n,m) =1 DK, A =nN DD LD,



(iii) ap = 2oy DD ky £ 7 ZIETS. TORE, A =0 THBT L ORETHEME
ko/m & {m/n| (n,m)e N2 ged(n,m)=1, me?2N-1}
THEETHD. wo/r =m/n, (n,m) € N2, ged(n,m) =1, me2N—17%53,
A={m(2j-1)] jeN}
P RIRVASR
Theorem 4. (FEAJEBIAIC 6O BSHHEERD 3 DHBHA) 1, 0, B £ 0 DFE, XD
(i), (ii) AVD VLD.

(i) (ajaza3 —1)(a503 — af)(afas —a3)(ajas —a3) = 0 ZIRET 5. T DK, KD (a), (b)
AN AIRVASN

(a)  (ko/k1, k1 /) € Q272 BIE, A =0 WEKDILD.

(b) &% (p1,p2,p3) € N> DMFAELT 7y : 7o : 73 = p1 & pa : p3, ged(pr, pa, p3) = 1 DIAKD
RAS TS/ ¢ ARVASY

H

/

pN  aladad =1 DR,

A=4 EN p162N—1,p2€2N,p3€2N 1a1a2—043:00)ﬁn°,
gN pr € 2N, po € 2N — 1,p3 € 2N — 1 (]11(13—(1%:0@%,
0 TN

(i) (30303 — 1)(ad03 — ?)(03a3 — a3)(a3ed — a3) £ 0 K BIE, KAHD 1.
( cot 71V cot oV = %; )

B=<{)XeR\{0} cot 71V A cot 75/ N = ;210422—2(131’

Oé OC OL
cot oV cot T3\ = %322 %

a3 —

J
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"THE TWO-CONSTANTS THEORY” AND TENSORS OF THE
MICROSCOPICALLY-DESCRIPTIVE, KINETIC AND EQUILIBRIUM EQUATIONS
OF FLUID

T S (EARFU KAl FeRt R RIUIERR B ing)

ABSTRACT. The two-constants theory introduced first by Laplace in 1805 is currently accepted theory
describing isotropic, linear elasticity. The original, macroscopically-descriptive Navier-Stokes equations
[ MDNS equations | were derived in the course of the theorical development of the two-constants and
respose tensor. Boltzmann also constructed the M DN S equations by interaction of molecules, which
is called tranport equation. From the viewpoint of M DN S equations, we trace the evolution of the
equations and the notion of tensor following in historical order the various contributions of Navier,
Cauchy, Poisson, Saint-Venant and Stokes', and note the concordance between each and analysis the
relation of these microscopically descriptive equations from the view-point of the history of classical
theory of mathematical science. In this paper, we put emphasis on Boltzmann for sake of space.

1. Introduction

We have studied the original M DN S equations as the progenitors?, Navier, Cauchy, Poisson, Saint-
Venant and Stokes, and endeavor to acertain their aims and conceptual thoughts in formulations these new
equation.  “The two-constants theory” was introduced first introduced in 1805 by Laplace® in regard
to capillary action with constants denoted by H and K. Thereafter, various pairs of constants have been
proposed by their originators in formulating M DN S equations or equations describing equilibrium or
capillary situations. It is commonly accepted that this theory describes isotropic, linear elasticity.

2. A universal method for the two-constants theory

Now, we would like to propose the uniformal methods to describe the kinetic equations for isotropic,

linear elasticity such as :

e The partial differential equations of the elastic solid or elastic fluid are expressed by using one or the
pair of 'y and Cs such that :

in the elastic solid : %%‘ — (C1Th + CoTy) =1,

In the elastic fluid : %—‘t‘ —(CiTh + CTn) +--- =1,

where T7, Ts,--- are tensors or terms consisting our equations, where we suppose the tensor as the
first kind. For example, the M DN S equationsions corresponding to incompressible fluid is composed of
the kinetic equation along with the continuity equation and are conventionally written, in modern vector
notation, as follows :

0
a—‘:—uAu—i-u-Vu—f—Vp:ﬂ div u=0. (1)
e (7 and (5 are the two coefficients of the two-constants theory, for example, € and E by Navier, or
R and G by Cauchy, k& and K by Poisson, € and £ by Saint-Venant, or 1 and § by Stokes. Moreover C}

and Cy can be expressed in the following form ( cf. Table 1 ):

Cl = £T19151, Sl = ffg:; — Cg, N Cl = 03£T1g1 = Ql—g[,?jgl,
Cy = Lr2g2So, Sy = [[ga — Cu, Cy = CuLrags = 3 Lrags.

e The two coefficients are expressible in terms of the operator £ ( Zgo or fooo ) by personal principles

e g1 and go are the certain functions of interaction between the molecules depending on 7 and are
described with attraction & /or repulsion.

e S1 and Sy are the two constant expressions which describe the momentum on the surface of active
unit-sphere at the center of a molecule by the double integral ( or single sum in case of Poisson’s fluid ).

e g3 and g4 are certain compound trigonometric functions of polar system, for example, with respect

Date: 2009/12/24.
2The order followed is by date of proposal or publication.
30f capillary action, Laplace[4, V.4, Supplement p.2 | achnowledges Clailaut and Clailaut cites Maupertuis.
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TABLE 1. The two constants in the kinetic equations

‘no|name |problem |C’1 ‘C’g |C3 |C4 |£ ‘rl |r2 |g1 |g2 |remark
1 l[g}awer elastic solid |e %r fooc dplp*| |fp p : radius
2N e e | | [ | o radis
E = |\ dp| P’ F(p)
system
Cauchy of particles - oo —
3 3] 1 elastic ZA S5 drir®l | f(r) f(r) = £[rf' (r) — £(r)]
and fluid
f(r) # £(r),
G ZAlf T dr| |r® +f(r)|A = M mass of molecules
per lume.
- 1,
4 F?‘}”SSOH elastic solid [k | |2 DO ol ] I
K sl D I fr
Poisson elastic solid 1 3| |dLsr -
5 R 5% TE | Cs=3:% = 5
8] and fluid
TSI SE I B I N
Saint-Venant|, . -
6 (0] fluid € |3
Stokes . u
7 [10] fluid nos
8 [Slt(;)]kes elastic solid |[A |B A=5B

to ¢ and 1, to calculate the momentum in the unit sphere.
e ('3 and Cy are indirectly determined as the common coefficients from the invariant tensor, and thses
values turn universally into 2Z and 2T respectively as you see in Table 1. ( cf. remark in Poisson[8]. )

3. Boltzmann equations

In general we can state the Boltzmann equations as follows:*

8tf+v-V fiQ(fv )a t>0 XVER"(TLZ?)), XZ(JQ@/,Z), v:(£>n’<)7 (2)
Qf.9)(t,z,v) / / (0= v, ) {g(W) (V) — g02) f(0) }odva, ) = glt,2,0)), ete.  (3)
RS SZ

where, Q(f,g) of the right-hand-side of (2) is the Boltzmann bilinear collision operator, v - Vxf is the
transport operator, B(z, o) of the right-hand-side in (3) is the non-negative function of collision cross-
section. Else definitions are to be made good in my talks, for sake of space.

According to Boltzmann[1, pp.110-115]%, his equations (so-called transport equations) are the follow-
ings:©

(114) 5 f +g f f+C_f+X8—f+Y—+Z— // / (- fFl)JF(f/f{*ffl)}gbdwl e
A1 Ao Pl e
(115)s E+§18_ 3 +<l X s S Y 3y +Z1—— 0z

<~

A pe e
%) 27

- // / [(f,Fll*fFl)HF’F{fFFl)]gbdwl db de

o Jo e ~

4We refer the Lecture Note by S.Ukai: Boltzmann equations: New evolution of theory, Lecture Note of the Winter School
in Kyushu of Non-linear Partial Differential Equations, Kyushu University, 6-7, November, 2009.

5Boltzmann(1844—1906) had put the date in the foreword to part I as September in 1895, part II as August in 1898.

6We mean the equation number in the left-hand side with (-)5 the citations from the Boltzmann[1] or [2]. Only the
symbol [ denotes [
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where,

f:f(xa Y, %, §7 m, Cat)a fl :f(.l', Y, 2, 51; 1, Clat)a f{ :f(xa Y, 2, gla 7717 Cl?t)7
F:F(‘r7 Y, 2, 57 , Cat)a Fl :F(:Ev Y, 2, gla 1, Cl7t)7 Fll :F(.CE7 Y, 2, flv 77/1» Cl’t)

3.1. Boltzmann’s general form of the incompressible, hydrodynamic equations. We fix our
attention on the parallelpiped representing all space points whose coordinates lie between the limits
(97)p  z and dz, y and dy, z and dz, do = dzdydz, (98)p & and d¢, n and dn, ¢ and d¢, dw = d€dnd¢

Let ¢ be an arbitrary function and for the second kind of gas any other arbitrary function ® of
x, Yy, 2, & n, (, t. As the general expressions for fluid mechanics, he states that when we substi-

tute for % its value from Equation (114)p, it turns into (120)p, (126)p, (140)p, a sum of five terms,
each of which has its own physical meaning, as follows:

(116)5 > 4, 40 = ¢fdodw, (120)p % D dwdo P = ( + g@af)dodw = [Zi:l An(ap)}dodw,
(118)p Zw7d0<p =do [¢fdw, (126)p % Ew dop=do [ (f —')dw = [Zizl Bn(ga)}do,
(1195 0= [ ¢fdods, (140)5 &3, .0 = [f (£ + @3 )dodw = 5, Cu(p)

Ae) = 521, A ):—@(5%+n2—f;+<%), A3<so> (X5 + Y5+ 23),
=@ [[° [T (f'F — fFu)gb dwy db de,  As() =@ [[57 [T (f fi = ff1)gb dwy db de,

where {A,,(¢)}3_; are the effects of such as A;(): the explicit dependence of ¢ on t; A2(y): the motion
of the molecules As(p): the external forces; A4(p): collisions of m- molecules with m1- molecules; As():
collisions of m- molecules with each other;

¢) = [ Ai(@)dw = [ Bt fdw, Ba(p) = [ As(p)dw = - [ o (€3 + % + 5L ) dw,
(127,---,137)p of or of
Bs(p) = [ As(p)dw = —fso(X% +Y35, +Z£)dw7 (134) Ba(p) =---, (137) Bs(p) =---,

(121, - - ,125)3{

3.2. Boltzmann’s special form of the incompressible, hydrodynamic equations.

9p  0(pu)  9(pv) | O(pw) _
(T1)p =+ ==+ oyt o5 ="

(1735 p(erudt g_z T S N Th R

Ox Oy 0z
-+ ( with Y and Z components. )

Boltzmann says “these equations as well as Equation (171) g, are only special cases of the general equation
(126) 5 and were derived from it by Maxwell and ( following him ) by Kirchhoff.” Boltzmann concludes
that if one collects all these terms, then Equation (126) reduces in this special case to:

Y-~ +7
o0 T Tor oy T o- ¢ Ty T %¢

Boltzmann states about (177)p
From this equation Maxwell calculated the viscosity, diffusion, and heat conduction,
and Kirchhoff therefore calls it the basic equation of the theory. If one sets ¢ = 1, he
obtains at once the continuity equation (171); for it follows from Equations (134) and
(137) that B4(1) = Bs(1) = 0. Subtraction of the continuity equation, multiplied by ¢,
from (177) gives (using the substitution [158]):  [2, p.152].
where, (158) : { =& +u, n=n+v, (= +w.

1y, 209 dpep) | App) | Aplp) [X&p dp 3w}:m{34(@)+35((p)

dp | dp | dp 9\  O(plop) | pmop) | O(pSow)  [0p  Op 001 _
(178)5 p(at-l-ua +v 8y+ az)-l- 5 T oy +=3, [X8§+Y +Z€9Cl m[B4(<p)+Bs(go)]



Y 5% (AR O Rl s e Rt B0 B i)

If one denotes the six quantities (179)p : pg, pn_g, pc_g, PM0Co, PE0Co, pEomo by Xu, Yy, 2., Y. =2y, Zy =
X., X, =Y, namely, when we use the symmetric tensor, then we get as follows:

pg p€ono - p&oto X, X, X, P T3 Ty
péono png pmo | =| Ye Yy Yo | =\ Ts P Ty, (4)
péoCo  plomo  pCE Zy Zy 4 > Tv Ps

ou ou ou ou 0X, 0X, 0X,
(180) 5 p(EJru%Jrva—yan%) e et o

These are not NS equations for lack of the pressure term. Moreover (181)p : p = p_fg = p_ng =

=pX, ---(withY and Z components. )

p_Cg7 Eomo = &0Co = noCo = 0. He deduces a special case of the hydrodynamic equations as follows:
0 0 0 0 0
(183)p p(a—? + ua—z +U3_Z +wa—Z) + 8_]:2 —pX =0, ---(withY and Z components. )

Boltzmann’s (183) g are the so-called Euler equations in incompressible condition of (171)p.

du . 9(p€l) . pom) | Ap&oco)

(185)p i + 3 5 5 —pX =0, ---(withY and Z components. )
x Y z
We set the values of (4) as follows, which is the same tensor as Stokes :
- ou _1(ou y ov ow)\l _ppfov 0w\ _pfow  ou) ]
8 sam s ] | PREs(es i)} r(Ees) -R(ed)
(22005 | plom Bl | = | “R(32+%2) p-2m{E-3(+e+3)) -R(2+3)
- Y 2
p€oCo plomo PS3 ,R(g_:+% ,R(%+g_z;) p,m{a_«;,%(%+g_z+g_;u)}
From (220) 3, we calculate the components of (185)p as follows:
a(pe2 €070 £0Co ou 2 ( Ou v ow ov u o w
(gio) 3(#;;00) 3(P§(Z)C0) p— ’R{Qﬁ — 5(% + o + E)} _ ’R(% + a_y) _ R(% + E)
010 a(pn2 10C0 _ v du v 2 ( du v dw v w
6(ﬂ§ozno) (gZo) 6(pggi) = _R(E +5y) P R{Za_y — 5(% + 50+ 5 } - R(E + a_y)
2(péndo) B(pgzm)) 8(§§g> _R(%_: +ou) - R(% T ‘g—gj) p— R{Q%_z; _ g(% 42y dw }

Then, substitution of these values into the equations of motion (185)p yields:

ou  Op 190 /0u  0Ov Ow
221 LD Rlau+ > 2 (&0 90
(221)5 P o +3x [ u+38x<89:+8y+ 0z

We can interpret that as the special cases, Boltzmann have deduced the NS equations after substituting
the tensor (220)p to (173)p, for lack of pressure terms.
REFERENCES

)} —pX =0, ---(withY and Z components. )

(1] Ludwig Boltzmann, Vorlesungen tiber Gastheorie, von Dr. Ludwig Boltzmann Professor der Theoretischen Physik an
der Universitat Wien. Verlag von Johann Ambrosius Barth, Leipzig, 1923.

[2] Ludwig Boltzmann, Lectures on gas theory, translated by Stephen G.Brush, Dover, 1964.

[3] A.L.Cauchy, Sur l’équilibre et le mouvement d’un systeme de points matériels sollicités par des forces d’attraction ou
de répulsion mutuelle, Exercises de Mathématique, 3(1828); (Euvres complétes D’Augustin Cauchy (Ser. 2) 8(1890),
227-252.

[4] P.S.Laplace, Traité de méchanique céleste, Ruprat, Paris, 1798-1805. ( We can cite in the original by Culture et Civili-
sation, 1967. )

[5] C.L.M.H.Navier, Mémoire sur les lois de [léquilibre et du mouvement des corps solides élastiques,
Mémoires de I’Academie des Sience de Illnstitute de France, 7(1827), 375-393. (Lu : 14/mai/1821. ) —
http://gallica.bnf.fr/ark: /12148 /bpt6k32227, 375-393.

[6] C.L.M.H.Navier, Mémoire sur les lois du mouvement des fluides, Mémoires de I’Academie des Sience de I'Institute de
France, 6(1827), 389-440. ( Lu : 18/mar/1822. ) — http://gallica.bnf.fr/ark: /12148 /bpt6k3221x, 389-440.

(7] S.D.Poisson, Mémoire sur Z’Equilibre et le Mouvement des Corps élastiques, Mémoires de I’ Academie royale des Siences,
8(1829), 357-570, 623-27. ( Lu : 14/apr/1828. ) — http://gallica.bnf.fr/ark: /12148 /bpt6k3223j

(8] S.D.Poisson, Mémoire sur les équations générales de l’équiblibre et du mouvement des corps solides élastiques et des
Sfluides, (1829), J. Ecole Polytech., 13(1831), 1-174. ( Lu : 12/oct/1829. )

[9] A.J.C.B.de Saint-Venant, Note a joindre au Mémoire sur la dynamique des fluides. (Extrait.), Académie des Sciences,
Comptes-rendus hebdomadaires des séances, 17(1843), 1240-1243. ( Lu : 14/apr/1834. )

[10] G.G.Stokes, On the theories of the internal friction of fluids in motion, and of the equilibrium and motion of elastic
solids, 1849, ( read 1845 ), (From the Transactions of the Cambridge Philosophical Society Vol. VIIIL. p.287), Johnson
Reprint Corporation, New York and London, 1966, Mathematical and physical papers 1, 1966, 75-129, Cambridge.



Another proof of the cyclic sum formula

for multiple zeta-star values

FtR T8 (JUNREERZAGRER AT

ZHEY— 2l E1X, Riemann zeta BIE C(s) = S°°°, L, (Re(s) > 1) DIEDOEEH TOMHE

n=1 ns>

(Riemann zeta fH) 23 2L HL L2 EBIET, ROK S ITEERINS.
E&E. FBE Kk, ko, .. Ky (72720 by > 2) ISKHL,

1
*(ky ko, k) = >
C( 1, V2, ’ l) m1k1m2k2...mlkl’
mi>mo>-->2mp>1

1
ki,ko,.... k) = E
<( 1, 2, ) l) m1k1m2k2...mlkl
m1>mg>-->m;>0

LEERTD.

W, E 2 E 5T EZ2E L — 2 (multiple zeta-star values, I L C MZSVs), &2 (45
7% L) ZHE—Z{H (multiple zeta values, i LT MZVs) EFESR. MZSVs & MZVs &1 =1D
5E1% Rimann zeta fHIC75 % .

ZEY— 2EOWIZEE, BIHE TIIBEROMIEE DI5 5§ REEE T MR Y —, M 5k
N, HEAVEE TG EOHFEMRICKIDILIITDbN TV, LEEL—XEDOWHIFENIREL T
TRERICHZDD, LUTD Zagier DXt TFHETH 5.

KT (Zagier[12]). dimg Z Q- (ki k... k) = d,

ki +kot- Ak =k
1>1,k1>2,kg,. kg >1

rzre L, #5 {dp} &, do=1, d1 =0, do =1, dy, =dp_o+dix_3 (k>3) THZBN%.

COXRTETRIZ DT ERREL TS, TDSBDV LD, kHRKELRBICON—IM
SRR O E BRI (K7 0.41 x 1.32F) IKZA TV VWS T ETHB. ZDI:
b, LEL—XEOMHENR EOREKMELE L TOMELEETHS. —/7T, TOXCTRICE
L, ZEEY—2ERNICIZZ < OFPEBIHRAD R D TD T &IcE s, 2N 5 2 B RNICER T
ZWFEEBEAITONT WS, AT 7 =)V LAR— FOHYRIEZOF ([10]) Tld MZSVs OFF
TRENC BT 2 WFFERUR 2 iAo by, AR TlE MZSVs ORIRINIC BT B W98k R 2 MRS . 20
FERIZ TN OH P EE OR-FEME THEONEEDTHS.

MZSVs OBRARDOT EDE LT, BUNICHARZKEFIAZ &0 5 BFRNH KB £k [8] 12 &
DHILNTVS.

MEMAX (K-8 [8]). IEREE Ky, ko, ... k> 1 (7272055 ky > 2) I LT

l k].,l

SNk =it Lk, Kk ko koa,d) = kG (R 1)
j=1 i=1
DEH, JOTTRIE MZVs THERENB R MVERMTEZ BH, MZSVs & MZVs & HWIS i FEEBRE D
SIEATRIZOT, HOMESRY M VR 3T 272, AKDTHE LY A0




MDD, T C,hk=ki+hko+---+k TH5.

Z D MZSVs DKEIFIANUZ, k1, ko, ..., & 2K EIE 72 MZSVs ORI —< B —Z{ED
BEMETEITIZ LS80 THS. TOKEFARNIE, MZSVs DREFRIBHEOH T EHH AL
X (Granville[2], Zagier[11]) &MHEN S BIRAEZ & SICHIZMEL TW0a . KEF-#ibk [8] I K
% KIEFIATKOFEIE, MZSVs OREEFIR LB B e O CTEREIR T2 W05 8 DT
ol MEFIAXNEHI TSN TW Tz, MO 5N TV % 2 EH Y — 2D B Rk
(7Y =2 BRI 1] P —fRE T vy TIVEIRIN [6] 75 &) & OWUEBIRNAIRTSH > 72
F4id, TORKEFNAZZABD)NSORGR [7] IiE S8 5 T ic & O RE G2 5 2
BT EMNTE. TOMFEARICK D, KBRS E (Z0 U 2BRXE TR AR T 1.

JNEDRIRASB K CTHERZIBNRB 72D, MZSVs OREITERLZE AT % (cf. Hoffman(3]).
9 = Q(z,y) ZHBEBUA LD 2 ZHOFHMZHAIRE T 2. 91 = Q+ Hy 2 9 DEDIRT (6
ML) y THD D word TEDENBZZHEARAKZEXL, 9 := Q+ 2oy Z H' DEITET (A
FE L) 2 THHED y THD D word TEDEN B ZHEALMhZET. 9 D SFEAR D Q-
WL G4 Z 72

7(l‘k1_1yxk2_1y T xkl_ly) = C*(klv k:27 sy kl) (kl > 2)7 7(1) =1

TEHETS. R, H FOUVELDODOBEEEATS. x% § x H H5E Hl AD Q-MIREEM T,
UTROEXS B2 O OEDLERT .

(i) BNTh 1 ThH5. DFED, TEO S Dt wicH LTl sw=w* 1 =w.
(i) (FED p,q¢ > 1 & H! DIFED words w, w' I LT,

2P lyw F 297w’ = 2Py (w F 27 yw') 4+ 29y (2P lyw F w') — 2P Ly (w ® W),

ThUE, —IRICTRB LTINS o' LOHEREETH 5.

x ZfEMENT BRI GG L, £ 5% Ly(w) =2w (we ). BffaZ H LOAL
FAREHREL, alz) =y, aly) = TEEXZEDELT 5. GfaZz H hH ol D Q-FRIEEE
Ta(wy) =alw)y (weH) &5 TDEE, RHWDILD.

NBBERR IS [7]). Loa(Hy * 9Hy) C ker Z.

FRDEANker ZICEEND LWV T &I, MZSVs DERAGETHE EnWs T EERLTH
% . MZSVs OKEFIANRAE T DN EDOREFRRICIHE Y S T & TiFid %.

FHER RN B FedIC, Bl Rl BRHEMT 2. n > LIS L, § 0§D ~OIE o 2K
TEHTS. HDrtabw (1<i<n+1)IKHLT,

ao(w QW@+ @ Wy @ Wpt1) =W QW2 @ -+ @ Wy, @ AWnp41,

(W Wy R+ Wy @Wpt1)0b=wbRWa ® -+ @ Wy @ Wp41
CEET D, M, & HnH) M § ANDEBRT,

My(w @ Wy ® -+ @ Wy, @ Wpt1) = WiW2 +* + Wy Wyt 1



TEHTS. C, & o5 920D AD Q- BT,

Cn(z) =2@y®", Culy) = —(z@y®")

THY, 9§ DITLEDTCw, W ISR LT, T4 T = v V|

Co(ww') = Cp(w) 0 y(w') + y(w) o Cp(w)

ZiilcTEDEERKTS. IZREL, v & 9 LOALFRMEBRT, v(z) =2, y(y) =y —x TEX
25089 %. Gi%p, % p, = M,C, TEHETS. §! &y DFELIND §! O words TERE N
% 9 OENERET D, COLE, LLFOERISS.

FEE (HP-EH[9]). FEDn > LICHLT, 5,(9") € L.a(Hy * Hy) (C ker Z) DK D
A®)

FAZIERONERBBRRTH . ZDTENBHE 5, (HY) & MZSVs BOBGREE 52 T3
ZENDbhB.

FHRERICIBNT, v akh lyak =y akimly) — 2k (€ 9) 2B p, THT &,
y) — ")

l
— Z xkj—l’yl,kj_‘_l—ly'kal—ly‘rkl—lymkg—ly.‘_l,k]'_l—lyxi—ly_ k$ky (1)

CEMEINS. 72720, v L IHIRDES v OWESTHS. DF 0, v HIFHCEREHRT,
v z) =2, v y) = a+y TEELSEDTHS. TTT, IS, v Lo tyakz—1ly. .. ghi=ly) -
zF 3 9 DL TREY. LML, n = 10ELE, KEFEER 2 DD words w,w’ IZH LT,
p(w) =p, (') EZBMHENDD. TOMEKD, HERE ki, ke, ...k (J2I2L, 25 ¢ loxt
Ukg>2) 1L, X (1) 258 Z TBI &, BLAROKE-Fibk 8] D MZSVs OKERIAN 721G
% IR B. AR, p, ICHIET 2 BEMNEE T E, Hoffman- KEY [4] I K % MZVs D[]
Mz (MZVs kD) N BRI s S S RBINICEEHT 5 L ER[EETH 5.

MZVs & MZSVs DK EFIAXA A TH % T &1X, HFE-HE) - K- [5] CHEfEatHEIC X
DEFHENTWVWS. MZVs kT MZSVs OKEFRIN KD NEDOEHRKDO—ETH 5 &5 KA
DfERZH NS &, N5 2 DOKEFIAAMNFETH % Z & ORENENEERZ 52 % 2 &
£ TE5.

4% 5, RERIARE 52 B T L EBNT, RS, MO 5, DREICE S BBIEELS.
nd = LS L, 5L, % 51 0 dRFRHG LT 5. <2 bR CSFL % CSFL i— (5, (w)w €
Hip)o LEHEL, XY VR CSE, % OSF, O d > 1 THfVE & -7 CSF, == @, CSF,
LE#ETS. COLE UFOT 4V L— 3 VREERFOT LD D S,

AN

=)

NEE. (1) {EEDn, d> 11K, CSF.,, c CSFer.
2) f£35D n > 1% L, CSF,41 C CSF,.

—

CHUCED &, nDIRELEZICON, BEHEL LTINS E>TWS. 3hbb, n> 2055
En =105 (KERIAN) ICwEEN5.
L TEA 7 QY b L2e] CSF. DIt FHER Rt U7, A F D& 21372,



d+n |3 5[6[7[8]9]10] 11 [12[13]14] 15
n=1[1 47612183458 106 | 186 | 350 | 630 | 1180
n=2 L[ 35 [ 1117 [33]57 105 [ 185 [ 349 [ 629 [ 1179
n=3 13 7 [13[26[48] 91 [167 [ 319 | 589 | 1116
n=4 113 [ 7 [15]29] 58 [111 [ 218 [ 417 [ 811
n=>5 1 [ 3] 7 [15] 31 [ 61 [122]239 ] 473
n=>6 1 ]3] 7 [ 1531 ]63]125] 250
n= 113 7 |15 |31 ]63] 127
n= 1 [ 3 ] 7 [ 15|31 ] 63
n=9 1 [ 37 [15] 31
n=10 1L [ 3 [ 7] 15
n=11 113 7
n=12 1 3
n=13 1

n=10DLE@FKEMAXNGABXTTHY, TORHIZ

2+ §:¢(d;1>yn(kﬁb,¢my:(ZMZVD

m|d+1

EIRBTENHBENTWS. £z, n HRELEZICONEHNSEI/NE R %. TNIHRIEFEDT 2L
FL—23 V& CSF; D CSFo D - AVRLTWA T ETHD. n>d—1DLE, 2471 LS DB
NTVBHEE D> T0E. THUNDOERPOED ED K S HHIHITHN TV 5 DB TR
WKEOhS5R0D, HAGDERMNCEE LAVWEIC > TV Eh Nz,
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On the Circuit Double Cover Conjecture

FAREER AR BERVIER AR A H I
AT —F RIRIEA

1 CDC %8

ARTE, CDC PREMENS TRICOWTHNT 5. TOTRIE
Szekeres [8] & Seymour [7] IC K> THEIICESLENTETFRETHD, 7
Z 7 HERIC BT 2 EELAMAE L LTIALHENTVWS. CORME
375 7 OO DIAARICE T 5 TR, Nowhere-zero flow DIFAE
M, 7270kl LERTEND .

CCTC, ETHEEOEEEZTS. /7577 G = (V,E) &, GREODIH
HMOEGV LHAZBIOUDOES EDHTHD, ZHEANIN—TZ2E
FE0EDET B, FIZIETTROT T TE {vy,..., v} ZIHEESE L,
{0102, V103, V104, VaU3, V304, V4Vs, VsV, UsV7, UeU7 } ZIAREHE T BT 5T T

H5.

U1 U7

bridge

[
2 V4 v

U3 Vs
n >389 %, nfHOMEZS V OIELF v, ... v, T, 0109, VoUs, . .., Up_1Up
00 VT GDILTHBE D% G DA (circuit) W 5. PABKIZZN
HETIT7THAHEEHITENTES. GOEDHRKICEZTENTZVX
5 7531% G OFG (bridge) £,

E# (Circuit Double Cover)
Cl& G DA 575 % multiset (A1 BILOEEZFFITHES) THZH LT 5.
C H G D Circuit Double Cover TH % & &

G DIEEDW e ITH LT HC eCleld C DAY =2



MK DN DT &S . LI Circuit Double Cover 2 CDC EFES. i 2
WRATESSEE T 57 K* DO CDCIIERD 2 FHEHICIR 5.

Circuit Double Cover Conjecture |7, 8]
Rz Rl MERD 7 713 CDC ZHKiD.

C OFHRIZ Cycle Double Cover Conjecture & & PFEHEN TS, CDC
EAIRRIC, DB OFAEE CDC FAEEPER, CDC FAEOE MRE LT,
BIZ IR SN T WS, 757 H 4305845 [5] , hypohamiltonian /0D
3-1ERN 3], XTI T T T~ A F—IcFiizw [1] HBEIKid CDC
TRZIELL.

3HITIRND K 51T, MZEFzRW - ERIND 30 GRS 57
¥ CDC %%Oc_ EWNbh B, DUNTIERIRENEE CDC FREE DD D
LLO[I\T%/T\

2 S3-IERIV ST L%

E& (ERIZZ7)

757 GHr-1IERITH S L1, GOFREM v ICDWT v llcfERiT %340
Bihr ThaT bz,

Jaeger[6] IC X D, CDC PAIZE Z HBCIE 3-1ERIZZ 7ICfR>TE &
W EAHIBNTWS. T TR, 3ERIT ST DHZEZS.

EE (L@t

G=V,EYZ2757, keNLT2. Bffc: E— {1,....k} NG D k-
Wkt Ths e

e, f € FE (e# f) Mz G895 = cle) # c(f)



Zhilzd T emNS. TDEE cle) mille DLV,

1 3 1 3

VN VN

3-1k WA TR

Vizing DEH 2, pp.119-120] IZ X > TEED 3-1ERI 75 7% 4-30%
D,
REE T 408 72 HD 3-1IEHIIZ 2 712DV T CDC T2 E 54

3 4-10EEELECDCTE

IR G = (V,E) Zfazfilz a0 3-EAI 757 8 U, GOill¥tac: E —
{1,2,3,4} %72, e Y (4) MEUNCIRZ X 91ICe 5. fcl(d) <200k %, X
DFGRME BNz,

(i) tc 1 (4) = 0 DS
TDEECE3UHAOTHS. a#8e{1,2,3} XL Tab pitaZzhs
DU ST BEH T T T % (0, )T ST ENS. REDD G D
(o, B)-EB73 7 7 OFZ RIS 2UDOAREIITNT2THHT D
MBDT, ZIUIREOH DN SE->T0 5. (o, 8) % (1,2),(2,3),(3,1)
FTNTNOLEETEZDTET, GIZCDCEFOT LIS,
(ii) fc'(4) = 1 DA
CDEIBRTITTENHETNE, 4D FIGT 20 mmza L
TV 4RO, a2, ByH 129D ({a,p,7} ={1,2,3})
ﬁmfw%:&th%)®%m@ﬁ%bb%(TI) TOEEKDIH
oD, B aDiE fONELZHICH S TWL T ET, EEDOZW
G@anﬂ@m% %L&#T%%# NIV DEIREETHB T
CICFET S, WA (4) =1 THEKIERT T TIIAELR.




(iii) fc~1(4) = 2 DLH

COHEEICIT G ORTOHAEZZT 2-1IE ARG 75 7T, EEWEED
PRS2 DU E XXV EDIMAET S DT, Huck DEF [4, Theorem A
ICX D GiE CDC ZFiD.

SZ Xk
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Determining nodes for semilinear parabolic equations

Ryohei Kakizawa*

1 Introduction

Let © be a bounded domain in R" (n € Z, n > 2) with C%-boundary 952, H be a closed
subspace of L?(Q2), V. = H}(Q) N H. We consider the following strong formulation of the
initial-boundary value problem for the semilinear parabolic equation:

diu+ Au+ Bu = f in L?((0,00); H),

u(0) = ug inV, (L1)

where u is a time-global strong solution of (1.1), A is a linear elliptic operator of second
order from D(A) into H, B is a nonlinear operator from D(B) into H, f is a nonhomoge-
neous term, ug is an initial data of u. Moreover, D(A) and D(B) are domains of A and
B respectively. A typical example of the first equation of (1.1) is the following semilinear
heat equation:

Opu — kAu — |uP~tu = 0,

where k£ > 0, p > 1.

The conclusion for asymptotic properties of time-global strong solutions of (1.1) can
be given by the theory of nodal values and determining nodes introduced by Foias and
Temam [2]. The approach of nodal values and determining nodes is quite natural from the
computational point of view. In general, determining nodes can be obtained from finite
many measurements, time-global strong solutions of the initial-boundary value problem
for semilinear parabolic equations can be uniquely determined by them. Some problems
related to determining nodes for semilinear parabolic equations have been discussed. It
is proved by Foias and Kukavica [1], Kukavica [3] and Oliver and Titi [6] that there
exist determining nodes for the Kuramoto-Shivashinsky equation, the complex Ginzbrug-
Landau equation and the semilinear Schrodinger equation respectively. In recent years, Lu
and Shao [4] studied determining nodes for partly dissipative reaction diffusion systems
including the FitzHugh-Nagumo equations. However, determining nodes for semilinear
parabolic equations in which the semilinear heat equation, the Navier-Stokes equations
and so on consist have been not considered. It is necessary to discuss nodal values and
determining nodes for general semilinear parabolic equations.

In order to meet the above requirement, we study the determination of the asymptotic
behavior of time-global strong solutions of (1.1) by determining nodes. The main purpose
of this report is to extend B to the more general nonlinear operator than [2], [4] as for
some results which are obtained in [1], [2], [3], [4], [6].

*Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba Meguro-ku Tokyo
153-8914, Japan (E-mail address: kakizawa@ms.u-tokyo.ac.jp)




2 Preliminaries and main result

2.1 Preliminaries

All functions appearing in this report are either H or H™-valued. For the sake of simplicity,
we will not distinguish them from their values in notation.

It is well known in the theory of Hilbert spaces that L?(f2) is decomposed into L?(§2) =
H®H™*, where H is the orthogonal complement of H. Let P be the orthogonal projection
of L?(Q) onto H, V = H(Q)N H.

A is a linear elliptic operator from D(A) := H?(Q) NV into H defined as

Au= =P " 0y (a;Onu) o,

,j=1

B is a nonlinear operator from D(B) := H*(Q)NV into H. A and B are assumed to the
following properties:

(A1) a; € COYQ) (4,5 =1, ,n).
(A2) aj =ajonQ (i,j=1,---,n).
(A.3) There exists a positive constant a > 0 such that

n

Z aij()&¢&; > alél?

ij=1
for any x € (), £ € R™.

(A4) Let (u,v)pay = (Au, Av) 120, [ullpay = ((u,u)D(A))l/Q. Then || - || p(a) is equiva-
lent to || - [| 2(q) as a norm in D(A): there exist two positive constants a; > 0 and
as > 0 such that

a1 |ull g2y < [lullpeay < azllull g2
for any u € D(A).
(B.1) B0 =0.
(B.2) There exist two constants Cp > 0 and p > 1 such that
|Bu — Bollyaa) < Callullpta, + 1ok lu - vlm )
for any u,v € D(B).

Let f € L?((0,00); H), ug € V. w is called a time-global strong solution of (1.1) if
u € L?((0,00); D(A)) N Cy([0,00); V), dru € L*((0,00); H), u satisfies (1.1). Let S(f, up)
be the set of all functions which are time-global strong solutions of (1.1) with f and wug.



2.2 Main result
Forany N € Z, N> 1,z € Q and u € D(A), En, dy(z), dy and ny(u) are defied as

EN:{l‘l,"',LUN;J?jEQ (]ZlvaN)}7

dy(z) = mi —
(@)= min fo— ],
dy = maxd

v = ey dn (o),

v (u) = max fu(z;)].

We can consider Ey and dy as the set of determining nodes and the density of Fy in €2
respectively. It is essential for our main result to be assumed that

(H.1) S(f,up) # 0 for any f € L*>®((0,00); H), ug € V.

(H.2) There exists a positive constant M (f,ug,ty) for any f € L*((0,00); H), ug € V,
to > 0 such that HUHC’Z,([to,oo) D(A)) < M(f, uO,to) for any u € S(f, UO).

Our main result is given by the following theorem [5, Theorem 2.3]:

Theorem. Let n = 2,3, f,g € L>®((0,00); H), ug,v9 € V, u € S(f,up), v € S(g,v0),
and assume (H.1), (H.2). Then there exists a positive constant 6 depending only on £,
A, B, f, g, M(f,uo,to) and M(g,vo,to) such that if 0 < dy <6, u(x;,t) —v(z;,t) = 0
(j=1,---,N), f(t) —g(t) = 0 in H ast — oo, then u(t) —v(t) — 0 in VN C*(Q) as
t — oo forany 0 < p<1/2.

3 Applications

3.1 The semilinear heat equation

The initial-boundary value problem for the semilinear heat equation is described as follows:

O — kAu — |ufPlu=f  in Q x (0,00),
uli=0 = up in Q, (3.1)
ulaq =0 on 09 x (0, 00),

where k£ > 0, p > 1, f is an external force, ug is an initial data of u.

Let H=L*Q),V = H}(Q), P = I, Au= —kAu, Bu= —|ulP"lu, 1 <p <n/(n-2),
where I is the identity operator in L?(£2). Then there exists a positive constant Cg > 0
depending only on €2 and p such that

| Bu— Bl 2@ < Calullfatgy + 015ty u = vl (32)
for any u,v € H'().

It is stated in [5, Theorems 4.1 and 4.2] that (H.1), (H.2) hold for the strong formulation
of (3.1) under appropriate assumptions for p, f and wug.



3.2 The Navier-Stokes equations

The initial-boundary value problem for the Navier-Stokes equations is described as follows:

dive =0 in Q x (0, 00),
ou — pAu+ (u-V)u=—-Vp+ f in Q x (0,00), (3.3)
Uli—0 = U in €2,
uloq =0 on 99 x (0, 00),

where > 0, f is an external force field, ug is an initial data of w.

Let us introduce the solenoidal function spaces to utilize the strong formulation of
(3.3). Coof’U(Q) = {u € (C(N)" ; divu =0 in Q}. L2(Q) is the completion of Coof’U(Q)
in (L2(Q))". L2(Q) is characterized as follows:

LE2(Q) ={uec (L*(Q)"; divu=0 in Q, u-v =0 on 90},

where v is the outward normal vector on 9€). It follows from the Helmholtz decomposition
that (L2(2))™ is decomposed into (L?(Q))" = L2(Q)®G?, where G? := {Vp; p € H'(Q)}.
Let P, be the orthogonal projection of (L?(£2))™ onto L2(2). See, for example, [7, Chapter
1] about basic properties of the Helmholtz decomposition.

Let H" = L2(Q), V" = (H}(Q))"NLE(Q), P = P, Au = —P2(uAu), Bu = Pa(u-V)u,
n = 2,3. Then there exists a positive constant Cp > 0 depending only on €2 such that we
have the following inequality:

[Bu — Bo|| 2@y < Collull(zz@) + vl m2@))lle — vl (gi@)n (3.4)

for any u,v € (H%(Q))".
It is well known in [2] that (H.1), (H.2) hold for the strong formulation of (3.3) in the
case where n = 2, (H.1) implies (H.2) in the case where n = 3.
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Generic arrangement FOPERHZRERD % 22—

RS CEX - #)

2010.2

1 introduction

Holm {3 [2] T Central arrangement O MEEEERICBIS 2 W EHZRER DM 2175
7o, FRC, BPHEACED Generic 75 & TOWMEFHZRIROMREE L TOEBITZH A
. LA L, MOTEHZREREOMHEEICOWTEHESMZRIE EN TR, X7z, Central 2-
arrangement O MEIFERICEI S BT EHZRER OB PERIC K2 F X7 D S-hige LT
DRJEDN Bl I KD HGA BN, TORKICE T 3WMAMEHZRIROZ "2 > T, Central
2-arrangement O BEFRERICEI T BHITEHZRIRN A X —IRTHZ T LAGFHTE . 5
ml, 228D Central arrangement O MEREERICES T 2 TEHZREED X —HIC DWW T
Y B, iz, MAOTFHRERICOWVWTIE [1], [3] & &I, @ FmidE (Arrangements
of Hyperplanes) IZDWTIE [4] ICEERFASRD AT N TV S.

2 WOMERERIRE Weyl £

S =Clz1,...,z,] Z n ZHZHAIRE T5. £72 Ende(S) 2 S OHHERBEER L 4
5. THED = 1,...,n IR LT x; € End@(S), (91 € End@(S) %
of
8$i
TEEINATEHZEET S, 21,...,2,,01,...,0, TEHREINS CRE 4, =
Clx1y.e ey Ty, Oy ey On) Z 0 RD Weyl (B EWNS . A, DEBITC T, ..., 20,01, ..., 00
i

ri(f)=mzif , 0i(f) =

(f €5)

(03, 23] = 035 - 1, [, 23] = 0, [9;,0;] = 0 (2.1)



EVS BB LD, TTT O,y =0np—nb THY, §; & Kronecher delta T
5.
B 2.1. £ B={2°0° | a,BeN"} 1T A, ® C LORKZKT.

AR
i 2.1 KOMEED 0 € A, IF—EIC

0 = Z ca[gwa@ﬁ
a,B

CEREND. TOFERE O DM (nomal form) W\, 2298 & A, OHIFR &
9. TOHRRICKD, 2B
A, = 6P 50° (2.2)

BeN
THZTENDG. AR O = 3, 5 capr®dP € Ay IEH LT 0 DD LRE
M0 TEW B OHRTIRAD |B] 2 0 DRER (order) W\, ord(9) &EFL. 2L, %
BN ord(0) = —c0 £T 5.
I, WOEHZEERZL RO X 5 ICIRNINCERT 5.
EE 2.2, Al CAUL RICKH LT, R OMOMEZEE D(R) 2L R CIRMIICERT 3 :
D°(R) = {0 € End¢c(R) |a € R, [0,a] = 0},
m>1, D™R)=1{0cEndc(R)|acR,[0ac D" R)},
D(R)= | J D"(R).

m>0
2T, D(R) &k, 15 SHRETH%.
M TERZELRR D(R) BZEREZRFOZ Db > TW0a. Tl iiRicko, £
IR S ISP B EHZRE D(S) 1 Weyl RELTHZ T L K<HIBENT WS,
THb,

PaN:|
Ap

2.3. D(S)=A4, Ths.

5

TTTDU(S) = Bygy, 59° EBLE, (2.2) KD Weyl 2
D(S) = 5 p™(s)

m>0
ERERDFREITIC KB EMDIRT B EMTES.
17 SDATTIVETS. I ZRFT BMMEHERRZE X 2 L EMEZ R



E&E 2.4. SOATT7IVIITHLT,

A(I)={0 € D(5) | 0(I) C I}
LEFTD. A()E D(S) DHDERTH 5.
A(I) 2> T S/T DWAMERFHEERZE Weyl (REDID R E L TERRTE 5.

W25 [ ZSDATTIVETD. TDLE,S/IOWITERZRRIGEIRE A(I)/ID(S)
ECREE LCHETHS.

3 Central arrangement LM {ERAERIR

Holm (& [2] T Central arrangement D JFEREERICEIS 5 W EHZRER DM 211> 72,
Tl [2, Proposition 4.3.] I X 5.

mEE 3.1. p1,...,pr € SEEINTNHWVWICELGER-RZHEAXEL TS, £/ Q =
prepr EBWVTC, I=QS k5L

Al = @ A™(1)

m>0
CH%. 7L, m>0HLT AM(T) = {0 D(S) |6(1) C I} LT3,

F7z, G2 5N7W0 OO AT DERICIHBWTEIIRIEZED A(L) OFRKT DK
S-hfEE LCORETH B E S 2 HETE S [5, Theorem4.10.]. Flcn=20D L ZE,
A(I) DFEBEEDOF R D S-hnft e UTHEN—D5.2 5N % [5, Propositiond.14.].
CORIKICKZ AD) OF S-MEEE LTOERRMDAETH S. TOXREMmE 2.5 IC
X0, WIrEHZEER D(Clz,y|/I) DtDBARNAFRENAIREICAS. T, EED
t=1,...,7r LT

Li = A1) N (py---pi) D(S)

LE#TS. COLE L & A() ORMlA FTLTHB T EhbAD, i A) O
B 77 L OF

ID(S)=L,CL,1C---C L1 CLo=A()

DEFIR Li—1 /L DX X —1ZRN% & TULRD T & 2R LTz,



EE3.2. r > 128K Ed5. i=1,...,r iICRHLTp; € Clr,y] ZHAR—RZEHALL L
Ty Plye o, pr BENEFNHWICETH S TS, L2 T = (p1- -p.) CClr,y] £T 5.
CDEZE, IR D(Clx,yl/I) 3EARZ—DDEXZ—TH%.

—/TCTr>20tE, TOR D(Clz,y]/I) ZA—F— - TV E—ICX>TREILL
TeBRIF A 2 —BR TR0,

i 3.3. S=Cla,yl LTI =uayS Z oy TEKEINDE SOATT7IVET S, D&
E, EEDOmM > 1ICHLT

207" € A(I) , 0" ¢ A(I)

THsd. LIeh> T, MEHZER D(Clr,y|/I) ZA4—%—+ T 1)V Z—IC K > TXREIL
U728 Gr(D(Clx, y|/I)) {2107 | m > 1} TEREI NS AT 7 IVEERAEK TIE &R,

SE 3k
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Construction of an expansion by BMO families in Triebel-Lizorkin
spaces by rearrangements of wavelet series

Takahiro Noi*
Department of Mathematics, Graduate School of Science and Engineering
Chuo University

Abstract

Ph. Tchamitchian[8] has constructed an atomic decomposition by LP-atoms (1 < p < 00)
in real Hardy space H'(R") by rearrangements of wavelet expansion. Here the LP-atoms
depend on each element in H'(R™). In this paper, we show a result that there exits an
expansion by a BMO family in Triebel-Lizorkin spaces Fy; | (R™) by appling the above methods.
Here the BMO family also depends on each element of the spaces.

1 Introduction

The real Hardy space H'(R") is defined as follows.

Definition 1.1 The space
H'R") ={fe L*(R"): R;f € L*(R"),j =1,--- ,n}

with norm || f||gr = || fl|zr + Z?zl [|R; fllLt is called the real Hardy space. Here R; denotes

j-th Riesz transform , i.e. i is the imaginary unit and R; = —i0/dx;(—/)~1/2,

The LP-atoms are defined as follows.

Definition 1.2 Let 1 < p < co. A measureble function a(x) on R™ is called the LP-atoms if
it satisfies the following three conditions.

(1) There exist a cube Q@ C R™ such that supp(a) C Q,

(2)/nadx:O,

1y .
(3) [lallz» < 1QIF ™", if 1 <p < 00, and, ||al|ec < |Q| if p = co.
Here, |Q| denotes the Lebesgue measure of the cube Q in (1).

Ph. Tchamitchian[8], has constructed an atomic decomposition with L? (1 < p < 00)-
atoms {ay ;} satisfying the following inequality by permutation of wavelet basis.

Theorem 1.3 (due to Ph.Tchamitchian[8]) For each f € H'(R"), there exist LP (1 <
p < 00) -atoms {ak;} and numbers {\y ;} € £*(Z x N) such that, f can be represented as

[= Z Ak, Ok,

keZ,jeEN

and
1

= 3 Pl =l <D gl (1)

kE€Z,jEN k€Z,jEN

Here C is some positive constant number.

*s170040gug.math.chuo-u.ac. jp



The above LP-atoms {ay ;} belong to BMO(R™) , but not necessarily to L>. Following
the arguments in Ph. Tchamitchian[8], we obtain the next theorem.

