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Abstract

We generalize the infinitesimal independence appearing in free probability of type
B to two directions: higher order derivatives and the other natural independences, i.e.,
tensor, monotone and Boolean ones. Such generalized infinitesimal independences can be
formulated as associative products of infinitely many linear functionals, and therefore the
associated cumulants can be defined. These products can be seen as the usual natural
products of linear maps with values in formal power series.

1 Introduction

Free probability theory [24] was initiated by Voiculescu to solve problems in operator algebras.
Many concepts in probability theory have analogues in free probability by replacing the concept
of independence with free independence for random variables. For instance, cumulants which
appear in probability theory are replaced by free cumulants in free probability. There are other
examples such as the central limit theorem and infinitely divisible distributions [23].

In probability theory, a standard model of independent random variables is constructed
by taking the direct product of probability spaces. In the algebraic description, the usual
independence is realized on the tensor product of algebras equipped with the tensor product of
states. In analogy to this, free independent random variables can be realized in the free product
of algebras equipped with free product of states [24]. An important point is that the tensor
and free products of states are associative; this property enables us to define unique cumulants
associated to free independence.

There are other associative products of states on the free product of algebras (with or
without a unit), i.e., Boolean [4, 22], monotone and anti-monotone [16, 18] products. Under
natural conditions, Schiirmann, Speicher, Ben Ghorbal and Muraki [2, 18, 17, 19, 21] proved
that an associative product of states is necessarily one of the tensor, free, Boolean, monotone
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and anti-monotone products. Among them, only monotone and anti-monotone products are not
symmetric, that is, independence of random variables X and Y does not imply independence of
Y and X. This makes it impossible to define cumulants in the usual sense (a unified treatment
of cumulants in the “usual sense” can be found in [15]). In papers [14] and [13], however, it
is proved that there exist uniquely defined cumulants in a generalized sense. We will use this
generalized framework later.

There are also several attempts to construct an associative product of more than one state.
A conditionally (or c- for simplicity) free product were introduced by Bozejko, Leinert and
Speicher in [6, 5] as a product of two states. This product is important since it interpolates
free and Boolean products, preserving the associative laws. Moreover, in [10] Franz found
that the c-free product also unifies monotone and anti-monotone products, not preserving the
associative laws (the reader is referred to [12] for details). Then a c-monotone product of
two states was introduced to unify monotone and Boolean products in [11]. Furthermore, an
ordered free product and an indented product were defined in [12]; the former one is defined for
two states and unifies free and monotone products, and the latter one is defined for three states
unifying free, Boolean, monotone and anti-monotone products (and also c-free and c-monotone
products).

In this paper, we construct an associative product of infinitely many linear functionals for a
given natural independence. The idea of a product of infinitely many states or linear functionals
was proposed by Cabanal-Duvillard and Tonescu in [7]. They constructed a product of infinitely
many states as an extension of the c-free product. This product is, however, not associative.

The product defined in this paper extends the infinitesimal aspect of free probability of
type B. Free probability of type B was originally defined by Biane, Goodman and Nica [3] to
find a free probability associated to type B non-crossing partitions. Later, in [1] Belinschi and
Shlyakhtenko found that free probability of type B appears as an infinitesimal property of free
probability. More precisely, let {¢;}o<t<. be a family of states on an algebra A for € > 0. If A,
are free independent w.r.t. ¢, for all ¢, then free probability of type B can be realized w.r.t. the
pair (o, ¢}), where ) is defined by the linear functional X +— £, (X)|,—. Février and Nica
investigated combinatorial properties of infinitesimal free probability in [9].

We extend free probability of type B from two viewpoints: higher derivatives and natural
independence. This is the contents of Section 2. This extension can be understood as an
associative product of infinitely many linear functionals. By using associativity, we define
cumulants in Section 3. These cumulants are obtained by formally differentiating the usual
cumulants for natural independence. In Section 4, we study two examples: one is formal
multi-variate Lévy processes, and the other is dual derivation systems introduced in [9]. Many
contents of Sections 2-4 can easily be extended to more general settings. We will mention such
generalizations in Section 5.

Note. The author has learned that Février also extended free probability of type B to

higher order derivatives, independently of this paper. He also clarified combinatorics of higher
order derivatives; see [8].

2 Differential independence

In this section we extend the infinitesimal realization of free probability of type B to higher
derivatives, and also extend free independence to the other natural independences, i.e., tensor,



monotone and Boolean independences.

Throughout this paper, symbols such as A and A; always denote algebras over C. We
denote by A* the set of the linear functionals from A4 to C. We also denote by A; x A, the free
product of A; and A, without identification of units. Let x be any one of the natural products
of linear functionals, i.e., a product

*: AT x A5 — (A x Ag)”,

defined for arbitrary algebras A; and A,, satisfying some natural conditions in terms of category
theory. Natural products were classified into five ones: tensor, free, Boolean, monotone and
anti-monotone ones. It is known that natural products of linear functionals preserve positivity,
and therefore a natural product of states is again a state.

Let C[t] be the unital ring of formal power series. We introduce C[t]-valued linear maps
to treat all the objects algebraically. First we consider a natural product of C[t]-valued linear
maps ¢’ : A — C[t] which is defined essentially in the same way as the C-valued case. For
instance, the concept of joint moments is almost the same as those for C-valued independence.

In this paper we do not discuss anti-monotone independence since what we prove for mono-
tone independence can easily be translated into anti-monotone independence. This is only
within the scope of this paper and we do not insist that every property of anti-monotone
independence is always translated into that of monotone independence.

Now we define C[t]-valued natural products of linear maps on the free product of algebras.
In the following definitions, (A1, A2, A3, -+, A,) is any alternating sequence of 1 and 2 of ar-
bitrary length n, that is, (A, Ao, A3,---) = (1,2,1,--+) or (2,1,2,---). Moreover, X} is any
element in A, for 1 <k <n.