Theorem 1.4 Let 0 <p < g < oo and s >n/2. For each f € F; (R"), there exist a family
{ar,;} with ar; € BMO(R™) and numbers {c ;} € {P(Z x N) satzsfymg the following (1.2)
and (1.3): f can be represented as

F=> cjan, (1.2)
ke€Z,jeN

and
1/p 1/p

1
Vol > Jergl? > desl”] (1.3)

keZ,jeN keZ,jeN

where C' is a positive constant depending only on p, q and n.

2 Preliminaries

In this section, we introduce of Triebel-Lizorkin spaces F, ,(R")(0 <p < o0, 0 <g<oo, s€
R), BMO(R™) and some well known results of relation between wavelet and the above two
spaces.

2.1 Definition of spaces

Definition 2.1 ([7]) The space F,; ,(R") consists of all elements f € S'(R™) such that

1
q
q

oo

r o = ||| D029 (@i ()

Jj=0

171

< Q.

Lr(R™)

Here f denotes the Fourier transform of f defined by
fO) = @ny 2 [ ey, ¢

and fV denotes the inverse Fourier transform.
Let {¢;} be a dyadic resolution of unity in R™ as follows:

do(z) € S(R™) satisfies go(z) =1 (j2] <1) , do(s) =0 (ly] > 3/2) and
() = ¢o(27%x) — po(27Fz), zeR" keN.

Semi-norm || -||ps ¢ is equivalent to || - |
R™ as defined above, and so, we use || |

F . with any other dyadic resolution v of unity in
s, in stead of || - ||z o from now on.

Next, we define BMO(R™).

Definition 2.2 The space BMO(R™) consists of all function f on R™ such that || f||Bpmo =
supg |é| fQ |f — fqldz < cc.

Here fg = |Q| fQ x)dx and supg, is taken over all cube Q C R™.

2.2 Definition of wavelets

In this paper, we use the following Daubechies wavelet [7];

bp € CU(R), ¥y € C*(R), ueN, (2.1)

where ¥, 1) have compact supports and i, satisfied
/z/JM(x)x"dx =0 for any v € Ny such that v < u. (2.2)
R

Here subscripts F and M are latter of father wavelet and mother wavelet, respectively.
Let
G= (G, - ,G,) € G*={F,M}", (2.3)



which means that G, is either F' or M. And let,

G= (G, ,Gy) €G) ={F,M}"™, jeN, (2.4)
where * indicates that at least one of the components G must be an M. Let
Uy, (@) =22 ] e, (@2, —m,), jENo, GEGI, meln, (2.5)
r=1

We always assume that 1z and v, in (2.1) have L2-norm 1. Then
(U, j€No,GeG meZ"} (2.6)
is an orthonormal basis in L?(R") (for each u € N) and

F=S S S G = Y ASa, -

j=0 GeGI meZm J,Gm
with
NE =22 [ fa)u (w)de = 27 (£, 9%, (2.8)

in the corresponding expansion, where 279%/2WZ, in (2.7) are uniformly bounded functions
(with respect to j and m).

2.3 'Triebel-Lizorkin spaces, BMO and Wavelet

In this subsection , we describe the wavelet expansion of Triebel-Lizorkin spaces[7] and con-
dition that wavelet series is in BMO. To discuss the wavelet expansion of Triebel-Lizorkin
spaces, we define the sequence spases f; .

Definition 2.3 ([7]) Lets€ R, 0<p<oo and0<qg<oo. fy  is sequence space of

A={NCecC:jeNy,GeG meZ"} (2.9)
satisfied
1/q
M5, = ||| Do 2N xa.. O < 00, (2.10)
7,G,m
Lr(R™)

where xq,.,, s a characteristic function of Qjm = [Ir_1[277(my — 1),279(m, + 1)), m =
(m1,mg, -+ ,my) € Z".

For wavelet expansion of F; due to [7] is hold.

Theorem 2.4 ([7]) Let0<p<oo, 0<g<oo, s€R and

u > max(s, opg — ). (2.11)
Here )
Opg=n|—————1] , by =max(b,0) if beR. (2.12)
min(p, q) +
Let f € S'(R™). Then f € F; ,(R™) if and only if, it can be represented as
Fo X MR, A g, 213)
7,G,m

unconditional convergence being S'(R™) and locally in any space Fy (R™), o < s. That is,
convergence in Fy (K) for any ball K C R. The representation (2.14) is unique with

NG = in/? (f’ \IﬂGm> , (2.14)

Furthermore _ '
e {22 (19,0} (2.15)
is an isomorphic map of F; , onto f, ..

If, in addition, g < oo, then {\I/]Gm} is an unconditional basis in I, .



For representation (2.14)

p/q /p

foa = /R > YNExQ,, (| de (2.16)

7,G.m

171

Fe o~ Al

p,q

is hold. Here A ~ B means there exist a positive number C' which is independent of A and
B such that A < CB and (1/C)A < B. In the relation between wavelet expansion and
BMO(R™), following theorem is hold.

Theorem 2.5 (see [4, p.154, Theoremd]) If the wavelet coefficents o m in wavelet se-

ries
2 : ) J
aJ,me\I]Gm"L
jE€ENg,meZ" ,GEGI

satisfied the following condition, then the series ZjeNO’meZn’Gegj aj,Gm‘Iﬂé,m converges, with
respect to o(BMO, H')-topology, to a function of BMO(R"):

For any dyadic cube I, 4 (k € Z, d € Z7), there exists constant C > 0 which is independent

of I,a such that
Y. > lajeml* < Ol (2.17)
IjmClg,a GEGI

where Iy, g = [[—,[27%d,,27%(d, + 1)) and the summation ZI,; in (2,17) is taken over

r=1

mCl,a
all dyadic subcubes I, of Ij 4.

In this talk we give proof of Theorem1.4.
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0000000000000000000000 KOOOOO K<“00000
Gk :=Gal(K*?/K)J KOOOOOOOOOOOOG, 0O0O0O00000000000
0000000KOOOOOOOOO K*00000 Gal(K*/K)Oo* Kooooo®
0000000000000000000000000000000000000000

00000000000 X00O000000000000000000000000
000000Lang [3)000000000000000000000000000000
0000000000 X00000000 m(X)00000m(X)0 X000000
0000000000000000000000000000000000000000
O00eg X =Spec(K)ODDOm(X)~GrMOOD000m(X)00O00000DO
0#¢(X)0OOO00* XO000O0O0O®” 0000000000000000000000
00000000000 XO000O00000O0000000000000000000
0000000000000000000 px 00000000000px 000000
0000000000000000

px : CHy(X) — w§°(X).
000 XOo0o-OooOooOooooooooooobooooooobooooooo
CHy(X) = coker(31: D k@) — D Z)DDd:dimXD

zeXd—1 rzeXd

00000, 00000000000 000D0DLO000D0000 rO000D0 X"OODDO
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Definition 1 (000000000). X0OO A0000000000000000OO0
O0000X0O ADOODDOOODODOO0O0ODOO0,00000000000

() X0 kODOOODOODOOOODOO000D00000000000000000000
00 00Spec(k(To, -+, Ta)/(ToTy---T;)) (0<r<d=dimX).

(i) X0DODODOODOOOD k000000000

Definition 2 (00000 0OCE (1], [40). X0O0O k0 d0000000000000
000XO0OO0O0000000000000000 I'x00000000000{X;}er
0 X000O00O00o000o000/0000000000000000 00000
X =Tl iniyer Xo Xx Xiy Xx ---xx X;, 0000000000k 000 6,
0 Xx"Wooooooooooooo0o »-00000000 /00000000000
0Dooooooo

gobobodoooboobuoooooouoooooboooonboooboo

Fact 3 (Jannsen-Saito [1]). 0000000000 0DO0O0O0 XO0OOOOOOOooOO
gooo

Ho(Tx, Z/n) —2" CHo(X)/n 2" ob(X) /n—s H\(Tx,Z/n)— 0. (1)
0000000 nO Abel0 ADOO0OUOA/nO0n000000O00OO0

Remark 4. 00 0000000000000 0O0OKato-Saito 2000000000
0000000000000 0000000Opx/An0000000O00OOOODOOO
ggoboboooobbbooouobbbooobobog

Example 5. k00 000000X 000000000 Ty0hThIs =0 C PP =
Proj(k[Ty, Ty, T, T5)) 0000 00000X 0000000000000000000
000000H,(Tx,Z) =%, Hi(Tx,Z)=0, Ho(Tx,Z)="12

00000 XO0O0OO0OO00 (1)000000000

ednO px/n

Z/n — CHy(X)/n —— 7% (X)/n — 0.

00000000000 px/n0000000000000e0000000O0ODO0O X
0 H(I'x,Z/n)000000000px/n0000000000000O0O0O0OODOO

Jooboooogouodbogod

00000000000000 XO00OOO0O px0000 px/n0000000000O

*l00000D000000 VOOOODOOOO0DO000000000000000000000000
000 V O strict semistable reduction 000000V O0O00OO0O0O0O0O0O [1J]000000000D0D0O
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0000000000000 000000000O00000D0O00D0O00O0OD00OO0C.
Example 50 0000000000O00OOO0OO

Fact 6 (Sato [5]). 000 k0000000000 SO0000 pg/n000000000
0000000000000 E/k0000000O000000 S®EDDD psge/nD
00000000000000

gogobbbooobbbpyx doobbboooobbobooooboboooooboo

00 000 k00D0ODOO0O0O0ODDO000ODOOOOODDOO F/kOODODDDOO
pyer/n0000000000000O0O0O0OOOO

ggobobooooboboooobbtoooobbbooobbbooobLbbooOoan
000000000000*0Example S0 00000000000000000O0OO
vobodbodooodoodoodobodbooobdouoodoodoodid ex, 00
0000000000 000D000D00O0000000D0D0O00D0DO0OOMatsumi-Sato-
Asakural4| 00000000000 DO0O0OOOODOOOOOOOOOODOOOOO
000000o00o0oooooo elooo

Y,00O00 k000000000000000000000000D0 Y,0000
00000000000 :=(0:1)0cc:=(1:0)€P,000000000000000O
00000Y := (Yo xx 0) U (Yo xg00) U (D xPL)  C Yy xy Py

00YOOOOO0OOO Ker(py)0OOODODOOO0O0O0OO0O0O0O00000O

5yZH1(FD,Z)—>CH0(Y)

0000000000000000Ker(py) 0000 G(Y):=Im(dyoo)00000
00000 : HF1(I'p,Z) — Hi(T'p,Z) 0000000000000 0DO0O0O00OO
D:=D®, k0000

000D, 0 DODODOODODO0Y, ==Yy kP 000000000G :=

Gal(k*? /k)-0 0 © := Coker (@, 7{*(D;) — n{*(Yp)) 000 G,-00000
a:Hi(I'p,Z) — O

0GY)Dooooooooooooo

Theorem 7 (S, [6]). 00 O000000G(Y) ~ Im(a)O

0000000000000000000000 GY)00O0D00o00o00000 «
DDDDDDDDDDDDDDDDDDDDDDDDDDIm(a)DDDDDDDDDDD
000 py 0 YDOOODODODOODODODOODODODODODODODO
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Example 8 (0000000000 0000000000O). n>10 (n,6-ch(k))=1
000000000k D0 1000 n00 0000000000V O Fermat 00
T+ TP+ Ty +Tf =0 CP,O0DOVOOO0O0000 7: (To: Ty : T :T3) — (Tp:
(T : ¢*1: ¢*T3) 0000000000Y :=V/<7>0000000000000
00007 (Yy) ~<7>~Z/n000000

00 VOO2eO000000000 j=1,...,n—1

L12T0—|—T1:T2—|—T3:O, LlTj 2T0—|—CjT1:T2—|—<jT3:O,

L21T0+T1:T2+CT3:0, LQTJ ZT0+CjT1:T2+Cj+1T3:0.
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Simple Cohomological Mackey Functor
Mackey FunctorD OO0 OO0 O

gooo -

og

Cohomological Mackey functdl Mackey functord D00 0000000000000, 000000
cohomological Mackey functdi Mackey functorl Grothendieck group 0 0 000000000000
0.0 O, cohomological Mackey functan Grothendieck groupt 0 0 O Z-0 00O O simple cohomological
Mackey functoD 000 0O00.000000000O0O0O0OOOOOOO

1 Mackey Functors

Mackey functorl 00 0000000000000 0OODODODOOOOOOOOO,00000O0O0O00OAO.
Mackey functord D 0000 00O Webb [5100 0 O, Thevenaz [2], [3D 00 O. Thevenaz [30 O Mackey
functor0 000 300000000000,000000D0000O00O0UDUODDOOOOOUODO. OO,
ROODOO,Rmod0 ROOODOOO (O)R-moduleD 0000, GUOOOOOO,00,H<GOOOO
Ne(H)/H:=Ny,S(G) =GODOO0OO0 DODO.

Definition 1.1 RO O Mackeyfunctor MO O 0O O
M :S(G) - R-mod
ooooooooog RODOO
te : M(K) > M(H), rf : M(H) > M(K), cf =cq: M(H) - M(PH)
Oo0ooooooooono,K<H,geGO.
[O00O]

(1) D00 H<GheHOOOO t,rf, 0 MH)ODDDDOOO
(oooJ<Ks<H<GOOOO,rSrf =rff e =tf
(3000 g, heGOOOO, CyCh = Cyh

(4) 000 K<H<GOOOO ryfey = corf, toicg = cqtf]

(G) 000 J K<H<GOOOO it = Fyerann/cg B OxF ek

Mackey functold OO0 00000 0O

D00 K<H<GOOOO, rftd =[H:KtXo O (1)

*000000000o0o0oooo



0000000 cohomologicaMackey functofl O cohom M.F)Q 0 0. Cohom M.FO O O O O, Yoshida [6]
0 permutationmodul@ 00D 0OO000OD0O0OO0OOOO.

Mackey functord Mackey algebrad 0000 (RO0O) 0O ur(G) U OO OOODOOOOOO, Mackey
algebral 000 0000000000000 O0O0OO0OO0OOOOO. MackeyalgebradOOOOOOOO
quiver00O00.0 GOOOOOOO S(G)OO0O0O,00000K<H<GOOOO

K rK
Ho—H)oK, Ke —> oH

0000 xeG,H<GOOOO
H
HQC—X).XH

O00.00 quiveroOOO ROO pathalgebrad ACDOO.

Definition 1.2 GO RO O Mackey algebrar(G) 00 A/JOOODD0O0.000 JOO, Definition1.10 00O
0

(6)000 H<G,heHOOOO ], ri,cl 000 HOOODOOOOOO
00000000000000000000000A0000000000.

000 Mackey functold ROO U000 ur(G)-moduleD 00000000 0.O0, ur(G)-moduleM OO
0 O Mackey functorM O M(H) ::tEMDDDDDDDD Mackey functolD DO O0O0QCOdOO.0oood
Mackey functor(g(G)-module)D 0D 0, 0000 wr(G)-0 0000000 Mack(G) DO O. OO O, Mackey
functor0 000000 O.00 cohomM.FOOOOOOOO Definitionl.20 JOOO (1) 00000000
000000 OO0 u®G):=A/Y000,ROIOD0OOD0 u&(G)-moduleC 00 coMack(G) 0000,
000 cohomM.FOOOOOOOO.

DDDD,Tﬁ,inf%i(H)DDDDD.DD K<GO GsetG/KOOOD G/K 80000 G/KOOODO
H-setDOOOODODODOOO,000 G-setUDODODOO0ODODOO.00 M e Mack(G) O M(G/H) = M(H),
M(G/HUG/K) = M(G/H)e M(G/K) DD DDOODOOO G-setd 0 R-mod0 00000000 OODODO.

Definition 1.3 (1) H<GO Me Mackk(H) OO OOOOO0O,0 K<GOOOO

M 15 (K) = MG/K LE)(= @ oy MH N K)

[K\NG/

000, tg,rg,ck000MOODODODDO000000000000000 M1§eMack(@G)OOO0O0O
16 Macks(H) —» Macks(G).
(2) HaGO MeMack(G/H) D OOOODODOD,0 K<GOOOO

M(K/H) H<K

infS  M(K) :=
infeyM(K) {O else

000 tg,rg, 000 MODOODODO0D0D00000000000000 infg,yM e Mack(G) 000

od

infg,; : Macks(G/H) — Macks(G).

O00000000000000000000000 [3,3,4].



2 Some Facts Related with Mackey Functors

M, N e Maclkx(G) D OO0 NO MO (ur(G)-)submoduleD 0O OO NO MO subfunctord O0O.
subfunctor O O O O Mackey functord simple Mackey functdtl O simple MF)ODOOO0OOOOOOO
O000000[4.GO0000 HOOO RNy-moduleV OO0 (H,V)ODOOO cohomMFODOODOO 10
looooooooooooon

{(H, V)IH <G, V: irr RNy-module iy {simple Mackey functoy.

00,000 cohnomM.FOOOOO (ux(G)-)submoduleld 0O 00 O wg(G)-moduled simple cohomological
Mackey functof O, simple conom M.FJ O O.

Mackey algebrar(G) 00000 Burnsidering0 000000000 .G-set0 0000000000, O
K,H<GOOO G/H,G/KOUOOO [G/H],[G/K]ODDOODO

[G/H] +[G/K] := [G/H L G/K]
[G/H][G/K] := [G/H x G/K]

00,00000000 BY(G)000.0000 Br(G):=R®zB*(G)D (R-OD)0DODODOOOO (RODO G
0 00 0)Burnside ringd O O . Mackey algebrag(G) O O

[G/HI €Br@) — > > timlkum € ur(G) )
K<G xe[K\G/H]

0000 Br(G)OOOO centralsubringd 000000 [3,5],000000 BurnsideringdDOO0OO0O00OO
Owpr(G) 0000000000 0OOO.Burnsidering 000000000000 O0OOOOOOO.

Proposition 2.1 [Dress]p0 |G|OO000O0O0O,RO pO00 |GIOOODOOODODOOOOOODO QOOOO
O000.0000 BurnsideringBg(G) DO O0OOOOO GO p-perfectsubgroup 0000 10 10000,
1= > f)

J<G up to conjugacy
J:p-perfect

000000000ooO0ooo.00o f;0 p-perfectsubgroud OO0 0000000 OOODOOOOO
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00000000 RO QUUOODOOODDOUOD pOOO0 GDODOOOODOODDOOOOOODOOOOOD
D000.ur(G)00000 f,0 QUO00D00000000 fjeur(G)UOO.000 M e Mack(G) O
f;M=MOO0O0O00O000 Mackey functord 000 Mack(G) 0O OO0 OO0 Mack(G, J)oOO.

3 Results

0000 ROOOOOO pO00 |GO0000O0O0O0O0O0O0O000000OO.
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Local well-posedness for the Kawahara equation

oo oo
gobooboooooooboooon

00,00 KawaharaODOOODOOOODOOODO.
Opu + addu + BA3u + 0, (u)? = 01in [0,T] x R,
u(0,z) = up € H*(R).

(1)

000, ERO0a#0. 000000,a=-1008=-1,00r —10000. O
O0000 0000w 0000000000000 00O00. KawaharaOO OO, OO
oo oobbbobbb. oo, oobbobbbbboooooga
(H)boooo0ooo0O(IWPp)OOOOOOUOOOOO.ODODOODOOOOoOOoOoOo,Oo
gogo,bob,0oo0bobobooboobooboboboobobobobooooo. oo,
goooooooooooobbobbbbbbb,gggoooooo. boooo, a
000000 BourgainO 2] 00000 Fourier 000000 (DOODOO)DODODOO.

O00000000oooooooooooooon, Chen-Li-Miao-Wu [3] O Tao O
[k, Z]-multiplier norm method 000000000, s>-7/40 (1)0 LWPOOOOOO
go0d.duob,0jg0obbtoooob0buoooub.b0bboo0obboo0.bgoooboo
2000 A,0000D0O0O.

t
Ao (o) (8) = — / Vit — )0, (V (5)uo)2ds.
0
000 V(t) =exp(i(€®+ ¢3)t). 2000 A, 0000000000, s>—-20000

142 (uo) (t) |71+ < ClluollFs (2)

0000,s<—-200000 (2)00000000000O0OOOOOOOOODODO. OO
oo,s>-20 ()0 IlwpPOOOOOOOOOOOODOOOOOOOO. DOOOOO,
00000000 Boooo0oo,000o00booooooooog.

Theorem 1 s> —-2000. 0000, H*0 (1)0 LwPOOOOO.

B.(H®):={ue H*; |jul|lg- <r}0000.0000000,s<-20000 (1)00
0ooooooon.

Theorem 2 s< 200 r>1000. 00 ¢ >000000,000te(0,tp)0000
000 flowmap B, (H*)>u—u(t) e H*OO000000O00OO.

Notation. 0000000, w, ud Fourier 000
u(€) = /eiéxu(x)da:, u(r,§) = /ei&”tu(t, x)dtdx

oobo0o,00 xoU,00QUobOoOooooon.
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00,s>-—200LWPOOOOOO0OD0. 00,0000<A<1/20000, uy(t,z) =
Mu(At, \r), u)(z) == Mup(A\2) 0000. 0000,«0 (1)00000 v, 000000
ooog.

Opuy — Ouy + BA2O3uy + 0,(up)? = 0in [0, \7°T] x R,

(3)
ux(0,z) = u) € H*(R).

000 s>-20000 |jud|lgs < CAZ|luollps 0000000, 00000000000
000000000000000.00,(1)000000000 (3)0LWPOOOOODO
0o,

000s>-2000<A<1/20000,006,(v)?000000000000000
00 X*000000000000, Fowier 0000000000000 00 (3)0 LWP
oooooo.

| = p(€) 7 0u(wv)] ., < Clullxelolx-, @)
| 6)° (7 = p(©) ™Dl | 3, < Clule ol (5)

000 p(&):=+pX23000. (3) 00000 Bourgain 00 X**0 00000000
ooooooog.

X0 = {u e S'®) 3 [l = [[(€)*(r — p€)'l] 2 , < o0}

[B]00,b=1/2+¢, (0<e<1)00,Bourgain 00 X" 0000000, s> —7/40
00000000000000.

| F7 6 (7 = p(€)) " 0u(wv) || o < Cllullxso 0]l xs- (6)

000,0000000000s<-37/2000000,000bcRO0000 (6)000
000.000,Xx0000000,s<-37/200000 Fouwrier 0000000000
00000000. 000 Xx*00000000000000000000000000
0000000.00000000000, Bejenaru-Tao [1]00000 X*000000
0000000000000 0000000000000000000000000000
0000.00000 (4)-(5)000000000000000000,00 (600000
000.00,R2000 2000000000

Pri={(r.€) € R*; |7 p(&)
P, :=R?\ P.

| < 1€+ LRl and Jg] 21,

o0,00000 g=0000.00  N>10000.
Type A (high-high-low interaction)

g0o00o0ooOo0O0o0ooooDOo0ooooDO0oooooDOo0OD. 00, 00000 W, ©
goo.

17(7’, 5) = XA (T’ 5)’ 5(77 f) = XA (7-7 5)
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000, 4, A,0D00000000.

Ay ={(1,6) eR?*; £ € [N - N32 N+ N73/2],

SN*¢ —4AN® —1/2 <7 <5N*¢ — 4AN® +1/2},

Ay ={(1,§) e R? ; (—7,—&) € A1 }.

oo0oOo,0000.
Uxo(r,€) > eN732 xg, (1,€).
ooo
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0O00.0000 (6)000000
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00000.0000000s>-20000(6)000000000b<3/1000000
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ogoooo,oooooa.
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ooo
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00000.0000 (7)ODoooooO,000000.
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goooo0oooooodws00oooo.
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Estimating topological entropy of a two-dimensional cellular

automaton

Akane Kawaharada (Hokkaido University)
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1 Introduction

A cellular automaton is a discrete time dynamical
system whose configurations are determined by a lo-
cal rule acting on each single cell in synchronous. It
was introduced by von Neumann [8] and Ulam [7].
Cellular automata can generate rich and complex be-
haviors, so often used as a model for complex systems
in biology, physics, computer science and so on. On
the other hand, mathematical theory of cellular au-
tomata was developed after Hedlund [2] studied as
factors of shift dynamical systems.

In this paper we shall study topological entropy of
a two-dimensional almost equicontinuous cellular au-
tomaton. Here entoropy measures the complexity of
dynamical systems. In Section 2 we give some topo-
logical and measure-theoretical definitions. In section
3 we estimate entropy according to the relation of a
two-dimensional almost equicontinuous cellular au-
tomaton and a one-dimensional elementary cellular
automaton.

2 Preliminaries

A cellular automaton is a discrete time dynamical
system (X, F) where X = {0,...,n — 1}2" (n > 1)
and F : X — X is a shift-commuting and continuous
map. A finite set {0,...,n — 1} is a state set and
X ={0,...,n— 1}Zd is a configuration space and
each element x € X is called a configuration.

Definition 2.1. Let v, ..., v, € Z% be finite pairwise
distinct vectors. A d-dimensional cellular automaton
(d>1) F: X — X with local rule f :{0,...,n —

1}t —{0,...,n — 1} is defined by

(Fx) iy, i) = F(@(iy,ia) F VL Ty ig) T Vt)-

We define a metric function d on X for z,y € X,

d(xz,y) =27 ,where o = min{max{|i1],...,|ial} |

T(iy,... iq) #* y(il,‘..,id)}

Then (X, d) is a compact metric space which is per-
fect and totally disconnected. A point z € X is a
periodic point with period n > 0, if F"x = x where
F™ is the n times iteration of F. If Fx = x, x is
called a fized point. So a periodic point with period
n is regarded as a fixed point of F'. A point x € X is
preperiodic with preperiod m > 0, if F™x is periodic.
If preperiod m > 0, the point is called a eventually
periodic point. We define some topological properties
of cellular automata.

Definition 2.2. (1) A point € X is an equicon-
tinuous point, if for all € > 0, there exists § such
that

d(z,y) <6 = d(F"z,F"y) <e forall n> 0.

A dynamical system (X, F') is called equicontin-
uous, if every point of (X, F') is equicontinuous.

A dynamical system (X, F) is called almost
equicontinuous, if the dynamical system is not
equicontinuous but there exists an equicontinu-
ous point.

A dynamical system (X, F) is called sensitive,
if there exists e > 0 such that for all z € X



and § > 0, there exists y with d(z,y) < ¢ and
d(F™z, F"y) > € for some n > 0. So there are
not any equicontinuous points in a sensitive dy-
namical system.
(4) A dynamical system (X, F) is called positively
expansive, if there exists € > 0 such that for all
x#ye X, dF"x, F"y) > ¢ for some n > 0.

Definition 2.3. Let (Y, F,v) be a probability space.
Let (X,B,u) = [[Z (Y, F,v)and let 0 : X — X
be the shift o(z;) = x;11. Then o is an measure
preserving transformation and is called the Bernoulli
shift with state space (Y, F,v).

In particular, for Y = {0,...,n — 1} the two sided
(%, e %)—shift where (7%, cee %) is a probability vec-

tor is called n-Bernoulli shift.

Definition 2.4. A measure preserving dynamical
system (X, B, u, F) is defined by a pair of a prob-
ability space (X, B, 1) and a B-measurable action T
on (X, B, u) which leaves the measure p invariant,
ie, Fu=pu.

Let « = {A4; | i € I} be a finite or countable
collection of nonempty B-measurable subsets of X.
A partition of X « is defined by (1) A;NA; =0
for i # j and (2) U,c; A = X. The common
refinement of partitions of X «, 3 is the partition
avVp={AnNnB|AcaB e 3,uAdnB) > 0}
An element of a partition is often represented by a
cylinder set. It is defined by
T ={z e X |ag=xy,..

[ao, . . = i}

where ¢t € N or Z, | € N. Each cylinder set is closed
and open, and every closed and open set is a finite
union of cylinders.

Definition 2.5. (1) The metrical entropy of the
system (X, B, p, F') relative to the partition « is
defined by

n—1
1
ha, F) = nh—{go EH (\/ F"“oz)7

k=0

where H(a) = — Y u(A)log u(A).
Aca

xﬁ':?&xx;%xd“&x
oWy A
ﬁ%gﬁﬁ:; Kﬁg% ;ﬂé:;gﬁ‘%
v W Wew N

Figure 1: The space-time diagram of ¢ o F' with the
initial configuration consisting of a single 1 at the cen-
ter of the top row (a black cell) and its surrounding
Os (white cells).

(2) The entropy of the (X,B,u, F) is defined by

hp(p) = sup h(a, F), where Py denotes the set
aEcPy
of all finite partitions of (X, B).

Proposition 2.1 (Kolmogorov-Sinai theorem [9]). If
a is a p-generator partition for (X,B,u, F), (i.e.,
a® =B mod p) and if H(a) < 0o, hp(u) = h(a, F).

Definition 2.6. The topological entropy of F on a

topological dynamical system (X, F') is defined by

hiop(F) = sup hp(u) where M(F) is the set of all
HEM(F)

F-invariant Borel probability measures on X.

The equation is linked by the Variational Principle.

3 Results

The main purpose of this section is to prove that a
two-dimensional almost equicontinuous cellular au-
tomaton F' on a subset of {0, 1}Zz is topologically
conjugate to a one-dimensional cellular automaton G
on {0,1}? and to estimate topological entropy of F
according to entropy of G.

Figure 1 is the space-time diagram of ¢ o F'; where
¢ is a map from {0,1}%" to {0,1}%. If a cell has 1
it is represented by a black dot, and if 0 by a white
dot. The top row is an initial configuration and here
we give the only center cell of the top row 1, and the
others 0s. Time goes toward the bottom so after each
step put the result just under the previous row. Then



=

W

Figure 2: A configuration F'?%z € {0, 1}22, where
reX.

the pattern of ¢ o F and that of G are the same, i.e.,
the two cellular automata are the same. The detail
can be found in Theorem 3.1.

A two-dimensional cellular automaton is a kind
of a discrete time dynamical system on a three-
dimensional space Z? x N. For F on a particular
configuration x € X (that is defined below), if we cut
7Z? x N along a certain direction, the vertical section
is similar to that of G. Indeed the section is gen-
erated by two times iteration of G (see Proposition
3.1). For a two-dimensional cellular automaton map

F:{0,1}%" — {0,1}%", defined by

(F'2)(i,5) = (i) T Ti—1,)T(i+1,5) T T(i,j—1)T(ij+1)
mod 2.

This local rule means that the next state for a cell is
determined by the states of the von Neumann neigh-
borhood which is surrounding four cells and itself.
Define a one-dimensional cellular automaton map
with local transition rule 150, G': {0,1}% — {0, 1},

(Gy)i =y +yi—1 +y+1 mod 2.
Let X be a subset of {0, 1}22,
- rag =1 ifi+j=0,3
‘X {x i =0 ifi+j=-1,-245 [~

For Y = {0,1}* we can define a homeomorphism
p: X — Y as a conjugacy between (F,X) and
(G,Y), for each I € Z

Y= (px) = {

Theorem 3.1. The systems (X, F) and (Y,G) are
topologically conjugate.

ifl=2N -1
ifl=2N

(N eZ)
(N e€Z).

Z,1-1)
T(1,2-1)

x . x
o] |¢
Y —— Y
G
Proof. The map ¢ commutes with ' and G, because
forx € X

F(z)) = (p(Fx))
(Fx(lll lfl:2N—1
(Fl‘ (1,2—1) if |l =2N

{ (11— T Ta2—1) T Tar1,1-10)
Y

T2-1) T Ta-1,2-1) T 211

+ -1+ Y+
= (Gy)

= (G(pz))
= (Gop(x))-

In addition we can prove that ¢ is a continuous and
bijective map. O

Next new subsets X1, X5 C {0, 1}Zz are defined by

Xl_{x 2y =0 ifi+j=245-1,-2 [’
zin=1 ifi+j=0,3
Xz = { T =0 ifi+j=1,4,5—1,

Here we define a new map ¢y: X — Y for k=1,2,

y1 = (pra)1 = x( k-1 for each e Z.

Proposition 3.1. The systems (Xx, F?) and (Y, G)
are topologically conjugate for k =1,2.



Next we discuss topological entropy of cellular au-
tomata which is a tool to estimate the complexity of
dynamical systems. When dimension 1, the entropy
is always finite. Expansiveness is a property only for
one-dimensional cellular automata by Shereshevsky
[6], and its entropy is nonzero finite by D’amico et
al.[1]. In any dimension greater than 1, topological
entropy of a linear cellular automaton is 0 (equicon-
tinuous) or infinity (sensitive) according to Morris
and Ward [5] and D’amico et al.[l1]. Almost mul-
tidimensional cellular automata have 0 or infinity
entropy. For example, by Lakshtanov and Lang-
vagen [3] if there exists a space ship (a finite pattern,
which reappears after a certain number of time steps
in a different position), then the entropy is infinite.
But in 2008 the existence of a multidimensional cel-
lular automaton with finite entropy was proved by
Meyerovitch [4].

Proposition 3.2. ho,(F) = 0.

Proof. We calculate topological entropy of the rule
150 map G explicitly. Let ({0,1}%, B, u, G) be a mea-
sure preserving dynamical system where p is uni-
form Bernoulli measure. We take a finite partition
a = {[00]3,[01]3,[10]3,[11]4} and investigate up to
(n — 1) step refinements by G,

n—1
\/ G Fa = {la—n-1)- "a”L]r—L(n—l) | a; € {0,1}
k=0

for each i € Z}.

As n — oo, \/32, G "a = B. Hence the partition
« is a p-generator and H(«a) < oo, so we calculate
ha () by Kolmogorov-Sinai Theorem,

ha(p) = h(a,G) = lim lH (”\/ Gka>

n—oo M
k=0
I 1 on n
= lim —{=2"u(la- (1) anl" (1))

x log p(la—(n—1) - an]” (,_1))}

1, 1 1

The maps G and 4-Bernoulli shift are topologically
conjugate, and so topological entropy of them are the

same. Hence we obtain hy,(G) = 2log2 > 0 and
G is subdynamics of F according to Theorem 3.1
and Proposition 3.1, which means that topological
entropy of F' is infinite. 0
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1 Introduction

000000000, HY(Ox)=00000000000000 20000000 X0 K300000. X000
000000000000 00000000, A¥°(X)=HX,0%)00000000000000000. OO,
Picard 0 PicX 0 H?*(X,Z)00000000000000000000,0000 PicardOO00O0O0.

00000000000000000,00 general member 100000 K30000O0000O0000 K300
O0000. 0000 K30000O0 9000000000 [3)5][6. 0000 9500000000, 000 generic
member 0 Picard 0000000000 [2). 000, Picard 0000000000000 D00000O0O000
0O00. K30000O0O,0000000 Pieard 000000000000 2000000000000 Hodge D
0000000000000,00000 K300000O000O0000000. 00, generic member 0 Picard O
00000000000000000,00000000000000000000 “000007000000000
oooooo.
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000000000000 000000000000, 00000000000 (000O0). 0000000000
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2 Set-up
00 a=(ag,a1,a2,a3) 0 ged(a;) =1(1=0,1,2,3),a0 < a1 <ax<ae3 000000000000DO.
J#i
0000000 K30000 P(3,6,7,8)>(24)0000,0000000000000:

73 Aa) (-1,-1,-1,2) BELEE Newton polytope
ERED.
sxfenpzno WS
RIBREET % £ 5 5 S Elk

X

00000 a=(ag,a1,a2,a3) 00 00000000000000000.

oo 2.1
M(a) == {(mo,mhmz,mg) cz* ‘Zaimi = 0}7

A(a) :== {(mg,m1,ma,m3) € M(a) ® R|m; > -1 (i=0,...,3)}.

000000000000 A0DDO0O0,0000000000 Pa:=Proja,ClkANM|0000. 0000
a = (ag,a1,a2,a3) 0000, 000000000000000000000 Pagy=P(a)000.

00 2200000000000 -0000000 ADOOO (reflezive) 0000, ADD0OD
A°:={ye(R")* |D0D0 zeADOD (z,y)>—1} 000000000000000D0.

300U0UUd,Af0000oOooooo, PAOOOUOUOUOODODOOOOOOOU K3OOOOOoooooooo
00000000 [1]. DO0000D00 generic member O Picard 000 A(A)OOO. 00,9 00000000
a = (ag,a1,a2,a3) 00000 Afa) :==A(A(e)) 0O0DO.

3 Result
000 FOOOOODODOO ZpOOO. 00000 T:=(C**000,0000 ZrO Zp.NT=Zp00O0.

00 3.19 000000000 genericmember 000000 Picard 0000000 @,b000. 000 M(a) ~
Z’~M((p)0DO000.0000,000000 A(e),A(p) 0000000000000 ADOOOD,00000.
(1) Va:={F € H'(—Kp(q)) | Newton(F) C A},V;, := {G € H*(—Kp,) | Newton(G) C A} 000000
ZariskiDOOOO D,,D,00000,00000000000 K300OO00OOOOooOoooOoO:

X, — X,

pal O LIpp
D, — Dy.

(2)000000000: A(a) ~ A(A) ~ A(b).
00 1003100000000000,00000,000000000000 “000007000
00 20000000000000000,000000000000 K30000000000000

oooo0o0
(1) 0000000000000000 ¢,: Pa -—+ Pla), ¢:Pa---»PO)0010000000000000
000. H(-Kp,)00OOOO Dy0 Dy :={H € H'(-Kp,)| (H=0)000 2000000000000 }0
00,0000 HeDyOOO. HO ¢f,¢; 000000000 H,, H,000. 000 M(a)~Z*~M((b) 00O
000, P(a),PA,P(b)0 TOOODODOOO Zy, =Zy =Zy, 00000. 00, Zy,, 2, %2y, 0000000
00 Zu,,Zy, %, 0 K3000OOD0OODOOO.



(2) Picard 0000000 200000000000000000000000, rkA(a)=rkA(A)=rkA(b)0O
0000000.0000,rkA(A)0000 ADDOODOOOOOODOOOOODOOD [4. 010000 A000,

Ala),A(A),A(b)) 0000000000000 000000000. 00 Aa) ~

A(A) ~ A(b).

No. Families the vertices of A Picard lattice
13 P(1,3,8,12) D (24) Z2, W W3XT WX°Y,Y3 X1Z Es LU
72 P(1,2,5,7) D (15) WZ2,WB WX X3, Y3 X4Z (8)

50 P(1,4,10,15) D (30) 2% W30 W2X7 X°Y|Y3 E; 1L U
82 P(1,3,7,11) D (22) Z2, W2 WX7, X°Y,WY3 (9)

9  P(1,4,5,10) D (20) W20 X% 72 Y2Z WXY3 W?Y3 Tass

71 P(1,3,4,7) D (15) W X5 Wz, Y?2Z XY3 W3Y3 (10)

14 P(1,6,14,21) D (42) Z2, V3 X7 W42 Es LU
28  P(1,3,7,10) D (21) WZ2 Y3 X7, W2 (10)

45  P(1,4,9,14) > (28) Z2,WY3 X" W2

51 P(1,5,12,18) D (36) Z2, Y3, WX, W36

38 P(1,6,8,15) D (30) Z2, W30 X5 XV3 WOy3 Egs 1l A LU
77 P(1,5,7,13) D (26) Z:, WX WX XY3 WY? (11)

20 P(1,6,8,9) D (24) WeZz2 W24 x4 XZ7%Y3 Es Ll Ay LU
59  P(1,5,7,8) D (21) WoZ2 W2 WX, XZ72,Y3 (12)

26 P(2,4,5,9) D (20) WZ2, W x5 v4 Dg 1Dy LU
34 P(2,6,7,15) D (30) Z2, W X° Wy* (14)

26 P(2,4,5,9) D (20) WZ2,WoY? Y4 X° W8X Ds LDy LU
34 P(2,6,7,15) D (30) Z2 W8Y2 WY* X5 Wi2x (14)

76 P(2,5,6,13) D (26) Z2, WOX? XY, WY+ W3

27  P(2,3,8,11) D> (24) WZ2, W2 X8 Y3 Eg 1Dy LU
49  P(2,5,14,21) D (42) Z?, W2 WX8 Y3 (14)

16 P(3,6,7,8) D (24) Z2W3Y Z, WX, X4, WY? L (AP LU
54  P(3,5,6,7) D (21) Z3W3XZ, W, WY3 X3Y (16)

43 P(3,4,11,18) D (36) Z%2, W12 X% WY3 Es LEg LU
48  P(3,5,16,24) D (48) Z2, W16 WX° v3 (16)

43 P(3,4,11,18) D> (36) Z2,WOZ WBX3 X% WY3 W'XY Es L Eg LU
48 P(3,5,16,24) D (48) Z2, W8Z WHUX3 WX° V3 WI9XY (16)

88 P(2,5,9,11) D (27) XZ2,W8Z WHX3 WX® Y3 WY

68 P(3,4,10,13) D (30) XZ2 X°Y,W?2X6 y3 W10 Es LE, LU
83 P(4,5,18,27) D (54) Z2, WY, W X2 y3 WX (17)

92  P(3,511,19) > (38) Z2, WY, WU X XVY3 WX7

30 P(5,7,8,20) D (40) Z2,WiZ WX° W°XY,Y® Es L Thss
86 P(4,5,7,9) D (25) YZ2, W4Z, X° WX, WY3 (18)

46  P(5,6,22,33) D (66) 22 W2X, X1 Y3 E? LU
65 P(3,511,14) > (33) XZ2 W' WX y3 (18)

80 P(4,5,13,22) D (44) Z2, W WX8 XY3

56  P(5,6,8,11) D (30) YZ2 W6 X% XY3 E21 A 10U
73 P(7,8,10,25) D (50) Z%, WX, X°Y,Y® (19)

01l 0000000



4 Some examples

0 3.1 P(2,3,8,11) D (24), P(2,5,14,21) D (42) 0 3.2 P(3,6,7,8) O (24), P(3,5,6,7) D (21)
A A
A(2,3,8,11)
24 A(2,5,14,21
71 / \ ( ,21) A(3,6, 7,8)/ \A(3%57677)
wZ? 4\ 72 3 A
Z
1 Y? !
v 21 Yg XSy F N
\ 11,74 / - y \
w
X WX%? Wox \' 3y
21
X4 X5
200000000000000 Newton0OOOODODOO. “00000”’000000.00000000600.

0 3.3 P(1,6,14,21) D (42) P(1,3,7,10) D (21) P(1,4,9,14) > (28) P(1,5,12,18) D (36)
22
72 A(L,5,12,18)
—_— 3
36 Y
W42 Y3 w
7 36
A=A(1,6,14,21) WX" X735

lX7 \ 72
7% Yo

W22 W2
A(1,3,7,10) i\ y3 A(1,4,9,14)
21
w ‘ X7

X7
A(1,6,14,21)DDDDD,ADDDDDDDDDDDDDDDDDDD 400.
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On relation of slip-rate to the solution of problems
with the general slip boundary condition for motion
of inhomogeneous viscous fluids
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In this talk an initial-boundary value problem for motion of an inhomogeneous contin-
uum with generalized Navier’s slip boundary conditions is considered. The problem

is given as follows.

( Do Dv .
D_t_o’ V-v=0, QD—t—V'T—i-Qb in Qr (=Q x(0,7)),

1
']I‘:—p]I—I—Ql/(Q)]D(V)—ﬁ(VQ®V9—5|VQ|2H) in Qr, (1)

(2,V)]120= (0, Vo) in €,
Kv+(1-K)IITn=0, v-n=0 onGr (=Ix(0,7)),

\

where Q(C R?) is a fixed domain of the continuum with the boundary T, o = o(X, 1)
the density of the continuum, v = (v1(X, 1), v2(X,t),v3(X,1))T the velocity vec-
tor field, D% = % + (v - V) the Lagrangian derivative, T the Cauchy stress ten-
sor, p = —str'T the pressure, v(o) the viscosity, D(v) = (Vv + [Vv]T), b =
(b1(X,1),bo(X,t),b3(X,t))T the external body forces, n the unit outward normal
vector to I' and TIf = f — (f - n)n the projection onto the tangent plane. The
constitutive equations for T (1), is derived by Malek and Rajagopal [1].

£ > 0 is a material modulus which express the magnitude of the influence of
material inhomogeneity on the motion. If 7 = 0, then the governing equations
immediately become the inhomogeneous incompressible Navier-Stokes equations. If
( is large, then the effect of the inhomogeneity on the stress might not be neglected,
and the flow is very solid-like.

K = K(X,t), 0 < K <1 is a slip coefficient. The boundary conditions (1)g
assigned for v are called the generalized Navier’s slip conditions. When K =1, (1)4
becomes the adherence (no-slip) condition, namely v.= 0 on I'. If K < 1, then
the material slips on the boundary. When K = 0, the boundary conditions become

[ITn =0, v-n = 0 on I'; representing the perfect-slip case. Interestingly, the general

!E-mail:nakano.naoto@gmail.com



slip condition (1)g formally connects the no-slip case to the perfect-slip case through
K. Thus, naturally we expect the solutions of the system may have the relation with
respect to K.

The problem formulated above in Eulerian coordinates X can be written in La-
grangian coordinate x. Let u and ¢ be the velocity and the pressure expressed as
functions of the Lagrangian coordinates. The relation between Eulerian and La-

grangian coordinates can be written in the form

r=y+ /0 u(y, s)ds = Xu(y,t), u(y,s)=v(Xu(y,t),1).

From (1), it is easy to derive

90u
ot
for ou(z,t) := o(Xu(x,t),t). Here, (2) has a solution

(x,t) =0

Qu<ZC,t) = QU(xv()) = Q(XU<3770>70) = Q(%,O) = QO(x)'

This implies the density at each point in the Lagrangian coordinate space does not
vary in time. Moreover, using the Jacobian determinant of the transform X, we
have V,F(z) = VuFu(y,t) for Fu(y,t) = F(Xu(y, 1)), Vu = (Jx,) 'V, where Jx,
is the Jacobi matrix of the transformation X,. Then problem (1) takes the form

ou )
m_v - Ty + 0oby  in Qp,

ul,_,=vo in (2)
Kyu+ (1-Ky)l,Tyn, =0, u-n,=0 on Gr.

Vau-u=0,

Here,

Tu = —q 1+ 20(00)Du(w) — #(Vueo ® Vuoo — IVueo 1),
Dy(w) = 5(Vuw + [Vuw]"),  bu(z,t) = b(Xu(,1),1),
nu(,8) = n(Xu(@, 1), Kul@,t) = K(Xu(@,0),0), Tf = £ — (- n)ng,
I, Tyny = 2v(g0) HuDy(u)ny — Bl (Vugo ® Vugo)nu-
It should be remarked that by the use of Lagrangian discription we can reduce
the number of unknown functions by one.

We obtained the theorem on time-local existence of a solution of problem (2) in
Sobolev-Slobodetskil spaces [2]:



Time-local Existence Let Q be a bounded domain, | € (1/2,1), T € Wy/*™,
T>0,veC3Ry), infr >0, gp € WZQ), 00(y) > Ry > 0, b € WJ'*(Qr)
and vy € WyT(Q). Assume that b(X,t) has continuous derivatives with respect to
X and b, Vxb satisfy the Lipschitz condition in x and the Hoélder condition with
exponent 1/2 in t, that K(X,t) has continuous derivatives up to order 3 with respect
to X, and DK (la] < 3) satisfy the Lipschitz condition in x and t. In addition
suppose the following conditions for K such as
(1) K(X,t)>0, sup K(X,t) <1,

(X,t)eGr

(Condition K) or

(17) K(X,t) =k constant, 0 < k < 1.

The appropriate compatibility conditions are also satisfied. Then problem (2) has a

unique solution (u,Vq) € Wi "2(Qp) x Wi*(Qr/) on a finite interval (0,T")

for some T (0 < T <T). In the case (ii) T" can be taken uniformly in k.
Moreover, we proved the following results on the limit with respect to k£ and 3,

respectively.

Theorem 1 Let Q, [, I', T, T', v, b, vg, 09, 0 be the same as above “Time-
local Ezistence”. Consider the case (ii) of Condition K, i.e., K(x,t) = k, and
let (u® Vg be the solution of problem (2) with k. Then, the sequence of the
solutions {(u®, Vg™ }oopoy satisfies

(u®, vg®)y (u,VgW) as k — 1 (no-slip case),
’ (., vq®) as k — 0 (perfect-slip case)

n Wi T2 (Qr) x W Qo).

This result implies the generalized slip condition connects the no-slip condition to
the perfect-slip condition in constant coefficient cases.

Moreover, the bodies under consideration in this study are so-called fluid-like
bodies, and /3 is related to their inhomogeneity. We can assure the relation between
inhomogeneous incompressible fluid-like bodies and inhomogeneous incompressible

Navier-Stokes fluids through 3 by the following result.

Theorem 2 Let Q, [, ', T, T', v, b, vo, 09, K be the same as above “Time-local
Existence”, and let (g, Vq)) be the solution of problem (2) with 3. Then, the



sequence of the solutions {(u), Vq(g))}sso converges to (), V) as f — 0 in
2+, 1+1/2 11/2
Wy Q) x Wy Q).

Finally, we introduce the function spaces used in this talk. Let {2 be a domain in
R™ and (¢ Z) is a non-negative number. By W7 (Q2) we denote the space of functions
equipped with the standard norm

[ Z IDu||%, 0 + ||U||€V5(Q), (3)

|| <

2 |Du(x) — Du(y)|”
[l 5 Z // ‘x_y|n+2{r dzdy.

|al=[r]
W3 () is called the Sobolev-Slobodetskii space. Here [r]| is the integral part and

{r} the fractional part of r, respectively. || |1, = (J, |f(2)[*dz)"/? is the norm in
Ly(Q), Df = 0ol f /0 0252 ... 0% is the generalized derivative of the function f

in the distribution sense of order |a| = ay +as+. ..+, and a = (a1, s, ..., @) €

where

7% being a multi-index.
The anisotropic Sobolev-Slobodetskil spaces W, i/ 2(QT) in the cylindrical domain
Qr = Q2 x (0,7) are defined by Ly(0, 75 W3 (£2)) N Lo (€ Wzr/z(O, T)), whose norm is

introduced by the formula

T
2 2 2
gy = [ Tt + [ Ty

= [l o0y + 10020020

where Wi%(Qr) = Ly (0, T: WE(Q)) and Wi ?(Qr) = Ly(€; W3/2(0,T)). Similarly,
the norm in W, / *(0,T) (for nonintegral r/2) is defined by

[r/2] SN2
Il s, = O |55
2 =0 Pl Ly0.m)

dr/8u(t)  drPu—1))? dr
dilr/2 /2 F1+2{r/2}"

T t
o af
0 0
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Some Elliptic Fibrations Arising from
Free Rigid Body Dynamics

EZ LN R
(R AR BRI AR T2 5

1 &

ARFhE, BORBERIAE GIafiRy) & OHRFIED THMTTH 5.
3 2t H A OHEE) S B EAN 7 R L p € R3ICBIT % Euler J7FETX
dp _
dt
KXo TatihE N5, x TR OEHF O EZEL, ’Ig'li‘?l‘/‘/}l/ A X IEAE 3 ><13 Xt
WTAITH 5. TONHERIE, STEDDOH—HEDT H(p) = §pTA_1p, L(p) = §pr
ZED., R, H, L OFEMEOHEE T O IC—8d 5. DX D, 3
It HHEAHAD 12RO, EYIRERE p = (p1, pe, p3) IC KD,

px (A™'p)

P+ p3+ 13 = 2]

ERINZHER GHEMIED OFEANEBIRENS. A~ = diag(Jy, J2, J3) T
HB. NERODERGUCEHTIUE, TD (I, Jo, Js) TST AZHF SNk
RO DN TELLT 5 LIFHARTH 5.

F 7z, AR ROBEGOME LIS TIE, Euler SFERIC[EMER Lax /58 (Man-
akov FFER) MBEE B AT MVl & PRI N 2 11 3 R E R R E L0
HITR D, TNE EEFRIUINT A 272 DM OREE 52 T 5.

LIzhio T, [T/ T AR EFD 2 DOMHIROGEESI-C Licks. bh
DNUITNEDIEM T 7 A N—ZE M @ Z BRI OB 5 ELET 5. DIF
TREERII IR TEZEE T 5.

51, LIRSS WeierstraBtZ#afL 213 U, #EH T 7 A 7 N\—22 D — kG
IZDOWT, FEL L& [Kaw, M, Nakl, Nak2] 22 I Nz,

ldsktrm@amp.i.kyoto-u.ac.jp



2 FHMEA7T 7 A N\—ZHE
Euler FFEAOBA MBI HT L, ROFEADERICEENS :

{am2 +by* + 22 +duw? =0

(1)
22+ y? 4 22 + w? =0

72720, ((a:b:c:d),(x:y:2:w)) € P3(C)x P3(C) Tohsb. THUCDNT, X
BELSHBNTCHETHS.

Theorem 1. /8T X% a, b, ¢, d VI NTHREB & X, KA (1) ZEM TRz
EDD. EHIC, TOMMMBRIERGZER P(C) D45 a, b, ¢, d THIEL
LI2EHEE L THA5N%.

F7z, HERX (1) DEZRFEEZEROER P(C) x P3y(C) NICED B 5N % 4
DoeREE AR F e <. (a:b:c:d) RONDEEIC XD FIZHIAIC P5(C)
2 K2EE & AFEM T 7 A N2 ORGEZREDDY, 2 RTDRER T 7 A )N—7%
FBHHTII ARV, F — Py(C) ZRIMEM T 7 A )N—25/ L PES.

A TTTRBERAR F X, P3(C) DFRPER 2, y, 2, w DFFSZELZEZEZ B &
T, BE{E1V OEARRENEZD %, TOERESERTY 7 43— ETHHEED
T, FOREEZHIAQ & P3(C) LOKSM T 7 A ) \—ZEB OIS Z 15D,

3 Weierstrafl 1Z#2H2
RDX 575 Py(C) ED Py(C)-HEEZ 5.
P(Opy(c)(2) ® Opy(c)(3) ® Opycy) — P5(C).

go € HO(Pg(C),OP3(C)(4>>, g3 € HO(Pg(C),OP3(C)(6)) R TEDS .
4

gy = 3 {la=b)(c—d)+w(a—c)(b—d)} {(a —b)(c—d) +w(a—c)(b— d)},

g3 = % {la=b)(c=d) +(a—c)(b—d)}{=2(a—b)(c—d)+ (a—c)(b—d)}
x{la—=b)(c—d)—2(a—c)b-d)},
16

A= Fla—bPa—c)(a—dP(b -’ b—di(c—d,
{(a—b)%(c—d)?+ (a—c)2(b—d)2+ (a—d)2(b— )2}

54(a —b)2(a — ¢)2(a — d)2(b — ¢)2(b — d)?(c — d)?
T T T, P(Opyc)(2) ® Opyc)(3) ® Opyc)) DFRT 7 AN—JRR (X Y Z) %
FAWT, HERY?Z =4X°% — X 72 — ¢32° TEZ 3idhimz w &< L HRA
IC P3(C) ORI T 7 A N—2EWEE 5. TNz WelerstraBiEEIL O T 7
A IN—ZEREPES, DD VLD,

J:




Theorem 2. FHZHAK Q & WeierstrafBBEHEE W ICHEHIFHETH O, EHIT 7
AN—=DIXT Zariski FES L TIEOMEAFAETH 5.

WIS T 7 A N—=22/ T H 2 W2 R A ZRD. bhbnig,
W ORFFEERHZATY, & DICKZEH P3(C) ZROZ Rk BANERZLT, W
ICWEBRIEZR RS Y 7 A N—2E[ W T, ROFEM 2Tz D2 LTz,

(A) W IEHHAOW S AEHEN T 7 A N—2EETH 5.

(B) W DEE T 7 A N—IE 3TN [Kod] 1T & B KT DR 7 7 1 78—
DRFCEENTVBRDOEDTH 5.

7L, Big, ¥ PC) &5 (1:1:1:1)TT7a—7v 7L, T 4HEHK
a=b=c, b=c=d, c=d=a, d=a=bDEEEHEZFLELTTO—=T7Y
TLTELNS. fINESE C eh<.

RO, KiEOTFTEHTH 5.

Theorem 3. #5117 74 )N—2£[ Fip 5 W AD 4 ; 1HMRES f . F— — W
DR T E, fIRBERT 7 AN—0D 4 . 1 ORGSR ZFET 5.

BT 7 A N—22f W — BORERT 7 A N—3 KDL S5 5.

e 6 fMa=ba=ca=d b=c, b=d, c=dDEEELHO—KDTIL,
T7ANN—=E LA ([Kod] Dits) TH5.

S>—>< I

e 3EfMa=b c=d;a=c, b=d; a=4d, b= cDEEELHHEDETIE,
T7ANN—E L TH 5.

:i I
o BISMES O LO—DITE, 77 AN~ [; TH5B.
+HH- o

o HIMESC L6 FHa=ba=c,a=d b=c, b=d, c=dDEHLEHD
BT, 77 AN IMTH5.

O

BIBIC, DNONOKK UIAEHT 7 A N—=2EE] W & A7 MVHIEROR &
LTELNSEHT 7 A 3—2El eh CNEHFMEOEKRT) Fl—#HTE52 &
WICDWTE CEHBAT 5.
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ocoooooobooooooooOoooO0oOobDbo0oooOoOooOooOoOoOoOoDOoO0OoDOoOoooooO.

2 00
21 0000

0000000000,00000000000000000000
XO0DOOODOOO,NS(X)OOO Néron-Severi DO OOD. XOODOODOOOODODOOOOOODODOOOO
0 HY(X,Z)aig := HY(X,Z) ® NS(X) ® HY(X,Z) 00000000

((x0, x1, x2), (Y0, ¥1, ¥2)) := / (x1Uy1t —xoUys — x2 U y0), xi,yi € H¥(X,Z)
X

00 (HY(X,Z)ag (--))0DODO.
XODOOOODOOOODOO Coh(X)D, 00000000 D(X)00000000. E* € D(X)00
00000000 ChernO0O0O v(E®) :=ch(E®) = (rk(E®), c1(E®), x(E®)) € H¥(X,Z)ae OOODODODO.

22 O0OoOooooooo

00 2.1 (Gieseker-O0O). (X,H)DOOODODO0O XOOOOODOOOOOO HOOOOO. XOO torsion
fre0 EODO pe(n):=x(E(nH))/rk(E)0D00. E0 HOOODODO (resp. 000)00, 000000
0#FC EDOO pe(n) < pe(n) (resp. pr(n) < pe(n)) 0 n>0000000000.

ME(r € a):={E|HODOOODOOO (rk(E), ca(E), (E))=(r,§,a)} 000000000000000,0
0000 S-000000000000000000 M{(r¢a)*00000000000.
X0O0O0DOO0O0D000,00 (réa 00000000000 vODO0000000000000. 0000
000000000 vOODODO000000000000000 MY(v)DOoDooooao.

23 0OOOOOOOO

00 22 X0 YOOOOODOOOOOOO.ODODOOODODODOOODODOOOO E*eD(XxY)OooQ,

*1 yanagida@math.kobe-u.ac.jp, 000000000000 (DC1)
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®E' ., D(X) = D(Y) x> Rpy.(E* © pi(x)).

0Doooo ¢f ., 00000. 000 px: XxY = X0Opy: XxY »YOOO. OO Y, 00000
00000,00000000000000.0000 FMTOOOO0O. E°0000000.

O0o0O00oO0Oo FMTO OrlovO0OO0O0O0O0OOOOODOO, 00000000 OO0UDOOOOODOO.

24 0000

XO0000OOOOOooooO. xeXOOOOO X00ooooo 7,0o00000. X 0O dual variety O X O
0000.00 PO XO Poincard 0000000, D00 XxXO0O0O0O0D0DOODO.

00 2.3. E€Coh(X)0ODO S(E):={(x,%) e X x X | THE)®P|xxx XE}0 XxXO0OOOOOOOO
0000, dimS(E)<2000 (000 [M78, Proposition 3.3]). dmS(E)=2000 E0O0OO0OOOO.

oopoooooo EO TX®E%M®X,MEPicO(X)DDDDDDD. ‘O00"000DOoOOoOoO0OOO
000. 000000000000 [M78] 0 [Y09,§4/0000000. 00D0O0DODODOOODOOOO FMT
000000000000 00O0OOooOooO. oooo [M78], [YY, Fact 2.12,Proposition 2.14] 00000 0.

3 Semi-homogeneous presentation
00 3.1. 000000 XO0O0O0O00 E € Coh(X) O semi-homogeneous presentation 0 0 0 0 O O

0O—-E—>E—~E—-0 OO0 O0O—>E—>E—E—=DO0

0000000000000000000: v(E)=/4wv, v(E)=6v»w0000000 4,4 0000000
000 v, wOOOOO, (61 —1)(la—1)=0, (vi,vn) =-100 (v2) = (v3) =0.
000000 kernel presentation O O cokernel presentation 0 0 O .

oooo0 i/, KEO000000,0000000000.000O00000O0OO0O0,00000000CDO
000000000000 [YY, Proposition 3.2]. 000, 000 E OO0 semi-homogeneous presentation O
00000000000, rankNS(X)=10000,00000000000000000000.

00 3.2. 000000 vOOO,000 4,6000000000000 vi,v,wOOOO

vV = i(szQ - Elvl), (31)
(LL—1)(2—1)=0, () =(%)=0, (v, v)=—-1, p(v1)<p(v)
0000000000, (3.1) O numerical equation, O (vi, va, 41, ¢2) O v O numerical solution 0 00O .
go0o0o0O0oooooooooa.

00 3.3 ([YY, Theorem 3.6]). NS(X)=ZHODODOO,vO (v3)>000000000000.

1. 00 vO 2000 numerical solution 000000, MY(v) DO OO0 OO kernel presentation O cokernel
presentation 0O 0. OO OO presentation 0000 OO0,

2. 00 v O numerical solution 0 100000000, M{(v)DOODOODO kernel presentation 0 O
cokernel presentation 00000000 . OO presentation 00000 OO.

0000000, numerical solution (vi, vo,41,6) 0000000 E, E,b0000 v(E)=4v; (i=1,2)0
000000000 » £ (0020000000)00000000 M+ (v, v, b,6)00000000
oo00.00o000oooooon [YY,§4]|:|DDDDI:|.
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4 semi-homogeneous presentation 100 : 00000000 OOCO

00 3300000000000000. 00O [M80, 00 1,00 VJoDOoOooOOooDOUOoOO.

00 41. XONS(X)=ZHOOOOOODOOOO,vOOOOOOOO €:=<v2>/2DDDDDDDD. v
numerical solution 00O 000 1000000000OO.

1. v O numerical solution(vy, v2, 41, 42) 000 rk(v;) 0D0OODOO0O0O0O0. D00 7ie{1,2}0 ¢ =40
D0D000000. 000,000 [B 5 B €Mt (v, v, 61,6,) 000000000,

2. 1000000, fO0000U0O0O0OOOOOOOg.

3. ME(v)DDODOO 10000 (v1, v, f1,¢2) 00000 semi-homogeneous presentation 0 0 O .

5 0000000000 O0DOoooooooon

00000000 FMT ¢:D(X) —»D(Y)0D00000000 &F: HY(X, Z)ag — HY(Y,Z)ag 00000
0000 ef0000000000 FMTOOOOO. 00000000000000000.
00 NS(X)=ZHODOOO, n:=(H?)/20000. HY(X,Z)., 00000 Symy(Z,n) 00000

i HE(X, Z)atg = Symy(Z, ) i= { [yxﬁ yﬂ

x,y,zEZ}, (r,dH, a) — [d\r/ﬁ d“ﬂ.

Symy(Z,n) 0000000 BO
Xy Xy
B(X, X"):=2yy" — (x2' + zX'), X:L/ z],X’:L/, z,}ESymz(Z,n).
000000, 000 (v,v/)=B(x(v),ux(v) 00O, x00000000000.
FM(X):={Y 00000 |D(X)~D(Y)}/~0000. FM(X)0DOOO0 YO rankNS(Y)=1000
0, NS(Y) O ample generator 0 HO DO OO (H?) =2 00000. 000 FMT ¢: D(Y) —» D(Z) 000
0(®) :=1z00M o, DODOODODDO. ZEFM(X)D OO

&2)y= | {cbﬁ[iklz € Eq(D(Y),D(Z2)) | E € Coh(Y x Z), k € Z}
YEeFM(X

00000, vy,iz00 &P 0000 isometry 000 6(P) € O(B) O O

00 5.1.

_J|xX Yy 2 2 2 o XY ZIW
G'_{L W:|€SL(2,R)X,}/,Z,W,\/E,WEZ}

00 GOOO0OO0.0 ZeFM(X)DOOODOODO0O0OD000O0: 0(E(2)) = G/{£1}.

6 DO000O00UOoOoooO

00000000000000000000000000000000.[Y09]0000000000 X000
Doooo0 MY(v)---— X x Hilb®)/?(X) 0000000000000 000, 000000000000
000000000000000000000.

000000 v=(rdH,a)0000020000
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Quix,y)i=—(r®+2xy +ay’) = — [x ] Lri ﬂ m '

000D000. 000000000 wOOO pq0000 w=(p?pgH,¢?)00000. 000 vO wODO
00000000000 20000000 (w,v)=Q,(q,—p)0000000.

XO00O0O000 FM(X)={X}0D0ODOOO000000000. 00000000 GO SL(2,Z)00000.
0000000 2000000000000000.

00 e6.1. XOOOODODOODOODOOD. v=(r,dH,a)00000000O0O0DODODOOODOOOOD.

(:=(v?/20000000000000.000000/¢000200000001000. (6.1)

00000000 MY(v)---— X xHibY(X) 0Dooooooooo.

1. 00000 2pqid —pla—gir=c(e=+1)00000 || 000000000, 000000
qi  e(dg — ap1)

0000 vi = (P2 puquH,.¢?) OO0, 000, 00 v:=4+
—p1  e(dp1 — rqu)

] € PSL(2,Z) O

1
t Qv = —€
YEVvY [O

2. vo:=(p3, paq2H,q3) 00 0. 00 g2 = —e(dgr —ap1) 00 po=e€(dp1 — rq1). 000 ME(v) OO DD
0 O numerical solution (vi,v,,£4,1) 0000 (v2,v,1,4) 00000 semi-homogeneous presentation O
00.006(®)=~00 FMTe:=¢& . 0000000 dualizing functor 1000 Dxod 0000
00 ME(v)---— X x HibY(X)oooo.

0‘|
.oooo.

0000004002000 (ie. 1<¢<9)0000000D0D0O0O0DOOOODDOOOO. DO 610D0¢
000000020000000000000.0002000000000000 ([YY, pp. 49]).

C]Q 1 Q

1] 2xy, x2 — y? 6 | x?—6y?

2 | x2—2y? 7 | x2 =7y

3| x2—3y? 8 | x2—8y?

4 | x> —4y? 9 | 2x% 4 2xy — 4y?, x% — 9y?
5 | 2x% 4+ 2xy — 2y?, x> — 5y? 10 | 3x% + 2xy — 3y?, x> — 10y?

00 6.2 ([YY, Proposition 8.12]). 1. £=1,2,3,4,6,7,8 00 MF(v) O X x HibY(X) Dooooo.
2.0=500 ME(v)O MZ(2,H,-2)0000 X x HibY(X) 00DooOoO.
3.0=900 M{(v)O ME(2,H,—4)0 X x HibY(X)DoOooOoO.

00 6.3. ¢=10000 MY(3,H,—3)0 X x HiIb'(X) DOODOODOODOO0DO0O0D0.

oooo

[M78] S. Mukai, Semi-homogeneous vector bundles on an abelian variety, J. Math. Kyoto Univ. 18 (1978), no.
2, 239-272.

[M80] 0DDO,00000000ODODOOOODOOODDO,000000DOOOO 409 (1980), 103-127.

[YY] S. Yanagida, K. Yoshioka, Semi-homogeneous sheaves, Fourier-Mukai transforms and moduli of stable
sheaves on abelian surfaces, preprint, arXiv:0906.4603.

[Y09] K. Yoshioka, Fourier-Mukai transform on abelian surfaces, Math. Ann. 345 (2009), no. 3, 493-524.
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H BB(L B SRR DEDEREFHEIC DL T

KEF R[] (RAERY: RAABEERTZERE D3« AAAHRELERFRIBIZEE DC)

1.

RO ZE RS,

{&;u— Au® =div f(t,z), t>0,xz€R"
(dP)
u(0,x) = ug(x) > 0.

CTT,a>1IFEHMTHD, f=f(t,2) 155Nz (0,00) x R* LO R {EREE L T 5.
Au® = div(au®'Vu) &5 EN5,u=0D & E, SR E cu DHZ % e &
Bo TV, TOXIIC, IEBUREBNHEA S 2 & D 5 7RI —RIGRIE L7 E
LS. 7535, BUTRRITHIET % a =1 & LTz (dP) T, IBURBIZIE A 0, 3 7abBiR
ftLizwnz biciEELTHL.

W fiEauRuV(-A+ 1) W ZEELTWVWS. T, (—A+ 1) 1uld ud Bessel B
T, DL (A + 1) lu=Z (P + 1) Fu] THABEDET B (Fuldu
@ Fourier 224, .Z ~1u 1& u D3 Fourier 2172 £9). zu i f = 019 % FFEX (dP)(Z D
J7#E20Z porous medium JFFEI & XN S ) OfED G /T H AL A T 9 TR H
5HN % (cf. Giga-Kohn [8], Carrillo-Toscani [4]). ©v DIREUIIEERTH 2 EH D Tk <L,
A TEST B E TN LICHER L TEL. £, uV(—A + 1) 1w i3 Keller-Segel /7228
RICHLDONBIFREIHTH 5. (—A + 1) (FIFRATER 728, (dP) IS0 U T LB
W—RRIIEROL LW T iR L THL.

oc=n(a—1)+2, A>0&¥< &, Barenblatt fi#

_ 2 -1
U(t,x) = (1+ot)"s (A— a—1_ | )
200 (1+ot)s /4
MBI EL D E T porous medim FRERZH 729 T EMHIHN TV S (cf. Vazquez [13]). T
C T (f)+ = max{0, f} TdH 5. Barenblatt fEDEDEIFIHE SN THRWIZD, (dP) DFEL
—RICIFIEE MR SN Wb B, Z T T, (dP) DYfREERT 5.

EZE 1 (959, cf. LadyZenskaja-Solonnikov-Ural’ceva [9, pp.419]). uy € L'(R"™) N L*(R") i
D,ug >0, f € LY(0,00) xR") & %. ul(dP) DFRTH B &I, T > 0 WMFEL T, X
RHITEERNS.

i) FRAETXRTD (t,2) € (0,T) x R* IR LT ul(t,r) >0,

i) we L®(0,T; L'(R") A L(R")) D Ve € L2((0,T) x RY),
iii) u \& (dP) ZERIRDEIRTHIT .

FIHE wo E5V T FISEL 7560 2 D NUE, 3R DAEEN B 5 (cf. Otani [12]). 4
DEELE, (dP) DFFEN ED XK 5 75D & &I, Bzl —FkE 7% Holder Ml IR 5D TH
%. T T C, Holder @it DERZ R THZ 5.
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FEF 2 (Holder H#if5elE). 0 < 0 < TISHT U T, u(t, ) hY o RO Holder @5t TH % L 1&, C > 0
PEEL T

[u(t,x) —u(s,y)] < C(|t = 5|7 + |z —y|7)
IMEED (t,2),(s,y) € (0,00) x RUICHTLTHDIIDT &2V,

Holder B#FEHII M TREMEOILIETH S C IR LT L. FEE, uhd 1 XD Holder 8
FDELE(TDEE, wIFZEMZRITDOWVT Lipschitz B TH 2 £ D), uld R” FFRAE
B3 & TAZEMZERICE U T PIEE £ 72 % (Rademacher DEH, cf. Evans-Gariepy [6]).
(dP) DRI —HRIC T ATREIC 9 5 7% 572\ T & 5 Barenblatt fiih 5% . Z T, (dP)
OFfREDE DI % Holder HFiE DTGNS FINSE C EWRA DORIETH 5.

COREDISHE LT, BAMNICn >3, a=2-2 f=au—uV(-A+1)u kL
7z (dP) D55 DRFZE R —#E 7% Holder #A5e1E DRI Keller-Segel /7 FE TR DR Dl 2 i€
P& ZDIROEZICFENH S T 25 K L TEHL (cf. Ogawa [11]).

2. EFEE

f =0ICx9 % (dP), 9755 porous medium S FERDF5fi#D Holder s#f¢ & Caffarelli-
Friedman [3] IC X > T L TR E N7z, 11 5 DEEAHIX, Aronson-Benilan #Affi [1]

s> €00 o Cla),
EHSEHZAREICHOT WS, LHL, f# 01X % (dP) DF5f#IC % L T, Aronson-
Benilan #Hifi & [A55 OFHE S S5 N5 &, —RICIEDON SRV, Tz, 441 f O] &
U CIERFrMIERIZIEN 3 % & 512, (dP) IS0 U T, @ BRI —fRICIZ R L. Zn
W %, Caffarelli-Friedman D F£7% (dP) ICEH T 2 DI3H LWL & Ebns.

/7, DiBenedetto-Friedman [5], Wiegner [14] (&, p > 2 ICKf U C, p-Laplace ¥ /52T

o — div(|Vo[P?>Vu) =0, t>0,z R,
v(0,2) = vo(x)

DE5if v DEJECH Holder #ifilc 725 T & 2R LTz (K D —f%D p-Laplace ¥ 52D
W& Misawa [10]). 1% 5 OFREINIC I, PRI Z O TWRWnWE SICiER L THEL.

n=10DtE u=|Vv]? B L, uldd5 porous medium SIEXDRE L XS, TD7
O, HEESDOTET (AP ICH L TEEHTE S HENITE 5. %, DiBenedetto-Friedman (3
porous medium JFFEDMED Holder ##ifilE 2R LTz, O IE f # 01SKT B (dP) DfED
Holder HifE & ERLTIHD, p > nlHf L, f € L(0,00; LP(R™)) ThHNUI, fi#hH Holder
HEUC RS E FIRLTWAD, GIHIE 52 5N TWEWNWK S TH 5. FLlk, 15 DOirHZ
PR U, & O JRCBIEZE RIS @ 9 % 740 LT, (dP) DD Holder Hifilt 2R & & &
I, fi#0D Holder #Hti &2 157=.

TEMAERNZ T2, LP ZEB X D RO BEZERITH %, 95 L ZEREE AT 5.

EFE3(HILPZER). Q C RPZEFEET S, p> 21K L, f € L2 (Q) THB &I, f € LE.(Q)
mD

7atu2_

(p-L)

1
13 = sup / 2dr < 00
|| ||L€V(Q) K CQ; compact ‘K‘l_% K |f|

THaLEE V.
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Holder DAFEXK D LP(Q) C LE(Q) L7x5M, THITLP(Q) C LE(Q) &ix5. KX
x| "» ¢ LP(R™) IEA |z "> € LE(R") £755.

AR 4. 59 L 2R AR 5y (N); = [{z € @« |f(2)] > A} ZHWT
LL(9) = {f € Lic(®) : sup Ayu(N) < o0}

TEBRTEZTLENMHOSNT VS, p>208 &, Ak DESRENMEEE AW ERIZF
il ins. EEE o > 0DEEL T,

coll fllzz@) < sup Atypi(A)

hSAE

< ||f ||L€V(Q)
EX D V7D (cf. Benilan-Brezis-Crandall [2, Appendix]).
55 LP 222 W, il

Ap = sup ||f||L°°(0,oo:L€,(BT(a)))
acR", r<1

AT B, TTT, Be(a)l&, Hulva, P r OBERTH B. 2D L T, ROEHEME SNz,
EES. u 2GR TIFAR (dP) D& 9%, 141 fITDWVWT, HBp > nichi LT, A, < 0o
ERETS. TOEE, n,a,pllDIRMELFET ST C, 0 > 0 DFELT,

Z(1-1) a o
(M) fult, z) = uls, y)| < C(lJull Lo (0.00)xrm) + Ap) ([l Loo (6i00) xrmy [t = 512 + |2 = y[7)

W (t,z), (s,y) € (0,00) x R™ITH L THDILD.

IRE A, < 0o l&, 1 f DVRAT—HICH P THZ EFWVHZ BT ENTES. BZEHT
D—HE7x Holder #Hili 23K & % 7= DI, S —kRZRn R OFHB DB & 75 % . 735,
AEBOREHE RIS LT, f e Lo(0,00; L, (R") THNIZ, (dP) DD JFFT Holder i
MW RE 3. 22T

LY 0o(RY) :={f € L, (R") : LD MEA KITHLU f € L5 (K)}
Ths.
FE6 BERTH S, a0 =108E, (1) BELMBENEBTEROMICHT B Holder

& o TV B, ZD728, 3 (1) IZZUT ORI % Holder fEAliDHEE & #
ZBHTENTES.

EE TN f ORI OWTEZ . fiHD®, f € 120,00 : L2(RY)) £T 5.
4, WA 2 g 5 2 2Ic kD

T

—Au® 2 div f
EHIET. EHIKERNICHAZRSTT % &
—Vu* =

2%, f e LP D, p>nh b, u® I Dirichlet DISRSEMN, 37505, H5 0 > 0 DIFE
LT HEED e R & r > 01X LT

/ IVu®|doe < Cr"1te
Br(z0)
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% #7129 (cf. Giaquinta[7, pp.64]). /> T u® (& Holder 3#f5¢ & 752 5. HE 5 OFEIHTDI ]
OB, DL O AEEGR O SIS LT 5.
TEREER DOV G S H B L, p > nlcX LT, f A Morrey 240 MPICJET %, 97505

/ |f|d$§0r”(1*%), g €ER", r>0
By (z0)

BTz LT, v hY Holder i##ilc 72 2 EHERITE 5. RIRIC, BUTREXTHE a =1
DE X, Vu € MP 2720, i uh Holder #AEIC 755 Z ENHIHENTWAS. LA L, JER
FETH5 a > 1 DEEIC, u® H Holder HEHIC R B2 D EMNEAMIRTH 5. THIC, f € MP
EF LT lE, Vur O LPFHliZEHT S Ll LTWS, L L, BU5ERO%E
WBHETD, fe P ThHoTze LT, Vur O LP il p = 2 ZFRV TSN TV
(M5 < & & Barenblatt i HMFIET AT M5, p > n W LT, fe P THo7z& LT
EVur g LP THB T DM %B).

EH TSNS Holder M 0 ICDWVTC, 0 < 1 -2 0MG5N 5. TTTC, 1 -2 i, B
iamIC Ko TS 5N % Holder BgHEDOIELE —E T 5. TD o > 0 DR ERZRD B[
B, n>21ci LT, f=0Tho TERRIRTHS.
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Abstract

Recently, game theory, a mathematical construct, has become essential to be understanding of
complex social and biological phenomena. This article introduces game theory from an interdisci-
plinary perspective and investigates noncooperative game theory and evolutionary game theory. Basic
elements concerning game theory are revised and open problems, important for the understanding of
complex phenomena, are discussed.

1 Introduction

The basic elements of game theory!) have been constructed by the mathematicians, J.von Neumann,
J.F.Nash and so on. But this theory is a static framework in its original form. If we extend this theory to
a dynamic framework, we confront several mathematical problems, for example, the interpretation of a
mixed strategy. In infinitely repeated games, if we interpret a mixed strategy as probability distribution,
we can not easily find that there exists the infinite probability distribution’s product. So we treat a mixed
strategy as a random variable. (Aumann [1])

This paper formulates game theory in probability theory and introduces our research. This research
presents open problems which are important to understand such complex phenomena.

2 Noncooperative Game Theory

First, we formulate the game.

2.1. Definition. A strategic game is

(21) G = (N, {Si}ien, {fitien)

where (i) N = {1,2,--- ,n} is the set of players, (ii) S; is the set of strategies/actions available to
player i. All the players’ strategies are expressed by § = s1,---,s,. The strategy s; is called a pure
strategy. (iii) f; is a measurable function from the product set S =5 % xS, to areal number and
this is represented by a player i’s utility function. ——

This game is played as follows. Each player knows the details of the game. All the players 1,--- ,n
choose their strategy simultaneously and independently. After the game, the player i obtains a payoff

fi(3).

2.2. Assumption. Vi, S; is a separable complete metric space. 2)

2.3. Assumption. Vi, f; : § — R is a bounded continuous function. ——
2.4. Assumption. The player’s purpose maximizes the own utility. ——

2.5. Assumption. Common knowledge: All the players know the own utility function and another
players’ utility function.

2.6. Definition. A mixed extension is

1) Game theory is a general mathematical tool for examining the players’ interaction in nature and society.
2)This assumption is necessary for a mixed strategy, the strategy is chosen randomly.
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(2.2)  G* = (N, {Qi}ien,{Fi}ien).
where (i) N ={1,2,---,n} is the set of players, (ii) Q; is all the probability distributions on S;. ¢; is a

random variable and it is called a mixed strategy.?) We assume that the random vectoris ¢ = q1,- - - , ¢n.
(iil) F; is a real valued function on the product set @ = Q1 X - -+ X Q,,. This is defined as follows:

(23)  FAQ) = /Q F(@)du(3),

where p is the ¢’s distribution. F;(q) is an expected payoff function of player i. The set of expected
payoff functions is F' = Fy,--- , F,,. ——

2.7. Assumption. The random variable ¢;,i = 1,--- ,n is independent. ——

2.8. Remark. ¢1,- -, ¢, is independent (2.7. Assumption.) and each ¢;’s distribution is i € Q. (2.3)
is redefined as follows:

(23) R = /Q F(E)dp(s1) - in(sn).

Here, @ is all the probability measures on S and [11, [l are the distribution on the set of mixed strategy
q',q%. Under fiy, jiz € Q, we can transform as follows:

/_ja:aﬁl—l—(l—a)ﬁg, 0<a<l.

We can define the new probability measure ji € Q. We can understand that Q is a convex set. Q is the
closed set in Q. ——

2.9. Definition. A feasible set U on G* = (N, {Q;}ien, {Fi}ien) is defined as follows:
U={F@| 7ed} —

2.10. Remark. The feasible set U is a compact set on the separable complete metric space for the
continuity of the expected payoff function F. ——

2.11. Definition. A best response of the player i’s strategy ¢; € @Q; for another n — 1 players’ strategy
sets i = (q1, ** , qi—1,i+1, " ,qn) 18

(24)  Fi(gi,q-i) = gleaﬁ Fi(ri,q-).

The whole best response for player ¢ is B;(q—;) for the strategy set ¢_;. ——

2.12. Definition. A Nash equilibrium of a strategic game n-person game G* is a profile §* =

(¢7,- -+ ,q;) with the property that for every player i(=1,---,n) we have the best response for another
player’s strategy set ¢*,. ——

2.13. Remark. The mapping is a point to set mapping from the product set Q1 X -+ X Q;-1 X Q41 X
-+ X Qn to set Q. It is called a best response correspondence for player .

B(q) = B1(g-1) x -+ X Bp(q—n) for the strategy set ¢.

2.14. Theorem. The mixed strategy set ¢* = (¢7, - ,q};) on G* is a Nash equilibrium if and only if
(25) ¢ e€B(). ——

2.15. Theorem. The strategic game G* has a Nash equilibrium. ——

3)Formadly, measureable space (§2,5;) (where Q is a space, S; is a o-additive class in the subset of ), ¢; is a random
variable, if S; is the domain.
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2.16. Theorem. (Kakutani’s fixed point theorem4)) Let S be a nonempty, compact convex subset of
the separable complete metrix space and let F'(-) : S — S be a set-valued mapping for which
(i) for all z € S the set F(x) is a nonempty set and convex on S.

(ii) for all sequences {xl,}jil and {yl,}zozl such that
Yv € F(xu)v v=12,---, 2z, = 2o, Y — YO (V - OO), we have Yo € F(:L'O)
Then there exists * € F(-) such that * € F(z*). ——

2.17. Remark. We assume a finite set of the pure strategy. If the set of the pure strategy is infinite
and the feasible set is compact, the strategic game G* has a Nash equilibrium. —
3 Evolutionary Game Theory

In this section, we take up evolutionary game theory. There are two situations in evolutionary game
theory. First, each player chooses a strategy randomly like as in the above situations. Second, a large
number of players is assumed to search at random for a game, and when they meet, the terms of game
are started. This situation is considered in mathematical biology.

First, we define an equilibrium concept in evolutionary game theory.

3.1. Definition. ¢; € Q; is an evolutionarily stable strategy (ESS) if for every strategy q; # ¢,
there exists some €, € (0, 1) such that the following inequality holds for all ¢ € (0, &;)

(31)  Flagi,eqj + (1 —e)@] > Flgj,eq; + (1 —€)q]. ——

3.2. Proposition. (Bishop and Cannings [2]) ¢; € Q; is an evolutionarily stable strategy if and only if
it meets these first-order and second-order best-replies:

(3.3)  F(g,q)=Fle, ) = Flg,9)<F(a q9), Y #qa ——

(3.2) is a Nash equilibrium condition, (3.3) is an asymptotically stable condition.
Thus, ESS expresses the stable state in the system. Next, we formulate the dynamical process. We
assume as follows:

3.3. Definition. Let 7 : ¢ — R. Then the system

(34)  §=m7(),
is a selection dynamics if it satisfies, for all ¢; € Q;

(3.5) (i) 7 is Lipschitz continuous.
n
(3:6) (i) > m(@ =0
i=1
(3.7) (i) Vg €Qi,¢=0=m(7)>0 ——r
3.4. Definition. 7 yields a regular selection dynamic if (3.5)—(3.7) holds; then the following limits
exist and are finite:
T

.oom
= lim —. ——

3.8
(3.8) i

3.5. Definition. 7; is monotonic if, for i,7/ € N

YIn the original paper, Kakutani [3], examines this theorem on R!. In this paper, we examine this property on the more
general, separable complete metric space.
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. o
(3.9) F(gi,q9-i) = Flai,q-v) = Wz(}(@ > qu(-q )-

This property shows that a higher payoff is a higher increment in this selection dynamics.

3.6. Definition. If the selection dynamics is monotonic, we can derive the following equation. The
selection dynamics 7 is a replicator equation® , if

(@)

4

(3.10) = Flgi,q-i) =y arFlar,q-1). ——
i=k

3.7. Theorem. (Picard-Lindel6f theorem) If X C R* is open and the vector field ¢ : X — R¥ Lipschitz
continuous, then the system (3.4) has a unique solution &(-,z°) : T'— X through every state 2© € X.
Moreover &(t,29) is continuous in ¢t € T and 29 € X. ——

This theorem implies that the existence of the (local) solution and uniqueness in the replicator equation.

3.8. Example. A replicator equation in two strategies, symmetric two person®

game is as follows:
(3.11)  d=z(1—-2){az—b(l—-2)},

where x is the probability of choosing strategy 1 for each player.

1\2 Strategy 1 | Strategy 2
Strategy 1 a,a 0,0
Strategy 2 0,0 b,b
Payoff matrix 1 (Symmetric two person game)

The Nash equilibrium in this game depends on the signs of the payoff: a,b. ——

4 Open Problems and Concluding Remarks

This article formulates noncooperative game theory and evolutionary game theory rigorously. There is
a lot of research for explaining complex social and biological phenomena with game theory however,
these are applied game theory and do not explain theoretical mathematics at all. We can understand
open problems of game theory through the research in this paper. For example, i) infinite strategy
spaces, ii) without common knowledge (2.5. Assumption.), iii) extend a replicator equation, as a partial
differential equation or stochastic differential equation. iv) statistical mechanics, many games are played
simultaneously, and so on.
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On a relation between canonical basis and
Enyang’s basis of B-M-W algebra

AR (AR IO

Birman-Murakami-Wenzl fRE, #OH ORZEEDIFIZH VYT Birman-Wenzl
[1}, Murakami [2] KX DFERSNEZRETY. ZoREZ B, TRTELE, 2O
AT T; (1 < i <n) & Kaufflman BRR (¢ —¢ V1 —E) =T, -T;7' ic&D
BEDILE (1<i<n) EZHAVWTHERKRTE, TOMICROBEBRREZHLZLET.

EE 1 R=2Zg r*, (¢—q¢ ) &%, ZOEE, B, X T(1<i<n) K&
DAERIN, ROBFRXZHmETHAEN R-RETHS.

(L= (T —r " )(Ti+¢) =0
LT =TT

LTy =TT, if li—j] > 2
BT By =4 By

B TP By =" B

ET; = T,E; =r ' E;

CORBIIBTFHORRRBEBARLTOVET. 2L, B, C, DEOBTRU &
ZTDNRY NIVRBV 2B Z B0, MU BREICHLUTNNIA—FEr=¢F &
RE T, Endy(V®) ORI Birman-Murakami-Wenzl {3 O & UTHEET
ERIEMALNTHY, ZOBEEELHMRGMH T T Jones basic construction
EERWT, BlIIKBWTZORBOBEENRESINZD, [41ITBNWT, LB
BB M FREE 45 - Hecke I D orthogonal RILDFLINHRR I N0, [5]
HNT, EHRERICBIT2H LR FROBRIIGHINAEZDLTEE
L7z,

F/z, TOMREKILEE-Hecke R & BBEHERBIBZ B £, TN, B1Es - By g
CEDERIND B, DATTINEB LETEE T4V L—var

0=BGEHc...cB cB =28,

DEEITIE, V1 XD R0 25 -Hecke R EBOAA TN ZENTE, 2O &
2R LT, Ad-Hecke (REUTBWTHRILT S cellular I D72 £, Birman-
Murakami-Wenzl RBUZH U THIEIND ENIHOTT. 207 70 —F T
Enyang [6], [7] I & D, Birman-Murakami-Wenzl fREGZ X9 5 2 FE%H O R ENE:
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ENTHD, S 5ITHRIE Rui-Si [8] I& 2T, [7] THR S 17z Jucys-Murphy £:JE
MNEIESNBEAEEZFIH L7z Gram fTHIROFE L, ZHICE DWWz Birman-
Murakami-Wenzl fS5 0 B DK B+ D RENFENTHET.

—F N BARTIC, Fishel-Grojnowski [9] 12 & U, tangle EIFIEN KK 2D
7O —FI2 & o T, AYE-Hecke REIC B % Kazhdan-Lusztig 24K 2 Birman-
Murakami-Wenzl {0 U TR L2 RVEEREINTWE L. TOREN
Birman-Murakami-Wenzl {03KIZ cellular {03 & U T OE 2 EFHT S Z L1 Xi [10]
IR VRENZDOTTN, ZOREDBARRERD EDORITHBILTSNLNIT
DNTH, VIV XLBEGZA 5N THNERA.

[9] BT BHMNERNS &, £9 n-Brauer X .ﬂ‘;fﬂéﬂi@%/\ B, XVDEZX3
Birman-Murakami-Wenzl {3 B, ® BH#R72 (natural) ZEJE & WD B DD, FEHERY
72 n-Brauer BT BT 5 B E DN Z

T X
TEDDIEICLVEZZENTEET. (TOEED Braver REDEHE DERIT

Ik BFERIL, [11, p.197] 22R.)
Z1UC, HIi-Hecke fREDBF A EMILL TV D L D72 involution = B, — By

%, B, DEILITH LT

X — \/\ and G4 P

DOBRIERFTI HDOELTERL, £ involution DT TD Kazhdan-Lusztig(canonical)
FHJE % involution IZB8 9 % @E’éﬁﬁm@‘% ZEWEDEHLELL.

f8E 1. EFL O inwolution I LT, KOWE &z T K {Cy|d € By} B—F
HINCFET 5. 12720, 1(d) \d d € B, KEENBIREZDKEZRTHDLT S,

e Ci=0Cy

o Cy=Ty+ Zd':l(d’)<l(d) Py, 7‘:’_71:’:[/, Py, € q"lZ[q_l], d e B,

FEEIC LD ELNEREE [12] K—HBEENTBY, [13) OFELZ2EMEE L
T, [7] THZ ‘5317”\_ 2 FE D up-down tableauz T/IXNT A b T4 XA 3N % Enyang
@ Jucys-Murphy K &, Brauer BB T/NT A b T4 XENS Z D canonical FJE
EDORNIE, 2 DD up-down tableaus & LFEL DREFEGOE T, WHDINT A—
% [f@+% [14, p.60] IZ3BVF B Robinson-Shensted KR THIT IV, [7, p.323] IZH
WTEHE XN/ up-down tableauz DNEFZEFIH U TR/NMEICHERTR S Z &ITX
D, By DBREITRDAR—DTERINDBREZATIINESND ENDND K
T, (272U, EEEDITH Braver R 2> 72 5 X)L DA THRR.)

FRE DMK B, DEFRITHE > THD, n N—ROFEITH ZOBERNE
5 EMTRBENEKT.
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Bs IZH(F 5 canonical BREM 5 Jucys-Murphy EEANDZ#1TS)

can\JM | Ey E\E;Ty TiE:Ey E1By ExEy TiETy BTy TiEy, Ey, Ty Ty Tl T T
E; 1 0 0 0 0 0 0 0 0 0 0 0 0 0
E\ET) | —¢7' ¢t 0 0 0 0 0 0 0 0 0 0 0 0
TyE3E; | —¢ ! 0 g~ ! 0 0 0 0 0 0 0 0 0 0 0
E\E, 0 0 0 1 0 0 0 0 0 0 0 0 0 0
EyFy 0 0 0 0 1 0 0- 0 0 0 0 0 0 0
BT, | g2 —¢ 2  —q2 0 0 g2 0 0 0 0 0 0 0 0
EyTy 0 0 0 0 —q! 0 g ! 0 0 0 0 0 0 0
T1Es 0 0 0 - 0 0 0 ¢t 0 0 0 0 0 0
E, 0 0 0 0 0 0 0 0 1 0 0 0 0 0
NIy | —q 1 0 0 0 0 —q3 0 0 0 g3 0 0 0 0
T —q ! 0 0 0 0 0 0 0 0 0 gt 0 0 0
TTs 0 —q? 0 g2 0 0 0 -q72 0 0 N 0 0
T 0 0 —q2 0 g2 0 -2 0 0 0 2 0 ¢' o0
Ty 0 0 0 0 0 0 0 0 ¥  —qg 3 g% ¢2 g2 ¢t
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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SPHERICAL CR STRUCTURES ON BRIESKORN
MANIFOLDS

OMOLOLA ODEBIYI

INTRODUCTION

Brieskorn manifold M (p,q,r) is a smooth, compact 3-dimensional
manifold obtained by the intersection

85 N {(21,22,2’3) € (CS ’ 2119 + 2(21 + Zg — O}

where p, q,r are integers > 2. This is a typical 3-dimensional Seifert
manifold.

Gromov-Lawson-Thurston[3] showed the existence of conformally flat
structure on M (p, q,r).This result was also shown independently by
Kapovich[5] and Kuiper[6]. In this talk we are interested in the case
of spherical CR structure. We showed that every M(p,q,r) admits
spherical CR structure.

Using Milnor’s classification of M (p, q,r) we proved

Theorem A. M (p,q,r) admits a Spherical CR structure which has the
“form” T'\S® — L(T'), where the holonomy group T' C PU(2,1) satisfies
that:

LT)=0<= k>0
LI)={c0} & Kr=0
L) =8'"& k<0

By comparing the result of Goldman-Kapovich- Leeb[2] with Mil-
nor’s [7],we also show that:

Theorem B. Whenp = q =r forp,q,r > 3, the difference | 7(p)/2 |=
e(M(p,q,7)) — x(X) is m* — 4m such that | T |= 2m?* — 8m 1is an even
integer with g > 2 satisfying

2—29<7<29—2.

Date: December 22, 2009.
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1. PRELIMINARIES
1.1. Spherical CR structure.

Definition 1. Spherical CR manifold is a smooth manifold M?**!
modelled on S*" ™' whose coordinate changes lie in PU(n + 1,1).

The group PU(n + 1,1) is called the unitary Lorentz group which
is the group of isometries of the complex hyperbolic space H(’é“. It
acts on IHI('C”rl as complex isometry and extends as Cauchy-Riemann
transformation on the boundary sphere S?"*+1.

Therefore, the pair (PU(n + 1,1), S?"*1) is called spherical Cauchy-
Riemann geometry.

Definition 2. Suppose a manifold M**** admits a spherical CR struc-
ture there exist a developing pair

(p,dev) : (IIy(M) =II, M)—(PU(n + 1,1), S*1).

such that devoy = p(y)odev (Vv € IT). Where p is holonomy homo-
morphism and dev is the developing map.

Proposition 1. Suppose M admits a transitive CR group then the
developing map 1s a covering onto its image which s a homogeneous
domain.

Let T be a subgroup of PU(n + 1,1). If we consider the boundary
5§24l of HEt! and the action of T on S?"1 there is a limit set L(T)

for which I acts properly discontinuously on the domain S?"*! — L(T").

Definition 3. Let I' be a subgroup of PU(n + 1,1). The limit set
L(T") is defined to be the set of cluster points of the orbits T - p in
S2ntl(p € HLT).

T.pnS¥tt,

1.2. Milnor’s classification of M (p,q,r). Let G be a simply con-
nected 3-dimensional Lie group and II a discrete subgroup of G. Milnor
has shown that M (p,q,r) is diffeomorphic to IT\G. According to the
rational number k = p~t + ¢~ +r7!1 — 1, G is as follows:
(1) k>0, G =SU(2) and II is a finite subgroup.
(2) kK = 0, G = N, the Heisenberg Lie group and II is a discrete
uniform subgroup.
(3) k < 0, G = SL(2,R), the universal covering of PSL(2,R) and
IT is a cocompact subgroup.
By using the above classification we showed that M (p,q,r) admits a
spherical CR structure in Theorem A . This Spherical C R-structure
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on M (p,q,r) is homogeneous so that dev is a diffeomorphism for x >
0, k = 0 and an infinite cyclic covering map for x < 0.

2. NON HOMOGENEOUS SPHERICAL CR STRUCTURE

When k < 0, we would like to show that there exist a spherical CR
structure on M (p, ¢, ) such that the image of developing map is not
homogeneous. Comparing with Theorem A, when s < 0, if the devel-
oping image is non homogeneous and L(I") is not a geometric circle but
still connected then L(I') might be a non rectifiable curve(Topological
circle).

We state the results of Goldman-Kapovich-leeb[2] and Milnor [7]
below

Theorem 1. For every genus g > 2 and every even integer T satisfying

2-29<17<29—-2
there exists a convex-cocompact discrete and faithful representation p :
m(X) = 7—PU(2,1), (p(r) = T')with 7(p) = 7. Furthermore, the
complex hyperbolic surface M = HZ/T is diffeomorphic to the total
space of an oriented R%-bundle & over ¥ with the Euler number

e(§) = x(E)+ [ 7(p)/2 |

Corollary 1. The manifold S* — L(T")/T is diffeomorphic to the total
space of an S*- bundle over the surface ¥ which has the same Euler
number as the R? fibration of M = H%/T .

Theorem 2. If the least common multiples of (p,q),(p,r) and of (q,r)
are all equal

m = l.e.m(p,q) = l.em(p,r) = l.e.m(q, 1),

then the Brieskorn manifold M (p,q,r) fibers as a smooth circle bundle
with chern number —pqr/m? over a Riemann surface of Euler charac-
tersitic pgr(p™t +q¢ L +r7t —=1)/m .

From the above results we see that we have two S' bundles. Two
S! bundles are equivalent if and only if their Euler numbers are equal.
Hence we would like to show that e(M(p,q,r)) = e(S* — L(T")/T) if we
take same Y. We prove the following lemma

Lemma 1. When k < 0, M(p,q,r) is a nontrivial circle bundle over an
ortented closed surface. By the result of Goldman-kapovich-Leeb there
is a faithful representation of m(X) = I' into PU(2,1) whose limit set
L(T) is a topological (non-rectifiable) circle. Moreover S* — L(T')/T is
a nontrivial circle bundle over ¥ and is diffeomorphic to M(p,q,r) .
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The proof of Theorem B becomes clear after proving the above
lemma.
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FEFPOEFRZINT S
Quantum Hydrodynamic €7 JVDEMMER &t BLiGRER
B W2 GO TR HREE T2 E2ERD
PR (it R TR IR T2 oe R

14> ra4% 93>

PR T IS A RO/ IMER 2TV« 7 — R EDOHT LUy MOS Fit D BHFEIC
W, CPEARR OB IROMATICIE B FIRDMEA TR G <R > TV D, ARGEET
&, BFIRZERLIEEARDET IV TH S quantum hydrodynamic (QHD) E
7V (1) & quantum drift diffusion (QDD) &7V (5) DN Z1T5. BEARAIRER
LTk

o A=)V TSV IER 20T HME GHHME) 1<k, QDD EF
JVODfE drift-diffusion (DD) €7V (6) DFRICIRT 5 &

o KA 7 722 0 &9 B GREAARRE) 1< XD, QHD ETI)VOMEN quantum
drift-diffusion (QDD) €7V (5) DFFICYRT 5 &

RS, QHD ETFIVIERDERTEZ BN 5.

pt + ]x = Oa (1&)

. o (WP
Tj + {Tp +p(,0)}z p( N )z PPz — J, (1b)
Gre = p— D. (1C)

CCT, p g, 0ld, TNENETHEE, EBREE, BMN2ERIAKHNBELTHS.
p(p) = Kp (K QIEELD 3HEN7ZRKITBEL, D(x) e H'(0,1) FA-E(RDAHY)
(EAAY) Otz R IEOMABEETHS. 1L ecldEBITIEERTHD, £
NTNRERIRE & X —)b « 75 0 7 ERZERT. (1b) OFELE 3 HDE TR
ZRIHTH%.

PR TSA AW NG T2, AR Q = (0,1) ETHERR (1) OWIfE
BifUEREZ Z59 5.

p(t,0)=p >0, p(t,1)=p >0, ¢t0) =0, o1l =¢ >0, (2¢
t

CCT, pi, pry & BEASNTCERTH . FIHAMEISH U T HINZERMT

po(0) = pi, po(1) = pry (VP0)a(0) = (v/P0)a2(1) = 0, Jou(0) = Jou(1) =0 (3)
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ZUE L, HEOIEMENE & iEd st

inf p>0, inf(K—7j°/p%) >0 (4)
Z 729 QHD O iR Z KT 5.
—F, HEXR Q) TEAMICr =092 &, QDD ETIV (5) HMF5N5.
Pt + jz = 0, (5&)
¢x:c =p— Dv (5b>
jﬁ=—Kﬁ¢+§p(&%%ﬁ)x+p%p (5¢)

QDD E7)V (5) 1T 2 1A N OEEFUALE, (2b)-(2d) THZ 5.

2 QDD ETI/VOHMERICDONT
EHiC, AR G) TIEAMNICr=0&9 %L, DDETIV(6) WMEENS.

Pt + jx - 07 (68“)
Ji=—Kps+ pds. (60)

DD &7V (6) 1ZX9 2 FIHME N UEEFYELE, (2b), (2¢) THZ%. DDETIVD
IRE R RS R O — B NAFAE & B FR O MR ZEE MRS PRIH- 83K [3) IC K DEFIHENT
W5, ORI, DD ETIVABYI-FEMHELENT R TH S T ehd, KRERYIIHHE
NS LTI LTS, QDD ETILE DD ETIIVOGREEZET L L, e < 1
D & EREHRYIHMEICHT S QDD £ 7 )V ORI AN — =N IFEE L, il
EWMICHDENRT 32 2 ENTREEINS. COTREITROERTEEMIC IS
ns.

EIE 1 (1)) YIME po € H2(Q) 133 OIEEME & W25t p(0) = pi, p(1) = p, %
WrdLdb, COLE, BBEFEESG MEELT, |p—pl+ o] +e <655
X, HEDIEEMEZN729 (2b)-(2d), (5) ORISR (p— p, & — d) € X(0, 00) X

C([0,00); HY(Q)) DY, —BEMNIFAET 5. TTT, (p,¢)E QDD DEHRET 5.
I 51T, RSB EE IR L, FHnX

(o = B) ()l + [[(6 = D)) |ls + |(£02{p — p},€00{0 — G} (1)|| < Ce™
MERANIT 5. TTT, Caldt e KSR WVIEERTHS.

EHICe > 0DEE, QDD DfEMN DD OFRICINHR ST S C 2R, IR
EREENCES LT 5 e N TETE.
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EE 2 (1)) 1 EAUCIREZT 3. (p°,¢°) ZEH 1 THIKE Nz QDD O
fi, (p°,¢°) ZVEMI-23K [3) THEK S N7z DD OfifL 9%, DL E, ¢ —¢° ¢
C([0,00); HY(Q)) TH D, ETHICe & tITIKDIZWVIEER C, 3 MFEL T,

10" = YOl + 11(¢° = 6°) (D) ls + 1(e02{p" — p"} e0{d" — "D (B)]| < CE”
ANDAVACIZAR

3  QHD E7/VOEFPEICDOLT

EH 1T, QDD BT VA Z AWIHAMIC R U TR RN EAE L, W)
WERRTEZ6N% R L. —/, QHD EFIVTIE, EHEE (5,7, ) D
ToEREOYIHEICT LT DR, KSR E N, EFEMOWLLEED
AEHENTWE ([2). /5T, WMETFIVOMZREEEERT S &, B 215
INEL BB, KERYAEICH LT QHD T 7 )VORFE KRN FEET
TEMNTREING. EHEE, ROTHHILT 5.

EE 3 W (po, jo) € HH(Q) x H3(Q) 1 (3) & (4) Zlilzd&£T 5. TDEZE,
HBEER O PDELT, |p—p + o +e+7 <6 KB, (4) 2729 (1),
(2) DEFRIRIRE (0 — p,j — J,d — &) € X4(0,00) x X3(0, 00) x X,4(0, 00) D —EH
ICAFEL, $RREIERE E TEFERICIORT %

o= )2+ 11G =)@+ 1@ — D)(t)]a
+ [[(£02{p — p}. €%0u{p — B}, VTOLj — j}, VTEOHj — iH ()| < Ce ™.

CCTT, Coaldtet T ITBKSHWVIEERTH 5.

IHIC, T—=0DEE, QHD TTFIVORRKIEAED QDD 7 )LD KK fARIC UL
[ N N O el

EE 4 FH3 EHEUCIREDT, (p7,57,¢7) 28R 3 THER SNz QHD 7LD
i, (p°,7° ¢°) % QDD ETFIVDfRET D, TDEE, t, ¢ & 1 ITIHMKSIRVIETE
O, BMMFELT, ROFHIMMEREDK t € (0,00) THILT B.

Huf—p%@W?+H@T—¢%@W§§C%ﬁ7
1G7 =@ < 167 =) P+ 077 (7)
1(02{p" = p°}, c0z{p" — p°}. 205 {p” — p°}, 0157 = "D < CT7( +1).

AR QDD TTIVOYIMEIGHEE po(x) DHT, FHARLITOERME 100, x)
7R (5e) KO EE S, —77, QHD E7I)VOYHARZITOEFAE j7(0, ) 13#)
WA jo(x) THA BN D4, —RNCEEET IVOYIAERO 2= S YIHHEE
U%. RER(7) OEUHE X, ¢t — co T72ld 7 — 0 THIEAEREIEIIIC
T BT EEEKL TV 3.
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AE2 AWTHMALEETOEH (EM1MSEM ) &, AR 7 >A7—
W TZ 2 D8 e DH/NE VRS, AFEICKE RAIAEICH LT LT
5.

585 JEEDOEH L > 0I1CHLT, HYQ)E L*(Q) DEMT k FED Sobolev ZE[H]
BRL, ZOIIVLE ||| EEL HO=L2THY, TO/IVLKE]|-|| =] &
I%. KIIFAOBE L 1> 012 LT, Ck([0,00); H(Q)) & H(Q) Iz E D,
[0, 00) FICHIWWT k B ) AT REZR BIR 2L 228 9. H (0, 00; H'(Q)) 1& H' ()
ICfEZ LD, [0,00) k- 1K ITATRET, & FEX TOEREKAD L? nlfE0) 7%
BAR =M 2229, RARICBIEZER X;(0, 00) & X(]0,00)) 7%,
/2]
X(0,00) := (1) C*([0, 00); H(Q)),
k=0
X(0,00) := C([0, 00); H*(2)) N L*(0, 00; H(2)) N H'(0, 005 L*(12))

LiEDD. TITT 2]l e ZBARWVRKOER ZET.
BE B

[1] S. NISHIBATA, N. SHIGETA AND M. SUZUKI, Asymptotic behaviors and classical limits
of solutions for a quantum drift-diffusion model, to appear in Math. Models Methods
Appl. Sci..

[2] S. NISHIBATA AND M. Suzukl, Initial boundary value problems for a quantum hydro-
dynamic model of semiconductors: asymptotic behaviors and classical limits, J. Differ.
Equ., 244 (2008), 836-874.

[3] S. NisHIBATA AND M. SuzUKI, Relaxation limit of a time global solution to a hydrody-
namic model of semiconductors, to appear.
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> D IR RIS IS B 3 2 NZE U E AT 1

B9 & IUE T
A Tk
OB R ASE R AR AT I 2R

Email: saiki@kurims.kyoto-u.ac.jp

F—U =R IR R, () ROEZARR, Fetdis, () ERINiGE, X2V 77 7 7 ikt

v

TIFH0IENINEEIL S T 2R/ sh s b oo, BT A THen. AIFseTiE,
ZVTT e HoTa—L 2 00” ELK K NELRKO LT B 2 hARATRF 0 5,
FIiE ECEHRIL © 8T X2 ZAUSF D kit o R & FPuE o Bt % w9 5.

1 FC®»IC

NA AT &7 7123, — I HER O NGERIHELE (UPO (unstable periodic orbit)) 28 H & A E L Ty
LZEeneENTnS. £z, WA ATTF20 N ERPIND, 7 A 2O FEEIR T % N EME & [al)q
MEFFHEbELMTH 5. Tolzd, FIHHUEITL A AN B TEELR A %2 Rz 55 2 21384
B2, To72, NERIHOES, T OANREMRIC, FENSBUER ettt 2 1778 5 2 LI Nz 5 7=
0, TNETICEL DTN R SN T E DT TR, RWETIE, 115007 & OIS BT o 5
THEINCHIFE S N T LIRSS 2, A A N 7 FIIEZ TR 2. ffic, a—Lv oy
OIS (LEL IR e NEEZRIKOIEEIE) 2 Ao A Eh 72 A O SRR IS H 5
58Ik TERT S,

2 EHIEDZHAEE

AWRETIE, a—V YR (dz/dt = o(y—x),dy/dt = rx—y—xz, dz/dt = xy—bz (0 =10, b=8/3, r:
) 1R Z BT, T o INHUED SR KO Rt % FN 5. UL, J157500 78 (NRE) 2R ko 22/
D¥Jx L 2 L) 77 ) 77 b))V (CLV (covariant Lyapunov vector))! % [AliEd 2 1) 77 ) 7 fif
M1 (Ginelli et al. (2007)) BFEFE SN TEHY, KNFFRICBWTLZhEZ AW TN 5,

time

o Oseledec splitting, Ruelle IHES (1979)

1: CLV oatHAEMEI (1) (Eo R AGIT (BHA&fk) V7~ 2 727 k)L (Shimada and
Nagashima (1979)) (il) ORI THZE Y 77 2 7 X7 k)L (Oseledec Splitting) % at3H)

FRIFFE TR G o L[EFgEIc D & 9. E/z, INHERR 5 TICRRIEERICHE, dal TSl 2. 2 2IicHE
ERLET.
LT oy - 27 )y T4 72 bIHIN D (35 1H)
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PDF

minimum angle

3:ART Y HVFAEREIH9 LI T & UPO (r = 28)(k), UPO 2Ny (N =1,---

angle
2: NART ST 05 FTCRELHIKE NEESRIKRD 27 > 77V BB M (r = 28,30, 32) (%)
CEHIM () (r & 2806 321C WP B & NT U XNV O HEMINL , r = 32 TIX 0 EPITICiEZ b2 kD
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0.0003 -
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0.0001 -
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,,,,,,,,,,,
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N I . |
15 | H0oopg
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,20) (1) LCIE LAk IR

minimum angle

& NIEZRRRIS 22 T/ N7 v T

35

30 |

25 |

20 |

15

10

4: r& 285 RKELLTH RV =R A E TIEHL 72 UPO 2Nyt (7T 7% EpSlEIC
N=2,3,---,10) DR ELIIK L NZEZAEERD LT iRNT > 7V (UPO 2Nyt /N7 > ZOVIEIZRTE S
N30 01D WTH L ARIC RA 20, FERSE 01l @I EIcE £ %)
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local maxima of z

99.25 99.75 100.25 100.75
r

6 : 22y FIHASTIT O /MR (B RV 2 — R 3 g = 100.795) (7 — R FJHH#UE o BRS80S 3R
TE5)

minimum angle

2.1-single
2.1-twice
2.1-4times
2.1-8times
0.001 2.1-16times
99.25 99.5 99.75 100

r

X7 22yt 7 — N EIHBOE o S o I HGE (1, 2, 4, 8, 16 1%) o/ 7 > 7

+ 00 0 X

FER

1. 7 =28 ODYEIEWHHITH 2 (¢f. Tucker(2002)) 2%, r = 32 fFITTIFIEWHHNIC 2 5 (JZM§iEZ b
D) ZEeREENS (H2)

2. 1 =28DR 7 HVFHREH N +1 0 UPO o fi ¢, UPO 2Nyt (5% N EHETEDLY, &5 —
Ji% 1Al E b 2 EIE) &) 2o UPO Lo SR KRR T > 7 WD R /N & (X 3)

3. r=2806r%& [WFlce &, UPO O ZikkR R/ N7 » 7 VI REESH 5 (X 4)

4. UPO 2Nyl tdr / KCH RNV ) =R AEEBZL, TONEAE, N2V KEWLDIZE r =28 DT
ISTFET 2 (K 5)

5.1 =28 CIFET A UPOEr / KTCBZ A% RV — K AIKCHBT 59 RV EHLECHIGL T
0, — R EAEGED, » N\ TG Ik E 3529 (6)

6./ — K FIIGED G ML CE £h 2 20 B FIMEEAT, r \, INCREEL 7= 145 ZHE R
INT YT ABUNE < T2 (B17)

3 FE&H

H—L Y RTr:28 /Re L SIS, WESKKE NEELIEDOHAEEN RET S, r=28T%
KB O/ NT > 7 WAVNE W UPO aNyt ICHEET 5 TN o idr S/ KCTY RV —RlE Bz L, £
Dite s 7 — REMPUED, r ey \CNTRIME MR E 35 29, ST A £ 7z 2 o
ENRZEAT BEMNCEHEHT DL, n / KCRNT 7 VD8 01200 SHEMEZ A 6N 5 & w0 6
ho. 2B, 2oV F VAET ) VHHETCHELNTO AN RICHEML Tna.
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'ﬁ-ﬁ (Robinson (2001))
B2 (V77 /28K

f: M — M % m RKICEAR E Do EIF 515 &
L, 1% M toV—<riti (FRZEo W) »
SIEPNLIERT NNV D IV LT ELH. KSreM e
v € T, M iU, MeBRASFIET B R Y
1 k
Z log(|Df;v])
EEFRL, UTT ) 7R S

Az, v) = klim

FHE (A LT vV OFEETINT—F FIE)

M % m KoL > "\7 N ZRK, B% M OR LV IVE
BlcksTEREND o— EREL, f: M - M
T CHNEMTSE T4, 2oL &, & ue M(f)
(M) UE, FISHTT 2 22ROV RES IR 42tk o
G )L COLEEZ O ANEES By € B
FEL C, FEDR z € By ICBWTU T Y J 75K
MWEHET L. bbb,

(a) 85 By 13 (i) NE, T74bb f(By) = By
THY, (i) 2HEE LD, Tihbb, $RTo
peM(f)IcoNT w(By) =1Thb.

%z € By Il , » TORZERNIE A2 o
MAyEL T

0y=v0cvlic...cv:® =1,M

YRR, LAY () v e VAV IZonTE
Az, v) ZEFT DHEFEL TAj(z) = Az, v)
T RTCDOZD L D% v DT El— DA % X
L. F 7z, (i) SBAYZERIH

{Vi .z e By, s(z) >3}
FITRTD 1< j < s(x) DT Df, VI
Vi CVOEKTRETH 5.

B% s : By — {1,--- ,m}Fo]HIFHCT so f
SEVIEKTAETH 5.

()

(d) z € By 201, 20V 77 ) 7Ha8UE
—00 < Ai(z) < Xo(z) < -+ < Ay (2)

Zigled. 1< j <miifl, BB () 13, (49)
FIER CEFRSN, L VES

{z € By : s(x) > j}

O LTHATHY, (ii) Ao f = A; &) EIk
THAETH S.
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Somos sequences and determinant identities for theta functions

goood

gooooobbobobon

1 ODO00O0O

kD 400000000000000 {sptnez000OO

Lk/2]
SpnSn—k = Z QG Sp—iSn—k+4i
i=1
0000000{s,} 0 Somos k00 (Somos k sequence) 10 000000|k/2]0 k/20000000
000000000 sp=s1=--=s8,-1=1000000 ,OOOD 1000000{s,} 0 Somos (k)
00 (Somos (k) sequence) 0000 Somos 00001980000 Michael Somos 0000 ODO0ODOO0O
000000000000000000000000000000A0 elliptic divisibility sequence O Somos
4000000000000
O0O00O0OSomos (k) 0000000000 O0OO0O0ODO0ODO0OUDOOOUDOOKE=4,5,6,70000s,0
00000000000000000000000000000000Fomin, Zelevinsky 3] 000000
O00000000000000000D0k=8000000000000000000000000000
O0s;; 0000000
k=450000Somos kOOOOODOOOOOODOOOOOOODOOOOOODOOODODOODODOOUDOOOO
0000000000000 000OHone 4000000 Weierstrass0 e 00000000000

00 1.1. 000 Somos 400 {sn}nez U

s, = AB" o(u+ nv)

o(v)"

00000000O0s0000000
y? =42® — gox — g3

O0O0O00A, B,u, v, ¢2,93000 5, 000000000000

0000000000000 0000000D000 Somes DOOOOODOOODODOOOOOODOODOO
SomOS(G)DDDDDDDD Somos JO00OOO0OOOO 1.10000000000000O0OO0ODOOOOOO
O0OSomos (6) 000000000 0ODOODOOODO

0000000000000 0000000000 nO00000000 M,(C)0ODOU0O22,00000
AODODODODAD Pfafian 0 pfADDDOO0ODOO(pfA)2 =det ADDODODODDO gO0000g 0O Siegel
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0000 $, 0
Ny ={r1€MC)| =7, Im70000 }

000000000 z0000e€(2) =exp(2ry—12) 000000

2 0000000000000 Somos OO
00000000000000000

00 2.1. ¢,b€RY, 2€CY, 7€H,00000000000000
1y

9 m ()= e (2 (n+ a)r(n+ a) +t(n—|—a)(z+b)>

nezI

goobooo

0000000000000 0D0000000O0D0Oe,be(1/2)220000000000O00O0O0O0OO
O0o0odoo 0000000000000 00o0o
1884 0 O Caspary O Frobenius 0000000000000 (cf. [1, p. 473, Ex. v])O

00 2.2. n>290000000a,be (1/2)29, 7 € Hg, w1, Wa, ..., Wy, 21, 22, ..., 2, €CTOO0000
goog

det (19 {Z] (wi + 25, 7) ¥ [Z} (w; — zj,7)> = 0.
1<i,j<n

000000000000000 Welerstrass 000 000000000000 00O0O0O

0 2.3.7€9, abe(1/2)2900009[¢](z,7)0 »00000000000000n>29000000
21, 29, .., 2, €CYO000000000

1<_7;aj<_L

00 2.4. 7€ 9, a,be(1/2)2900009[¢](2,7)0 20000000000000000 {sp}nez 0

Sy = AB”Cn%? |:Cbl:| (u+ nv,T) (1)

0000000000 A,B,COO0D00DOUO0ODODOUuw,veCYDODODOODODO {s,}O00DOO

29
E QiSpyiSn—; =0
i=0

ooboboooooood e, 0000o0bo0ooogg

W = <19 m ((i+ j)v,7) ﬂm ((ij)v,r))
D000W,0 WOOO AD00 k00000000000 2900000000000000

(—=1)% pf W,
C2k2 .

0<4,j<29

Qp =
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00 2.5. 0024000000 #00000{s,} 0 Somos 2971 000000¢g=1000000 1.10
000000000000 00000g>200000000000000000000000 Somos (8) O
00 (1)0D0000000000D00000 Somos (6)0000000g=2, 4 =00000000

00 2200000000Somos 000000000000 O0OO0

00 2.6. {snlnez 0 (1)000000000000r >290000000m1,ma,..., My, 01,02, .. -0y
oo0o00ooooooooo
det (smﬁnjsmi_nj)lgi’jgrzo. (2)

00 2.7.¢g=1,r=30000{s,}0 Somos 400000000 260 Ma[5|000000000O0O0OO

00 2.8. 00260000 SomosO0O0O (1)000000000000ODO0ODO0O0OOODOOOOOODOODO
O000g=2,r=50000Somos (8) 00000 2600000000000000000200000D0
000 (1)0D0000o0o0o0oooooo

3 Somos (6)00000D0O0O0OOOO

Somos [6] O 1993 00 Somos (6) 00 {sx}nez 00000000000 ODOOODOOODOOOOOOD

f(x,y) O

2 2
flay) =ac? Y (—1kc ey cos(cohra + crkay)
k1,k2€7Z

dooooooo
$n = f(n—2.5,n—2.5).

OdO00c¢,c,...,c; 00 000000O0OO0DOOOODOO
20000 0van Wamelen 000 000000000000 2000000000000000000000O

y? = 8x° 4 213z + 36623 — 77322 + 394z — 63.
000 ,0000000000000000000000O000OC

y? = 25 4+ 218z 4 379023 — 3940022 + 1124252 — 102650

0000000 CO0D00000000 co0000

0000000000000 0000000000000 800000000000000000C00O
000000000J0 CO JacohiDOOOO0O000000000 Pic®(C) > JOo0000oooooon
00 w,w’€My(C)OODOD0DDA=wZ?+w’'2?°0 C°000000000000 J(C)xC?/A000O0
0000000000 7,9 € Mx(C)00000wW,w”,n,n” 0000 Legendre 000000000000
000000000 0:C*?—CO

1
o(u) = cexp <;tu77’w’_1u> 9 [((55’] (w™tu, W' w”)

000D0000D000c00006” =%1/2,1/2),8 =%1,1/2)00000000 ¢(u) 00000000
Somos (6) 00D0D0D0O0O0O0D0O0ONOD ¢0000000000000000000
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00 3.1. P,QeJ(QODOOPiI’(C) > JOOD000D0000000000000

(35 — 4v/65,41280 — 5120v/65) 4 (35 4 4/65,41280 4 5120v/65) — 200 > P,
(—81 — 8v/109, 72832 4 6976v/109) + (—81 + 8/109, 72832 — 69761/109) — 200 > Q.

J(C)O C?/AD00D0D000000umodA=P,vmodA=QO000 u,veC2000000 {sp}nezD

5, = Aot 2t )
O'(’U)"
dooooooogo
1 1650 (u + v) 1
Azi, B:77 = —
o(u) o(u)o(v) 16V5
000000000 {s,} 0 Somos (6) 0000000C000D

50 =61 =" =85 =1,
sn+33n_3:sn+23n_2—|—sn+18n—1+si.

Somos 00000000000 OOOOOOOOOOOOOOO 3.1 000000000000O0000O0O
00000000000000 26000 3.100000Somos (6)000 r>50000 (2)00000OD0O
googad

00 3.100000000Somos (6)0000000000DO0OODOODOODOO

00 3.2. 00310000000000¢,v"0v=wv+w”" 0000R200000000000

1
lim — log|s,| = — log(16v/5) — log

n—00 N,

1
exp (—Qtv(n'v’ + 77"1/')) o(v)

=0.080774...

000 —log|exp(—(1/2)(n'v' +n"v"))o(v)| O Archimedes 1000000 Q0000000000
000000000 (cf. [7)0D00 32000000 Faltings [2] 000 Abel 00 00O Diophantus O 0O O
000000000000000000 KOOODOOJOOO P,QU KOOOODOOOOOOO0OO0O0OO
ooo

goon
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JE 2 > 7V BT TR (0,13 DD R 2V Z)VT, BEERDKIC—FNCUT, —DDFMD 2
DOERADNHED o TNBKIBREDDT LZWVS. 2L, HUTERPIEEERV. (T
BOBBHDOAY FE—HIKZ Y FIVOEREZH UL IckbFEN5.

(] 2 [

LS 22

R3 NOEEOFEUH K &, R ICHDAENTZ-T2 87 b TAEMNIT SN iziimobEi e
5. FOXH e K OYA 7 o)V Ml e S, AHL =L, U---UL, &, %
Ko7 L INHWCAED 0 BT WY A 7 o)l il AES & EICHEEREAE LEEN 5.

IR

LSR5 A

LR > 70V T 7% [0,1]2 DIKOEFRTH U UH K 252 %. K& (0,13 I8
INENT=aNT P THE SN zihizigEs. 20X 5 GihaizEZ > 7))V T O
A7)V A EMER. KZ VT =T U---UT, &, B T, BNEHWICKED D %
12RO A 7 )b Ml ZaE S & F BRI A H EFEIEN 5.

FEDY R Hopf (RELU & ZOHERIGTEBIZ A 5 T LI, HAHDRERZHEK
TBHTEMNHNKS [5]. TEALELIE, VAR Hopf (B U hSEHEIN, FEORELRI
HUTEREEZR DX SR, 2V TIVEMAHDOAIELRTHS [3, 4. V—BE sl, DET
JEBIER Uy, (slo) 35k E N7z R Q[[h]]-Hopf RETH %. VR Hopf REL Uy, (sl2)
NH/OENE TEAL R T sly N REMS. TOMEHTE, BREZ Y7V E
sly FEBEOREIIMEE 2T 5.
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L FEAK. IR

2 EZVIIVDEE si, FEE LB DE Jones ZIET

h EARETCE LIS ESERE Q[[h] £EL. BTEMER U, (sh) &1, FRay
JIVC H,E, F THERREN, BEFRA

K—-K!

HE— EH =2, HF = FH==2F, EF~FE= 75—~

TREEND A QU THB. L,

hH
q=exph, K:qH/2 :expT

LIRGTE. Un(sly) DAL E N n 72 VR Up (sly)®" L8, FTREENE
REL U (sl) 1E, (ARIEZ NT2) VRS R FREREE R D (of. [2]) .

[i]q = g—1’ [n]g! = [nlgln —1]g---[l]g, i€Z,n>0,
e — q—1/2(q 1)E, Jalo . FK; ; 1,
[i]4!
1 h
= ZH®H = —
D=gqg exp(4H®H)7
Exl L, Bl RATHNZ,
R= D( P NEM R g e”> € Un(sl2)®?, (1)
n>0
R ! = D1< (-1)"F™ g K”e”> € Up(s12)®> (2)
n>0
ThHZbHN%.

XYWV T =Ty U---UT, IS LT, T DG sly R Jp € Up(sly)®™ ZLLRT
EHD. £ITOXNK P Z—DEY, ZORHDOEGZ O(P) £BL. T2l PI3HEAR
X (X120 ZHEERICORTTELNZKAANRET S, 4

s: C(P) — {0,1,2,...}

XX P DATA R R, KX PDATA FOESE S(P) LEL. BATA Fse S(P)
IS LT, Un(sle)®" OIE J(P,s) ZLURTEDS. FTHA P OREAR ITH LT, K
20X TNINWEES. (K2 IEWERKICIE TNV EESRW.) 2T “S” 1,
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X 2: FEARKANDTNVOEETT. 272U RE = DELY. | RE LBV,

DAENFAZDELE X I, FAEDOLE SICBEHRRS. J(P,s) € Up(sly)®™ DF
VIVEED i 7%, T BACEM NIz N VORTERTS. T, I IMEHEM
[FEICTE DN DR, mARBICENSAENEL, LWV HiETHEES. T3,
J(P,s) DATA A

Jr= Y J(Ps)

seS(P)
T ORKXDOED JFICKSIRWMEL R, K22 TIVOREEZED S (cf. [4]).
RIS sly N2 E E O DE Jones ZIHNADERZIENS.

pi: Up(sly) — End(W;), i=1,...,n
2 Up(sly) DARITTRIE T 5. W SIS 25 tx}Vi 2 Up(sla) — Q[[R]],
trgv" (x) = tr(p; (K '2)), € Up(sls)

Za b L—RAEMER. Uy (sly) WA U7z Reshetikhin & Turaev OARZE (1D E Jones
ZIEN) 1, v—F UBEAER Z[¢M, ¢ VA icfiEED. FAH L=LU---UL, DK
2TV T=T1U---UT, ZBACTHEONS LTS, &L ICW, ZRISESETHELNS
L OEDE Jones ZIHAZ Jrw,, . w, £EL. TDLE

-------

Jow,.. W, = (tr, Me...® trgV")(JT).

AR RVASR

3 EEEBLZODIGA

K*2 e, FO i > 1 THEREND Up(sly) D Zlg, ¢ 8018z U 9%, U O
TV b=y 3y FUS) =ULUS k> 0 VT MLE U 55, $iabb

Z;{g“ = Image (liilug”/]-“k(ug”) — Uh(slz)).
k

FkklS, Us)®" D, T4V hLb—=>ay

Fe(@g)®") = Y U @ Fy”) © Ug)*" " k20

i=1
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ERWITELE U)E &5, TL—3I 7 00 n BOIKE Y 7 VOEE sl
R U CBENB T EMHBNTNS (cf [2) . K*2 e, (¢ — 1)FK THK
END Up(sla) D Zlg, q -0 REZ U &9 5. (U2 0, T4 bL—ay
Fe((Ug")®™) = Fr(Ug?)e™) 0 (Ug)=" k 2> 0 BTG TSefibz (Ug) ™" £ %
FE 1L TETL—IV7 00 n fBEREAY 7IVETSE. COLE Jpe (U) ™"
A AIRVASN
R FEHOISH AN T 5. Q(¢/?)-hikE
Spang /2 {Vi [ 1> 1}, Vi : 1 RocBERI&E

KTV IVETHZEDTRZ R 295, 1 >0 LT,
-1
P=1[va—g"2 g 5)eR
1=0

LB LWL (0) O DERT FL—Z trp @ @ try" ZMBT LICED
ROEHAESNS.

FE2. TEIL—IVJ70DnKABEREZ TNV ET B, TDLERDDILD.

QR+
Jip,,...p, € szl R (PR [

L

{1} =q—q7'2, (P ={{1-1}---{1},
L={l—kMEMIP | E=0,...,0)i4eal in 2[q1/2,q-1/2]-
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BR FIcEBUAIERIEY 2 LT « VT —J7FE
DEAERE DZEMICDNT

At SABH (JEHEE AR AR AT R )

1 Introduction
ROFTERICDONWTEZ %

{ i0u+ Au+ |ulPlu=0, (t,z) € R x By, (1)

u=0, (t,z) € R x 0B;.

CCC, B ={reRY||jz|<1},N>1,1<p<2*-1THY, 2" e R, IEIN =1
FlF20EFWE, 2 =00, N > 3745, 2 =2N/(N -2) &9 %. /R (1)
BN=2p=30c& HT7ANN—HDL—HY—UC—LDEFEELRT S ET
WHBRICE> T3,

PUR T, 8 (1) O3V —25/ H) (B,) TORFTEYIMED OIS 2 &0
ELTCHizED 5. DX, RERET %:

Assumption 1. fEED uy € HY(B)ICH LT, 2 T = T(||lupllg:) > 0 &
ey = wo 752 (1) O u € C([0,T), HL(By)) BMEE LT, KD 2 DO
Rz 729

Ep(u(t)) = E(uo), [Ju(t)|z2s) = lluollz2(sy),
C T T, By € CXH\(B)),R) I

1 1
Ep(u) = §HVUH%2(31) Sl ull7ovi (s,

EEET B

Remark 2. N = 1,20Dp € (1,3] D& ZlZ, Ogawa-Ozawa [6] ICK D, LD
FEMBOLT ST EMEIHEN TN S

* C OB R L CRIDCER ARG IEANIZER) & OHRpIZEIcE S <.
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C OFE T, R (1) DR D LZEMICDNTE R S. T T T, ek
&, u(t,z) = e“'Qu(z),w e REVSEZLIEHEAX (1) DETHS. TOLZE,
Q. # 0 I R7=Z2 129

{ —AQ+wQ —|QPFlQ =0, z€b,
@

2
:O, :EEE?Bl. ()

COEE S, e CHN(B),R) %

w 1 w
Sulu) = Balu) + Slullaqa = 51 Vulaisy + Sl = = lullhs,

EBL L, ue Hy(B) WK (2) DETHZHT L L S, DIFFRHRTHA T Lid
[FfHIC 7% C ISR T 5. R (2) OIZIEIREF TS 2 Z EAHSENTWY
B, T TCIREKIREBOHAEHT 5. FEIRRE L X, /X (2) DIFEAD X
MT, S, DIEZER/NCT BEOT L THB. TOEE, w> -\ EDIE, FEIRAE
E—EINCHHAEL, & BICEONIT, B /7ICBI U CHFTRAD TH 5 T LAV
BNTWA. CTTTC, ME-Ain By ODFE1BEHMETHS. (BRWFREICDWVTIE,
Gidas, Ni and Nirenberg [3], —EMIC DUV TIE, Zhang [7], Kwong and Li [5] %
ZENzW).

Definition 3. Q, % (2) DREIREL TS, CDLE, Q, WELETHB L
&, FED e > 0ICRLT, %6 > 0 DMFELT, |lug — Qullm < § %5,
sup~q infper [|u(t) — e?Qullm < € £723TETHD. T T, ult) ¥ ul=o = uo
L2 (1) DTH%. LETHKWESRLETHD LV,

FEMHZ BB FHEEDORRZFNTT % . sz 2ZEfic L7/, DX 0,
i0u+ Au+ |ulf'u =0, (t,r) e R xRN (3)

ICDWTUE, BERK e Ry, IXRTDw >0 LT, 1<p<1+4/NixHIE
LETHD, 1+4/N <p<2* -1 BEFIPNLELEZDTENHENTVS (flZ
I, Cazenave [1] FZBHEINTW). T T T, R, 137518 (3) DEEIRETH %.
FFER (1) 12DV T, Fibichi and Merle [2] BWUERIEZAWVWT, p=1+4/N D
EiF, A (3) IFERAD, EEW e“tQ, BHEL KRBT e TRLTNS.
SENE p =1+ 4/N 23T LU N OFERZ15 T2

Theorem 4. N >1,Q, 7% (2) DEEIRAEL T 5. T5 &, RHKDILD:

(i) 1<p<2—1,93. HBe>0MFELT, we (=X, —\ +e) EDIE,
EAEN et Q, IXEETH S,

(ii)) 1<p<1+4/NE9%. HBw >0MHAELT, we€ (w,0) EHIE, &
TEHE e“'Q, T LETH 5,

(i) 1+4/N <p<2*—1,29%. HBwy > 0MFEL T, w € (wg,00) E B,
TELENE et Q, I NLETH 5.
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IHIC, N =1IKENERD LHMEENS:

Theorem 5. N = 1,Q, Z (2) DEAEKIKEL TS, 1 <p < 1+4/NDEZE,
w> -\ A5, EEH eQ, T LETHS.

2 p=1+4/NTDLZER & BEMERDEL

COXrTarTiE MMEKLT, p=1+4/N D& ET, BN 2ZEM & B
NERCLZEMDRERNEZRZ DO EBNRD . ZTOEZIRRIICE S &, THUudk
EIREEDO T3V F—DENREZ T & ThHD. £9,p=1+4/N @t%@i”‘“la'ﬁ
@%@tﬁwfﬁﬁk%bﬁ%_%NeﬁﬁﬂmeME

1
Egn (u) = 5| Vull gy - Sl s

LEFKT D L, INBIEL Epn 137512 (3 )@ﬁf%ﬁ%:tﬁv\fa\% ZULT, R,
% (3) DHEJEIRAEL % & flHAGFIRIC KD, p= 1+4/N DL EIE, Epnv(R,) =0
EIRBTEMMED. s> 1IKHLT, u, € C([0,T), HY(RY)) & uyj—o = sR, %
i1z 9 (3) DIRE T2 L, u, (ITFET BBRD , RD virial F=

dtQ/‘x’ lus(t)|?dr = 16 Egn (uy(t))

Zilife L, EOFRETINF— B BRFRTHZ M5
dt2/|x| |us >| d~r— 16ERN(8R )

Sp_l 1
= 165 (§HVRWH%2(RN) - m‘|RwH}z;+1(RN))

< 0.

RIS us MRS ET 2 9%, 958, EOXDSE /R RED
&, [z us(t))?de < 0 L7ZBDTHFETHS. KoT, i us (SABRIFRH TEF
9%. X7z, IGMIC sR, — R, in HY(RY) as s - 1 £7R5DT, TN SELE
W e R, 3REETH BT ENTME. TOXIIC, THRVF—DEMN 0 LR
GINCANLEEIVRE 5.
RICHNBRDLGEICDOWTEZ S, TOLELEERIRED T X ILF—IFFHE
ik, X
Ep(Qu) = 510-Qu(1)I (4)

TH5. TDT D, TXIVF—DHEIZIETH B 128, RZEFD & AR 7@t
TRT DICHW xS 5 T ldHKE L, WIS ROBEMED+ 0 g
35T MRS,
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Proposition 6. Q,, € H}(B;) Z/it81X (2) DEEIRAEL 9% . 95 L, 0,[|Qu|%. >
07251, ETEN et Q, 1T LELES.

S(Quy = 0ITERT 2 &,

WO|Qul2s = —2 / (—AQu — Q)0 Qudr — —20,E5(Qu)

£7%%. Ep(Qu) =10,Qu(1)]?/2 THBMN5, 0,E5(Qu) = 0,Qu(1)0,,Qu(1) DL
5. LT, Qu(r) & r I L CRBEHAHD TH BN, 0,Q.(1) <0 L5EBT
VICHEET 5 &, 0,]|Qu2. DIFEEHNBITIE, 8,,Q.(1) DFF2ZFHNNUE XU
CERIDB. 9,0, 1

—Av +wv —pQP v = —Q,

i’z 9. 2Dk E, 0,Q, % rescale LT, IREIEN w ICBHL T2 & %5 Z & T4
ZEM RN DREIRAE R, B S5 T EHIK, 0,.Q,(1) DIFSZBT 5T &
MHREL /2%, N =1 DL &I, 0,,0.,(1) DI SZEHXRBIZX, 0,Q, DFEMAE
PRI T THA D570, THL 5 21585 L HEKS.
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Strong consistency for Bayesian estimator with
approximations

A. Kohatsu-Higa', N. Vayatis* Kazuhiro Yasuda

Abstract. We consider the asymptotic behavior of a Bayesian parameter estimation method
under discrete stationary observations. We suppose that the transition density of the data is un-
known, and therefore we approximate it using a kernel density estimation method applied to the
Monte Carlo simulations of approximations of the theoretical random variables generating the
observations. In this article, we estimate the error between the theoretical estimator, which as-
sumes the knowledge of the transition density and its approximation which uses the simulation.
We prove the strong consistency of the approximated estimator and find the order of the error.

1 Settings

Let A > 0 be a time interval of observations.

.....

chain having transition density, (y,z) and known invariant measuytg,. SetY; := Yiy.

(i). (Evaluation process). Denote byXY(6) a random variable defined such that its law is
given by py(y, ).

(ii). (Approximated process). Denote byxz’m)(e) the simulation of the evaluatio®’(d). m
is the parameter that determines the quality of the approximation. Denqi(pyz) =

'™ (y,z) the transition density for the proc@%)(e).

(iv). (Approximated transition density). LetK : R — R be a kernel which satisfig%K(x)dx =
1 andK(x) > O for all x. Denote byp}'(y, z;®) the kernel density estimate pf'(y, z) based
onn simulated (independent and identically distributed) copie)s(yrgj(e) and denoted by

X{r}g';)(e, ), k=1,..,n; forh >0,

n Xyr;gk) (9’ &)) -7
wWJ@”:d“mzémmﬁhmlmm*:a@%HBEZK[(mﬁm> J
k=1

(v). For givenm, we introduce the “average” transition density over all trajectories with respect

to the kerneK;
! K[X&aﬂ&o_zﬂ

PI(v.2) = By (y-ZimN). h(N)) == E[ 850,209 = B | 755 h(N)

*This paper is an abbveated version of Kohatsu-Higa et al. [1].

TOsaka university and JST. The present research has been supported by research grants of the Japanese govern-
ment.

fENS de Cachan.

SHosei university. e-mail: lyasuda@hosei.ac.jp
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Our purpose is to estimate the posterior expectation of a funétio€!(®) given the data;

In(f) _ J FOa(Y)n(0)do
IND) T [ au(Y))n(6)de
wheredy(Yp) = Gy(Yo, - Yn) = o(Yo) ITL; pu(Yj-1,Y;) is the joint density of (¥, Y1, ..., Y)

and let® := [0),6,] (—o0 < 6 < 6, < +00) be the parameter set. We assume that (6, 6,).
We propose to estimate this quantity on the basis of simulated instances of the process;

" ] Rnf) _ Jo FOF (Y3)n(@)de
N,m = R

M@ A YN)r(6)de
whered) (V') := po(Yo) TTit1 P)(Yi-1, Y)).

En[f] = Eo[fYo, ..., YN] =

2 Main Theorem

We will give main assumptions.
Assumption 2.1 We assume the following

(1). (Observation process)Yi}i-o.1..n IS ana-mixing process witlr, = O(n™°) and has an
invariant measure, (y).

(2). (Identifiability) Assume that there exists a positive functipsuch that
f 1Po(Y. Z) = Pe (Y, 2)IdZ> C1(y)I0 — 6ol

and G(6) = [ cu(y)ua,(y)dy € (0, +0).
And also assume that there exists a positive functjauch that

Inf f||5;“(y,z)— P (y.2) dz> co(y)I6 - 6o,

and Gy(6o) := [ Ca(y)ua,(y)dy€ (0, +c0).
(3). (Parameter tuning)

(a). We assume the following boundedness;

supsup < +00 as.

N 60O

\/—Z( In Py (Y, Yisr, @) — 2In pg(Y.,Y.+1))

(b). Assume that for each € R, there exists a factor My, z) and G(y, z) such that
| peo(y’ Z) - 52:)()/’ Z)| < CT (y’ Z)al(N)’

wheresup, C)(y,z) < +o0 and a(N) - 0as N— oo, and

CY(y.2)a(N) VN < ci(y,2),

where g satisfies the following;
0
— InoV
S,{.inéj@pff'ae n py (Y,2)
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(c). There exist some functiof'g R? — R and constant gN), which depends on N,
such that for allyze R

d a
sup| -~ In p)(y,2)— — In pa(y. 2) < 1gN(y, z)la(N),
0e®

wheresup, Eg,[IgN(Yo, Y1)I*] < +o0 and (N) — 0as N — oo.

Theorem 2.2 Under Assumption 2.1 and certain assumptions, there exists some positive ran-
dom variableZ such thatg < +c0 a.s. and

|EN[f] - é&m

And also, we have
IEn[f] - f(60)] < ;—% as., and |ER.[f] - f(60) < W as..

whereZ; is some positive random variable wilh < +c a.s.andZ, is some positive random
variable withZ, < +oo a.s.

Remark 2.3 From Assumption 2.1 (iii), we have a parameter tunning result which relates the
number of data N, the number of time-steps used in the approximation process m, the number
of the Monte-Carlo simulations n and the bandwidth size of the kernel density estimation h.

3 OQutline of Proof

First we introduce some notation. Lptg : R? — R, be strictly positive functions of two
variables. Then let

Hpa) = [ (Inpw.2)aw.2um(dydz
N-1
Zn(O) = %;{In Po(Yi, Yir1) — H(ps, peo)},
g®) = H(ps, Po) — H(Poo> Peo)s
BnO) == Zn(6) — Zn(6o)-
And also we set;
. 1 N-1
Zy(0) = NZ (In B (¥i. Yier) = H (P, BY))
&) = H (P ply) — H (P i)
BuO) = Zn(6) - Zn(bo).

Set®q := O\ {#p}. The following proposition states the properties that are needed to achieve
the proof of Theorem 2.2
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Proposition 3.1 Under Assumption 2.1 and certain assumptions,

(). There exist some strictly negative constantgsuch that

: £(0) £(0)
< inf < < 0.
O e (0= 00) ~ (6= = 2=

(i). There exist some random variablg d, such that

Bn(6) Bn(6)

d; <inf inf < supsu
L= B =0~ N eeen 0 0o

<d, as.

(ii). There exist some strictly negative constajjtg such that

() g\ (6)
C;3 < inf inf < sups <y <O0.
3 ! N 6!E®o (9 — 90)2 hlpgel('l.pg (9 — 90)2 4 <

(iv). There exist some random variablg d; such that

ds < inf inf Au0) supsup’BN(e)

< d4 a.s.
N 600 0 — 6y N geo, @ — o

You can find the proof of this proposition in Kohatsu-Higa et al. [1]. We give the outline of the
proof of Theorem 2.2 using the results of Proposition 3.1.
Idea of the Proof of Theorem 2.®/e decompose the approximation error as follows;

In(f) - f(eo)lN(l)) (Rl = @)} D)
In(1) % m(1) ‘
The goal is then to prove that there exists some random vaxdaldedC, such that

In(f) — f(6o)! () = F(00) T (1)
In(1) M m(1)

EN[f] — EL[f] :(

&
<
VN

N(l)'s G as., a.s.
VN

Indeed, we can writéy(f) and IA,Q’m(f) as follows;

() = NH(pagPa )+ VNZn(6o) f (e)eN8(9)+\/N,BN(H)IUH(YO)f[(Q)dG,
G0

N H(Pl Py )+ VNZn (6o) f (g)eNE(HH VNEN(9)M9(YO)7T(Q)d9,
B

()

Then by using the Laplace method and Proposition 3.1, we have our conclusion. In fidct, as

goes to infinity the leading term in the quotier%%% and%rﬁ'm—ig are determined by(6) and(6)
N,m

due to Proposition 3.1. Their behavior is similar to Gaussian integrals where the variance tends
to zero and therefore the integrals will tend to the value in their “mean” which in this cége is
as it follows from Proposition 3.1. Details can be found in Kohatsu-Higa et all1].

References

[1] A. Kohatsu-Higa, N. Vayatis, K. Yasudduning of a Bayesian estimator under discrete
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The Deuring-Shafarevich formula for a p-rank of
Jacobi variety

SRR (ki R

FHpEk—oOWEEL, F, % g =p SR 2HBK F, %2 0REMEAT L T
%, BIRATF, Eo—ZBRBEEBE K I, Jx 2 K-F,OF, LoY a4k
(= XB0 DHRTHRE) £ T2, TREOEBIICHL T, Jr(l) & Jgx D I-torsion
group & 5. 7 —NERIERDHEGD S, Jr(l) DEEREEICE L TROFEHED
URYASH

JKu):{ QL LEpDEE, (1)

D*Q,/7, l=pDEE.

ZIT, gk F K OFEETH Y, Mg 13 K D Hasse-Witt FAER EFEIINZEBTH
2. —MIc, fEECE Hasse-Witt AFERDICIE, 0 < A\ < gx &\ 9 BIRDIK
DD, FRIZ, Ak = 0D & Z, K % super-singular EFFN, \gp =g DEEZ, K %
ordinary & FESS.

REEIE AR D FEENZBI L T, Riemman-Hurwitz DA E XN 5 H S S HIS
NTVEROBRADD 5.

Theorem 1. (Riemman-Hurwitz DA3) K L %2 K @ geometric 7 A R 7T HEIR
RKET2LEE,

29, —2=[L: K|(29x —2) + deg; Dy /k. (2

~—

772U, Dy V& L/K O different TH % .

FHZ, L/K 2380 XGKRHER (1# p) £ 94U, Dpj 2 BAEICEHE T 2 2 L
MTETC,

29, —2=12gx —2)+ Y _ (ep—1)deg,P. (3)
P:prime
722U, ep BFERP D L/KIZBIT 0B TH 5. %X (1) 225, Riemman-
Hurwitz DRI Y 2 ELRRAED [-rank (I # p) BT 2R E AL T LT
5.
RIZT, ¥ A ESRED prank IZDWTIER S, Z D4, Riemman-Hurwitz D
SRR 2 LT E 2 HPHDIR S 1593, ROEHPBA SN T 5.
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Theorem 2. (Deuring-Shafarevich DA & L 2 K DRXE p D geometric 7%
cyclicdh K& 5 L &,

A —1=pAx—1)+ Y (ep—1)deg,P. (4)
Piprime

F (3) L KT % & Riemman-Hurwitz DA EBEPIL TW 5 2 L0350 5.
HA (4) 2D IELHWS Z LT Galois p-ERETHRET 52 2 L IETE 2D, — i)
IZ non-p-#5 K *° non-Galois-FEKIZEH LTI BIDHI 5 1T w» 5.

Deuring-Shafarevich D23 1%, Deuring [De] 12X > T L/K 37Uk T %7 — A
TitHI N (72720, 2OFXITIF L 22D N 23D 5). A7k 7y — A1
1%, 1954 4212 Shafarevich [Sha] 2%t Z 5- 2 T 5. &AHEIICIE, Subrao [Su] 23
Artin-Scherier HifZ X2 2 & T, DT 57 — A ED CRLRiatHE 5 2 C
W 5. BHE F TIZ, Deuring-Shafarevich DAFUZBI L T, W K D2 DRIEEHDAI 5
nNTn3,

KX T, L — 2 BB DZE KD modulo p TORYFRIA % H > 72 Deuring-
Shafarevich D AR D BIFEIIC D WTIhRN 5.

1 BRE—YBE#

9, AEHDE & LT, ARY — 7 BBOIEARNEEICOWTHHZT 5. &
Al — & BB FEMIC O W TIX [Ro]| 2B %D Z &,

GIRAEF, Eo—ZRABBEEE K Icw L, 20&FY — 5Bz

1 —1
¢ 5) =TT (*= 577) (5)
P:prime

EEET S, L, NPREPORERFRDOILOMEE TS, CDLEE, LOAA
7 —FlZ Re(s) > 1 TIAEHRIETIDOR L, 2 O CIERIBIS E % 5. &FHX —
F BRI C (s, K) &, BEEURBS R Z(X) 12X > T,
Zk(q™°)
K) =

oK) = =)
ERIND. AL T—DHEERDPS Zk(0) =1E%DDT, Zp(X) FRD L H I
KB RTE 5.

29K
Zi(X) =[]0 - mxX). (7)
=1
L, &g BB CTH 2. HR(5), (6), (1) 2GbE D L,
L N\t fi’f(l — T kq ")
11 (1 a J\/PS) T (1—q¢")(1—q) ®)

P:prime
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29K
N +1- Z(WLK)N = Z degyi P, forall N eN. 9)
=1 P:prime

degp P | N

LR L, RBEIBHAEDO KB O & v ) BN E e Y — Y EBDERD
RFFH L W) NIV R L 2RO 2 BE AT, BIEIARIR O FHGEH DL
Hicbfibin .

RIZ, Hasse-Witt AZEH & &YX — & BB OR L DRI OWTRR S, 7,
ord, Z p-ifEfHE L L,

ged(dg,p) =1, ord,((mi k)™ —1) >0 (for all m; j with ord,(m; x) = 0) (10)

Wiz T X 912 dg € NZ—DOET 5. Hasse-Witt AEEIE, HEX (6) Ik > T
EE D BBIRBS A Z(X) Z AT,

A = deg (Zg(X) mod p) (11)
ERTILEDVTES. ZOREL dg DIROTTD G, di | m &7z 3 HARE m IR
LT,

29K

S (ma)™ — A (s = ) (12)

i=1

DD D, 72 L, EOROWRIX ord, 225 & F 2 piEHEiIc X 2bDTH .

2  Deuring-Shafarevich /2T DEIERA

Z Dk 7 ¥ a v T, Deuring-Shafarevich D AKX DFEHIC O WTIER S, K L
Z K DXRBp D geometric 7% cyclic-Ih K& T 5. £/, GEHZEGIKLT 572912,
L/K Z#ARDIER ERET S, DL E, L& KDZEHROMICIE, XROEFRXDIK
URVASR

Lemma 2.1. H%A#m, s (ged(m,p) =1 )X LT,

Z deg, P =p X Z deg, P mod p°. (13)
Pin L Pin K
degy, P|mpS deg i P|mp*

LOGEHNZ, K OFRPISHLT, Y pdeg, P =pxdegy P &) HHE%E
Hwa ZETtmnaInsg. 7z, AR ITmod pP THEL W D6, sIRKELS RS
28, pEINICAHL L FEADNED K 2 eV T 5.
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' ® Lemma % M\ > T, Deuring-Shafarevich D AX%ZFEHT 5. HAE m %
di | m, dp | m, ged(m,p) = 1 2723 XHI12L 3. LD Lemma &5 (9)
ZHVD & BARBs ITHLT,

291, 29K

¢ 1= (m)™ = px (¢ 1) (mi)™) mod p? (14)
i=1 =1
DD ID., TDEE, s RELTBE, GEARXDOIEA L AL, Z20Z 0, p-iE
IZ 1 — A, p(1 — Ag) ITED K. £oT, s — 00 &THUL,

Ar—1=pAx —1) (15)

2135, U, L/K DAL D 5 — A TD Deuring-Shafarevich DA & —E
5.

Remark 2.1. #5K L/K D339 2 58I RO 7 A 77 CTREHTE %23,
DAL, Lemma 2.1 128 WT, DT 2 EZ R TXTHIDE2IZAS X I ITHA
Bm 250680 H 5.

Remark 2.2. A7 p ISR D413, Riemman-Hurwitz DA EER (15) 225
K #¥ordinary TH 5 Z & &, L2 ordinary TH 2 Z EDFETH 5.
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On the global monodromy of a fibration of the Fermat

surface of degree n

OO0 OO0 ((@oOooOooooooooooo

4000000000070 D7’000D040000000D00000O00O0DOODODOODOOO
gbooobOobooooboboooobob 1boboooooboooboe3snooo-ooan
000200000000000 (1973)00000000000000000O00O0O0OOO0
gbooooooooboboobo-bobobooboooobobob gz2b00000000DOO
0000000 (1990000000000 00000000o0oU0o0OU0U0ooDooooo
goooo.

ooboooooobooboooobooobooooobooobboobooooboboOobooooooooon
goooooboobooobooooobooobooooooooooooboooooooooooooog.

oooooooooooooobooooboooooobooboooooOooOoobObOOoooDboOoMOD
ooooBOOOODOOOO

00 1. 0000 f: M —BO0O0 ¢0000000000 degenerationd 000000 f00
000000000000: ()f00000 proper000. (()0000000 sy,8,...,5. € B
00000, ()00 s#s (i=1,2,...,r) 0000 f () 000 ¢000000000000
oo.

f~1(s,) 000000000 singular fiberOO f~1(s) (s #s,) 000000000 general fiberD
O000so#s 000y CcB\{s;}0s 000000000 s, 00000000000.0000
F~ () 0 mapping torus 0000 f~Y(se) 0000000 p; : f1(s0) — fHso) DOOOODDO
00000 p,000000000000000 f~(s;) 000000000 O]local monodromy
0000

O00s 000000000

p:m(B\{si},s0) = M(f ' (s0))

00000000000 global monodromyd O000. DO0O0OM(f Y(sp)) 0000000000
000 f~Ys) 000000000

0000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000
oooooooo.

000 (1, [2], [5,[6) 00000000000000000-00000000000000
00000000000000000000000000000000000. 00000000
000000000000.
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1 000000000 CcPioOoOO

0000000000 00D00CP'O000O00DOD0O0OD0DOO0OO0 1990000000
0DO00000DD0OO0O0DOoOoDoOOg.

0000 Vpi={[20:21:22:23) €ECP3: 20 — 20 — 20+ 20 =0} 000 n00000000
O Fermat surface of degree n0 00 0. CP'0 CU{oco} 0ODODODODOf:V, -CP 00000
opDoooo

yn—l/,n-1 if 20=2 and 29 =23
f([ZO:Zli,ZQ:ZS]);:{ 2 /0 ’

(z0 — 21)/(22 — 2z3) otherwise.

CP}O0DODOOOCP}=U,U0,UUsUU,, OU; :={[20:21:20:23) ECP3: 29 # 2;}, 1 =1,2,3,
U,0[1:1:1:1]000000000000000000000000X :=20/(20—21), Y :=
22/(z0—21), Z :=23/(20—21). 0000V,NU; = {(X,Y,Z) e C3: X"—(X-1)"-Y"+2Z" = 0}
ooo f:V,NnU, -=CP'O0000D00O0OOD.

F(X.Y,2) = 1)(Y - 2).

s(£0)€CO00D0,000000 f4s)NU; ={(X,Y)eC?:g,(X,Y)=0000.00
0g(X,Y)=X"— (X —1)"—Y"+ (Y —1/s)" 000O.

Xk:uuwk—UDg%:ODDDM::nﬁm—lﬂj%ﬁ:ODDDDD.DDD%
(k=1,2,....n-2)0 7 (=1,2,...,n-20 100010 (n—1)00000.0000sY) 0O

n—1 . ’
w:(gj) (G=12...,nki1=12,...,n-2)00000.000sY)0 fO0000DOC
0. 000 so(# s),0,00), 00000000000 f~(so) 000 (n—2)(n—3)/200000
000.00000000D0000000000000000000 (000000000000

2 Joooon

000000000000000000000000000000000000D000000O00
(n—1)0000000 ps: f1(s)—-CDO
ps(X,)Y) =X

00000, X0 g,(X,Y)=00000000X" 0 p,, O branch point 00 0.

D000000000000000000000X000 X000 branch points X\’ 000
00000 g,,(X,Y)=0000000000000000000000000000000s0
so00 f0000000000000000000 branchpoint 00000000,

3 Uugbboobooobouoood

0000000000 00D0O000000 branch point 0000000DO0OO0O0OOOOOO
00000000 f~i(s)00000000000000D00000O0O0000O,»000000
O00. (n0000000000O0OO0DOOO,0000.)
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oboooboooooooon

00 2. Xo=1/200,YD y@ vy [0 g, (X,,Y)=000000. 00000s,00
ooooooooooogy®y®@ ye-DoOoO{YyeC|ReY =1/25}00 ImY® >
ImY®>...>ImYDO0O000.00000000YWo yHEYoooy,00000.

00000 ¥X)=X"—(X-1)"000.0000000000000000000000.
bx,(v) = g5 (X,1/2+iv) 00D0. 000 s000000. Xo=1/20000¥(X,) 0000
O00w=¢x,(v) D0 R200D000000000000. 00000 w=¢x,(v)0wOOOO
oo YW y® . vye-Dogpooy®oooDOO0O0O{YeC|ReY =1/25}00000
ooooo.

O0C={X:Im¥X)=0)000. 00O0C=LUHOOO. 000 L:={X=xa+yi:
r=1/2Y0H ={X =2 +yi: h(z,y) =0}0h(z,y) 00000000. B, 00O LOO X3 O
OD00000 HOOODOOOOO. 000 Bry :={X€B,:Re X >1/2}, By :={X € By :
Re X <1/2}, By ={XeL:ImX>ImX;}0B_={Xel:ImX<Im X, .} 000.
By, By, By0B_ 00000 COO0O0branchd000. 000 5000000000000
00oo0000oooon.

0O 3. branch points X\ 0 X, 00000000000000
O k000000, X\ xR X XY (resp. X0V, x {0

X, xW)0 k0000 By (resp. B,-) 0000000000000,

) koooooo, x{V2 x (R X XD (resp. X, x (oA
X%, X2, )0 k0000 By (resp.B,,-) 0000000000000,

n—1)/2 n—>5)/2 4 2 n—1)/2 n—>5)/2 4 2

(rny x (02 x (= WX B (pesp. x () x () x W) @)

0 B, (resp. B.) 0000000000000,

D000X,=1/2000. X000 CO0000 X,00 Xx\’0000000000Y000
00000 ¢,(X,Y)=00000000000000000. 000000000000

00 4. g,,(Xo,Y)=000 YW OOOOOODDOOODOOODODO:
(D) 00 CO0 X,00 X’01<1<(n-1)/20000-00000Y® 00000000
O @i+1),(n—1-1l,n=1).
((n=1)/2) (n=1)/2) v
(I) 00 CO00 X, 00 X; 000 yOWooooooood (n—1)/2,(n—
1)/2+1).
0000000000000000000 fs) 0000000000000000.

4 ODOO0OO0O0OOOOO0OOO0O0

0000f000000000000000000000000000.0000008 =1/s"0
Sy =1/(sY"000. SO0D0D00000000000000X00000000 g¢(X,Y;) =0
0000000000000000.000000000.

—150—



0O 5. branch point X’ 000000000000 000

(I) Sy, >000000000k0 (00000 (00000000), O By O Be_ (resp.

B4+ 0 Bu1_y,~) 00000 branch points XV 0 X, (resp. XV, 0 xY, )
00 Xy (resp. X,,—1-)00000.

(I) k(#1, #70—2)00000 1000 (Sg; <0)000, 0 Bryry O By_1.— (resp. Bu_p.+

0 Bp—k—2,—) 00000 branch points X,iﬁ)rl O X,gl) (resp. ngk O X,(Llll,k) 00 X
(resp. Xn—p—1)00O0O0OO.

(III) k0000000000000 Byy1y and By_y,_ (resp. By gy O By g_o_) 000

O O branch points X,i?_l O X,gl) (resp. Xffik a XT(Llil_k) 00 X (resp. Xp—p—1)000O
ono.

(IV) k=1 (resp. n—2)00 00000000 By O By (resp. Bp—g— 0 B_) 00000

branch points X{l) O XQ(Z) (resp. XflllQ 0 X,(Llll) 00 Xq(resp. X,,—o )00O0O0ODO.

(V) S=0000, branch point 0000 ¥Y(X)=00000000.

Jodgd
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Universal coverings and Schur multipliers of loop groups

B B CRBOREREEGRE I E R AR )

1 EEHOHEAK. Schur multiplier

& CDICRFD L OIERE KT Schur multiplier IZDWTER & HEANGMEE ZEXRS, FFLIE [4] &
E=BIRLTIELY, UFTOMICBNT G R7EERE (G OXZMTHN G HHETH B K5 7%HF) TH B L
S B, BHEE EEHIERE o E — G Ol (E, @) B G DHIERTH S &1d Ker o WY E OHUL Z(E) I
FENBLZE 5, TIEROHTRS EEAZE O EEH.OILRTH %,

EE 1.1. (B, @) % GOHDIERET S, (B, o) WEBHOERTH S L3, EWE2EET, TED G O
DER (B, @) ICHUT, o=@ op ZiliTc I RUEERM p: E — ' W—EBICFET 22T 9,

FIE 1.2, (a) 528EE GITH L TEETIMER (G, ) PMETET B0 HEHLDEAI R RO C— IS E
%% (Kerp, Z G O Schur multiplier £\, M(G) &E<L ),

(b)(E,¢) % G OHLERE U B Z5EREEET %, (B, ) MEETOEKTH % 72dORBREA /351
E~E, ¥7bb (E idg) B E DEEHMERTH S & TH5S,

() (B, ) % GOHLEARETBE o, =potp 755 1 : G — EN—ENICEE S, TDLE E R
ThHNE (G, ¢) & E OEEPOEATH S,

2 Loop BB KU Steinberg

g HEZREUA C LOBBRITHMY) — & L. ZD Cartan fB U h Z—DEL > THEHET %, a €
b* (b DR 1K LT g = {z € g|7h € b, [h,2] = a(h)z}, ® = {a € h*|ga £ {01} LT B L g idL—
R 221153

g:@ga

acd

ZED, h =g) CH2, P2 gDIL—FREVS, PICHLT, W—FRDELEMTIENS h* DK
{ag,...,au} C @ MFELT. FED a € ® iF a = kiag + - + kg (k1,.... ki € ZsoFT2ld Z<o)
ERTENTES (177 & Drank WD),

—fRIC b* DIBREEN—IIEX (—, —) D g DIBRMEEN—HIEX (FV VTEX) 5 EX S, o, fc @
IERHUT, (o, 8) =2(a, B)/(a, ) £BLE () € Z ET5B, O(EHICIE g) DHEER (0, o) IS K> TIHA
RIZERNT—RINCEE D, &1k A1 > 1), Bi(1 > 3),C,(1 > 2),Dy(l > 4), Eg, E7, Es, Fy, G DT b
DRTCHZTENHSNT VS, gl LT, TOMIGEEMNETER LTS X5 BRI ALK (Chevalley
JE){ea, hilo € ®,1 <i<I} ZE BT ELMNTE S,

V 2RI FVZERL prg — gl(V) 2 g DRELREBL TS, V, = {ve V|]'h € h,ph)v =
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p(h)o}, A = {p € b*|V, £ {0}} T2 VI3 = 1 MR

V=

nEA

ZED, Ly pe NiTEkoTZ FEKENS b OFDIEEE T, L, & h* D lattice E75 %, p
& Chevalley € {en, h;} Z T, Chevalley-Demazure B AF— L G,(®,—) £MFENS (1 ZED) A
PERIDN S EENORBRERZBETNEENS (1], G,(P,—) &, © & L, I X > THMZRNT—EMN
WKCEE Do Ty La D—BRKELKRDZELIC (THRDEEARY A b lattice L52X2W)p 2D, ph
5E % % Chevalley-Demazure ff AF— L% G (P, —) &9 %, AIHEER RICH LT Gso(P,R) &2 R LD
(universal)Chevalley Bf &5 FEC R DMK F £ Laurent ZIHAIR FIX, X1 DL &, Goo(®,R) Z F
D Loop BEEWS, O AL, C D EE, Guo(®,—) BZFNFN SLip1(—), Spau(—) EAMTHB N
HE5NTWEDT, BIZIE @A A RTHNUE Guo(P, FIX, X 1)) ~ SLy(FIX, X7Y) 7525, BRRMWMAF
R F E® Laurent ZIHAL FX, XY OBEA, Goo(®, R) B TOX S GRFRRZE D,

T 2.1 ([2][7]). R7Z{AF %£721d Laurent ZTHAR F[X, X 1] £ 9%, Goe(®,R) & 24(r) (0 € P,7r € R)
ZHhEotE Ly LUROD (A),(B),(B),(C) ZEARGRE LTEDX S GRLARITH 5,

(A) a(s)7a(t) = als +1);

(B) [ra(s).z w)] [T i (Vi)

(B') wa(u)zg(s)wa(u) ™ = zg (napu!*?s) (wa(u) = za(w)r—a(—u")za(u));

(C) B (0) = a(0) () = 10 () (—1).

ZZ7T. s,te€R, u,ve R(RDHITEE), a, € ®, 8/ =0—(a,B)a TH B, (B) DLEADFIL ia+ 76 €
QLB i,j € Lo E D Nypij (& g ORBEICORMKFEL TEEZERTH %0 720 Nap = £1 T nap
I g @ Chevalley JED & D FIHAFL TELZEBMTH S (G (P, R) 1F Chevalley KD & D HIC K520,

TE 2.2. 2.(r) (a0 € B,r € R) BAFILE L. EF 2.1 0 (A),(B),(B) ZHAMGE LTEBEXNDE
St(®, R) 7z R [0 Steinberg fE& 9,

EHE 23. RZk F £72id Lawent LIHALR FIX, X '] £9%, 20L& 7 : St(P,R) —
Gse(®, R) (Zo(r) — zo(r)) ZEHERETHO, PLIEKTEH S (Kerm Z Ko(P, R) £&EH<L ),

3 HIRESERDRE

TORKDNEEDND K IIC Geo (P, F[X, X71)) & SO, FIX, X 1)), HB0E M(Geo(®, F[X, X))
& M(St(®, F[X, X)) & Ko(®, FIX, X ) ZN L THEEICHTDNT WS, Lich > TliE D%tz
WITLUTHED B T EHWERE LTS,
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Figurel (&335225)

1 1
1 !

1 — M(St®,FIX,X"1) — S FIX,X") — S FIX, X)) — 1
1 ! !

1 = M(Ge(®,FIX, X)) — @(@,F[X,X*l]) —  Ge®, FIX,X71) — 1
1 ! l

Ky(®,F[X,X71)) 1 1

|
1

rank ® > 3 DA, F #£ Fy, Fy THAUE SH®, F[X, X)) & Goo(®, FIX, X 1)) OEEH LA TH B0
TR —RICROEHPINS TVENETH S,

EHE 3.1 ([4]). rank® >3, R7Z2 1 2L DAL 9%, X7z @ =Cs, F, DEEIE RD Fy ERRISHIRKZ
LIV E L, ® = A3, By, D, DL XX R= (u2—1juc R*) ThH3 LT 5%, TOLE Si(®,R) ~ St(®, R)
Thb,

rank ® < 3 DHAFICDONTE F OB RENEEF (3], [7] LFERIC St(P, F[X, X 1)) OEEHLG
PR (St(@, F[X, X7VY)),id) £75%. LD LBIZIE, & = Ay, F = Fy, Fy D& EF (SH(P, F[X, X)), id)
EAEOHER L1378 B 7R (SH(AL, Fy) %, St(A, Fy), St(A1, Fy) %, St(Ay, Fy) B BRZICEIND),

FOFEHASENMBH LI, L DBAIT SH(D, F[X, X)) 1& Goo(®, F[X, X 1)) D@ TuLEK T,
ZFORLRIIER 22 THEZABNS, LAHL, rank® Rk F OAEAVNE WA, SH(®, FIX, X 1)) A
Gse(P, FIX, X7 Y)) OFBEHIERICR S EIER S0 FMIARDNED NS WA TER ISR TE S
K57, WETMERORZEREGZ L NEEZ T, & = A DIFAICDOVTIE. Go(®, FIX, X)) O
HULHERML R D & 5 B RZ DT LR,

EE 3.2. &= A, FZEMNEDPA4LULEDKREL, a,a? (a®> —1) € F* &85 aZz—DE>THET %,
TDEE Geo(®, FIX, X)) OE@HOIEKIE, Zo(r) (o € &,r € FIX, X)) ZEKTE L, LLTD
(B"),(01),(02),(03) ZHEHAR R E LTEDRFE RS 5,
(B') wa(u)Zp(s)wa(u) ™" = Zp (agui®?s) (napldEHE 2.1 LFAL);
(01) [0a(s,t), Zp(r)] = 1;
(02) o (s, 7)0a(t, 1) = Oals +t,7);
Oa(s,t)bals,r) = ba(s,t +1);
(03) [Za(s),Za(t)] = Oa((a® — 1)t, 5).
TCTT, s,t,r e FIX, X ue FIX, X 1 a,pB € ®,0,(51) =Ta(5)Ta(t)To(s+1t)~t TH 5,

F OREN 2 F72E 3 DEE, GuolALFIX, X 1) BREHMTREVI ENASLNTVEDT,
Gse(A1, FIX, X71)) BWRERHTHZ (BT IIERZED) K2 B2TOHERICENT. TOERIE LOE
HOXSICHEABNZ T NN %,

St(®,FIX, X7]) D Gue(®, FIX, X)) OBBHOLILAKTH 2 & E. M(Gse(P,F[X, X)) ~
Ky (@, F[X, X)) TH 3. Ko, FIX, X ) ICDVTWRLLFDK % BERR (Matsumoto type pre-
sentation) M 5N TS, SHP, F[X, X 1) D Geo(®, FIX, X)) OFBEHOLIEAKTHRVESIC
M(Gse(®, F[X, X)) OBERRZIET 5 L 5HOHFETH 5,
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THE 3.3 ([5]). FZEEOKET S, TOEE Ky(®, FIX, X)) & Cy, (u,v) (a € Tu,v € FIX, X))
BERTTE L. LIFO (ML) A5 (M7) ZHABGRE LTEDOREE AATH 5,

(M1) Cq, (u,v)Clq, (uv, w) = Chq, (u, vw)Cl, (v, w);
(M2) Cq, (u,1) = Cy, (1,0) = 1;

(M3) CA'al (u,v) = C’ai (vt u);

(M4) Cq, (u,v) = Cq, (u, —uv);

(M5) Co, (u,v) = Co, (u, (1 —w)v) (if 1—ue F*);
(M6) éa (u,vww‘“))

(

T, uv,we FIX, X a;,a; el TH %,

BEE R TR . M(Gaol(®, FIX, X-1)) % M(SH®, F[X, X~1])) D7 —~VBEE LT DRI HEE & T
ETHIEEEETH S, 1k F LD Chevalley BHC DWW T, T TIREETNTED, [6] TRICEEHHN
TV By M(Guo(®, F[X, X-1))) % M(St(®, FIX, X)) IEH LT, COESREEZREESC &b
DHETH S, M(St(P, F[X, X 1)) DWW T& [4],[8] B2V [3] B 5. 10 HDGEZFRNTRTRD S
TEMTES,

Tablel St(®, F[X, X ~']) ® Schur multiplier(St(®, F[X, X ~1]) M52 2EETRWIEEEERL)

P F Schur multiplier P F Schur multiplier
A1 Fy, Fs, Fy ARIRTE Cs Fy Zs
Ay F2aF37F4 RIRE Dy Fy Lo ® Lo D Zio
As Fy Lo ® Lo Fy Fy Lo
Bs Fy Zio @ Lo Gy  F3,F) ARE
F3 L3 ® Zs Z Al 1
Cy  F3,Fy RIRE
SE
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Rotational symmetry in 3-D fusion plasma boundary shape identification

AEHEIE KRR T TERt, R a Bt JEpT*
AHEGE, ATEEE, L, BOEIES, SARHERSY, JEEBC

Abstract:

A 3-D Cauchy-condition surface method is now under development to evaluate the plasma
boundary shape in a nuclear fusion device. The number of unknowns in such a 3-D analysis is
quite large. The authors have developed a new method to reduce the number of unknowns to
1/n when the geometry has an n-fold rotational symmetry in the toroidal direction. Results of

test calculations demonstrate the validity of the present formulation.
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1 X7 kb RT3y LD [EHRZSHa
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A;,l) - —sing™  cosgp™ Af) M

A® cosp® —singp® [ 4%
A)(}k) = Sin (D(k) COS(D(k) A(;k) (2)
DI, baA XAV N LIZBRN DD, A, A, DRSS FRE 2 R > T (1)

DI (K)NFBRIND L&, AV =40, 4PV =4" ThH DG, R(1)EXRQITRAL
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Abstract

We have observed large increases in trade and capital flows for two decades. Does it mean an
increase in possibility of global recession? This problem is closely related whether the government
in each country should take a coordinated policy to control business cycles or not. The purpose
of this paper is to obtain some implications concerning the problem through analyzing phenomena
represented by a nonlinear two-country model. Unstable periodic orbits embedded in a chaotic
attractor and unstable periodic orbits near the attractor are numerically detected in the cases of
different policies and a coordinated policy. They play an important role when characterizing the
model phenomena.

1 Introduction

We have observed large increases in trade and capital flows for two decades. Does it mean an increase in
possibility of global recession? This problem is closely related whether the government in each country
should take a coordinated policy to control business cycles or not. A two-country KWG model presented
in Asada et al. (2003, Ch.10) is considered to be useful to discuss such a problem though there have been
many international business cycle models since a pioneering work of Lorenz (1987) was presented.

Taking the KWG model, Ishiyama (2010) studied what occurs when trade and capital flows between
two countries like Euroland and the USA are allowed, and exemplified that interactions between the large
open economies give rise to chaotic growth cycles and temporal comovements of GDP growth rates. It
is known that an infinite number of unstable periodic orbits are embedded in a chaotic attractor and
that they are the skeleton of the attractor (See e.g., Auerbach et al. 1987). Ishiyama (2010) found many
unstable periodic orbits embedded in a chaotic attractor in order to understand complex dynamics in the
attractor. As pointed out in Ishiyama and Saiki (2005), it is important that the detected periodic orbits
are embedded in a chaotic attractor. However, in this article, we will use unstable periodic orbits near
a chaotic attractor as well as those embedded in the attractor so as to examine the effects of monetary
policies of governments on relationships between growth rates of GDP in two countries.

The general model of two-country KWG type presented in Asada et al. (2003, Ch.10) consists of the
following three subsystems.

o=i—p G =i —p
I=—i(p—(r—m)) ii=p—é—p* [F=—i*(p"—(r*—7"))
m=pu—p—i(p—(r—m))—n e=Pc(ac(é—e)+(1—ac)(épo—e)) | M =p"—p*—i*(p*—(r*—7*))—n"

7 =Pr (cr (p—7)+(1—az)(Po—)) 7t =B (ar (p" 7" )+ (1—a)(Po—7"))

They denote the dynamics of the domestic economy, financial and trade links between the two economies,
and the foreign economy, respectively. The KWG disequilibrium model expresses interactions among
markets for goods, labor, assets, and money when international trade and capital flows are allowed.

The case that the steady growth rate of the money supply in the domestic economy is higher than the
rate in the foreign economy, namely, p = 0.025 and p* = 0.022 was mainly studied in Ishiyama (2010)
from the numerical point of view. Setting parameters and specialized functions as in Ishiyama (2010), the
model demonstrates chaotic growth cycles. In this article, in order to capture the effects of a coordinated
monetary policy on growth cycles in the two countries, we investigate the dynamical property of the
model when p varies from 0.025 to 0.022, other things being equal.
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The phase in the domestic economy is identified by the sign of x = Y —n= flA, and that in the
foreign economy is by the sign of 2* = Y* —n* = —Z*, where Y and Y* denote the growth rates of GDP
in the domestic and the foreign economies, respectively; while n and n* mean natural growth rates of
the domestic and foreign economies, respectively. The domestic economy is thought to be in a boom if
x > 0, otherwise in a slump. The same is true of the foreign economy. In the next section the dynamics
of x and z* will be studied.

2 Relationship between GDP growth rates of interacting KWG
economies

Figure 1 (right) illustrates a chaotic attractor for g = 0.025. The maximum Lyapunov exponent calculated
on the attractor is about 0.13. It means the trajectories of arbitrary initial conditions on the attractor
will display aperiodic behavior and sensitive dependence on initial conditions. We can see temporal
comovements of growth rates of GDP from Figure 1 (left). Two examples of unstable periodic orbits
detected in the chaotic attractor by using a damped Newton method are illustrated in Figure 2. Paying
attention to their periods, they are named U POs1 5214 and U POss 6451, respectively. Chaotic trajectories
are closures of the set of such unstable periodic orbits. It should be noted that both of UPOs; 5014 and
UPO9y5 4451 are similar in shape to the chaotic attractor. Figure 2 also shows that an economy on the
attractor goes along such an unstable periodic orbit if it starts from a point sufficiently close to the
periodic orbit. It implies that growth patterns which correspond to the patterns those periodic orbits
generate are often observed during a long time evolution on the attractor. In this context, those unstable
periodic solutions are representatives of chaotic behavior of the model. However, they seem to be too
complicated to capture the dynamical properties.
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x

Figure 1: Chaotic time series (left) and chaotic attractor (right) projected onto a-x* plane (u = 0.025).
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Figure 2: Unstable periodic orbits embedded in a chaotic attractor (u = 0.025). Dashed line is a chaotic
orbit going along an unstable periodic orbit embedded in the chaotic attractor.

Figure 3 displays two opposite extreme unstabe periodic orbits discovered near the attractor. We
can see a positive correlation between x and z* on UPOs3gg0s (Figure 3 left). On the other hand, a
negative correlation between a and z* is confirmed on UPOs3 147 (Figure 3 right). Although these simple
orbits are not embedded in the chaotic attractor, some unstable periodic orbits in the attractor (or the
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attractor itself) are thought to consist of such simple orbits. Therefore, it may be worth focusing on the
two unstable periodic orbits with interesting property with respect to relationships between growth rates
of GDP in the two countries.

Now we follow the branches of UPQO3 9003 and UPO3.9147 by decreasing the parameter y from p =
0.025. Figure 4 shows the bifurcation diagram of the two-country KWG model, in which the probability
of the event that x > 0 and z* > 0 at a time randomly chosen in the time series of a periodic solution
is plotted as a function of the domestic government’s policy parameter p. If x and =* positively depend
on each other, P(x > 0,2* > 0) would be high, and vice versa. The branch of UPOs ggp3 is the highest
position among the branches, while that of UPQO3 147 is the lowest position among them for 0.022 <
< 0.025. It suggests that UPO3.0p03 and U PQO3 9147 survive as periodic orbits for 0.022 < p < 0.025,
their characteristics still ramaining. In fact, at p = p* = 0.022, UPOs3.9003 and UPQO3 9147 become
UPOs3.0165 and UPOs3 0148, respectively. They are depicted in Figure 5. In addition, Figure 6 implies
that not only an unstable periodic orbit which leads to a positive correlation between x and z* but also
an unstable periodic orbit which causes a negative correlation between them exist near a chaotic attractor
even if two countries take a coordinated monetary policy. The maximum Lyapunov exponent measured
on the attractor plotted in Figure 5 (left) is around 0.01. Although instability of chaotic business cycles
is weaken under the coodrinated policy (¢ = p*), temporal synchronization and desynchronization as
typical behavior can be observed because UPO3 9165 and UPO3 0148 are found near the attractor. We
may be able to derive this implication from comparing Figure 5 (left) with Figure 1 (right), however, the
comparison is not enough to confirm. Hence, we have focused on special solutions of the model, which
are numerically extracted. In the next section, let us conclude our results.

0.004 0.004
U3 0000 Py 0147 ——

0.003 - 4 0.003 -

0.002 - 4 0.002 -
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-0.003 -0.002 0.001 0 0.001 0.002 0.003 -0.003 0.002 0.001 0 0.001 0.002 0.003

Figure 3: Unstable periodic orbits near the chaotic attractor (u = 0.025). A positive correlation between
x and z* is observed on UPOs3 gg03 (left), whereas a negative correlation between x and x* is confirmed
on UP03.0147 (I‘lght)
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Figure 4: Bifurcation diagram of P(x > 0,2* > 0) as a function of the domestic government’s policy
parameter p, where P(x > 0,2* > 0) is the probability of the event that x > 0 and z* > 0 at a time
randomly chosen in the time series of a periodic solution.
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Figure 5: Chaotic attractor projected onto xz-z* plane and unstable periodic orbits near the attractor
(1 = 0.022). Unstable periodic orbit with a positive correlation between = and z* (middle: UPOs3.0165);
unstable periodic orbit with a negative correlation between x and z* (right: UPO3.0148)-
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Figure 6: Distance between a point of UPOr and a chaotic trajectory {X (¢)|0 <t < 7} (left: u = 0.022,
right: ¢ = 0.025). T indicates the period of an unstable periodic orbit named U POr.

3 Conclusion

We review that two-country KWG model represents chaotic behavior when different monetary supply
polices are adopted, and that under the circumstances, growth cycles of two interacting economies can
temporally synchronize and desynchronize as typical behavior. Unstable peroidic orbits numerically
extracted in a chaotic attractor are evidences of the typical dynamics. On the other hand, we detect two
opposite extreme unstable periodic orbits near the chaotic attractor. Along one of the periodic orbits,
growth rates of GDP in two countries seem to behave in the same way as each other, whereas we find
a negative correlation between the growth rates on the other periodic orbit. We can conjecture these
opposite unstable periodic orbits cause the complex dynamics of two interacting economies. By following
branches of these orbits, we confirm they exist near a chaotic attractor even if a coordinated monetary
policy is taken. It exemplifies that it is not necessarily the case that such a coorinated monetary policy
between two countries can give rise to comovements of the growth rates of their GDP.
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Spacelike submanifolds in de Sitter space from the viewpoint

of singularity theory

OO0 OO (Masaki KASEDOU)
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Examples of minimizers on sub-Riemannian

structures

Yumiko Kitagawa
Osaka City University
Advanced Mathematical Institute

A sub-Riemannian structure on a manifold M is a pair (D, g) such that
D is a smooth distribution on M and g is a Riemannian metric on D. A
sub-Riemannian manifold is a triple (M, D, g) such that M is a manifold and
(D, g) is a sub-Riemannian structure on M. In particular, if D = T'M then
(M, D, g) is nothing but a Riemannian manifold (M, g).

Riemannian geometry tells us that a minimizer (i.e., a shortest path) be-
tween two points of a Riemannian manifold (M, g) is a geodesic, provided
that the curve is parametrized by arc-length, and the geodesics are charac-
terized to be the curves satisfying the geodesic equation expressed in local
coordinates as:

By Tk =0,
where F;'-k denotes the Christoffel symbol. Conversely, every geodesic is lo-
cally length minimizing.

In the formulation of symplectic geometry, the geodesics x(t) are the
projections to the base manifold M of the integral curves (z(t),p(t)) of the
Hamiltonian vector field E defined on the cotangent bundle T*M, where E
is the energy function associated to the metric g.

Now in sub-Riemannian geometry, it is also of fundamental importance
to study minimizers between two points of a sub-Riemanniannian manifold
(M, D, g). Since the metric g is defined only on the subbundle D of T'M in

this sub-Riemannian case, there is no canonical means to define the length
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of a general curve v : [a,b] — M. But we can well speak of the length of v
if v is an integral curve of D, that is, if 4(t) € D, for all t.

On the other hand Chow’s theorem tells that if M is connected and if D
is nonholonomic (in other word, bracket-generating), then any two points of
M can be joined by a piecewise smooth integral curve of D.

Hence, especially for a nonholonomic sub-Riemanniannian manifold (M, D, g),
it makes sense and is important to study the minimizers (length minimizing
piecewise smooth integral curves) between two points of the sub-Riemannian
manifold (M, D, g). However, contrary to the Riemannian case, this problem
is very subtle, mainly because the space Cp(p, q) of all integral curves of D
joining p and ¢ may have singularities, while the space C(p, q) of all curves
joining p and ¢ has no singularity and is a smooth infinite dimensional man-
ifold, which makes difficult to apply directly the method of variation to the
sub-Riemanniannian case.

For a sub-Riemannian manifold (M, D, g) we define a normal biextremal
to be an integral curve of the Hamiltonian vector field E associated to the
Hamiltonian function F : T*M — R, where FE is the energy function associ-
ated with the sub-Riemannian metric g. We then define a normal extremal
to be the projection to M of a normal biextremal. Then, as in Riemannian
geometry, a normal extremal is locally a minimizer.

However, R. Montgomery ([6], [7]) and I. Kupka [3] discovered that there
exists a minimizer which is not a normal extremal, and hence called it ab-
normal. The appearance of abnormal minimizers is a surprising phenomenon
never arising in Riemannian geometry but peculiar to sub-Riemannian ge-
ometry.

If D is a distribution on M, then the annihilator bundle D+, considered
as a submanifold of the symplectic manifold 7% M carries a (singular) charac-
teristic distribution Ch(D+). An integral curve of this characteristic system
Ch(D%) contained in D+\{zero section} is called an abnormal biextremal, of
which the projection to M is called an abnormal extremal.

A rigorous application of the Pontryagin Maximum Principle of Optimal
Control Theory to sub-Riemannian geometry shows that a minimizer of sub-

Riemannian manifold (M, D, g) is either a normal extremal of (D, g) or an
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abnormal extremal of D.

This settled the long discussions that had been made until 1990’s by many
mathematicians with erroneous statements, and gave a right way to treat the
problem of length-minimizing paths in sub-Riemannian geometry.

In this talk we will give a survey on the problem of length-minimizing
paths mainly following Liu and Sussmann [5]. We then consider this prob-
lem in a concrete case of the standard Cartan distribution and some exam-
ples. Referring to [9], we will carry out detailed computation of extremals,
which will well illustrate how normal and abnormal extremals appear in sub-

Riemannian geometry/[4].
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Uncertainty-Driven Plasma Diffusion

Takahiro SHIMAZAKI
Graduate school of Engineering, Hokkaido University, N-13, W-8, Sapporo 060-8628, Japan

We have constructed a semiclassical collisional diffusion model. In this model, a field particle is treated as
either a point charge or a spatially distributed charge. The test particle is treated as a distributed point charge with
Gaussian distribution. The collisional changes in velocity in our model is of the same order as the classical theory
for a typical proton in a fusion plasma of 7 = 10 keV and » = 10?° m~3. The spatial extent of the distribution,
or uncertainty, for the test particle obtained in our model grows in time, and becomes of the order of the average
interparticle separation A¢ = n~'/? during a time interval 7, ~ 3 X 107A¢/gy,, where g, = V2T /m is the thermal
speed, with m being the mass of the particle under consideration. The time interval is 3—4 order of magnitudes
smaller than the collision time. This suggests that particle transport cannot be understood in the framework of
classical mechanics, and that the quantum-mechanical distribution of individual particles in plasmas may cause

the anomalous diffusion.

Keywords: anomalous diffusion, uncertainty, distribution function, Coulomb potential, magnetic length,

Schrodinger equation.

1 Introduction

We have pointed out in the first paper [1] that (i) for distant
encounters in typical fusion plasmas of 7 = 10 keV and
n = 10* m=3, the average potential energy (U) ~ 30 meV
is as small as the uncertainty in energy AE ~ 40 meV,
and (ii) in the presence of a magnetic field B = 3 T, the
spatial size of the wavefunction in the plane perpendicular
to the magnetic field is as large as £g ~ 1.4 x 1078 m which
is much larger than the typical electron wavelength A, ~
107" m, as well as ion wavelengths 4; ~ 107 m

In considering diffusion of plasmas correctly, it was
also pointed out more than half a century ago [2, 3] that
one must consider the wave character of charged particles
when the temperature 7 is high, i.e. the relative speeds of
interacting particles are fast. The criterion of the classical
theory to be valid in terms of relative speed g in a hydrogen
plasma is given in Ref. [3], as

2

eh = 44%10%m/s, (1)

<
g 4dre

where e = 1.60x 1071 Cand i = h/27r = 1.05x 1073* J-s
stand for the elementary electric charge and the reduced
Planck constant. In contemporary fusion plasmas with
T ~ 10 keV or higher, ions as well as electrons should be
treated quantum-mechanically. In current plasma physics,
however, the quantum-mechanical effects enters as a mi-
nor correction to the Coulomb logarithm, In A, in the case
of close encounters [4]. Nonetheless, the neoclassical the-
ory [5] is capable of predicting a lot of phenomena such as
those related to the current conduction. Such phenomena
linearly depend on the change in velocity Av or in position

author’s e-mail: oikawa@qe.eng.hokudai.ac.jp

Ar. The quantum-mechanical changes, e.g. in the veloc-
ity ?MAu, are stochastic. The average or expectation value
of Av conforms to the classical prediction “*Av due to the
Ehrenfest’s theorem: for € = v, r

(Ag) = (CAg + Mag) =T ag. )

However, diffusion is quadratic in Ag or Ar:
((087) = (“ag) +((Mag) ) > (“ag) . @)

This might be the reason why we cannot understand the
so-called anomalous diffusion using classical theories that
only give correct (A&).

In quantum mechanics [1, 6], the size of a charge ¢
in the presence of a magnetic induction B, becomes the
magnetic length {g = +/li/qB, where i = h/2n stands
for Dirac constant. In typical fusion plasma with a tem-
perature 7' and a density n, {g is as large as one tenth
of the inter-particle separation A = »n~'/3, which is con-
siderably longer than the typical de Broglie wavelength,

A~ h/\2mT:

A<l ~ AL 4)

2 Interaction potential

We will not solve the Schrodinger equation here, instead
we will adopt an alternative method as described in what
follows. Let us assume that the initial wave function of a
field particle is Gaussian with the center at the origin:

_ 1 r2 5
f(")—mexp —%- Q)
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If the fest particle with the same charge ¢ as the field par-
ticle has the similar distribution as Eq. (5), the probabil-
ity dP(r) of finding the test particle within an infinitesimal
volume d3r around a position r is given as

exp (— M) dr. (6)

G

The Coulomb potential energy in this case is given by

dP(r) =
e

2
q r
U(r)= fl—]1, 7
) 47r60rer (53) ™
whereas the potential due to a point charge is
2
q
U(r) = o 3
e

as shown in Fig. 1

Distributed charge =™
18t Point charge =

Potential

o 01 02 03 04 05 06 07 08 09 1
Distance from center of potential

Fig. 1 Interaction potentials U; due to a point charge at the ori-
gin, and due to a distributed charge centered at the origin.

3 Method

We solve a set of classical equations of motion, in which
the test particle g for several initial positions at r = r
with a velocity v = v(0) in the presence of the potential
field given by Eq. (7). For each initial position, Eq. (6) is
used to mimic the quantum-mechanical distribution of the
test particle in order to calculate particle scattering in the
plasma.

For simplicity, initial speed is fixed to be the ther-
mal velocity vy, and initial positions are restricted within
the sphere of a radius 3(g centered at the initial position
r = ry, as shown in Fig. 2. The test particle moves dur-
ing At = Al/gu, the time for the electron with its thermal
speed to travel the average interparticle separation in clas-
sical mechanics.

4 Numerical Results

In the calculations, we have ignored the effect of magnetic
field B, because At ~ 10~"3sec is much shorter than the

t=0 t=At
Classical position

Particle i Potential for Point or Distributed charges

Fig. 2 Distributed system before (r = 0) and after ( = Ar) the
interaction.

cyclotron period of the order of 1078 sec for protons in a

plasma with n = 10**m=3 and 7 = 10 keV.

4.1 Case 1: Potential due to a point charge

Let us define the time-dependent variance in position as
o (M) = VAR [r(An)] = ((r(AD) = F(A)*),  (9)

where r = (r) stands for the averaged position using
Eq. (5), with (-) being the ensemble average over the im-
pact parameter b.

7.0e-6

6.0e-6 [

5.0e-6 [

4.0e-6 [

3.0e-6

2.0e-6 [

1.0e-6

Increase of variance in position

0.0e+0 [

-1.0e-6
0 0.1 0.2 0.3 0.4 0.5

Impact parameter

Fig. 3 Incremental variance of a particle in position as a func-
tion of classical impact parameter b, in the case of an
interaction potential U o< 1/r due to a point charge at the
origin.

Figure 3 shows the increase in variance in position
during the time interval Az as a function of the classical
impact parameter, defined as

a2 (A1) — 0% (0)

, 10
+2(0) (10)
the average over the impact parameter b of which is
2 (A -2 (0
T @)= OV 4sx1077, (11)
a2 (0) b
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from which

(1+1.44%x107) x 2
N

AL, (12)
3.2x10". (13)

14

Therefore, the variance in position, i.e., the spatial extent
of the proton under consideration, becomes as large as the
average interparticle separation Al

7, ~3.2%x10"At =3 x 107% sec, (14)

under the condition that the increase in the variance be con-
stant. Quantum-mechanically, the wavefunction of each
proton overlaps with each other at the time ¢ ~ 7,, which
is much smaller than the collision time for protons of the
order of several milliseconds in the plasma.

1.2e-10 .

4

w
1.0e-10 Total =

Variance of velocity change
& o %
& 3 s

2.0e-11

0.0e+0
0 0.1 0.2 0.3 0.4 0.5

Impact parameter

Fig. 4 Variance of a particle in velocity (right)in the case of an
interaction potential U due to a point charge at the origin.

Figure 4 shows the variance in velocity VAR [v]. The
averaged variance, over the impact parameter, of velocity
change is

((A0)) ~ 0.6 x 10715, (15)

The corresponding variance in classical mechanics is given
by

bo

2
<(Av)2> = 47T(Kt) InA ~ 2.3 x lo_llvtzh’ (16)

where by = ¢*/4neyuuy, and InA ~ 17 are the impact pa-
rameter for /2 scattering and the Coulomb logarithm.

4.2 Case 2: Potential due to a distributed

charge

Figures 5 and 6 show the variances in position and in ve-
locity, respectively, as a function of the classical impact
parameter normalized by the average interparticle separa-
tion A¢ = n~'/3 and the thermal speed vy, = V27T /m.

4.5e-7
4.0e-7 [
3.5e-7T

ition

3.0e-7[
2.5e-7[
2.0e-7[
1.5e-7T

1.0e-7

Increase of variance in pos

5.0e-8
0.0e+0 [

-5.0e-8
0 0.1 0.2 0.3 0.4 0.5

Impact parameter

Fig. 5 Incremental variance of a particle in position as a function
of classical impact parameter b. Interaction potential U o
r~lerf(r/lg) is due to a distributed charge centered at the
origin.

The incremental variance in position during the time
interval At = Al/gw, averaged over the impact parameter
b, in this case is

o (Af) — o2 (0)
< a2 (0)

> ~134x107". (17)
b

Therefore, the variance in position, i.e., the spatial extent
of a particle, becomes as large as the average interparticle
separation A{

7, ~ 3.4 x 107 At, (18)

which is approximately the same as Case 1 given in
Eq. (14), i.c., the field particle being a point charge.

The variance of velocity change for a distributed po-
tential is

((A0)?) ~ 0.12x 10710}, (19)

5 Summary

We have constructed a semiclassical collisional diffusion
model. In this model, a field particle is treated as either
a point charge or a spatially distributed charge. The test
particle is treated as a distributed point charge with Gaus-
sian distribution. The collisional changes in velocity in
our model is of the same order as the classical theory for
a typical proton in a fusion plasma of 7 = 10 keV and
n = 10%° m=3. The spatial extent of the distribution, or un-
certainty, for the test particle obtained in our model grows
in time, and, irrespective of the interaction potential U(r),
becomes of the order of the average interparticle separa-
tion A¢ = n~'/? during a time interval 7, ~ 3 x 107A¢,
which is 3—4 order of magnitudes smaller than the colli-
sion time. This suggests that particle transport cannot be
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Fig. 6 Variance of a particle in velocity. Interaction potential U
is due to a distributed charge centered at the origin.

understood in the framework of classical mechanics, and
that the quantum-mechanical distribution of charged parti-
cle in plasmas may cause the anomalous diffusion.

In magnetically confined fusion plasmas, diffusion is
governed by the banana particle motion due to the toroidic-
ity of the magnetic field B and the plasma current /;,, with
which we have not dealt in this study. The diffusion model
presented here is semiclassical, so we will need to solve
Schrdodinger’s equation for exact analysis; this will be re-
ported soon.
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Fano 3-folds with higher index and graded rings

Kaori Suzuki

Abstract

We use the computer system Magma to study graded rings of Fano 3-folds of index
> 2. We list the number of families that can be realised in codimension up to 4.

1 Introduction

Definition 1. A normal projective 3-fold X is called a Q-Fano 3-fold if and only if X has
Q-factorial terminal singularities, —Kx 1is ample, and the Picard number p(X) = 1.

The anti-canonical divisor —Kx is only expected to be a Weil divisor. In the following
definition, equality of divisors means linear equivalence .

Definition 2. Let X be a Fano 3-fold. The Fano index f = f(X) of X is
f(X) =max{m € Zso | — Kx = mA for some (integral) Weil divisor A}.

Fano index is bounded f < 19, and it does not take the values 18,16, 15,14,12 ([Su]) and
10 ([Pr]). We study Fano 3-folds of f > 2, and explain especially the case f > 3, since f = 2
work slightly differently: in those cases there is another discrete invariant, the genus, which
does not play a role when f > 3. Furthermore, we list the number of possible numerical types
of Fano 3-folds of each index .

We work over the complex number field C throughout.

Theorem 3. For each f > 2, the number of Hilbert series of some (X, A) with X a Fano
3-fold of Fano index f and A a primitive ample divisor is:

f ‘2345678911131719
number ofseries‘1413 231 124 63 11 23 10 2 3 2 1 1

The following theorem is a result of our classification; the proof is Step 2 of section 3.
Theorem 4. H°(X,O(—Kx)) # 0 for any Fano 3-fold (X, A) of index f > 2.

A first analysis of the possible realisations of these Hilbert series in low codimension is in
section 2. As with all the results in this paper, we used computer algebra the Magma system
[Mag]. Tabulating these examples by codimension gives the following (in which a blank entry
is a zero).

f 2 3 45 6 7 8 9 11 13 17 19| total
codim0| 0 01 1 0100 1 1 1 1 7
codml| 8 7 2 5 1 4 3 2 2 1 35
codim2| 26 6 7 1 0 0 40
codm3| 2 0 0 2 0 O 4
codim4 | <73 3 2 1 1 1 <81

Text files with the Magma code to make the classification of Theorem 3 and with all the
proposed models is at the webpage [BS1].
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2 Definitions and tools

A Fano 3-fold X with primitive ample divisor A, which we denote by (X, A) from now on, has
a graded ring
R(X,A) = P H(X,0x(nA)).
n>0
This graded ring is finitely generated, and X = Proj R(X, A). The Hilbert series P(t) of (X, A)
is defined to be that of the graded ring R(X, A): thus dim H°(X, Ox(nA)) is the coefficient
of t" in P(t).

A choice of homogeneous generators for R(X, A) determines a map
X ‘—>PN :P(ao,...,aN)

into some weighted projective space PV, where z; € H%(X,Ox(a;A)). With this embedding
for a minimal set of generators, we say that (X, A) has codimension N — 3.

We compute the Hilbert series of a Fano 3-fold (X, A) using the Riemann-Roch formula
of Theorem 5. There is a finite collection of quotient singularities whose invariants appear in
the Riemann—-Roch formula which is known as the basket of singularities of X.

We describe the quotient singularities that can arise in this context. Let the group Z/r of
rth roots of unity act on C? via the diagonal representation ¢ - (z,y, ) — (¢%z, %, £%). The
quotient singularity C*/(Z/r) is denoted 2(a,b,c). By [Su] Lemma 1.2, when we work with
Fano 3-folds of index f below, we may assume that b = —a, ¢ = f and that r is coprime to
a,b,c. We abbreviate the notation %(a, —a, f) to [r,al]; the index f is always clear from the
context. Thus a basket of singularities B is a collection of singularity germs [r, a].

1

For a singularity p = - (a, —a, f), we define iy(n) = —n/f mod r. The notation ¢ denotes

the least residue of ¢ modulo 7.

Theorem 5 ([Su] Theorem 1.4). Let X, A be a Fano 3-fold of index f > 3 and with basket B.

1 (fP43f+2t+ (8 —2f)2 + (f2 - 3f+2)t3

PO 12(1— 1)1 A7
t Acy(X 1 =

Theorem 6 ([Ka]). Let (X, A) be a Fano 3-fold with basket B. Then

~Kxep(X)=24- ) (r — i) .

[r,aleB

3 The algorithm

We explain our algorithm for arbitrary f > 3.

Step 1. Assembling possible baskets:
A basket B comprising germs [r, a] of a Fano 3-fold must satisfy several conditions.

1. Kawamata’s condition ([Ka], Theorem 2): 3 . 1cp (r—1) <24.

2. Positive degree: The degree A3 > 0

3. Excess vanishing: H°(X,0(nA)) =0 for eachn = —2,-3,...,—f + 1.

4. Bogomolov—Kawamata bound ( [Su] Proposition 2.4 and [Ka] Proposition 1):
(4F2 = 3F)A% < Af Acs(X).
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5. Imposing stability: (243 < 3A4cy(X).

Step 2. Computing Hilbert series:
For each basket in B, compute a rational expression for P(t) according to the formula (1).

Step 3. Estimating the degrees of generators:

Suppose P(t) = 1+ pit + pot? + - - - is the Hilbert series of some graded ring R. Then R
must have p; generators of degree 1. These generate at most a qo = %pl (p1 — 1)-dimensional
subspace of Rs. If po — go < 0, then this routine stops. On the other hand, if po — g2 > 0, then
R must have at least po — g2 generators in degree 2. And so we continue into higher degree.

Step 4. Confirming small cases:
When the number of generators is small, we attempt to build a Fano 3-fold realising the
given Hilbert series or prove that in fact more generators are needed. We describe the method
in an example.

The basket B = {[2,1],[3,1],[7, 3]} with index f = 5 determines the rational function

B+t 434+ 1

P = .
t3 — 12 g 9 8 T 6 Pt -2 -t 41

[lizi233457(1 —1%)
which suggests a variety defined by 5 equations of weights 6,7,8,9,10:

Xo,7.8910 C P9(1,2,3,3,4,5,7).

In fact, these equations can be written as the five maximal Pfaffians of a skew 5 x 5 matrix,
as in [ABR] Remark 1.8 or [R2] section 4, and it can be checked that this X is a Fano 3-fold
with singularities equal to the basket.

4 Examples in codimension 4 ([BS2])

When f = 2 and | — Kx| = |24 is not empty, it may contain an element S € |2A| that is

a K3 surface polarised by A. At least, many of the numerical conditions we impose here to

generate Hilbert series of Fanos reduce to the same as those used for K3 surfaces in [B].
Consider, for instance, the following codimension 4 candidate:

X cP(2,2,3,5,5,7,12,17)

whose basket contains only %7(5, 12,2). Setting a degree 2 variable to zero reveals a K3 surface
known to exist because it has a Type 1 projection from a %(5, 12) point to codimension 3:

(S C P(Q, 3,5,5,7,12, 17)) -=> (T10712714715717 C IP)(Q, 3,5,5,7, 12)) .

The K3 surface T' can be constructed easily, and moreover it can be forced to contain a linear
P(5,12). This curve can be unprojected to construct S. This is how we proceed with cases in
codimension 4 here, but there is a twist.

When we project from a quotient singularity—say the point %(5, 12,2) in the example
above—the result will always contain a line of index 2 singularities. That is, when we project
we automatically incur canonical singularities that play a role in Riemann—Roch. And so the
result of projection will not have Hilbert series already on our lists.

There are two ways out. The first is to make a double projection. In the example above,
after projecting from the %(5, 12,2) point, we can project from the resulting 1—12(5, 7,2) singu-
larity. This second projection contracts the index 2 line, and we land in the family

Z10’12 - P(Z, 2,3,5,9, 7)
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To proceed, we would need an analysis of the exceptional locus of such double projections,
and then a Type IIl-style unprojection result, following [R2] Example 9.16.

The second approach is to consider also weak Fano 3-folds with canonical singularities. As
remarked upon in [RS], Theorem 3 illustrates again the strange bottleneck in codimension 3
for general unprojection methods. This method is explained in detail in [BKR]. We construct
the example above by imposing the plane P(2,5,12) on the codimension 3 weak Fano 3-fold

]P’(Q, 5, 12) C Y10’12’14’15717 C P(Q, 2, 3, 5, 5, 7, 12).

Such Y has a non-isolated singularity %(2, 5,7) on a line of index 2 singularities, and these
are all canonical and not terminal singularities.

Remark 1. When f > 3, similar construction by another unprojections is avairable which is
now in progress.
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A conservative finite difference scheme

for the Gardner equation
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Figure 1. The Problem and numerical and exact solution behavier ¢t = 0.0 ~ 10.0
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left) exact solution behavier right) numerical solution behavier

Figure 2. The computed value Mass and free energy for Problem
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A remark about generic Torelli for some geometric
surfaces of geometric genus 2
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TR/ N T DB HTER 0 1S A T % 6

Proposition 0.6. u € R £ 9%, u D MZHOYHZ L&, u hdet(L) ZH
DY1% C LR,

i 0.6 138 v IS O IR/ INETE ORI 73 O GAL Ok & BARIRE TR %2
I35 EIckbHB,

ME0.71E M DEHZEND K ZHITNEWTHEW, fliE05ICKk>T, K1°
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i 0.7 I K0, By IS DR NS OREETES 7 b B Z N2 R 15 %
KOBZHAZHDI AT ENTE K,

INSXORINZ B,

Theorem 0.7. P(1,1,2,5) ® 1 O XHANTH U TIEZETE b LU DRGL LRV, K
ICP(1,1,2,5) D 1 0 XREHHEIC X UCZ DMK v RGO REIE ) 2 0 h &
BEBOT 7 AN—DRtlE 3 U LETH S.

SE Xk
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REIANY B NVEB D 3 RTT T X< EEFTEARSEHEE DA A

Trial calculation to reconstruct 3-D plasma boundary shape in large helical device

AEHEIE R E R TSR, RS LAt JERT*
ATHUGEE, AUEGE, ARt BOEIEST, SRS, JRE B

Abstract:

The 2-dimensional (2-D) Cauchy condition surface (CCS) method to identify the plasma boundary
shape has been expanded to deal with 3-D nuclear fusion plasma. This 3-D CCS method solves a set
of boundary integral equations in terms of 3-D vector potential with the aid of measured magnetic
sensor signals and coil current data. A trial calculation was made for the large helical device LHD.
Results of the reconstructed magnetic field profile show an acceptable accuracy, and demonstrate the

validity of the present formulation.

1. [FC&HIT

BB EENEO T 7 X< BERIRE2mD Z L1, #EisHlE b CREETH D i
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T—EELZBZ 5720, 77 AvNHOBEZHIEIIRNETH L. 0, 77 X<HEIC
B LRt o —E 800, ML T AR A NH#ET 52 Lok 5.

kA= 7 8O L) IR R 2 L2 7T X<iE, 2 RoolEICEplcE 5. Z 0
B, MR —EEN 6T T XA ONE & IR & [FlE T 2 0T 1% & LT Cauchy S
HVEM L BRI D FIERHESL AL TWA. 2 2 C Cauchy §f4Fifi & 1%, Dirichlet 55/ (f3R)
& Neumann &2 (Bis) MILIREARAMEZ VD . —J7, ~U BB O IEflxtFrie 7
T AL 3T E 72 5. 3 IRTHIBEIZRE LT Cauchy S miENERAL Sz pilid iz <,
2 Rt Cauchy SefF A LA TRIE DB KT D720, Wit O —EBIKRE 508
DETERA ARSI Cdo o 72 ARWFJEIL Cauchy SeffiiE % 3 otk L, FElxiFR7e 77 X~ D
BRIIRE MR CE 2 LI TH 2 2HNETS.

AW T, BEREHEIEPITC 3 ot Poisson TR AR fHHEa— RE2_R—2 L L, At
U {E 5 A B A A CTHENTCE % 3 IRJT Cauchy S/ ik 2 — RICRESEZ. BRI, 20
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FELE 2 MRAE L7z,
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LIEERAT O TETHS.

6. SEXHE
[1] Kurihara, K, Fusion Eng. Des., 51-52 (2000) 1049.

[2] Itagaki, M., Yamaguchi, S., Fukunaga, T., Nuclear Fusion, 45, (2005) 153.

[3] Brebbia, C.A., “The Boundary Element Method for Engineers”, Pentech Press, London (1978).
[4ATHIERE, 555 BECFREE FIREST 7 =V LAR— & TREIAY 1V 35E o 3 koo
7T A= B FOCARUHEE ORI (2009)

[5] Harafuji, K., Hayashi, T., Sato T., J. Comput. Phys., 81 (1989) 169.

—203—



Exact values of triple product L-functions

for modular forms
FR 1Y MHE 5%

1 Abstract

BE EOTD = SLy(Z) ICHT 2RAEREBUN S 2807 Sk (D) EEET S, f(2) € Sk, (1),9(2) €
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EHRTE 5,

EE (Garrett DR

z1 0
<<<E3,k(( z2 ) ,8), f(21)),9(22)), h(23)) = ((1 =k —25)((3—2k —4s)p(s)rL(s +2k =2, fRg®h)

0 z3
=7z L
() =(—1) 28455k p3=s=2k (95 4 |y=1¢(4s + 2k — 2) !
x T(s) T (s + k) 'T(2s + 2k — 2)~*
xT(s+k—-10(s)I(s+k—1I(s+k—1)IT(s+2k—2)
T%%O .

ZHUT K> T Triple tensor product L BIED BRI EZRDZ LN TESD, VX, dimS(T) =d
T fi1,oo, fa 2 Si(T) ODEREE TNy TEEEBTHE LT, T5%b5 (fi,f;) =0 (i #j) ThHb, ¥
Fel> 4D E By y(Z,0) & Z OIERIRECT,

E3.(Z,0) = ZCM e(Tr(AZ))
A>0

ET7—VIEHTE %, DLEXKD
Fyi(z1,22,230) = Y Chijfa(z1) fi(22) f(25)

0<h,i,j<d

—205—



Y75%, TTT Cpy REHTHS, COLE

0 zZ3

Z1 0
<<<E3,k(( 22 ) ;0), fu(21)), fi(22)), fi(23)) = C(1 — k)((3 — 2k)p(0) L(2k — 2, fr. ® fi @ [;)

= (> Cwirge fr(20) fir (22) f0(28), S (20))s fir(22)), i (23))

h! i’ 4

TTT (folz1), fr(21)) = 0,(fw(21), fn(21)) =0 (K" # h) &b

zZ1 0
<<<E3k(< 29 ) ;0), fn(21)), fi(22)), fi(23)) = C(1 = k)C(3 — 2k)p(0)L(2k — 2, fr @ fi @ f;)

0 z3

= Chig{fn, fn){fi, fi){fi, fi)

A
L2k =2,/ ® fi ® [;)
<fh7fh><fiafi><fj7fj>

Chij = (1 — k)C(3 — 2k)p(0)

Xo>TID C}”‘j RO I,
mq T12/2 7"13/2
ZCT?);j(@%ﬂ%%éy;ﬁ%??@JA%A: T12/2 mo 7“23/2 a—dAZDO TDkE Fg’l(21,2272’3;0) &

’1"13/2 7"23/2 ms

F5(21, 22,23;0) = Z Cs,1(m1, ma, mz)e(miz; + mazs + ms3z3)

miy,mz,m3

my T12/2 1r13/2
7%, (TTT Csi(my,ma,mg) = Z czi | r2/2 ma  re3/2 | THH. TDEE ri,ra, 13 &
s r13/2 To3/2  mg
my T12/2 ri3/2

7“12/2 mo 7‘23/2 >0 g&%'fﬁ%iﬁ%o) 4’7.74\ afh(m) T fh(Z) D m%ﬁ®7—1) lﬁé;&%ﬁ@—%

7’13/2 7’23/2 ms

DR RN

Fy(e1, 22,2300 = ) > Cuijag, (mi)ag,(ma)ay, (ms)e(mizy + mazy + mazs)
mi,mz2,m3 0<h,t,j<d

E75%, TDOTEND, Oy Z2RDBIIIROIFTEAZMRFIE 0,

Y Chigag, (mi)ag,(m2)ag,(ms) = Cs(mr,ma, ms)
0<h,ij<d

TOEE my,me,ms & (d+ 1) HDEZEZ DT, (d+1)2 GELHFERE KRS, (TDEED my,me,ms3
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BRle 7T X< 0O 3 RILELSFTGRYHEE ~ DBV — FEZ5 DRV AR
Use of magnetic flux loop signals to reconstruct 3-D fusion plasma boundary shape
e E R PR T B TP SeRt, B E Rt JEpT
a1, AR, ABiH G, BOEEIESC, SRR, EE B

Abstract:

The 3-D Cauchy-condition surface method is now under development to evaluate the plasma
boundary shape in a nuclear fusion device. One needs to incorporate the magnetic flux loop signals
properly in this 3-D formulation. To express the flux loop signal, which is defined as the loop integral
of vector potential, only the portions of fundamental solution in the boundary integral equation are

integrated along the closed loop. Test calculation results demonstrate the validity of the present

formulation.
1. FLHIC
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Q

Magnetic Flux Loop

)

0.3

Reconstructed signal (Wb)

-1 -
025 . ] ./
0.25 0.3 0.35 5
Sensor signal (Wb)
(a) BEHN—T(E5ORHH (b) r-z Wi (2351 2 WK 0D 56 i i

1 JT-60 (Zxt9 5 et ERE R

32 A~V A AREERE LHD

2(a) XX 1 ()& FEE, ~U W NAAREE LHD (2B ALV —71E 50HEHE R, =
DOEE BRH N —TE 5 & WTEIZ L < —FH L TW5D. K2 ((b) 3G —E5DH
Ba2RT. WHESOWMNE & E5MH e DO —HOBEITE < 2, EEIERESR LT
W5,

0_4-! T T T T T T T T

005" g, -

T

Magnetic Flux Loop s By O pli¥i o

x Bz
0.2 .

C ]
o 32 houndary elements |

Reconstructed signal (Wb)
Reconstructed signal (T)
o

© 451 field sensors
20 flux sensors

1
o
o
a

T

1

-0.2, , , . ] 0,°

| 1

-0.2 0 0.I2 0.4 -0.05 0 0.05
Sensor signal (Wb) Original sensor signal (T)

(a) BEHN—TE5ORHH (b) f&ht Y —1E3 5 DEH

2  LHD (2§ 2R R
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%] 3 1ZBESRLSY B, DS T 5. ()23 CCS LIS X D Wit i, ()23 st = — 1B
HINTPUZ L AU CH Y, FEHUE HINT = — R RO AR A2 FzE LTS, R
FRREE DAMAIT, RN TR ERR S A — L T\ .

0.98 - 0.98
HX

n
X

0.5 bi7a 0.5
ﬁ
i1

~0.98 ~0.98l
3.016 r(m) 4 4.68 3.016 r(m) 4 4.68
__— __—
-0.05263 0.05262 -0.05193 0.05198
(a) FARHTHS R (b) HHEAE

X3 LHD 28 283557 B, D5 mifk

4. FY

N—TNR > T BT h DRV — 715 53 o5 s TRz E=Yk L, 3o
Cauchy oM HIE~DMAIABZAIT ST, ZFDEKM% JT-60, LHD Z L Zxt L CTRGE L,
RUfF7eibE R 2157, A% OBEIE, ~Y I AVAEEEICRH 2T EOm | &, W ICE
2w KR O EEE ROTHZ & ThHD.
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VEFZRICE T S Lie BE-Lie B IGICDOWT

2%

T (B R BT ISR D1)*

with KA Z%i8 (Leipzig K% /AtiHE R D1)t
20102 H

B =

BRI Lie #f G I3/ NEH /B Lie Bi g &
ORNCBEGEGEMNE D £9. 1 3T A—2H0 8
g9(t) (g(t + ) = g(t)g(s), g(0) = e) FHIC g(t) =
X X cgDIBICETET. G B exp: g — G
(ARSI T Y. Lie BEORMEEIE, BATTOMN <
Tl Lie B3 g DEIREEIC K> GRELIE N, LIELIE g
2 EEERNS X0 E ARG RZRR L £J. %
FRIGT TIEIRDUEZ UZ EFIH TR D D A fED
IZIEFRZOT Hilbert 280 H EOa =2V fEHZFE2E
U(H) Tl Stone DEHIC K> T 1737 A—2E50RE
BT BERF X DRODD FIH, X 13RI
JEERTT. ENT X, Y B> TH, XY, X4V
HENERTEDLIRFOERA. COLUMH) &
B BRI RS % Lie Bf-Lie BGHtiE 5 % < e
FHA. R TIE S OMEZERREONSEND
ER L E L. Murray-von Neumann OEHIC LN
¥, HBR von Neumann B¥ (FFIC 11; RUER) N I
T ZPAMEHE SR MICIE BRI ERORENER T
NET. TOHFIF U & 2O EHICITHEY] &
Lie RDMFAELZ 5 L TIRER 9. I
NN BOMEE 2 H5D Lie* B2 R D HAGE T
TE LK 10 FIFEFUEHZREOPRTM LT
FHETER T A%T 2V )VIE OB B R
¥ U7z. Lie BREGEDMRIAICIX Lie BF L Lie BRE DB
NI EETH B8 LV IV MGRIC X 20
& NFRZRRY A P55 N5 EMMHOR Rz

*andonuts@kurims.kyoto-u.ac.jp
fmatsuzawa@math.sci.hokudai.ac.jp

B 5 A0S B SR TF . LUF CIR B T
MR E T I [10) B TR FE L

1 Lief#& LieIR-U(H) THOREE-

FXTERBRNTX I, MEXRITCTD Lie FE-Lie
B ISICIZNEEN N E X & 5. H ZR] 73 R0t
Hilbert Z£[ & 9% . ARITORNDN S, U(H) D
FHERHE G 135 MO ERRT “IEIRJTT Lie i &5
Z T2 FER mATAHIC X o T, U(H) 52l 708
BEGT RTREZRNTARRE (Polish ) ORIEiZD. 22 T
G7Z “Lieff e LTHBS &35 L, XI5d 5 “Lie
BIMAHES 20 ES DL 5% . RTHIRX0T
ZOT, MHMNIC BOEEZEF D E O TR NI
BridifE L. BANCE Z % &) gl 1 R =21
B u(t) € U(H) 1 Stone DEFIC K> T, u(t) = 4
ERHCHRENE A TERENS. 22T

g:={A; A" =—A, e eq, it}

TG D Lie lfEEH LWV, LHAL 1L EFERa=%1
BOEKFIIFERTH 270, MNIFEH Tl
[AY

I FEICTLE S EEI DR E

dom(X1),dom(Xy) MW TE LIF UK dom(X7) N
dom(Xs) = {0} £7%0, TDHH dom(0- X7 +0 -
X5) = {0} #dom(0) =H &7x>TLEX . D
WTBREEDES . (X1 Xo)* £ X3 X7 hd Lz
X1 Xo BHBICTERINT, BEEDERTE RV
LLWEWL, FEERBTETE (X1X,)" D X3X;
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LS. LIeh>T g BRIEZ T3 bR
HEMEDD D, LT Lie lRTH B T LIE—RIIFIA
FFCERWV. NIC Lie RIC R > T2 & LT EFEICA

LS BHCHRIEMROBRL YV IV Y MR
L= FEOTRIRIE
lim (A, +1) 7 = (A+1) 7 & lim e = 4 v

OMRICHS. L, A, — A, B, — BHEELY
WY M)y 6 A, +B, - A+ B ¥ [A,, B,] —
[A, Bl BMES M E S MEHIB RV, T b —EHOR
1 Lie Bf & Lie BRZ G BINCEIT 5 1IFIFEFUE
HZDMEHNAETH 20, TN 5 I1E—RICERRE
EERRRORIGERT S, TOWEED=D, U(H)
DHER RIS % Lie Bf-Lie B ISITENBE X
HNTW, i E#REME S NG > Tz,
SaERAZ I EHZRERGR 2] DAL S Z DRT#EZE Z
E L7, M@ O# 7218 % Dk, Murray-von Neu-
mann IZ X 5 HBE von Neumann £ M I lEd 5
TEFHZEZ2E M ITARGTREEZRHDO VS EHT
H%.

n—00

2 FAIEvon NeumannIREFEFR
3:ZES

2.1 von Neumann %

H % Hilbert 24, H _EOFFERZRAZ B(H)
3%, 8 CB(H) M, REGER

(x,y) =z +y,zy, x—a", Az (AeC)

WKELTHETWAS X, S IRTHBH LS. M C
B(H) & H LD 1y ZFT*ERT, 396 THAT T
W3 EE H EDvon Neumann R EFHINS. D
b=

M = {y € B(H);zy = yz, Yo € M}

& von Neumann ER T, 9 OLHHEF 5. B(H)
D 1y ZFE*EMICKHL, MAFEATHSHL

e, (@) = (€, am)| ET2B S VIR {pe,y3€,m € Ha} T
EFKEND B(H) LD

() = M A D VL DOFHIE[AE. (von Neumann D

RHAME ). B(H) ITIEERA X R AT A AE
FTEB. FXL0IEE, o 59, 58, 58*, o 98, o 58%,
JIVIN, BEU Arens-Mackey Wit TH 5. HlZ L o
SEAIFE, 0, 11€nl]? < oo, 30, |Innl]? < oo ZiifiTz
IART BIVAT{E, ), {nn} CHICEST

Z fmﬂln

TRERIND N/ IVLBREC X D ERINS. 398
& ASTIARNT TS A ) LFsbhns
It LAVEW. BEREES o o o (R0, Mt
THRN. it TREPEDYEE & 725 & 54 L= (k-
(o) BRI TR L 755, o BHAHIE 3 [1€0]]2 <
00 %% €.} C HIEC KD

{Z |26l + |]” w}

BAHY/IVLBFETERINS. * b FEEk Nl
ETHREBZNMHTH 2D, /IVLERHD T o 55
=55, o =0T, o (itHlE B(H) L7 TH 5. HHE
& (z,y) — 2y 1359, MOIT N THEFICIE R SR
W, S IVLIERERD TR (o) siEhe. £ 72GREIEIN
BRI DWW T o sl o g, si*
fetki g — 9 5. o 99l - HERR D %
WISRRIEZ B BRI & & PHEN S . von Neumann
HMEHP D Cp = MNM A Cly DX, WT
REMINS. BRXOTTIE, n ZI75ER M, (C) I,
C" FORTERTHS. H HA THIUITED von
Neumann BRI FERD “IEHT” (IEREICIEERED) I
DREEINS:

Pieay.ma) (&

Pie

(&)
m— / M(w)dp(w), Mw) & ae. wTHTE
Q

KFERIEE DEMENEEDN S 3 24 T ITnfiEh
%. CNEHZOMNETHESNS. MBI L=X
UIEHIZR Rz U (), $IEEiRekz P(m) &
FH< . e, f € P(M) H Murray-von Neumann D &
KCIAME (e ~ f) &1&, BT FHAETEH R w € M

20 1% ker(u) - EEHHED & ¥ HOSHEHEHZR LTINS,
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BHo>T, uu =e, uu* = f L72BETHS. C
DE X, e e PN NHEBHNE LI, ¢ € PON) M
e <e e ~elxblde =eMKOIIDFELEI2H
R TRV Z RS &0 D . 1y € MDERD &
&, M Z AR von Neumann EREWS . e € P(IN) A
AU TH 5 L 1d, MANIHIR & 55 72157 .
TED 2(#£0) € P(Con) B, 0 TIRWAMHUEE e 2
N—(e<2)THEEMEZIBIEVS. MA0 Tk
WIS 285729 I DOEEOHOSEY 2 € P(Con)
M, 0 CHEVHRFEZHN—F 25L&, Mz ITE
EFD. MM 0 TRVWARGE 2R an e &, TIT
B (EmRA) EE 5. AR ITRERZ 11 v, %
FEIT A% T1 B &S - —f% D von Neumann 53 O
&, DS 21, 211, 211 € P(€on) 1K S T,

Mm = mzl D mtzn S 9nzln

& 1, II, 111 #! von Neumann IRICEM DRI NS.
T DEMIFICIBNT I BRI WE 21 = 0 &
E,MZPAEBEVS . RIT F L—RIZDWTHRN
%. M OEFRZ 2Rz M, TERI T LIT 5.5
B 7M. — [0,00] MROFEM 2T E, M L
DrL—RAEWVS:

x,y S m+.

T(x+y) =7(2) +7(y),
) )\ZO,CL’GW+.

T(Ax) = A7 (2),
T(a*x) = ("),

rhr(etz) =0 =z = 0 &R TEE, BEL
W, V(£ 0) € M LT, 0<y < oD
T(y) < 0%y € My b‘ffa“%ﬁ%, AR E W
5. 7 BEREIEA R Y b {z;}ier €My ITHL,
7(z;) / T(sup ;) Zhlz g & ZEAIE WS . T
PEHRY < m FICEEIRBIZIER] ~ L— ADFE]
THOH, MARTEERS DX 7% 7 IS =R

SThE e HEOME VS K0 ESHEIEHZEDOZ T P(9N)
MICBI % e @*Hﬁﬁ’]tzh%ﬁé% RAFT 2.

LRI e(# 0) € P(ON) ICH LT, ze := ex|en & eH
Ld)ﬁﬁ{’ﬁﬂﬂ*faab Me = {xe; z € M} & eH LD von
Neumann IR CTH%. C’h% M 7Z elCX>THENI L TIHEBNS
von Neumann &5 .

SHOHBEMZE a € B(H) T, AT UM [0,00) ICEFE
NsE0.

WC—EINTHZ. 1 HETD z € M, I LAR
EEH S, AR KL= W, TORET %2 M
I o SHEGHCHERET 2 T e W TES. IEAIME & 135
FINFEFED X 5 I MEE R & TS LHER LT,

2.2 AZ#VYRFKESFHDREENE

SO EHET A= 2 ) REGRZ A A—TF % &
fr L9 <7%%. m Z0HEEO H B 1=
ZVKRE DFORERN G - UH) 95 M =
{z € B(H); n(g)x = z7n(g), Vg} IFEHDEKT S
von Neumann 5 7(G)" DA TH 5. —fRICEKB]
s B3, BEE R AR ZRL T, n AT D
KO BHEERBT b2 DK 5 HHETEL M 2
N3 T EMZWV. 1w OETRBNE H O G-AZEEAER T
ZEM EISWIRd 3. T Te:= Py £ &, G-A%E
DS en(g) =7w(g)e, g€ G, DXV e e MTH%.
WIT e € P(OM) 751X, Ran(e) = eH (& G RZEATT
ZER]. Ko T M DG e LRI 1€ = 7)oy 1
1-1 359 %. T T ey, en € P(OMN) HENEZRE D E
fﬂ“(“%% LB, CNEBEXD EerH & exH D

7(G) LM BHERBEER up - ey H — eaH D
ff@‘%%c‘iﬂ@f%% UL, M DER F
TERZE u(ule, = uo) WH- T,

uwru = e, uu* = ey

LR BEEEW®T S, Ko THD R e, ¢z D[d|
fEMEE e ~ ep EIAME. TO XS ICa=2Y KR
& von Neumann FIFSEHACEIR L TV 3. HUOETR
P(Cop) 1, 11, T RO IR & & IARIC IR S . Bl A
WX [S] ICFFLWRFID D 5.

2.3 IEBFMERE

TERZREGR TR EL UL THIERZRZI S WY, &
BRI H 2T, PETHZEMTH 2 K5 &
IEFWERIZR (FHCPHERIR) 28R 95 L b EE
TdH%. (cf. [9]) T % Hilbert Z¢H] H ORI IRERI2E
] dom(T) ZERICFFOMIEIEAR LT 5. HlD
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EfZ S HY dom(T) C dom(S) hD S¢ = T¢, VE €
dom(T) =il & &, S T DILRENN, T C S
&EL dom(T) W& DT, 1EHZE T B

dom(T™) := {n; 3¢ (n,T€) = (¢, &), V& € dom(T)}

e U, LRIt LT, Ty = ( TEE
ENB. THEEHZETH S &I, {&,} C dom(T) WY
HBEecHIWERL, DO TE, = nkixkbdneHD
FE9 %7561, ¢ edom(T) D TE=n L755H
ZED .S T RZRD e &, A& WS . AlEAtE
(& dom(T*) OFFFMEICIFNE. T ARIEAD & &, T D
INRER T DMFET 2. The T OBEE WS . T H
EED &, n € dom(T) ITH LT, (TE,n) = (&, Tn) %=
iz g & &, MWMEHETH S VS . NI T C T
A, RFMERZEIERIATH 5. T = T+ (1€-> TH
i) oL T 3ECHZ L VS . SFMERZR T
OPUMNHAHEKD & & T ZAREMNICHAHRT
HBENS.

2.4 M D*EIEE.
mann IE5H

Murray-von Neu-

H EHEICERENIAEHE T D M IS (affil-
iate) 95 L&, Yu € UON), uTu* =T WD VID
HTHS. T, m <. T, M WIS T, M. M
WA E S % BIEHZE 2R % 9 T& 9. Murray-von
Neumann (&G~ [1] T, M DR von Neumann R
DEE, MBERGH-ERGE 2R DOHZR L. 2O
EF FRd B, SR EIEORES IR ICEE
TH5.

EBE 2.1. H DEZEM D A M ITB N T e
Lk, RO zlzd T L ZE S
PHER T ZEMO5] {M; )2, € H BMEEL T,

(1) Py, € M (Pg (EFAED)ZEMH E N\DOESR)
)M, CcMycC---CD

(3) ViZi Pu, = 1

6 IV LHEERZ LWV o TV B DI TR,

"Murray-von Neumann Tl& essentially dense &#:-A TV
7eh, TOMFMNIFRIRZIE LT <, BOBEMRTEE X LT
WEWKSIZHAD. LDBHATHEMELET R LICT B.

SERPEMEIIHR 2L D B XD DIy, X
D AL,

fned 2.2 ([1]). M AR von Neumann BD & ¥,
(1) {Di}g2, DY MITHE U Se s a0 22 o 41 7k
518, T OILEEZEM () D; b 7E 2.

(2) DAMICH LELIEDOLE, X e MET S
&, {¢ € dom(X); X¢ € D} b2 FRC D =H
N, X e Mtk LT, dom(X) IZ52 2.

COREN 5, IERHHIEIC 9T OPAMFHZEZ R
AUTRSNBIEHE 212+ 2, (Z; = X3, X}) D
ERIE m TR T, & SICIEr# 2 EAIC R
AUTAFHZROERBE E e TH 5. e MmMN
TRIFAIZRBANLRDMFE LW, BT EH R
FHOAHZ LR 2 HENDN S, 51X E 5 ICHm
DT, MIFARTEWVICE D 53 H IR B
BEERFDOE VS B REEMZ/R Uz, THDANSE
DT & 7% Murray-von Neumann HimCdh 5.

3 U(9) WTD Lie B¥-Lie BRYIIS

3R Murray-von Neumann Bgain 5, U(9N) K&
U DPAERT RT3 Y] 7% Lie RIS Y % AN
FCE5. EBRICINSIRNHNIC ROEEZR >
7e5efmNifl Lie BRZ2FF DR TE 2. TNZ25
FRINE ZDDRE B2 BT 20BN D 5.

LYILRY biRE SRT

43 Lie f-Lie BROX 2 FNRT2ND T, Lie B
YA N Cied BEIC AR5 PG IEEL Y VARV b
WHRTH%. 22T, PAFHZEOTTHILRIEHE
I TS8R - B R RIREZR 7 5 AZED, TDT 5
AT LT LY LAY Mt (SRT) 755 & D72 5E
#9 %. Hilbert ZZMMN A 73975 513 T ONIAHIE EEEE
IATRET, & I —WHE N 2727

3.1

SRR &3 5Nz [10].
LR, Hilbert ZEMOR[EZHICRET 5. THUE “fHHED
Tedh” T3 <, REMICREL %5,

—215—



EF 3.1. H %204} Hilbert 265 & 3% . H ORI
ICERSNIEAERE AN, RO 7ERT-T L&,
ALY MERECET LW, TDX S5 %%FH
RO ETHESE #E(H) TET.

(RC.1) HOHRIEHE X, Y BMEEL T, dom(X)N
dom(Y) & X, Y OFEDE.

(RC.2) A= X +iY WD A* =X —iY.

THDEE (RCI1)HAS X £V IZATH B HFIC
FETS. E-oTX ¥ BHICEETZS. D

1 1 . .
§(A+A )= §(X + 1Y +X — 1Y) D X|dom(X)ndom(Y)
%DT, (RC.1) 5,

-

5A +A* DX

L0, X IFHOHE, A+ A EAFMERZRIE S Teh
B, X = LA+ A o TT Ok X EHE—DBH 5.
FRRICY = LA — A*. X Z Re(A), Y ZIm(A) L&
{. Z2TTRC(H) RIici@L ) Mk (SRT)
EME S, Bi%

HE(H) > A (Re(A)—i)t, (Im(A)—i)~" € B(H)

7L T B ERIIONHE L TERT S, (B(H) I
FENIAHZ 5 2 %) SRT &, H D7D & & Bkt
AHETH 5.

3.2 GRIEfAIME (MT) & SRT

M WNARREDT, MIF LYV IR MMEOITERED
5755 [10] DT, SRT WA %. hD, M & SRT FHLE
BTHB. BUBANRT= X 51 SRT EERENIHTH S
FHEMALT ZODH LWV, — 5T, M _EICIZEHE
BRY A RO S/RENSMENHE L XN 5P A
NH O, THUTK D M ISR ERTH % EHH
5NTWV3. (cf. [4])

% MOARREAERNL—2Z L9310 N(¢,§) :=
{X € M; 3p e POM), || Xpl| <&, 7(pF) <6} &

090t ASA[/3 AR von Neumann BADT, TOX 5% 7 1&1F
1EL, DOREENHHE 7 ODHID FIC K5 R0. TNUIFEARDY;
BIBELL AL, FL—A 7 BICE 0N ET 5.

5. {N(g,6);e >0, § > 0} & 0 DILHHFRDUERL
& BN (7 PN EPRENS) ICBIL T ik
SEROIEFERIC R B S &I N TV S ([3, 4]). #Ml
FERARIEER N FUAZ T 9 21T IEIERISH F7EH,
M, UON) DDEMNDHHEZIT V. LTS Ofik%z
MT &M (Measure Topology). ##9 % &, MT,
SRTOELELHE 1 E1RICHASDTHS. THIC
LT, XOEHZIST.

FEE 3.2. (MT=SRT) M HA[73 AR von Neumann
Bz 51E, M 1 SRT AiAH & A (MT) i3

C OEFIZPFHIRDOEGEICII BN D % .

FEE
LLEDELNG | U (9N) OMIEHEE G £ 2D Lie
Bl g B ERT BENTES.

3.3

T 3.3. M=% H FOFE von Neumann B &9
%. U(IM) D@ HEE G ITR LT

g:={A; AZH LOEACHRERZE,
et € G, Vt € R}.

% G D Lie B3 & LA,

FEE 3.4. gld [X,Y]:= XY - YXIZK>T, #Lie
BRTHY, ZOEEIL gc 1& I O SRT FHERI*RT
% . FRC5HRNIA Lie* S i TH 5.

Lie 3R TH % Hid Trotter-Kato OEFE K U Nelson
DOEH [5] MBHES . AR IZRTIAD MT=SRT
ICE > CREHENS.

EIE 3.5.

(1) oMy, My Z A von Neumann IR, G; C
Un,) (i = 1,2) ZHE O REE 5. COE X, 58
HHEHERT @ : Gy — Go & SRT i Lie BRUER]
Bo:gr — go ZIFET 5.

(2) MM DIEFED SRT B *BR 2 1%, I DO HIR
von Neumann B2 NICEX>T, Z =N & —=MIE
IRENS.
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4 BMEEDTVVIVEELTD
T

i, IFEFHEHZEDO R ITHR 2 B, WO Y%
AR von Neumann B M ICH LT, Z = M LHEHT
LB AT TOHMORDIC, 2 DO fvN,
fRng #5489 5.

EE 4.1. B fvN IZRONG LGNS A:

(1) FHRIEA]57 Hilbert 240 H &, ZD EDOFARR von
Neumann B 9 OXxf (M, H) h'H7%%.

(2) 4t o2 (M, Hy) — (Mo, Ho) &1, EHPHERR
T unital RED (p(lyg,) = 1yg,) B TH 5.

My, My 2 von Neumann Bz &9 %. {z1®@x19;7; €
M} D 1RKEES My Qarg Mo DRI S von Neu-
mann FR7Z M, @M, EEXRT S, FHIEREEE ¢
M — Ny, o2 @ My — Ny WL, REWNT
VYV M ®ag T DD M@y NDFREE G
TRy p1(x) @ ea(y) 1 MM EOIERFEE
RIC—EITHRE S NS, TOWEER o, ® g &FEL.
NS OEGEN B fvN 137 > V)V ORit 7z 5.
AbNd. RICE fRng ZE&E L, 7V )VIERGZ
HATS.

ER 4.2. B fRng ONGEHFIROBITERE N
%12

(1) X513 Hilbert 250 H & Z D FOPHITERE
NIBERROES 2 T, Rzl DL d%.
(1a) Z E LYWWV MEODIERHEN S5 %: # C
HE(H).

(1b) X, Y e Z755 3 X +Y, XY 3WHEZEEM
ZRBEAAT, X +Y, XY, X*, kX € Z.

(lc) Z & 13 258 SRT PARA.

(1d) X, Y € Z D XY = 1y 27z, VX = 1y
ARV

(2) @ : (%1, Hi) — (%2, Hy) & SRT iz
unital “*-HEFR TH 5.

11 Appendix 4.
L2ERICVN D & HOB® DI T O%ifmE N5

& 4.3. EOERTEINGR 2 NT, IFEFYEHRIC
X BRI EOE B2 o I H 2 EOR LT
BWDT, Z WH-ERTH S EHIMTERVIN, 2
- ERNGE 2 R DR DEEN LA TE 5. Ko
T “FHERARD TR 2 FED.

¥ 4.4. (Z,H) % fRng DRH LTS, COLE,
AR von Neumann B2 M BMEHELT, Z =M &k
5. ZOXIEMIIHE—DTHS.

C DN D Z 3 BRRGEZ D, 2 DOXS
Ry, B MGZBN5 L, AFHZROT >V )VEE &
B2 T, B Oug By = Lin{d; ® Ay; A; € )}
E 2T %€ (H1 @ Ho) DIEHEMNDKS. 22T
K1 Qalg H2 D SRT P 7% %%y EEFT .

i 4.5. Z, =M, 553, 10K = M M,.

ROMEIE, fvN OHFDNEIRIC fRng ICFKHB EH
BHZRT . 1EEAED von Neumann E[A] D5
BHEHS EF2ENTERNDT, TNIIEHIATD
%. HER, WiNE B o gk KBS M _RIckB I
FBT L TER.

fEE 4.6. M, (i = 1,2) B H; LOAIR von Neu-
mann IRCH 5 &9 %.

(1) AEEDIEH] unital*-HE[F]RY = My — My 1,
SRT j#%¢ unital*#EFA ¢ © My — My I — K
WKHERENS. COIEE E(p) £EL. TOHRE
BuE T >V IVEFE LA TDB, E(pr ® ¢2) =
E(p1) ® E(p2).

(2) T SRT #ifye unital *-HEFH & : My — My 1,
1ER unital*-4E[E]R @|gp, @ 9 — My, ZEHET 5.

AL I o St 7a e[RRI B 9 2 KRBT B 2
Hna. InSZHW5 L, IDGRHTE %,

EIE 4.7. fRng 37V VIVERGER D, hDOT
UVIVEIE LT VN IR TH 5.

BEIZEX+Y +Z=X+Y +Z DBEOSIDONESI ), &
EERZEITRHLHTIEARV.

VEAE RO E BRI OREW T >V )V dom(A1) Qalg
dom(Az) FAEFHE A1 ®0 Az 1 €@ 1 — A1€ ® Aan DWER
XN, CNENATHS. ZOMEAZ Ay @ Ay EEET 5.
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Appendix: 7V IVE

TV VE DN DWTIRNRS . B —IC DN T [6], 72V IVEIC DWW TIEHBIZ X [6, 7) BBE
IZ7k 5.

EHE 4.8. TUVIVE (C,@,1,a,\ p) &1&, B € ERD 4 DHANSRS.
(1) TV EMHENZ NETF PR € <€ — €.
(2) 2= b XN BH5 1.
(3) MBHZEMRT 2 HAMA o : @(® x 1¢) — ®(lg X ).
(4) o=y /2=y FEMEZRRTHARRE N @I x 1g) — 1y, p: @(le x I) — 1y
TS EROAA NN G =AENEZZT. 3abb, (TEONR A, B,C, D, I LT, XOKXIE
A
(A (B® ()

C)®

06A®B,C,Dl i1A®OLB,C,D

A® (B® (C® D))

(A® B)® (B®C)® D)

(A B)® (C® D)

XA, B,CRD

XA, I,B

A® B

a MERTHS LI, FED ¢ OGO 3 Db (A, B,C), (A, B,C) KL, RS aspo :
(A9 B)®@C —- A (B®C) WMFHEL, EEDOH f: A— A, g: B— B, h:C — C" IZ L TRDOKK
WAl In2H 2 ES:

A ®

® (I ® B)

(A9 B)©C 2% A (B C)
(f®g)®hi O lf@(g@h)
(A eBYeWw YA e (B o C)

ADHRTHZ L, TEOMNGE AICHL, ARG A, : T A — ADH>T, LEDOG f: A — A I
U, ROKAN L 2552 F 5

ToA 2 oy

1I®fl O lf
)\AI

T A —— A
p DHERMEE [FRE.
C Eo Hilbert ZE[H] & Z DR OEGRRE GAS D& 7x & MRz 7 >V )VEIC TR > T\ 5. Z D88, BilZ
W gy oy 1 (H1 @ Ha) @ Hy — Hi @ (Ha ® Hs) EERZFER (21 @ 22) ® 23 — 21 ® (12 @ 23) TH

PRIC lvew = lvety, (' @9) o (f®g) = (f o /) ® (¢' o g) FEIMiTT .
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. T VIINVEENSTE, 2OXS7% Mo T2V )V] BENS, 72 V)VETH A T EN—HTIE
INEIRNE S BEET, hERONTITT 4 DD 5. FHEIE ToMcE T V)bl KE L bR,

EE 4.9. (¢,@,1,a,\,p), (€', @, N, p) 2T /)IVEETS. 3D (F,hi,he) WE DD €\
DFVIIVHMFETHZ LR, F: ¢ — ¢ EHEFETHD, by GG T S F(I) T, hy RS OEE D
ha(A,B) : F(A) @ F(B) — F(A® B) T, (A,B) IKOWTHRTH Y, h ODROKXEmHUCTZH T &7
5.

l

(F(A) ® F(B)) @ F(C) Z2I2T0 7(4) @ (F(B) © F(C))

h2(A,B)®1f(C>\L \Ll]:(A)®h2(B,C)
F(A® B)® F(C) 5 F(A) @ F(Bw C)
h2(A®B,C)\L J{hz(A,B@C)
F(A® B) 2 C) FA (BoO))
F(aa,B,c)
)\/ ’
[9F(A) 2D o F(a) FA) o1 D Fa
h1®1]-‘(A)\L ¢) T]:(/\A) 1]-'(A)®h1l O T}'(pA)
F) @ FA) = FI®A)  FA)oFI)—=FAa])

V(A, B,C) in Obj(%).
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Heterodimensional tangency and hyperbolic sets

HER R PaE#E Bl (Yusuke Nishizawa)
Department of Mathematics and Information Sciences,
Tokyo Metropolitan University

1 EA

COMETIE, Y FIVEIARE R p & ¢ BT 2N\TaXoet o1 7)VzeRD 3 Xt O 1%
DFRES o Z]S. TTT, TONTRRTTY A ZIVENT DRl r 2 &5, pld
Index =2, gldIndex=1&9%. TDXKI% o ZEREIC CLIERIT S 30T CL #571H
FHEAG o OWIIAZEFITDOVTHE R S.

W TDITN L DDDIATIHFIC DN TN S, Li [7] &, 2RDKET YV = 7 HHil q
EFFD 2 20T C? MO RRIBARS R LT, ¢ DWW L 5 TEHIT IS NI ARZE S EET
5T LR UT. TDEE Li WMFEZR U T AR ZEE I — N a0 & JE—
B R D TH o7z, [7] TLiEK 1.1 DX IISKRET VY = Z i< T Box
B, & Bzt b, WHWHAZEEGOFEZRL TS,

w(p) W%p)

A A

A

S S
wi(p) p By wi(p) p M/B
> q > é

A

(1) (2)
1.1: REZ Y= 7#fih g £ box B, & box B.

F 7z, Cao-Luzzatto-Rios [1] (&, Li EFIERIC 2 ROKRET Y = Vil g ZFiD 2 X
TC C? W ERHERICH LT, ¢ DWW L 5 THIE ISR AZESDFEET S T L 7Z2R
Ufz. 722U Li EIdHREOK 1.2 DX A Box DHIC R; (i=1,...,5) Z& D, ThbH
ZH 1.2 DX SICETMIFAHES @ ICDOVTEZ TS, [1] DX THEFE, Rios [9)
DFERZ O TIF—ERZAONHNEAZZE S OfEZ R L, & HIZ Oseledic [8] O Lyapunov
exponents ICBE 9 B HERZ O T—HA NI ZE S DI EZ /R L TWVWA. DX, N
A LD T X TORZLIRMERRZICEE T % 9 XTD Lyapunov exponents 5% 0
5—HROBNTVE T LR, —HlliEZzZRL T3,
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= R
f
—_ Ry ) | PR D(Rs)
-~ R3

| Sy | ! j_@(&)

Y
A
T
=
Y
-

(1) (2)
X 1.2: Cao-Luzzatto-Rios BSHWIZRET V) = 7 il g 7% & DM A EAR ®.

COXDBERETY = 7 & R ZERICE T 5098 & L TIIC Gavrilov-
Silnikov [2], [3] & Homburg-Weiss [4] D5t EABH %. Homburg-Weiss (& Katok [5],
(6] DR E & BV TIF—RRANHTRIAZRE S DFEEZ R L TV 5.

CNEFEDFATIHRIERE S Y = 7 Efihe 5D 2 Dot R EHRIC DN TORRT
H 5. WRIEINT ORIz 15D 3 IOt FAMEHRIC OV TER 5. FEHILLT
DEIBXELDTHS.

EE A M % 3IGEEMEE L, ¢ BROEAERIZT M LD O MO FHREET, 3
RIVERBIES p & g 1SS BT IR A 2V EHOEDET 2.

(1) Index(p) = Index(q) + 1,

(2) 0ss & 05 & 0y, 72 Dp(q) DEAETO0 < 055 < 05 < 1 < 0y MWD 0550, < 1 Z2{i7c T
EDET 5.

(3) As & My & A 72 Do(p) DIEFET 0 < As <1< Ay < Ay DD A A > 1 &7z
TEDELETS.

(4) ¢ FZEZIRIK WS (q, p) ENZEZHRIK W (p, ) ICB LT, NTaXycHfilr €
Witela, ) Z8D.

CDEE, pll CHAMHTOL B TEIEW C MO FHER ¢ & 25HERBN &K
B, C U(q) WHELT, EEOHAE n > NIZHLT, Ay = Nj2_ 97" (By) &k
IERHRIAZEETD S,

TE B. @8 A LFARZIRET, H28E BOFEL, U2 B LDy O first return
map & L72&FIC, A= _ U (B) BIF—bREMMEAZEETHS.

j=—o0
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2 i

TTTRWVLEDODDERICDONTDONS., M%ZC(r>1)2HEEL, o2 M LD
C'(r > 1) WM RMHERLET 5.

p7Z o OMMHEAHRE TS, TDEE, BRESKKE W (p,p) = {z € M : ¢"(z) — p}
ERBEZHIE We(p,p) = {x € M : o "(z) — p} WEXEEINS. THIC, ¢ €
W*(p, ) "W (p, ) \ {p} BMEEL T W*(p, o) N W*(p, ) \ {p} # 0 ZHii/lcT & E p D
REVVZVIREVS. TDGIEBNT, T,W(p,p) @ T,Wp, @) = T,M DD L
DX g% p DEMHIREIV Zv IRV, TOTHENVEEZEqZE pDREIIVZY
g3 AR

w'(a,0)

(P, 0) 4

\
p
—<
4__\\\\\\\\‘> u<
w'(4,0)

S

w'(p,9)
2.1: NTaloeiE - ZEANTadoet A 7L,

—J7, e W2DODY FIVEIRH S p L q2EDETH. TDOEE, ohplqiciT 5%
ANTAZIVZv YL 71 2ED LI,

We(p, ) N W™ (q,0) # 0 D W"(p, ) N W?(q, ) # 0

I VS, TONTRTY =y IY A7)V Index(p) # Index(q) ZPHTd &
E, ATOXRTHAVILEVS. FRS, Index(p) = Index(q) + 1 %£H7/2F & ¥ co-index
one A7 ILE WS, T, N7 Z VU= Irire W(q, o) N W p,p) M

T.W(q, ) +T,W"p, @) #T-M HD

dim(T, W (g, ¢)) + dim(T,W"(p, ¢)) > dim(M)

HRIcTLE, TOrEW(q,0) & Whp, @) DNTORTEME VS (X2.1 ZSHD) .
ANTOIGTH A 7 IVEHRE TV =y 7 Hfil L [FRRIC 1970 4EARIC Newhouse * Palis I
KO TEHAINEMZTHD, FEZYZw Il 13855 1R THS. ZHucH
LT, ¥4 Tl Bonatti *® Diaz JEIC K > THRA GEENMESN TV 5.

MR DR R T2 IR E 2 £ DT & ld, ROEMHD C > 0 HE
TH5h, FREBEHRTHEZNICE>TKENZT 5.
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© DARZESG A D—HFRGENMBREESTHS L, EHC >0k a>1E/IVA
|- [| MEIELT, 2 e ATRUT, RZHT D2 B (2), B4 (x) C T,M DMEET %
EETHB

(1) T, M = Es(z) @ E¥(x),

(2) i =5, ulcH LT, Dyp(Ei(x)) =E(p(x)),
(3) v € E*(@) B LT, [|Du"(v)] < Ca"|ol],
(4) v € E"(@) KM LT, [Dag" ()]l = Camlo].

X7, o DPEHEE A DIE—RGENHERETES TH S L 1F LONEFEBNT, C >0
Ma DB C(z) > 025 ETHE. —HILEFIE-HRITOVTKFIZ LianE X
&, 7ZRROMIMBIAZREE L NS,

DEI, WHIRIAZES A & Lyapunov exponents DEIRIC DWW TIENS. Lyapunov
exponents &1 v € Ei(x) (i = s,u) IZXf LT,

1 .
lim —log||Dyhv'|]
n—oo N

OWRME CEX) TH5. EFRKD, —HRIZAHEHUAZESTHNIL 0 T/EW Lyapunov
exponents DIFENDLMNS. TOEFRK O MHAIAZEES D Lyapunov exponents (&1ET
HY, TNH—HETH % & D Lyapunov exponents I&, 0D 5—FRICEENTWVWB Z &M
bhs.

WEERRNZR T 7 a—F D S FRMEEED 1 PRIGHT %5 £ D & LT Oseledec D3
BTV d— FEH (8] A& %. Oseledec DfGHRIE, M(p) Z A ED p REZARLIVIER
HEE p 2AROEFE LI ZIC, FED e M(p)IHLT, 2HlEZED o-AEES
B, MMAEL T, Lyapunov exponents BMF(EY % WS EDTH%. Cao-Luzzatto-Rios
1] T ORERZE BT, — AN ZEEDFEZ R L TN 5.

3 EERAODEIER
C TR A LT B OIICONT, W OMD ATy T TS &R 2 |

ATYv 7T 1. ol CHHHTWL 5 THIEWV C W EHEEHR T, BEEEZEDE D
Wi 9 %.

EUBDIC pic CHHHTO L 5 TEIEW O HOTEIRD one-parameter 5 {1, } e e ¢
TR 2Tz T8 DEEZ 5. (X 3.1 Z223R)

(1) Yo iE 2N BTE CHAHHTIZL, r D continuation TH HN\T HRyCHEfil 7 =
(0,y0,0) ZELBANT ORI A 7 V" ED. TONTORTTY A 7)ViFH FIVIR
5 p & ¢ D continuation TH 5 P & QICFfET AU A7 IV TH%.

(2) P D3R U(P) & Q D3 U(Q) LTIk RO =Y

(a) fEED (2,y,2) € UP)IENLT, Yu(w,y,2) = (s, Ay Auu2)-
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(b) EED (z,y,2) e U(Q)IEHM LT, Yu(z,y,2) = (055, 05y, 0y 2).

(3) FEREINTINZR AL Yo € WE(Q, o) NWE(Papg) D U(Q) HICRDFEAM 72T d K 51
FET S .

(a) fEED p € [—e, e ITHLT, Yo =1(0,0,2) € W (Q,¥,) NW3(P,1,)
(b) HBEEIEELT, Yp, =L (Yg) = (Z,1,0) € UP) NW™(Q, hp).-
(c) ROEMN =TT 5% Yo DIt U(Yy) € U(Q) MMFET %

TE =4, 1 U(Yg) — ¢, (U(Yy)) C U(P)
377 1 VEST,
Tf(lﬁ, y7 Z) = 1/}51,(‘,1:7 y7 Z) = (TSZ', :l:ya TuZ) + (5;7 ,U’a _Tué)

i1z g. TTTTs & 1 130 < |7s| < |7 ZHTZTEEL

U(P) 2L, ™ (F) DL U (v, ™ (7)) 205 7 DI U (F) ~OIHHE 1%
G =y U, ™(7) — U(F) &

Gz, y,2) =)' (z,y,2) = (az,b(y — yp) + yq, —cx + dz°)

Fiitzd. TTT, a,bc,dlda,c,d>0,0<b< 123 TR

u(Yp) | ¢

WP T
WP W) o —y

X 3.1: NT AT 7 2 F O FERER o DNTrXoe A 7)b.

ATv 7 2. ATy 71 TR UTHORIEERR ¢, ZHWT, EB A OFEHI OB %2 1h
N%. GEHHOGEHZ L [7] DX S ICHRDELS TBx 25 A5 L TH 5.

I, NT RIS F O U(F) B ZNHEANOKEZR CL RIS ¢,
DRIENBEREEZE DX D ITHKT 5.

—224—



HIRE k%2 U (F) B U(Yg) D C #53 AIMEAG o, DRIEDREE U, BRE %2
U(Yp) 25 Uy, ™ (7)) D CT W FAAEG ¢, ORIEDHET B, &7z, K 3.2 DX
21, 7D < I Box

h z h z
tag SeS———

k+1 ' j gk
a u+ Tu)\{tu Ou U]ucTu )\{Lu Ou

BEZB., TOLEMEED (2,y,2) € By lICHLT, p=MNyp—oclyg &3%&, C'#
PANCIE EEEAES
Yz, y,2) = (a)\fmm(affz —2), b(Aiafy — Aiany) + Y0,
— c)\g(fn + 0557833) + d)\ﬂﬁf(aﬁz — 2)2).
WMEENS (27120, n=k+1l+j+m). TOLE, HLERBNPEFEELTn> N
LB nIcNLUT, K32 DKIC B, & yp(By) DRZANBT %.

vu(B,)

(1)
z y
Y
1 —»—4»Q—<<—x
vi(B,) /0 5
7/ Ba :
R
2 SO § Y -
7 4 /
/ A
vi(B,)
(2) (3)

3.2: A DFEEBHOMENS.

ISR DI ER R TEDICDEDK S BMZEZ S s € 1,"(Bn) N By N Y (By)
K LC, #z
|vs]

C*(s) = {(v1,v2,v3) € TsM : [I(or,v2)ll

> -&(s)}

1
2
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LI5. RLE(s) = [2da/a?] THB. TNIRELERTH BT L&, TOMELIE
EHIC 2D T LR BT LIEE 5T, Ay = 27" (B,) E—REBHESTH
LT DD B,

ATv 7 3. BREZICEM B OFFAOKIE 72 iR 5.
AT 72 EEBRC, UF) WD UF) NOKRENZ CL O RIFER o, DKIEEE %
%. RIS S OFER R T T2Ic 7 D L I Box
B:{(xayﬂz)_wgmgwa yQ_wlgySyQ+wl7 OSZSO-I(Th)\J_FO-ZI(}’
b, TTTHRKEUF) DS U(Y) D CH 7 FHEAG o, DRKIEDEET,
FRECT 3 U(Yp) D5 Uy, ™ (7)) N C G RIFHES 1, DR EDFEETROZA %
fi7zde&DLd 5 !

o HIRBIN ZEF A Zfiilz38DL T 5. CHUHLT, K& JIEK+I+J+m>N
il T ER/NDOEHN TH .

y
z Y
0
VE(Bw) kW By 1 7
p\ Pny
B\‘ S ﬁ ?ﬂ
=== R 74
- %% - il
| wiB, 1 V(B
(1) (2)

X 3.3: EHE B OIFHH OHYERE.

ZLUTRIZ.3(1) DESIC, HEMNHEAES Box By, Byy, Buy C BEEZS. HEHEE
DBox #EZ 3T LICE->T, K3.3(1) (2) DX ST aXeHfil 7 DV 5TEUEL
ICBEEGZMKT 2T ENTES. TOXIICULTRLNDERESIE, BarfianD
<EDONT, MMERF< 50, ~NTFudocifl r 2B EE I ENbh 5. £oT, ¥
7 1, O B FO first return map &9 % EFURORKD SAZLEE Ap = ﬂ;i_oolllj(B)
WETIRNT EHbAD, (EED s € Ag IS LT, 3 EKE n(s) & n'(s) EELT,
U(s) = v (s) € BD WU (s) =" (O)(s) € BREIT T EDNB. T T THH
952 LiF, pidBox By, DESIHKIFLTEILTEHI L THS. Step 2 L[FAIBRICHEZ
BEABTEICE > TALEERS B (2) ELELEBTES(x) DMEBNS. TDEE, Step 2
CIFERBDERC >0, a>1MEse NIFTSE2ICENB T LICFEETS. T
DX UTIF—HABEEAZRHNT 2T N TES.
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X MEEICE T 5 Mack D AR D—i&IL

T E (Shingo SATTO)
VIR PNE P NE S e et 2 AL

B =

BERRSMIZIEWT, BEREDOELIINT 2RI DERREIITIET D 72 OIZFE AN
T3aE% i VD, a2 XE#EE T2 1 D20 4HEE LT, Mack IZHED
ETIIZEDOTHIMEGDORETED Y 2 Tl A2 HETIARE LR 2. ZOEET
1%, Mack DETFINE — L L AZETIVIIBNT, LifiEd% &2 DEOHEEDF
Vo i e T2 NRNELE 2 5.

1 XiIEEEFI—VS5—%
1.1 XZIEE£ &

BERRZEIZEWTE, HFEPREL THLORMEXIVETIEERER LD /O AN
MENZR B ZeMD, HHFEE L RS I DORICREZAENAEL S Z L%, ULad->T,
BEFEEDHMUIN G 2 RV DLRBB DR Z HEE U, IR D 72 DITRAI T TH < BHER
Hd. ZDEDBRIODOLREE D Z SZIERE (claims reserve) WD

Ceihfrise) = (B fRRE) — CGLHRIRE).

1.2 SVAIT=AF
LTINS DHEE D~ DIZITRD LD BTF— A NHANLND -

FE ALY 5
1 2 . n—1 n
1 01,1 Cl,z e Cl,n—l Cl,n
i 2 02,1 02,2 CU C2,n—1 (Cz,n)
G : : : o : :
E? n—1 Cn—l,l On—1,2 T (Cn—l,n—l) (Cn—l,n)
n Cn,l (Cn,2) T (Cn,nfl) (Cnn)

ZZTC, Gy (g =1,...,n) X BEEIRELZHBITHUT, jHERBT L ETIC (40
HHE i+ -1 FERETID) X 2RBEOREERT. BEnFERORMRTIXi+j <n+l
5% C,  WEHTHY, Ay ATHENi+j 2 n+285 C,, BRAITHD. BHIOT—X
DELEDZMPHDTHD D, ZOEIIZEFLDLNZT—R %S5V F 7 =AH (run-off
triangle) & 38,
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PUFFED 720, SEEORERITE# n EUNIRREDO LN T D, §80b i =
1., nASH LT Oy, WEFHUERE | DRSS 2 BB TH 2 LIRET D, ZDL XX
i< R 1%

R = (C2,n - 02,7171) + (03,71 - 03,7%2) +ot (C - C

n,n n,l)

ERB.

1.3 Fz—rv545—%

SAMiES R 2HET 2L UTREESAVSATVEDAF 1 — 59 —i% (chain-
ladder method) THD. &9, i+j=n+2IZ895 C,, OHEERC,, 2RkdDNK, RIE

~ ~

- C2,n—1) + (03,n - C3,n—2) +eeet (C - C

R = (CZn n,n n,l)
THETEDZLIIERET S.

Fr—V I X —JEIIBOTIE, BEERD 25 j 4+ 11282 B BRI RS IE FH K
EEICEOTER [ B2 HERD. TROLHMWIIKC,,,, = C,f, (i =1,...,n,
j=1,...,n—1)TdY, FLOTNIEHAEIKHNTDLARRT.

#Fj=1,...,n=1CHLT, C,,,/C,; DEMPHEATHEDIEi=1,....n—jDELIRD
Tf &

~ O+ 40 i
T Gyt + Gy

THEL, ThE2HVWTi+j2n+20& X

o~ ~

Ci,j = Oi,n—l—l—ifn-‘,—l—i T fj_l
TC,, 2 HETS.

1.4 [ExE

FTI, RO2ODMEEAFZ S -
.%1~y5ﬁ—Em8®¢5@&%%%?»?E%mf%éﬁ?%K,@ﬁﬁ&@%

B
E:_lf<€ﬁﬂ+””+gkﬂﬂ)
n—j\ O Coij
FVENTHD I L2 HRETRETNIEE DI V228D 7
o ZHMMiic % KHHEE T DITIEE D THUXI NN ?
Z I T, RMEHTE (interval estimation) & & T95% LA EDMERT IO < R < 110 TH D] LW DJE
DHEETHY, D& FXMH (90,110) Z 95%ERXE (confidence interval) & IFR. LUK
UCF 2=V I X—EDEDR TRIFI00 THD] LD LOHETE % m#EE (point estimation)
ARIR
RETIE, INODMEEZE R D 7ZOICBELHERROIEERIEZIANRD.
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2 MERTBHEZHEDOTHIRFE

2.1 MEXRLTH
2.1.1 EHREERTH

HEEZH (random variable) IZHERGRIZ B WO TITAERZERM] EO IR L UL TEZRIND MY,
AHEHTIE EESMRTT VA LBMENMDER] LWOHETHITHL. R D%
HY % 132200 % n R TTHEEZE (n-dimensional random variable) & W\, PUR TR EICffER
BRENZIE I IOHERLE M ERTED LT D, n ROTHERL X 1 En BOMEREHR X, ...,
X, ZWNRZEDEABES : X =(X,...,X,).

flif D720, ARHEHTHE D HREFIIANTERYL THL D, ZIT, MWREH XN
E#EE (continuous) TH D &1,

o EHDz e RIZXNLUT f(x) 20,

o [ flx)dz=1
22T fF R —RAMFELT, a<bBIEEDa,beRIZHLT

P(a<X<b):/bf(a:)dm

WAL T DI %NS, 20 f% X OWEREEREEI (probability density function) & FEAR,

2.1.2 HfF(E - 28K
e BUE SRR X DHBFFIE (expectation) E[X] %

mxy—[zxﬂ@dx

TE#TD. 722U fIZ X OMREERLTHY, HUPEZEIND L I EX]IFTEHET
Nns.
X D58 (variance) V(X)) %

V(X) = B[(X - E[X])*]

TEHTD (HUPEHEIND L IIIV(X)IFEHEIND).

2.2 MERZTHOEMR
2.2.1 [RGHERTERN - AilEREERK

2 ROCHERZE (X, Y) &R EY (continuous) TH D &I,
o LHD (z,y) € R*IIHULT f(a,y) 20,
o [ 0 flay)dedy =1
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a2 B f R — RWFEIELT, a<b c<dBBPEEDa,b,e,d e RIZHLT

d b
P(a<X<b,c<Y<d)://f(x,y)dxdy

MEALGT DI 2D, 20 f 2 (X,Y) DHEERBERE (probability density function) & IF
S AR 223 T, (X, Y)’?:i_‘ﬁ 2RI E U, [ TOMREERKLTS.
IDEEgR—RZg(x)= [ flz,y)dy TEZET D&
o I OD:L'E]R ﬂbfg( )_O
o [ g(x)de= [T (7 f(z,y)dy)de =1
ThhY, a<b7&é{3j,m®a,beRKﬂbf

Pla<X <b)= lim Pla<X <b, c<Y <d)= hm//f:z:yd:cdy

c——00 c——00
d—o0 d—00

:/:/abf(g;,y)dxdyz/abg(x)dfﬂ

MKNLTDDT, gk X @Eﬁ?y}#ﬁgiﬁf‘%é

FRRIZ, h: R — R%Z h(y) = [ f(z,y)de TEHRT DL, hidY OMRELEBTHS.
[ % FIRFHERRE R (joint probablhty density function), g, h % BDHERRERE (marginal
probability density function) & FE3.

2.2.2 FRYOEHEE
h(y) >0 THdEDRy e RIZHLT, g(ly): R—R%

TEHT DL

o LDz e RIZNULTg(z]y) 20,

o [ glaly)do = ([ Fle,y)de) /hly) =
a@&wfguwi%ffﬁﬁﬁwxﬁéﬁt g(-|y) Y =y DT TD X DFMHDEHER
B R (conditional probability density functlon) RS, Z OfERE LRI S 1T S fHE

/ Z vg(oly) da

ZEX|Y =y s&EEX YV=yDFTDX DFRMHEDXHRFE (conditional expectation) & I
S ZOMAIZy =Y ERAUTHELNDMERLE [T vg(z]Y)dz & EIX|Y] &EE, VI
B9 2% X D&MD XHIFFE (conditional expectation) LIER. ZIZT, hiy) =025 yeR
R UTIREX Y =y BEBINTWAEND A,
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U EX|Y] 3R 1 TEHEINDDTHER.
SO SHFHEZ TNT, VBT 2 X DFRMD E2E (conditional variance) V(XY) %

V(X|Y) = E[(X — E[X|Y])*|Y]

TEHTD.
BE, BFE E[X], 28 V(X) IZEHTHDD, FMEOIHHE E[X]|Y], &HEOZH
BMV(X]Y) SHEXREHTHD I LITHEE.

2.2.3 Jhir#
X, Y 73T (independent) TH 2 & 1F, EED z,y e RIZKHLT

fx,y) = g(x)h(y)

WIS 22 E R VD, ZAUL, h(y) £0RBEED y e RISHUT g(ly) = g(-) AUz d 2
ZELFAETHD.

2.2.4 ZRTHEXRZHORER

L ETIE2D0D 1 RITHEREHOBGRE RT X2, W OPDLRICHERLZBOBGRE [FH
RTHD. BIZIE, m ROCHERZER X & n ROTHERZEY 127 U T m ROchERER E(X|Y]
MWEHEIND. F/z, Eiling + - +n, ROGHERLH X & n) ROGHERLH X, ..., n,
RICHERZI X, DML R-e &, MREERKEZTNTNSf, g9, ...,9,8TDL, X,...,
X MWHNITHELIFMEEDz, eR™, ...z, e R IIHLT

flxy, .. x,) =g,(zy) - 9,,(z,,)

MWIRALT DI L2 D.

3 Mack DRI & Z DILER

3.1 Mack ®FJ/L

1A TRERNRZ 2 DODMEZ BETS720I1Z Mack BELELUAZETIVIZDONWTHEZRD. ZD
TTNTIRC, (,j=1,...,n) ZHEREHELEZ, ROIDERETS :
(1) nAHOD n KTGHERZB(C, . Oy ey (Copyen O ) BHSITH B,
(2) %j=1,...,n—1IZHUTHOEDEK f, ’FELT, i=1,...,niZx U TRDPRK
AVAC ISR
E[Oi,j+1|ci,17"' & ]:Ci,jfj-

) 1’7‘7
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(3) Fj=1...,n-1IIHLUTHIIEDER v, ’FELT, i =1,...,niZx U TR

V(Cyjii|Cinsn i Cy ) = Cy .

(VR

Z2T, E[C‘jJrl’Ci,l?"' ]‘iE[ ”+1|( ST zg)] (j /7(75%‘%5%%(( 11:"->C¢,j) =B

2,

TOMEREIC, 03*#03?%%4‘5) DIKFETH Y, FEDEIHHIIOWTEFRKTH .
D& BHERETIVIZBWT, NIA=X fAIEMTHLN, TOHEE

N _ Cl,jJrl ot Cn —7,7+1

J CAJ—+---+—C;_]]

IHEEZHTH D Z IR

(BOE (1), (2) VDL f; = (Coyppy+ - +Cyy)/(Coy v G,y ) DY f OF R
£ (unbiased estimator) Tdh o, 205 E[fj] [y LY S 2 MRS, Tk ]/“; % Mt
ERHEUTHD ZeNEZYTHE I LE2RUTVED, HOHTE R

7 1 (01,j+1+_” Cn—j,j—H)

i a=i\ Gy, T

n_.jv.j

EARRHERTH D ZEAGIHTE2DT, f, 25 BIBH ARG L UCTEA D THS.
ZTHE (3) bADETERD Y, V() SV(f) THBILNHMY, I5IChSMEOHE
ROBOHT [ IEAEERBNCT S ZEARING. FREERODEAVNI VLS 2L
I, HEEELEDMEED T LUIANINE NS ZERDT, JWHEETHD Z L E2ERT .
U7zd35 T f, 13 Mack EFVICB W TIREOHERTH S L EZLN5.

3.2 XiheEDOXEHE

LG T e SR A X Dl I f IR AR 1o = E[X) & 9o = V(X) U TIREE S
TN,

V200
P(,u—\/20v<X<u—|—v2OU):/ f(z)dx
p—v20v

uh/ﬁ
= </—<>o p— m)f
,qu\/m 0o
>1_ﬁﬁ</) -+é > p)* f(x) d

1
> 2
1
=1——=0.95
20

AL U (Chebyshev DAER), I HIZE<DHEIC

Plu—3vVo< X <pu+3vv) =095
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MHALT D ZENHOENT NS,

SORMTIE, RO - HEDRDYIZR, E[(R— R 2 EZA2DWHERTHZ LI
2B, O (i+) Sn+ 1) PBHITHS 2 L 2 BT B L 5D SWRHE B[(R — R)*|Cron]
(7272U Crnown = (Cj)itjznis WEn(n + 1) /2 TOTHERZE) 2B X8 SiMEINZ L0 5.
Z D5 XHIFHEE R DT 2 FERE (mean squared error) £\, mse B & EL, IhE
AWTHIZ X

(ﬁ — 3(mse R)"?, R + 3(mse ﬁ)lﬂ)
% R D BNEEXMEARTIENTES.
Mack 13 mse R OHeER & UTRERRE U

n n—1 ~ n—1 ~
o 5 3@ sma) he (50 (5 i)
=2 ( = anr; 7 fl Zl Zm 1 O Z 1’;1 l:anr:li fl2 Z:’L ll C

772U

/}:n—1—1§: (Zﬁl_f>

[ v; DORRHEETHS. 20 mse R DHETEE%E Mack DA & IR,

3.3 Mack O AR DILR

Z O TCIEAREHD EAERZBNRD. ZORRIE Mack DARXE 2 DOBI AN SHIRL 724
REE5EZ22EDTH5.

FT Mack ETINVZEIRLAZETINEE XD, Mack ETIVIZIE 3 DODIRENH - 7208, K
E(3) I 2RDETHD V(0 4|Chy,. .. Cry) RO ITHBIT B LV RETHD. Zhid
Fr—V I X —EEEYET DDA RBEDTH > 7208, MONKEIZHRTHITUEH
RTHDLIFNARN., ZITa R EEOBEEINAZFHE L, KE (3) 2 XDIKE (3) THE
IR D

(3) &j=1...,n-1IZHLUTHEEDEK v, FELT, i =1,..., 00U TR

AVAC ISR
V(C,1|Ciy, ... ) = C

L2V 2¥) ]

Mack EFVMEa = 1OHATHD. ZOEFMIBNTE, Mack EFLO FCOHTEER f,
0, RS ZLIETEY, ROWEREHVLBENH D

n—j ~l—a n—j 2
f = iz Cos G 0= ;Zcza(q’,ﬂl B J?)
J n 2—a J i i, J
Zi:lj Ci,j n—j—1 i=1 Cij

Z?J

WIT, T2 Falsa % % R DG % LIMESLSNCBIEIT 2. T AURBI R SRR AL R &
S o (Conini=Clinir) B EBHEET 2 210> BHMEER 2 LD THE. Hi=1,....n
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Iz

&

MUTHREG, b ldn+1—i<j, <k <nkilizTeL,
S = Z(Czkl - Ci,ji)
i=1

E#ETD. SIES =31 ,(Cy, —C,,) TREEETE, ZOHEROFY 2 Fif% mse S =

E[<§_ S>2‘Cknown} %>kf?ﬁﬁj_é :

7z

‘t"\

Z 9/0\121‘21\11 +2 Z Z @,l@/,lgl'

1,l=1 15i<i’<n 1=1

2L, il=1,... . nicfLT

T _ U 1 1 B_ v,
T 62704 + n—l 02—04 ’ L7 Pl O2—a’
ENCTY X ma Ol iy

m=1 ~"m,l

@kl _61',]; (n+1—-i=1<y,),
@,z = a@kl (4 S 1< k),
0 (L)

Ho. ZOMWMEBDAXPAHEDERRTHS.

S 3k

1]

2]

%

T. Mack, Distribution-free calculation of the standard error of chain ladder reserve es-
timates, ASTIN Bulletin, 23 (1993) no. 2, 213-225. http://www.casact.org/library/
astin/vol23n02/213.pdf 75 X > O — RA[HE.

T. Mack, Measuring the variability of chain ladder reserve estimates, Casualty Actuar-
ial Society Forum (1994) Spring, vol. 1, 101-182. http://www.casact.org/pubs/forum/
94spforum/94spf101.pdf 26 X' > 10— R Al fE.

S. Saito, Generalisation of Mack’s formula for claims reserving with arbitrary exponents for
the variance assumption, Journal of Math-for-industry, 1 (2009A), 7-15. http://gcoe-mi.
jp/publish_list/pub_inner/id:4/cid:9 26X 7 > 10— RHA[HE.

RRERE TMack DA : ZMEGOXEHEEL AOBEMR, 70> —7« v 7 TR
BUZBINDMERT T IV —HF K - JUMRZAILF RS 2008 4 11 AR —, MI L2
Fv¥—/—h, 13 (2009). http://gcoe-mi.jp/publish list/pub_inner/id:2/cid:10
MH AT 10— RAEE.

[1], [2] »* Mack DJFEGERXTH Y, Mack DARDEHE EOTDONEIL [4] THIHLI N T
L ERERICOWTI 3] 2 2.
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1V RIVERUCHAZE &

Kk 45 ¥ (Kanako Oshiro)
(RERZEREBHAWTFERE - LRI 2 )

B =E

A1 BV E1E 1982 4EIC D. Joyce[8] & S. Matveev([10] I K o THINZITEA
ENTRBEIREETH O FETHBEROWZRICBWTEZSFHENTH S, f
AEL RECHEHA Y PV Y BV AT A 7 I)VAZRIR EWRET H ORI B
THEMNTHS. Fle, LAY FILAZEE LT, SR Y F)LbZzfiis Tz
prEb TN TH O, UM E I AalaEZailmmig s HOMZHICHENT
W5,

1 ##UH

p AADHEOER STIT-- - 1S A5 3K L—2 Y w RZEH R WADILSDIAR,
KBZDBOT L% o RaD (—RT) #HFR LV S, KT, 1T Of8H H 2
UB&WVS. 2DDAENEMETH S L3, HEHNAZFIC K > T—AZ2MAIc
HRADOEL DKL EEZNS.

> &

EER=SRUE EFR=EEUE
X 1 O H

BAHOHER EZ. FHEAGE UTRICHIC BT 5 E TTOERE A E 7
EDEND. ROEHNISENTNS.
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FE 1.1 (5171 AX—) 2 DO0%HEHOHBIKD . AEEEDH %A H %%
§C L OREEIE. — M ERAD S 1 7 A ZAX—25. F i
FOMHEATAC & > TIRHEIC 53 C & TH 5.

N AN N
P - KX
S \\ AN
2 TATIARARX—E

fAHDOERE, 4 JotZEMNICHEDIAE N g AH R E ., SIOTDEAEIC
LRI NS, #imiEHAEH EE, 4Xota—27 Y v RZEH R NICHDIAENT o
DA C & TH O, HENEZEZE THE O &9 2 DOMmiEHHIZFEETH %
ERZRY. RS, 1 EOrollimigA HZmfEOH & 5. kg  HOSHXICE
WTIE 1 Tk A HDEEZKIC BT 52 T4 T A AZ—ZRICHHIGT 24 (H—
AV [13]) DMFET 5. ([4 22X, )

MOHBERE X, 2D08UTH (G&HH) HEETH 2D (Fkid. 295 THL
M) ZECANICREILIZD, $UH (JHHE) ORL GIEEICDW TGS %7/
T. #MUCHAER (FREBAERELR) OFRRZ OMIENEE LA EH 2 R Tz L
TWV3.

2 HAVEIL

AV EFIV X 5,8, 10] LIFROWEZWT=T 2 FHE « 1 X x X — X ZFO%
BTH5:

(Ql) Ya € X, axa=a,
(Q2) Va,be X,3lce X s.t. cxb=a (c=axb"1),
(Q3) Va,b,ce X, (a*xb)xc= (ax*xc)*(bxc).

Bl 2.1 S ZEEOEGLETS. S OFRD2HEEZ axa=a LERITDENVF
Wic7z%. Tz S FOBBRAY FIbEwS.

Bl 2.2 25 R, =7Z/nZ ODFED 2R axb=2b—a (mod n) LEXRT S LN
YRR S., Tz n OZEEAY FIbEwvS.
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Bl 2.3 G ZREE L. G OFD2IEMEER axb=0b"tab LEHZEIT B EHY KUK
5. Izl G OXEgHY FILEWVS.

Bl 2.4 K ZFECH (HH) £9%. K ORUVBHY FIbEE, K DAV F 47
YR D & D OBARN G H 5 EME TO K OMZEHNDME o DFIORE b E—H
NS5 5EE QK) ={[(D,a)]} THY., HE (D,a)*(D',b) = (D,a-b~"-0D"-b)
ZFD (H3). CHBKTHD GWERORBEG TR LIBE0) 5eaiz
RTHB. T74bb, QK) = QK THHE K & K FHIAM iz R — K
&R K EFAMD TH5D. K 10OHTR-IERHTH L TR -BEGUHIEE Ui
UCHAY RV KRB EEETHZ e 5. LHhL, TNSIEEMETIEARW.

(Do

3: #EOHA Y RV

3 HVFILEaE

D ZHEHFENTAEAHOHERK ET S, H RV X IcXkd D D X-¥EfaL
X, D OFAICHT 2 X OLDEDYTDOT L THb. I LELERIITBNT
FEOZMZT29 (K4 /). Colx(D) %2 D O X-FOEADES LT 5.

b

a a*b

9 |o g

— —1

\ \ 4

4: FSAt
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D' 7% D W5 1EIDTATRAAZ—ERICK>TELNZGENET 5. 2D
& E Colx(D) & Colx (D) DRNCEHHMNFIET 5. DT L XD Colx(D) DI
J£ 4Colx (D) IFEHAHD LR TH B LMNFR 5.

H Y RIVEMEFETCH A Y RIVORNSROBEHRH LD L.

EHE 3.1 [5,8,10] D Z#HH K DEAT TS5 LT 5. fiCHAY RV Q(K) W
5 X NOWERBIRIKRDES & Coly (D) & DN EHFDTFET 5.

4 AVFIVREOY—B

As(X) 2 X DETOhBAEREN, BRI axb=0b"ab(Va,b € X) ZFiDR

L9 %:
As(X)=(a € X |axb=>b""ab(a,b € X)).

CHUTH Y RV X ORBEBELMHENS. Y Z2h Y RV X ONBEREDMER T 2 %4
9%, (XHEGEMR) AV RV X & XSG Y ISHLTROX S ITRERY—
RZEDS.

Co(X)y(n > 0) ZHEA Y x X" OFEIC K> TERES NS HHET—NIVEE Co(X)y =
O(n<0) &95. ERIMNER O, : C,(X)y — C, 1 (X)y ZRTEDS:

On(y, w1, ,2n) = 2?21 {(ywrla e Ti1, Tigl, 5 Tn)
— (Y., Ty K Xy T K Ty Ty, ,xn)}
C.(X)y = {Cp(X)y, 0,} (XEEHEIKRICRS.

D.(X)y &% i€ {l,--- ,n—1} T a; = w1 ZWil2dIC (y, 21, ,1,) €
Y x X® EEREND C\(X)y DEDREE TS, D(X)y = {Dn(X)y,0,} &
C(X)y OFIBHERICIRS. Bl CUX)y = Co(X)y/Dy(X)y 1Txf U THHEAK
CO(X)y = {C9(X)y,0,} BEBNS.

COUX)y Lk > THREBRENI—REAY FIVKEOY—BELS.

A ZHBHAHEELE TS, WIINEE C3(X)y = Hom(CY(X)y, A) &HEFARIE G
o Cg(X)y — C’g“(X)y,(F”(G) =000, IKEX>TAREQIY—HNEELS. iF
LI [1, 2] ZBIRE XK.

5 AYEILaAYAIIVAZEE

D EEAHDOHERKE L, AV RV X & X-HEE Y ICXD (X,Y)-EOEXD
X915 2%: (1) DI X-EmxE52%. (2) D OFHMEIICH LT Y OrixE]
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DUTS. TlZ LSBT 202wz d &9 5 (K4 5).
Colixyy(D) 2 D O (X,Y)-BEEARDEGLTELEE. FATAAX—ZIE
ICK > TIEBENS 2 DDHEKICEHITF 5 N5 DESOMICIETEHFDFET 5.
DIZ (X, Y)ELCHEZENTVWEETS. 0:C2X)y — AZT—X)VEE A
WNEZFFDOA Y RV 2 AV A7)V e g5, BGERICBWVWTY 21 b2 €(y,a,b) T
HZ%. 12120, y, a, b 3RO O DH 5w AICHGZAbNz Y £213 X
DL TH 5 (K 5). cpoy ZRTDREAERTDY 2 A FOMET S, KD multi-set

b

4 57
a S

| b a
—=

Y A 4
+(yaa'ab) - (y7a"b)
5 7 xA b

252 %.
®y(D) ={cipcy € A|C:D D (X,Y)-Ft}

FE 5.1 (1, 2] 04(D) EBHORERTH S,

COREREZAY FIVATA IV IVREE LWV, D DEXTHEAH LICK>T. $p(L)
LBLET.

ffl 5.2 K Z#5FR=EMUH, K ZEFR=FEMHTCHET S (K1), if 3 D
WAH Y RV Ry ICHBIF 52 AV A 7))V e RTHEZ 5.

0: C5 (Ra)r, — Z[3L,0(x,y,2) = (x — y)(y — 2)°=.

TDEZE,
By(K) = {1,...,1,0,...,0},
—— ——
18 9
By(K') = {2....,2,0,...,0).
18 9

WAL, K & K IEFEETENZ Ehnh5.
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K1Y RV aAY A 7 NVAERIIIIEEAEICH U TB RO FIETER S NS, I
YRV 3avA Ve, FEESICBOW T oA MBEES. GELIE L, 2]
ZZRE K)

6 HAYERIVIAVATIVAEELZDIGH

71V R)VaY A 7 IVAEE T —IockEAH H il ig A H OWi R EICRIHE N 5.
C Tk, INETOILHNZZRDONEITS.

o — TSI H DAKADMZE. BT H O =5 SRS R I DRI (cf. [1, 2))
e Amphicheirality ICB9 ZHF7E (f 5.2)

o MR T E AT B9 5 BFSE (1]

o G A H D =HESEDWIZE 6, 15)]

e Triple point cancelling number DHFFE [7]

B RIVATA I INAERIZAMENTESNTAEABICET E2AEETH -, 1Ko
T ETHEITEHEE TSI REREAEICBET 5055 TH 5.

7 AEMIAAIRET TR B DT

K2 RV A T IVAERRZNET SNz (—Xot, #hi) FaEICHS % A4
BTHO., FRCmE M TEe R A H OWFHC B WAL FIHEN TS, L
MU, [mEMNFARRER‘AHICBN TR, COREERAHTSC L3k
B, ZFTT. AV RV RS LWREAEAZERE LT, XA Fbay A
JIVAZLENEAINZ[9]. T, £ TO—Ryckkd H0mhmigsHIc BV TE
HRINEAZETHO., I ATRER %A H OME IR 121 & F) A
N3 (3,9, 11, 12

o (FIEMNITTAEE Fo U3 RATAER) HIEIS 0D = F AR HEL DRI [11] (cf. [14))
o 1 SR AT TS 2 00 = A ORIZE [3, 9, 12]
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KA > RV &3 5542 G ZRf>Tc > IV THB (A BV X &
FE p DT (X, p) ££T). A2 FIVAEREOR;E AR, SR Y RLZz2fioT
WA Y RIVKRER Y =B ERETE 5. THUI—RINICIE > BILREO V—3E
ERFEIHDEDTHS. UL, AV IV X ICHUTH S50 Fb (Y, p) T
ZOREQAY RN T BEOMFEEL, TOMEZHNS T LIk > TH#A
YIS AV RIVat A VAL R EFROANERZEAH T EMARETH . D
F0, WA Y RIVIY A IINVAERIEI Y RVAYA I NVAEEO—RIETH S
CRETTEMNHKS. it T, AV RV A 7IVAZERICK BG4S TH
Ay RVEROWTHRSZEDTH .

SE Xk
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2-E TR 13 & AT HhAR

(2-ADIC ARITHMETIC-GEOMETRIC MEAN AND ELLIPTIC CURVES)

IR AR

FACRAR A BEHA T 7E R
E-mail: sa7m27 @math.tohoku.ac.jp

ABSTRACT. R & 1% Gauss IS k> TR SR I N BIID Z LT, “DDIEDHE
BrRLT2THS72bDEMIT2R/RZ LoD LD, ZOBMELZKEDIRTIHIC
XoTHEoN B OB #IET. Gauss 12 Z DEFNDRIR % i > THEBE LERSI N HE
FEER O R E WX 2 b DDFEIHETE 2 HE2FH R L 72 AR TlE, Gauss DHEED p-hfk
FizE T ML, KO 25K 1T 2 0BG RGP & DBIREBIS L, 2 Jich s
R THIS 2 L 2 MM T 5. AFRIFHACKR AR E G D St F IR & o LFffZET
bH5.

T HIT

AFENZBWTHENT 20781, HALKZZEDO SIRGER & O ILFEFIEICIE DIV T WS, £
FHEAK D Gauss DFEMTEMT IO WTIEI T 5. a,b ZIEDFEEE L, ST
?U {&n}nzo, {bn}nzo %9*(0) J: 3) c:} %WH/J ’%égj‘%

ap == a, by :=

Uil = O+ bn, bpi1 == vV ayb, (> 0).
NS DBINIE RIS T 2. FEFE b>a>0 & L7 EEKn>0I1TKfL,

(1.1)

|an — by
2
DD LD 2 E DB HED® S5, Gauss 13 Z DEINDORIEDS, #1595 T3 R T H
TEROWHEMNBETOMEB IOV TVLLHEEFR LKL 202 Lk, IHER EFEIEN
R o A A DSBS S ] OMRIR 2 TR THNBTEL L) T EZEIRL TV 3
Z 2T (FERE o) FEHEhFR & 1%, TR

E:y=z(x—1)(z—p®) pe(,1)CR (1.2)

Lk TEESINZHBTH 2. ML E © C LoFHEE k% BE(C) LEHL L, E(C)
IEHEEBEDIAD, S 612H % w, € iR, wy € RVFLEL T, Abel B & L TOHAY

ap, S Ap+1 S bn+1 S bny |an+1 - bn+1| S

Gauss (L L= 27—} Eﬂa,i 72 = cos0) DRI 2R 2 RIS 25 OMRZ v 72 2 O
HROR S 1= 2 [ (1 — 2% Y2dz THA 5N 3%, S OB E W THHET 2 B8 TE L,

L#LGw%iwﬂ#lkxf X 2 EMFMPPEFIOMRIR & — T 5 2 L ZGEH L 72D 72> 7 ([1)).
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DD DT EDHSNT VS, 2D w,w, ZFEHENE E O LS. X C %
FEZEDTWVED, W CDIETE—DE-TL %L, ZIUTRIGT MM E £ 5.
e, %2 F 2 HITEMEI 2R 2 L CIEFICEELRERETHL EE52 5. — AT
FEF AR O FIIRE MRS 2 T TR I L5 7o, FIERBEZ W Cldidib 35 2 L3 TE
72\, L2 L Gauss DfERZH W2 L, 22D I

271 2
cnt — 1.4
ML) 7 ML= 2) (14
EFIT B, 22T M(a,b) 1da, bl & 2EMERMPPIFIOMR 2K . 2D X 9 IEHICE
2 INBI (1.1) DSFEHEERRE & FEFITER D LT 2 gl & 5510 (1.1) 232 9
L 72 BIR 2 R OB 2 B 1 RISIER 2 FHIHK 5 B By = F % (1.2) TEH
L7ebDE L, B {pin}nso ZRD K ) ITEFET 5
_ _ Hnt1
R R S e N (L.5)
ZAUE 1 & p ERIE I R B A S o s - Tk ch B F KT S >0
W LR R B, %

wp =

B,y = (e —1)(x — ) (1.6)
LERT S, 0L EROEMIBROM O G SEIET -

(x4 pn)? y(@® — p2)

A 8(\/m)32? )
DX ) ITH I R FEFH MR 0 5153, B2 - TRINLIDTH 5. Z
DFIF L BTRMPEE N O PCEYE %2 5 SRR £ OMIHZ TR 251 TELDT
H5.

ITC, 22 F TIFERIAR EOFEMRMEY ERFHERIC O W TR T E 7208, AT, p-
MR EIZBWT HRFIZ p = 2 DEEICE WO B MRS ED X 9 Ik o>
WTWEDPEIRTIL T E 72\,

(1.7)

gn:EnHEn—l—la (Iay) = (

2. p-iEfE LR & AR

pFEHE L, K % p-ift ik Q, DFRKIEAME, v 2 K LONEMNE L T 5. Kot
Z T p- iR TONFHROMD 2 ED 5.

Lemma 2.1. ¢ € K 235fF
p=20tZv(¢-1)>v8), pPARBDLEZFv(E—-1)>0 (%)

Zi7zTETSH CDEEM—DD e KBHIEL T, n? = DD n 356 () 272 7.
EWTRL,VE=n LERT 5.

ZEM MR OB DER ¢« E — F DBEEHEZHEOEHD & %, ¢ ZFAMEEHR E VW, B & E IZABETH
RN
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Definition 2.2. a,b € K IR L, a/b 35 (x) 2Wi7e T §5. ZDEE K LOES
{an}nzo, {bn}nZO %HH\O) J: 3) K‘)”r?i’%l’ﬂﬁ"ﬂiﬁ%j—%
ap == a, bo:=0b
Ay, + bn G

9 ) bn+1 = bn b_

n

X CPABIEHETED BN I b D LTS, ZOLH I L TERINLEI% p-
EEFIMTAT I 51 &P,

Apt1 =

BB’ET T an /by, WFM () ZHi7Z L T2 2 ED S, ZDEFEIE well-defined TH 5. F
7o, TOERIZ 1.1 D p-EFHRLITH 2 EF A 5. PURICB L TIRDENFE Z 5.

Proposition 2.3. p-iERMSMEY T {a, } 50, {00 )0 D3E—FRERICIH T 2 2 D arBi+-57
Mg,

v((ao/bo) = 1) >0 (p>2)

v((ao/bo) —1) >v(8) (p=2).

TH 2 (ZDEMIEp 232 THEHEITD v((ao/bo) — 1) > v(8) £V} 2). pEEIffissfi
SEFIDMRT 2 6, % DRIREZ M, (a,b) & 7.

COMBICBWTEHTREZ LiE, p=2D L FIZE D, ICR L %\ p- R M1
IeBETLHNTEDL L) T ETH D WIIMEDSEM v(ag/bp — 1) = v(8) Z W7z F).
ARGO—FD AWML, T DI L 72\ 2 ERAHEETE S & MR & OBIG 2 < T
CHFICHB. 22 TEHTICRL 2 HERECTE W T INHT 2 pE sy
EFEMFROBERICOWT AT FHIZTT 5.

a,b € K 1Zv((a/b) —1) > v(8) Zii7=9 & § %. Proposition 2.3 X U, a,b Z FIYMEICFF
DRI {an }ozo, {bn im0 IR M, (a,0) QRS 2. £/ K EERS I
&k B, %

Ey:y? = x(r —1)(x — (a/b)Q)
LEFRT A DL X FEy 3 K FREENEIGZ FoN

Theorem 2.4 (Tate[7]). K LD £ D FERGRILZ RO L Z, H 5 g € K (v(q) > 0)
DIEFE L C, Gal(K /K- [F Y
¢o: B(K) = K*/q" 2.1)
DY LD, 2 TK 1F K ORBIPAETH D, % = {¢"In€ Z} TH 5.
3Henniart-Mestre 12 X > T [3] KBV TER I N,
YEMRRO TDRIG, L3 HCE ) ERAK ETZ oA RS Z L THhB. K oMM E b TR
IR A RO, L, K OBAKTF LRz E SRR b OFEIET. 5 K OFAKEF LT3

L, Ey % F ETRZIER Eo 13, a,b DEEDS F EOARR 2 = 2(z — 1)2 TEHES NS, 23U (1,0) 1
Kz fio i cdh 5.
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Z D Tate DEMIL, §1 THAZELEE LB T 2FEHEEROMHE (1.3) D p-EFHLTH
LEEZ2%. RCHTHL XHIE, ZOEHE - T p-t BT M LY &M B, ©
Hodge-Tate A £ FEIZIL % & DMFER DT 51 5.

FRZIBRZANN L DL 5 DM Z T 5. O % B, OFFEREICEB T 2100 L,

Eo[p"|(K) :== {P e Ey(K)|p"P =0} ZL/p"LxL[p"L
T,(Eo) := lim Eo[p"|(K) =2y X Zp

LB FLT,(E) DEED—D ep, € T)(Ey) ZXTERTS: &n>0I1XWNL e, €
{re K : 2" =1} ZRD X I IIFHINICERT %:

p
eo=1,a1#1, 6,1 =¢cn.

ZZTe = (en)ns0 € Ty(K*/®) TR L, eg, == ¢o.(e) ELTEHET S (ZIT gy, :
T,(K/q%) — Ty(Eo) 1 (2.1) DEAR ¢ D5HET 55T H %).

Theorem 2.5 ([4]). Ey,ep, 2 LMY & L, w = dz/y € H(Ey, Q) % Ey DAZEMSY
BT 2. 7 )
(,): T,(Eo) x H(Ey,Qp,) — K(1) (2.2)

% Fontaine 23 2] ICEBWVWTRER L X7 v 7 LT 5 (7721 K( ) IE K O 5o —n|
Tate &) £ 9 2%). DL X

w

Mp((l/b, 1)
DR EDERIRERLT 20U o = (e, dt/t) FREHA X —LORM LT 2.

w i, EEB 2mi O p-EEME L AN HDTH S, koT A4 LIHKTZE, ZDOFE
PRI FEBUAR OB O E RN D p- P2 52 T3 E 52 % GEHAEDIZEA
ERILTH 2). BB oBlfED & 22 pERMR I X 2 EZFHM E 0B E 5 2
22 EIFTET LR,

<€E07W> =

3. 2-iEfk B BEE

C DHEITIE 2- R T EAFMTHIFBIC O W TES T 5. Zofizil L TR K
13 2-EBUA Qo DERIKIEKE, v 2 K EONENE, K ORIRETF O Fy EOISAXE %
d&d%.a,be KD v((a/b) —1) =v(8) Ziii7=$ & Z, Proposition 2.3 12 X D, a,b Z 4
fl1z b 2 2-MERMTET 951 {a, } 0, {bn )50 FIER L 2V, 22T OEINDOHD %5 T
B {0 2 5. Tbb

(41 Mn"’l
=a/b il = = 3.1
po = afb g =g = G-b

EELEFLEn > 0N L K LM E, %
E,:y*=a(r —1)(x — pp)
LERT L. ERFHREXOMY TH S,
Theorem 3.1 ([4]). fl%5 % FARDMD £ §2. ZOEEKEH0<i<d,n>0ICHLT,
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1. FEMHR B, & K ERWIEFERTZ {20,
2. 535 {tgn i ynso 13 K\ 0,1} WICIR T 5.
3. = lm prgnes EB L. ZDESHEMMERE! - y? = 2(x — Dz — p)) 13, B, O

TG B OFEMEINF S LIF &7 5.

Remark 3.2. EEHEERE 1T L 1X, KD Serre-Tate DEFRIC k> CEZE I N A MR T
H5.

Theorem 3.3 (Serre-Tate[5]). p K E L, F % Q, LD dRAFWHLKRIAEE T Z. 2Dk
& F ORREKF,0 LERSNALEOMEERIIG E o L, RoFt2iii7$ F LE
FINMEHINR BT 25 F-AE DA %2R EWE—DFET 5:

() B' O3t E E 3 Fe ERBTH D,

(2) End(E) = End(E") 235 h 17.7.
E' % E OFHERFSL EiF & v,

Remark 3.4. 1. HRAE EOBEMIE £ ot BiFIC X > T s Mo H S HER
BBHE, E LA EDEAEnd(E) & D b/IE A%, 24U End(EB) IS I3RS TR O
IZ, p-%& Frobenius G4 : () — (27, y?") &\ ) Fifk7a A CMERBDS G £ N TWT, 2D
BRI IERF D EDY5 72\, Z 48 Serre-Tate 12 X #U1Z, p-%& Frobenius 54 205R 6 F
35 X9 % EDRb FIFs, WO EZBRATLHE—=2FET 5D TH 5.

2. Serre-Tate (2 & 0, BEERUR:  LIF1E Qo EOARGGIHE KA ETERZ LS. fE> T Theo-
rem 3.1 D pl 13 K OHD Qy EADWALKMAE (F £ B DItE %5, & ul 13 Gal(F/Qy)
DEFIGICE DV ED &I BRICH S,

3. Theorem 3.1 DE K 73 Qy FARKATUEL KD & & 13 Gaudry, Mestre, Satoh 2512 X D
KA % 2 EPRBE Tz ([6] ).

ZDOFiDE ) T, 2-EFEMAA G H & BHERNRR D BT ED X ) RBERE R o TW S
D%, Theorem 3.1 D 1 L2 2B 7= E TR L TWE -\,

Lemma 3.5. S05 3 TXNCEB 3.1 LML T2, £4FE, 2 E, DEIGET S (DFED E,
X F L@ RS ).
(1) % n >0l B,y 1& E, © Frobenius iz b EP (B, DEH SO K RE% 2
FLAHD) EF EFAME LS.
) Eniy £ EQ % 1) OFMIZ X D FE—BT 2 &, ROKRIE T L 722

redl O i red (3.2)

YK FolgMlift E 23 TRWGEREILZE> ) i3, E OBRIC E EAERF EoBRE2 B2 0E2IET
(Thbb EIZF EEMIRE 2 %), S5iczhds Tl Th s L, Ep|(F) = 2/pZ & % 5 5% EERT
3.
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HL K,Flgzhzh K,F OREEATLTH D, g, 13 (1.7) LFRICL TEEI NS
K LoFAEEHRTH 5. £ 7MADHMEDOGHRIZETLGER, TOMOEHIZ 2 FEH
(Frob. : (z,y) — (22,4?)) TH 5.

L Fn >0 LT E, AT FEZINTOT, ESICFIFFy FOIEKRED d D
GIRAETZ 57D T,
E®) = B,
RO, TNZEEFE 2T, ZEHFSITOVTHA 3.2) 24K T 3 2 & cRon[#a %
5%

Ey(K) — Ei(K) e By (K) —= Ey(K) — - -

(
l l l i
(

Ey(F) ——= B (F) —= == By V() —= Ey(F) —

MR TFOEBROEGRIC L >THONS B, Lo HCCHEREIAS 2-% Frobenius H ORI
%o TS, 5, BO {ftansi tnso DINKZ D 2 &, Lemma 3.5 1% y; % p) EWDHRZTH
WAL L, > T RO KRS p 2 p] EWMDBEATOHET 2. £y =pl TH 3
5, El=E] #1553 . Dz Fins L, ROWMKADE o - HFick 3.

Ey(K) — B{(K) By (K) — E}(K)

l l l l

Ey(F) — EP(F) — --- — B (F) — Eo(F).

1> TKAD T D Ey D 2-% Frobenius H CHERM2S, E) 0 B CHERANZFF S 143D, The-
orem 3.3 725 E) 13 Ey ® EHERFE L B &k 3.

4. 2-{ER EOREMHIFRD j-NERDINL T %R

R 2R HE R S 7B MR O [AEVH O, 2 ERM 951 258 L T A 7 25H)
WZOWTHEBT 5. ZOfiTHoNSH 5D NFRIX, Theorem 3.1 25Q, EDEEDH
BRKIERRICBE O TIRALT 2H0 600 5BRTH 5.

FIZADHNS, FTHEMHRORBEZED % j-ALREEERT . k2 EE0 DRI
PR L 3 2. k LOEREOREMEKR B L, 2 X € k\{0,1} 23FA(E L T, B I3FEM R

Ey:y? =a(x—1)(z — \)

Ek EREBNCR S Z EHIonTWS,. S EzonEHlif EIcNL E~ B, 5%
Nek®zED,
(A2 =X+1)3
AZ(\ —1)2
EBL.ZDEE jIIROEHS LRIGE S Z
g {k LorEHEhER /R — k.

Definition 4.1. FEMHH E IS L, j(E) % ED j-AERES .

J(E) =28 €k
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K % Qy DARXIEKE, v 2 K LOMEME, F %2 K LofgHiifte 5. £7,
peKDo(p—1)>v8) Zmi7d &, B {u,}nso Z 31 DXIITEET S (3.1) T
a=pb=1¢t L TEHRINDI)). K LOBHAMBIIRD 3OO0 EIREIND.

Case 1.

Case 2.

Case 3.

EDN K ECRENRILZR DL E, v(p—1) > v8) 27T pe K BMFEL T
EXEe ks Z2TIDpllNLUTHEI {u}nso 2 & 5. 2D & E 2-iE Bl
A2 5 3Tl —HRFR IR % 72 8D, B {1 }oso 13 TIZINEK T 5. 65T B2
D j-AEER j(E,2) DIHMEIR —oo ICFEHT 5.

EDPK ETCROGEESETLEROETE. Z0EEv(u—1)=v8) it pec K
DEAEL T EYEe E5. 2O pllx LEI {pn oo & & % &, Theorem 3.1 |2
£ DB { i b0 FZFRBINCIER T 2 2 3002 5. HIC j(E,2) FFEEERNR S L
\F D jAZEREI IR T 5.

EP K ETERREIZFOE TS (0F) EPK ERWEILZRS, & 61050
EWp-50mziilne). 20X 0<o(u—1) <v(®) £iFop) =v(p—1) =0
AT pe KWHEL T EXE, 5. 205G u OV IIROGHERN 2 E D
TSR L s\ 728, 2 R 1 2 B A 1) 2 2 &3k Z0s. BBPE T
FHROEODT ZHEET 5 2 & TEIN {1t }nso 2 3.1) DX ) ITHENITERT 5 &,
I {ftn}nzo B £ O (B2 ) b I L 0B5, {0(j (B2 ) baso 12 0 1CUGHT 2.

AR, RO RIS Z j-ALR 20 LT

PYK) DR E R L 72D Bl o1 % HEAl
L72bDTH B (FRORHAIDSTMR I X 5
GAERDOER 2R LT 3). T 2 TR M 0o
R ERARAR & B L Tw b E L TWw T, ordinary
DOHF DL/, [F U oz Ko RgFHihft o [H 8
BHOEAGEZERLTVS (KXixd=1,2,3D0%
RLT02). K26 b0 5 k9, 2K Lo
MR D A2, 2- B %A I X -
Th DD NI F % ED T, FERE S, KO
EERGES B B 0 j- AR RIS R o & +:Canonical = |

PY(K) = 7% S| Multiplicative

Supersingular

Lift

IR D> TV 5,
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Rigorous numerics for semilinear parabolic PDEs via the
Conley-Rybakowski index

Kaname Matsue *

Abstract

We show an idea to prove the existence of steady-state solutions for differential equa-
tions defined on bounded domains with several boundary conditions by using the Conley-
Rybakowski index. As an application, we prove the existence of some type of solutions for
parabolic PDEs with rigorous numerics.

1 From differential equations to dynamics

In this section, we review the basic approach to generate the dynamics.

Definition 1.1. A local dynamical system (or local semidynamical system) on a complete topolog-
ical space X is a map 7 such that

e 7: D — X is a continuous mapping, D being an open subset of RT x X. (We write 7t for
w(t,x).)

e For every x € X there is an w,, 0 < w, < 0o, such that (¢,2) € D if and only if 0 < ¢ < w,,.
o x10 =z forz € X.
o If (t,z) € D and (s,znt) € D, then (t+ s,x) € D and zn(t + s) = (znt)7s.

Remark 1.2. If w, = oo for all € X, then 7 is called a (global) semiflow on X.

Here we consider the following differential equation:

{ag;:_Awf(t,u) ’ (1)

U(t()) = Up

where A is a linear operator (possibly depending on a differential operator d/0z, and so on) on
a Banach space X and f is a function defined on an open subset U in a suitable Banach space.
Such a problem with a condition u(ty) = wug is called an initial value problem of the evolutionary
equation. ODEs or PDEs are considered as kinds of evolutionary equations. When we consider the
above problem, the first step is to consider the following property:

e The existence of solutions (locally on time variable t).
e The uniqueness of solutions (depending on the initial value ug)
e The continuously dependence of solutions on initial value and variables (¢,...).

e The regularity (= smoothness) of solutions.

*Department of Mathematics, Kyoto University, Kyoto 606-8502, Japan (k-matsue@math.kyoto-u.ac.jp).
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If all the above properties are satisfied, we say the initial value problem (1) is locally well-posed.
If the initial value problem is locally well-posed, we can define the local semiflow on a suitable
Banach space. In fact, we define a map 7' : R>g — Y (as long as this can be defined) as

T(t)ug := u(t).

Then T'(t) defines a local semiflow by the locally well-posedness. In that case, we say that the
evolutionary equation (1) generates a local semiflow.

There are several cases that the initial value problem may be solved backward in time. In that
case, we call such a semiflow a flow or a dynamical system. In other words, a flow on a complete
metric space X is the group action of the Lie group R with addition “+” to X.

An approach to understand the dynamical system is to study sets of solutions which exist
globally in R and are bounded. Such sets are called invariant sets. In this paper, we show an idea
to study global solutions of PDEs as an invariant set of dynamics by topological tools and rigorous
numerics.

Throughout this paper, we consider the dynamics generated by the following equation:

{utZ—AuﬂLf(UL (t,2) €0,T) x I, (2)

u(t,z) =0, (t,z) € [0,T) x OI,

where Au := —u,,., D(A) = H?(I) N H}(I), I C R is a compact interval. Our method can
be extended when A is strongly elliptic, more general, “sectorial’ (see [5]) and A has compact
resolvent.

2 Decomposition of dynamics

Here we restrict the above problem adding the following assumptions.

Assumption 2.1. [//

Such an assumption corresponds to the dissipativeness of the system. Moreover, solutions of steady-
state problem corresponding to (2) have the appropriate reqularity. Namely, the property f € H™(I)
implies that uw € H**™(I) for some integer m.

These assumptions are essential to our verification. The first step of our verification is to divide
the above problem into finite dimensional and infinite dimensional ones, that is,

{;@(Phu) = Py (tgs + f(1))
%((Ioc — Pp)u) = (1o — Pr)(uza + f(u))

where P, is the orthogonal projection onto a finite dimensional subspace X} of an appropriate
subspace X (= D(A®), the fractional power space of X, 0 < o < 1) of X = L?(I) and I, is the
identity on X“. We have to choose the above space X and the projection P}, so that the above
decomposition is valid not only for theorical aspect of dynamical systems but also numerical aspect
of solving differential equations. Here we would like to choose X = H{(I) in order to apply finite
element method.

(4)

Definition 2.2. We say a (semi)dynamics m on X is gradient-like if there exists a continuous
function V : X — R such that ‘fi—‘t/(xwt) lt=o< 0 for € X unless x is an equilibrium, that is,
zmt = x for all t € R.

Theorem 2.3. [3][4][5] (2) generates a gradient-like global semifiow (we define later) on H(I) =
X2 Moreover, f(u) € H}(I) and ug, € L*(0,T, H}(I)).

Remark 2.4. The above theorem implies that, if Py is the orthogonal projection onto the finite-
element subspace X, of H}(I), the decomposition (4) “in HE(I)” is valid.
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3 The main idea

We have decomposed the original system into the finite dimensional (main) term and the infinite
dimensional (tail) term in H}(I):

(5)

%((Ia — Ph)’u,) = (Ia - Ph)(uma: + f(u)>

Here we explain our strategy briefly.

1. In general, we can calculate finitely many times on the computer. Therefore we would like to
make a mathematical assumption to the tail term which we can compute directly in order to
obtain results for original systems from those for the finite dimensional approximation. Of
course, such an assumption depends on mathematical tools we use. Here we use the Conley-
type index defined in the next section. In general, many types of fixed point theorems are
suitable for rigorous numerics.

2. We study the main (approximated) term directly to obtain what we desire.

3. We combine appropriate results in the main term and the tail term. The result we have
obtained is the rigorous result in our original problem.

4. Throughout our computations, we use rigorous numerics to obtain mathematically rigorous
results.

4 The Conley-Rybakowski index ([8])

In this section, we review a topological concept we shall use, the Conley index. This is the
algebraic-topological invariant which is defined for invariant sets with special property, called
isolated invariant sets. Let m be a local semiflow on a topological space X.

Let J C R be an interval and o : J — X be a mapping. o is called a solution (of ) if for all
te J,seR" for which t+ s € J, it follows that o(t)ms is defined and o(t)7s = o(t+s). If 0 € J
and o(0) = z then we may say o is a solution through z. If 7 = R, then o is called a global (or
full) solution.

Definition 4.1. Let Y be a subset of X. We define the invariant part of Y as
Inv(Y) := {# € X | 3a solution o : (—o0,w,] — X through = with o(—o0,w,] C Y}.

This set is the maximal invariant set contained in Y.

Definition 4.2. If K is a closed invariant set and there is a neighborhood U of K such that K is
the largest invariant set in U, then K is called an isolated invariant set. On the other hand, if N
is a closed subset of X and N is a neighborhood of K = Inv(N), i.e., if the largest invariant set in
N is actually contained in the interior of N, then N is called an isolating neighborhood of K.

To define the Conley-type index, we define an isolating neighborhood with the property that
the flow is transversal to boundaries.

Definition 4.3. Let NV be an isolating neighborhood.

e z € ON is called an exit point (x € N1) if there are ¢, > 0 and a solution o through x such
that 7t ¢ N and o(—t) € ON for t € (0, ¢,).

e z € ON is called an entrance point (x € N*) if there are ¢, > 0 and a solution o through x
such that o(—t) € N and z7t € int(N) for t € (0,€y).

e N is called an isolating block if N = N+ U N* holds and if N1 is closed in ON.
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Remark 4.4. If N is an isolating block for K, then the pair (N, NT) is regarded as the special
case of index pairs in N. We will not show the general definition of index pairs. For more details,
see [8].

The Conley index was originally introduced by Conley ([2]) to study the dynamics of ODEFs.
In case of ODEs, the index is defined for a compact isolated invariant set S such that all solutions
in S exist globally. Rybakowski extended Conley’s original theory ([8]) in order to be applied to
many problems for infinite dimensional dynamics. He has succeeded to extend the index theory for
isolated invariant sets which has the same property as finite dimensional cases, that is, for compact
ones such that all solutions in them exist globally. We shall say such a property strongly admissible
(This property is defined for arbitrary closed sets).

Definition 4.5. Let K be an isolated w-invariant set with strongly m-admissible isolating neigh-
borhood N. Then the Conley-Rybakowski (CR) index is defined by

CH.(K,7) := H.(N1/Na, [N2]),

where (N1, N2) is an index pair of K in N.

Theorem 4.6. Let K be an isolated m-invariant set. If K = (), then CH.(K,7) = 0. As a
consequence, if CH,(K,m) # 0, then K # 0. In particular, if w is gradient-like and CH, (K, ) # 0,
then K contains a fixed point.

Theorem 4.7. Let S and Sy be mutually disjoint isolated invariant sets for a semiflow w. Then

CH*(Sl U Sz,ﬂ') = OH*(Sl,ﬂ') D CH*(SQ,TF).

5 The verification method

The idea is based on the “lifting” of the problem in finite dimensions to that in infinite dimensions
originally by [7] and [9].

Let X = L%(I) and 7 be the local semiflow generated by (2), X, be a finite dimensional
subspace of X2 = H&(I), P, : X2 5 X1/2 be the projection onto X, N = Ny X Ny be a
bounded closed set in X/2 such that Ny € Xj, = P,X'/2 and that Ny C (I1)2 — P)XY2 In
applications, we can choose X}, as a finite element subspace. Also let 7 ,, be the local semiflow
generated by the following equation:

Uy = PhF(u) = PhF(ul,Ug), u; € Nj.

In this case, we realize uy as a parameter variable. To be simplified we restrict the figure of Ns as
follows:
No={q € (Iijs = P) X" | llqll sy < M}

for some M > 0.

Theorem 5.1. We assume

d
%H(Il/g = Pp)ullgy <0 foru€ N such that ||(I1/2 — Pp)ull gy = M. (6)
(a) If I C Ny is an isolating neighborhood for mi y, for all ug € Na, then so is I x Ny C N for m.

(b) If (I1,I2) is an index pair (in N1) for w1, for all ug € No, then so is (fl, fg) := (I3 X Ng, I3 x
Ns) (in N ) for «.

(c¢) The CR-index of Inv(N) for m coincides that of Inv(Ny) for m 4, for all ug € Nj.

The above theorem enables us to compute infinite dimensional objects from those of finite-
dimensional projections automatically.
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Theorem 5.2. If there exists an isolating block By C Ny for m1 4,, us € Na, such that

CH,.(Inv(B), T u,) # 0
condition (6)

(7)

holds for all ug € Na, then there exists a global solution of (2) in N. FEspecially, there exists a
steady-state solution of (2) in N (because our semiflow is gradient-like).

Remark 5.3. In our problem, we can write the entrance condition (6) explicitly. Namely, (6)
holds if the following inequality holds:

Ch sup (I12 = Pn)f(w)llz2 < M,
ue

where C' > 0 is the constant which depends on the finite dimensional subspace Xy and h > 0 is the
grid size.

Now we represent a basic idea to construct an isolating block B;. The main idea is to transform
the original system to a perturbed diagonalized system around the approximation uj. A solution
u of the boundary value problem

ut_uzx:f(u)
u=20 on 01

also satisfies the following:

(ug, ) = —(uz, ) + (f(u), @), Vo € H(%(I)

Here we consider the finite dimensional projection of this problem:

(ut; on) = =(ua, (Pn)2) + (f(w), ), Yeon € Xn.

If we set w := u — up, w must satisfy

(’U)t, Qah) = —(’U}w, (‘Ph)m) + (f(u) - f(Uh), @h)a VSOh € Xp.-

We rewrite the right hand side to the product of a matrix and a vector:

(Phw)t, on) = =((Phw)a,s (on)x) + (Pu(f(uw) = f(un)), on)
= —(>_wi;, o) + (Pu(Df (un)w + e(w)), ¢n)
=1

- OWy + (e1(w), . en(w))T,
where w = Y7 wip; + (I — Py)w, n = dim X),, w; € R, X}, = span{p1, ..., on},
G = [Gijlij = [~ (95, @) + (Pu(XC =y Df (un)ispr)s ©5)i
Wi = (w1,...,w,)" and (e1(w), ..., en(w)) = ((Pae(w), @1), .- ., (Pae(w), ¢n)).

Next we rewrite the left hand side in the same way as the right hand side:

((wn)e, on) = (Z WiPi, Pn)

n n n T
= (Z(@i&l)me(%,sﬁQ)wu--wZ(%,%)wi)

i=1 i=1 i=1
P11 P22 - Pni wy
Y12 P22 ... Pp2 w2
Cpl,n @Z,n oo Qpn,n wn

=: W},
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where (-)7 is the transpose of a vector or matrix and ¢; ; = (¢, ¢;). Therefore we obtain the finite
dimensional linear system

Wy, = GW + (eq,...,en)T.

If ® is nonsingular, we obtain W, = &' (GWh + (e1(w), ..., (w))T). Diagonalizing ®~'G
by a matrix @}, we obtain the following perturbed diagonalized system:

Yh = AYh + Qil@il(el(w)a ) en(w))T7
yi :)\Zyz+€l(g)7 1= 1,--.,7’7/,

where A = diag(\1, ..., A,) and & (7) is the i-th entry in an interval vector Q1@ (1 (w), . . ., €, (w))T.
We remark that we can write the above system in the similar way if A has complex eigenvalues.

Suppose that the error term &;(§) has a bound [§;,d;]. Then g; must satisfy the following
relation:

8, , 5
i (yi+>\i> <P < N (yri-)\i)-

dim X, (7,
19

Here we set the candidate of our isolating block By is as By := || by

- +
Wi(k) = [_%7 _)\Li , if Ay >0, (8)
W = [_5%7_‘;} . if A < 0.

Bl~ is the candidate of our isolating block around 0 corresponding wuy. Finally, we set By :=
QDB; +{up} and if By C Ny holds, then Bj is what we have desired. To compute the Conley index,
what we have to do is just to count the number of \; with positive real parts.

6 Globally time-dependent solutions

Finally we show an idea to prove the existence of globally time-dependent solutions. Let 7 be a
semiflow on a Banach space X. Suppose that we have already known the following result:

e There exists mutually disjoint isolated invariant sets SOi and S such that

Z n=0
0 n#0’

Z n=1

CH,(S§) = CH,(Sy) = { 0 n#1"

CH,(S1) = {

These information are essential for our approach.
Next, we also assume that we have obtained an isolating neighborhood N which contains SOi

and S1, such that
Z n=0
0 n#0’

Theorem 6.1. Under the above assumptions, we have a Morse decomposition {S(T,SO_,R} of
Inv(N) (i.e. the decomposition such that the semiflow in Inv(N) is gradient-like off the union
S{uUSy UR). R contains Sy and its index is

CH,, (Inv(N))

1%

Then we know the following result.

Z n=1

As a consequence, there exist connecting orbits from R to S(T and Sy . If ™ is a semiflow generated
by a PDE, such orbits correspond to globally time-dependent solutions of the PDE.

The proof of this theorem is based on the homotopy and homology theory and the sum formula
of the Conley-Rybakowski index. In particular, we do not use rigorous numerical result in the
proof. We use rigorous numerics here to check all our assumptions.
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A Interval Arithmetic

Here we show an idea of rigorous numerics, interval arithmetic. Let [a,b] and [c, d] are intervals in
R. Then the basic interval arithmetic o is defined as follows:

Definition A.1.
[a,b] o [e,d] :={zoy |z € [a,b],y € [c,d]},

where o € {+,—, %, /}.

In practice, we use the following formula and hence we need finite many times of calculations.
Proposition A.2. The following equations hold.

e [a,b]+[c,d] =[a+c,b+d].

e [a,b] —[c,d] =[a—d,b—(].

e [a,b] x[c,d] = [A, B], where A = min{ac, ad, bc,bd}, B = max{ac, ad, bc, bd}.

e [a,b]/[c,d] = [a,b] * [é,%], 0 ¢ [c,d.

We remark that the above relations hold just in the mathematical sense. When we calculate
on the computer, we have to deal with the floating numbers F. For example, we assume that
we want to calculate the value of 7. We cannot calculate the exact value of m on the computer
because 7 is irrational and all computers have finite many memories. Therefore, if we calculate the
value of m = 3.14159265358979323846 . .., computers should return the value 3.141592653589793
or 3.1415926535897934 (in double precision).

Such a fact induces the rounding error.

Definition A.3. Let a € R be an arbitrary real number. We define the floating number Aa as
Aa:=min{b |beF,b>a}.

Such a number is called the round upward of a. Similarly, we define the floating number Va as
Va :=max{b|beF,b<a}.

Such a number is called the rounding downward of a. An error between a and Aa or Va is called
the rounding error of a in general.

Remark A.4. There are another type of roundings, but we will not show here. Moreover, such
roundings depend on the standard of floating numbers.

In many applications, we usually use the interval arithmetic for [Va, Ab], the rounding of an
interval [a,b] C R, instead of [a,b] on the computer.

Next, we show an example of another type of errors, the truncation error. We assume that we
want to calculate the exact value of the following sum:

S:ian, an € R.

n=1

We cannot compute the exact value of the above sum on the computer unless we know a mathe-
matical formula and use it to compute the sum. In general, we just compute the approximation of

the sum, for example,
M

S ::Zan, ap, € R, M €N.

n=1
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Therefore there is an error err(M) = Y. | an between S and Sp;. Such an error is called

the truncation error. However, we can easily estimated such an error by mathematical theory and
interval arithmetics. For example, we make an additional assumption:

1

an € [=—, —] forn > M.
n?’'n

Then we can obtain the bound of err(M) by the following integration:

and hence

Finally we obtain the following bound of S.

M

1

S:Zan:SM—Ferr(M) C Za""'ﬂ'[_l’l]'
neN n=1

We have obtained an idea of rigorous numerics. When we study problems on computers rigor-
ously, we use the idea of self-validation, namely, the interval arithmetic taking the above roundings
and bounds of truncation errors into account.

We end this section introducing the library for interval arithmetic which the author have used.

e CAPD. Thisis a C++ library for studying the dynamical systems (made mainly by P.Pilarczyk,
T.Kapela, D.Wilczak, P.Zgliczy1iski and other researchers in Jagiellonian University, Poland),
like Poincaré maps, computation of time-t maps for ODEs, h-sets and so on. The author
uses this library whole his computations. See [1] for details.
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BRAT7IVDE 1 b IUN)L MREDOEE) L BERIROEEICDWNT

KRB —F (AR AEREER 2 2 AT ¢ 7a—h)

1. lFT®IC

AEEGmIE, 5 A D NIARBUTEXZ BRMICiE S &0 S @D B34 LI 2RIAR
TH-> T, HRTEHAEGEmmRBEEM Y, R aGh, HBEnk L &mERICEE Uk,
JFFICKREREA T L B> TV 5. REESHA LOSRDRARORMEIE, g
R RN ORMAEEEZNERICKM L, R (A,m) OEE, Z2icadEn5
m-HELE AT 7IVCET % BILN)U N EERDO RTREME 2 E)), SEAEE MY, BEEREER®
Rees fRBOBRMHEIC KX O I N, #HEIENS. REEOHNE, b h o
2RI, 5ABNERAERNICE DX 5 7% m-HERA T 7 VDV EHICE F
NTWBED 2T LA D, RRT Eb bR RADO G2 EHT 58D TH 5.

DUF, A7 (A[#47%) Noether RFERE L, ZOMAA T 7 )V Em EXLIUTZ d =
dimA > 0&9%. BANDO m-AEZEA T 7 )V 1T UT, BBE el (A)}ocicad 7o BFE
U, TOREVEL > 0ICH LT, A7 7IVIDe)bN)L MEE (AT DY

s =g ("5 ) e (T s ot
EVIHIEDZHATERDENS T ENKSHONTNAS., HLU, la(x) & AFE LT
DEIZERT. Iz, AT 7IVITDe)VN)L SZHEAK LT, #fRfel(A) bz A
TT7IVIDF i €))L MEEEMER. RS, SEHEHEORE O (A) (> 0) AT 7V I D
HELELMINS. 2O )LN)L MEREOZEENCIE, 1T 7V I OREEDH 7R 53R
RAOKMIEENZD BRIIKMENTNSR EEZENS.

TERED V)V S EEDOIFZEE D. Hilbert ORZERGROMIUCE THZ D,
FTERD & )L )L S EELDOBFSEE P. Samuel % A. Grothendieck IZ & > T 1950 FXE T
WIS EEEFER DV S 1, D%, D. Northcott, S. Abhyankar, E. Matlis, J. Sally 7z
BIZKD, blow-up REDERRLERTZE E DRD D ORI TEHROWIFZEN Th N .

AHEDHMIE, Noether RFTIRMNDEZRA 77 )VZ2EO L, ZDOEIL)U HEEL
DOEFH S HMEIROMIE 20T 5 LICHB.

ARHEDNRIE, L. Ghezzi, S. Goto, J. Hong, T. T. Phuong, W. V. Vasconcelos & D F:[a]fff 7%
[GhGHOPV] kU, #ZEIIEREIR & ORI (GO ITH DO THRENIZEDTH 5.
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Z T, RHEDRBIC DOV TN, B2 fiTI, BRMEEZ T 5 L TEHEE
1B ONDERDERE EZFDHEICDOWTINS. KRS, BRAT7IVOEHEICKS
KT DA S, TNETIKHISNTWAMEREHANT S, B3HTIE, BERAT
7 IVOE 1 B ILN)U MREDOTERE & FEFEERD Cohen-Macaulay PEIC DWW TR %, £
72, eh(A) = 02l T ERA T 7V Q ZHR DEROKHNFIC OV TEMNT 5. H4
fifilk, ERAT7IVOE1 eIV MEEDEN—E TH 5 & 5 7% Noether JajFiERDER
WG 2 TS % .

2. BERAT 7LD L)L MEEIZOWT

KEITIE, BRWEE TS FTREERDZEONDEDERICDOWNWT, BERATT
IV Q DEMEE ) (A) RN FIC X B RN HHNT 5.
F£9, —f% Noether JAFTEE A NOERA T 7V QIS LT, &K

(4(A/Q) > eg(A)

MODERKDN DT LB RTEBEL.
AHE CEE L7525, Cohen-Macaulay Bd, Buchsbaum ¥, Z L T FLC Z#DERI,
ERA T 7 IVOEEE o)) (A) ZHOTROESITERT BT ENTES.

E&E21.d>0L7%.
(1) BMANDHZERATT7IVQIZDNT, FRIA(A/Q) = e)(A) BEDIIDL
&, A7 Cohen-Macaulay ER CH % L EFET 5.
(2) BLAADETOERAFT IV QIEOVT, (4(A/Q) — ely(A) DIEH—ETHD,
ERAT7IVOED HIHK SRV E Z, A% Buchsbaum B CH 5 L EHT 5.
(3) sup {a(A/Q) —eQ(A)} WAIRTH S & &, AZFLCZFFDOEHTHZ LEXRT
5. MHL, BAEL={Q| QI ANDEZRAT IV} T %.

N5 3 DDRFATERDBERICDOWNTIANS &, Cohen-Macaulay ERD—f%{EAY Buchs-
baum BRCH D, & 51T Buchsbaum BRO—MLD FLC ZHDER LK > TV 5.

INBE, RADWKAT7IVmICK2RAIIRER Y —EEHL (A) (i € Z) ZH
W T % 2 EMTE%. Cohen-Macaulay EROSGEIERDED TH 5.

PN:|
ARz

H22.d>089%. RDIFMEHVICFEETH 2.

(1) A& Cohen-MacaulayBRTH % .

(2) RANDETDOERATT7IVQICDWNT, FRXI4(A/Q) = el (A) WD LD,
(3)

3) EEOEER £ dITH LT, H (A)=(0)TH5.
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T OME2.2D (2) M5, Cohen-Macaulay B A NDETDOERA T 7))V QITH L TH
lA(A/Q)—e(A) = 0D ILD. TDHT &M HE, Buchsbaum BiiE Cohen-Macaulay
BRO—LTH B D5

Buchsbaum f}ﬂk?b‘féizﬁw) DICRHENMN I ENS.
iR 2.3. d> 089 %. XD 2%MFFEVCAETSH 5.

(1) A& BuchsbaumIRT&H 5.

(2) EEORE i £ dICH LT, mH, (A)=(0)TH%.
->T, TOLE, RFIREQY = HL(A) (i #d) EBEERK A/m EOAFKR
RIeNT BIVZER 2 75T

Rf%IC, FLC ZRDERIIXDED TH 5.
|

B 24.d>087%. RD2EMHEHNCFIETH 5.
1) Al FLCZFiDERTH %.

2) (EEDFE I # dITH LT, L4(H (A) <00 THS.
Zokx, FH

/‘\/‘\

supp {£4(A/Q) — B (A)} = Z( )fA (Hi,(A))
MDD, HL, BAL={Q | QI ANDERAT IV} T3

T T TIRENTWAS FLC &1, finitely local cohomology modules DM TH 5. fn
240 (2)HWVRTHED, FLCZRDOREG X IR RER I — IR HL (A) (i # d
TEBEWERERTH B K FERODTETHS.

EHIC, BRAWFLC ZHDHEIC, ANOERA T 7V Q HERX

d—1

0A(4/Q) — e (4) = 3 (d Z 1)eA<HZ (4))

i=0
Tz 9 & &, Q BEHENIZERAT7IVTHS LS ([STC]). R AN FLC ZHiD
B, TARIVEBEHIICHLT, MRAT7IVOHEm ICETENIERA T 7 IVIE
ETHEHENTH S EDMHENTWS (cf. [Sch, STC]). £ LT, Buchsbaum ER& &,
FLC ZHi> TWThD, [TEOERA TV IVIMEENTHZ X HRIRTHSEE2 5.
PLEDE S 7%, BRATTIVQ DEMIE e (A) 2T RO SR AT E DR &Ik
HICRHIBENTWS

CMCHLUT, ABETE, ERAFTILQOH 1 LI~ MEE b (4) DRBNC
HEHLU, RHER A ORNMED D EZ1TS .
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3. 5 1 B N)L MMREL efy (A) DIEINE & FEREER D CoHEN-MACAULAY EICDWNT

AEHITIIERA T 7V Q D 1 )b MEEL ef (A) DI & FEREER D Cohen-
Macaulay PEICEH 9 % RD Vasconcelos D TNDORER 5 Z 5 L Z2HEE T 5. 2D
FAUCOVTIE, [GRHV, MV] ISR T B IIEREA G 2 BN TV T L BIRAT
BEW. HL, B AD unmixed THB LIE, B A D m- L AICDOWT, (FED
P e AssAICH LT, % dimA/P = d WD DT L TH 5.

F#8 3.1 ([GhHV, V]). BR A Z unmixed £35%. TDOEE, ANDHLERATT7IVQ
ICHLT, eh(A) =051, Ald Cohen-Macaulay BHTH 5.

& L AN Cohen-Macaulay F7x 51, ANDETOERAT7IVQICDOWVT, TE
DI < i <dITRUT, ef(A) = 0MEYILDT &R, Cohen-Macaulay BROHEA
MG BHES . £ LT T D Vasconcelos DAL, ZTOHREICHINT HEDTHS.

ARFREDEAERDO—DIIRDED TH 5.

EE 3.2. IRAZ unmized & L, d>08L9 3. TDOEE, RD4FMHIAHWICFEET
H%.

(1) AlZ Cohen-MacaulayBRTdH 5.

(2) B ANORTO mHELEAFT7 IV [IEHLT, el(A) > 0TH5.

(3) RANDDHBERATT7IVQICHLT, e4(4) >0TH%.

(4) RANDDHBERATT7IVQICHLT, eh(A) =0TdH%.

COEM 321K, TPRBINDREEMENGAENTWVS. GEHOBEZ kX
A&, (1)= (4)1F, 7EFERXRTz, Cohen-Macaulay BROFEARIEN 5, FREOERA
TT7IWQITHLT, eh(A) = 0DWOIIDT LICHES . (1) = (2) IFHHIDEH ([Na))
MHRED. (2) = 3) KT, (4) = 3)EHHATHS. ->7T, (3)= (1) BT DEHDA
H7EE7TH 5.

COEH32MERORMDEBICENINS.

% 3.3 (MV]). RAHNDEEDERAT7 IV QISHLT, ep(A) <OMMDILD.

T 3.2 BZEET BIC, eé?( ) = 0Zi7e T EHRA T 7V Q Z BB RATERIIR R &
DTHAH NIRRT ES. T LT, AHITIEZDX S HERMEORETT EITWV0z0.
FDAIC, Vasconcelos BREWIREZERD X HICERERT 5.

EF 3.4. A% Noether JAflifiLd5. TOLE, d=0ThbsM, £k, d>0T7T
HoT, HBHILRATTIVQMMHEL T ep(A) = 0207z g & &, A7 Vasconcelos B
THaHEEXRTS.
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C @ Vasconcelos BIZRD X S IR T B L TE 3.

EE35.d>089%. TOLE, RDAFMFRIEVICAETHS.
(1) A& Vasconcelos]RCTH 5.
(2) RANDETDOERATT7IVQICHNLT, eh(A)=0TH%.
(3) A/U I Cohen-Macaulay 38 CH->T, dim;U <d—27TH%. HL, U = U4(0)
B3 A D mEFEHE AN (0) DIFREGES 2 £
(4) B A D m-ERHE AICOWT, HBATFTTIVI+ ADMFHELT, A/IH Cohen-
Macaulay 3R CT&H> T, dimzl < d—2 Ziii7z 7.
TDEE, AL Vasconcelos Ba%7E L, HEYA) = (0) TH->T, ADIEHEIMEEK ;&
Cohen-Macaulay A-NNBETH % .

COE35D (3) &, ERATTIVOWD FITKERWEFETHS. THUCKD,
(1) = (2), BB, HBERAT TV QICDNTEHEN el (4) = 0D —ERO TS, &
TOERAT TV QIEDVTER ef(A) = 0DV ILDEWVS T EMENMND. Th
CZh, TOER 35 DB TH 5.

KEIDFD DEICT, ORI DICHZEDMMR T L. RDOKRTIE, TRA
A unmixed Z{E L TULRW.

£36.d>089%. QEBRANOERATTIVETS. TDOELE, [LEOHE
1<i<dIiDNT, eéz(A) =07%51F, Al Cohen-Macaulay¥RTH 5.

IR, BRAT7IVQICHLT,
R=R(Q) = A[Qt], G=G(@Q) =R/QR=EPQ"/Q"",

n>0
CRED, TNTENE, AT 7IVQ D Rees I, BEIERBERZEPES. AL, tIZER A L
DAETLETS. £z, M =mR+ R, 7 Rees K R DB EWRKA T T7IVET B,
CNSDOFMEDOTT, ROMEMISNTZ.
R37.d>0LT5. TOLE, XMELL.
(1) Raq I Vasconcelos]ER Com W5 T k&, AD VasconcelosBTRTH S &5 T
EMANESEITTH S .
(2) BR ADY Cohen-MacaulayBRDUERIULTH D L5, TDEE, AD Vasconcelos
RTOHNE, Gu b VasconcelosBRTH 5.

AREINC TN LIz DL E, [GhGHOPV]IC TZ K D Vasconcelos BROFFEHL T F
NEENTWVWSE. 2O b d, Vasconcelos BRI IEF ITHIBRENIZENRTH S &
SA5.
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4. 51 e )b MEE O E I & BB O BucusBAUM EIC DWW T

FI3EITIE, BRAT7IVOHE 1 €))L MEEOHEIME & FEHEERD Cohen-Macaulay
PEICEIS 28R 2N L TE . T LT, AfiTlE, BERAIT7VQDHE1E

IV MMEER e (A) DREFE & HLEEL A D Buchsbaum PEIC DV TNz,
DUF, %4

A=AA) ={e,(A) | QIFERANDERATT )V }
ZEDD.

CTT, RD2DDMWHEZELNS.

fIRE 4.1. A7 Noether RfiERE L, d>2&9 5.
(1) WO ADEREGEZETH?
(2) VOAD—REGEZRTN?

HifTD Vasconcelos ERDFHHFIFIC K B &, RDOEHESEDIED .

AE 4.2. 0 A<= A={0}.

B 41 ICH O HTICH T2 > T, TNETICHSN TV AEERZHNT L2, FORE

I, d=1DLFZBVDOELEHER el (4) = —h°(A) DR DT ENDS, d>2D5E
ICDWVWTEZZREDNDS.

LUR, hi(A) = L4(HL (A) IFER ADRFIaReEn Yy — ORI 2ET.

MR A43. AN FLCREDLEL, d>2L35%. QEREBEANDODERATTIVET .
CDOEE, XMBIELW.

(1) ([GN]) R eh(A) > — S0 (42 hi(A) DD 37D

(2

) ([Sch]) @ AVBEERZE B UE, St el (4) = — Y0 (2 hi(A) B D 11,
FR33ICEB L, BRATTIVQDH 1 EILN)U MREICDWTARER ) (A) < 0B

—f% Noether JGATERNICRAWTIK D VID. THUCH LT, BHADFLC ZRDOEE,
43D (1) kb, %K

ozdxAﬁz—§;<?:f>M@n

DD, COTEND, BANFLC BROESIE, AGERESRETC EAE
ENB. Fiz, ERAFTIVQ MEHENE SIZME 430D (2) Ic kD, Hk

d—1

- (F27) e

i=1
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MES . Ko T, AN Buchsbaum F7A 51X, ANDETOERA T 7 IV Q IIFEHER T

biHTLhb, .
S ()

ERD, ANF—HEEEZI NI S, ZLT, INHEFRTHOTES IELWLD
TlEHEWh eV BRERNEZ 5615,
ADWERESTHAHEBICOVT, ROFEEMEENT-

T 4.4. FRAZ unmized 2 U, d>2&89%. ANZARESEIEL, B/ = —min A
CREDD. CDOLE, AR # dITHLT, mbHL(A) = (0) KD IID. -5 T,
COEZHL(A) (i #d) IFERERTHD, Al FLCZFiD.

AEIDFARERIZROEO TH %.

T 4.5. BRAZ unmized 2L U, d>2&3F%. TDOLE, RD2EMITHWICHEET
b%.
(1) A& BuchsbaumERCTH 5.
(2) BRAT7IVQ DF 1 &)UV MR el (A) E—EliZ & b, Q DHLY HITik
57RO,
CDEMESEED EBE 5NN DE E, ADTEDOERAT7IVQICHLT, F

A IRVASS
COEMA45ICDVT, (1) = (2) MUEIZDOFMFIFTRDFE RN BIED . K>T, &
HETIX (2) = (1) DAFAZEN LIz, 2D BT, ROGENHEETD.

Rl 4.6. R AWX FLCHFDEL, d>2, depthA> 089 %. QIR ANDERA
FTWETE. cobE, Flel(A) = -0 () hi(A) DO IDOESE, QI
R LR T T IVERT.

ZTNTIE, EM A5 OO Z5E/T Lz,

EPE 4.5 DREA (2) = (1). AD—REATHEHI LMD, EM44 XKD, ERAWFFLC
RO, RAMNFLC 28Ok 51, A WITEHENRERA 77 VIR TEENS D
T, = SE (A R(A) € ADES. LT, TTTE AN SEATHBT LMD,
A={= S5 (F)RA) } BRDITD. 5T, BHI46ICED, ANDRTOERA
TV QW TH S T EhEMNS. LEXD, Ak Buchsbaum BR%Z7%d. O
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D&, BRATTIVQDE 1 L)L)V MEE e (A) ICK D, Buchsbaum Bz
R T 5 2 e TE 2. TS Buchsbaum BROF LWREAT I TH 5. £z, TD
EFL 45138 A D unmixed THEWIGEITIEK D VT2 0. ZO X5 HHIZEENT 5.

B 4.7. Bz EAlFEAEE L, d = dmB > 3 &9%. & BOLEHIERZ
X1, Xy, ,Xq £9%. Noether RFTER A = B x B/(X), Xy, -+, X4.1) % B LOF
REB/(X1, X, , Xg 1) CXKBATTILEEDD. TDEE, KHMIELL.

(1) dimA=dTdH>T, depthA=1TH%.

(2) FERD ANDERATT7IVQIEH LT, eh(4) =0TH5.

(3) AW FLC Zfifziz\. R, HL(A) ZAERER TR

AR DIRIZIC, AN —REGTH S K 5 7% Noether JRFERORFANHT Z /T LIz,

EE 48.d>2829%. TOLE, ROFMFIAWVICHETSHS.
(1) AZ—1EATHS.
(2) B A D m-E5EiE APND (0) DIFRAEE R U = U;0) BEDS. TOLE,
dimA/U <d—2TdH>T, A/UZ Buchsbaum R TH 5.
COREZEFD EBLENMED DL E, ANDIEEOERA T 7V QI LT, FX
d—1
()= (127 )y
=1

AN AIRVASS
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