Definition 2.1. (Tensor product) The tensor product ¢! ® ¢ on A; * A, is defined by

Pl ® (X1 Xn) = ¢l (ﬁ)X) 5 (ﬁx)

: X €A, :X; €A

ﬁ
[LjevX; denotes the ordered product X, --- X, for V.= {j1, - , i}, j1 < -+ < Jk.

Definition 2.2. (Free product) We assume that 4; is unital for i = 1,2 and C[t] is contained
in the center of A;, and moreover that the unit of \A; is the same as the unit of C[[t]. We assume
that ¢'(1) = 1. Let A; *cfy A2 be the amalgamated free product of algebras over C[t]. The
free product ¢f * 4 on Ay % Az is defined by the following rule:

Py py(Xy - Xp) =0
holds whenever ¢} (X;) = 0 for all i.

Definition 2.3. (Boolean product) The Boolean product ¢} ¢ % on A; * Aj is defined by

Qo ph( Xy X)) = @) (X1)@h, (Xa) - - &5, (Xy).

Definition 2.4. (Monotone product) The monotone product ¢} >k on A; x A, is defined by

—
e b X =t (T %) (T ).
X, €Ay X;eAs



The tensor product can be defined on both A; * A; and A; *cpg As. By contrast, the
Boolean and monotone products cannot be defined on A; *c[j A2. We defined the free product
of C[t]-valued linear maps on A; *cpq Az under special assumptions on the algebras. It is
however also possible to define the free product on A; * A, for arbitrary algebras A;. To do so,
let A; be the unitization of A; defined by A; = C @ A;. We consider A;-valued formal power
series C[t; A;]. Then C[t] is embedded into the center of C[t; A;]. C[t]-valued linear maps on
A; can be naturally extended to unit-preserving ones on C[t; jzﬂ Then we can define the free
product by Definition 2.2, and restrict it to A; % As, to obtain the free product on A; x A,.

We can define universal calculation rules [18]" for tensor, free, Boolean and monotone prod-
ucts of C[t]-valued linear maps. Then we can formulate independence easily as follows.

Definition 2.5. We fix an arbitrary natural independence. Let (A, ¢') be a pair of an algebra
and a C[t]-valued linear map on A. Subalgebras (A;);>1 of A are called independent if for any
elements X, € A;, and indices iy # - - - # i,, the universal calculation rule holds.

An important property of a natural product is the associative law. A product x : A7 x A5 —
(A; % Ay)* defined for any A;, A, is said to be associative if (1% pa) * 3 = @1 * (P2 x p3) under
the natural identification (A; * Ag) * As = Ay % (A2 % Ajs). Associativity can be defined for
any family of linear functionals as follows. Let (A*)* be the set of functions from a set A with
values in A*. In most cases we take A to be N = {0,1,2,---}. We consider a pair (A, (oM)xea)

A
of an algebra and a function in (A*)*. A product x : (A})A x (A5 — ((Al * ./42)*> , defined

for any A, As, is said to be associative if ((gpg)‘)) * (goé)‘))) * (cpg’\)) = ( g’\)) * (((pé’\)) * (gpé)‘)))
under the natural isomorphism (A; x As) x A3 = A; x (As x A3).
Associativity can also be defined for linear maps with values in a common algebra. In
particular, we often consider associative products defined for linear maps with values in C[t].
We have defined products of algebraic probability spaces (A, ¢'), where ' are C[¢]-valued
linear maps. By the way, ' can be identified with infinitely many linear functionals (p™),>q

by

t2
2!
Formally, ™ (X) = 4-0'(X)|,—o. Let LiMap(A, C[t]) be the set of all linear maps from A
to C[t]. Then the map F : ¢! — (™), is bijective from LiMap(A, C[t]) to (A*)N. Let *
be any one of the natural products of C[t]-valued linear maps. We can define an associative
product

(X)) = oO(X) + V(X)) + o@D (X)= + - .

(As, (9)n30) %2 (Asz, (95 )n0) = (A1 % Az, (01™)n50)

by (p™),50 1= F(F‘l((wgn))nzo) * F‘l((cpg"))nzg)) By definition this product is associative.
In the case of the tensor and free products, we can replace A; * Ay by A; *cpg Az. The

sequence (¢(™) contains information on infinitesimal properties of . Therefore, the following
terminology is reasonable.

Definition 2.6. We call x” a differential product associated to a natural product x. More
concretely, if x = ®, *,0,>, we respectively call the products @7, ", oP P a differentially
tensor product, a differentially free product, a differentially Boolean product and a differentially
monotone product.

'Muraki called these rules quasi-universal calculation rules.

4



We can also define a product up to the n-th derivative. That is, let C[¢],, be the unital ring
of power series with relation t"*! = (0. This ring can be realized by upper triangular matrices
of the forms

ay a1 Qo ... Gy
0 a a1 ... Gp_1
Gni=fAeMu(CrA=|: + . . |}
0 0 ... a a
0 0 ... 0 ag

G is used in free probability of type B (see [3]). Let LiMap(.A, C[t],) be the set of linear maps
from A to C[t],. ¢' € LiMap(A, C[[t],) is of the form

— i Sﬁ(k)
k=0

We can define natural products of C[t],-valued linear maps analogously to Definitions 2.1-2.4.
Let F, : LiMap(A, C[t],) — (A")" be the map defined by F,(¢!) = (¢*))2_,. Then we define
a product

(A, (@8)0_g) %P (s, (5)1g) 1= (Ar * A, (9™)7)

by (pF)n_, = F, (F;l((gogk)) o) * F{l((gpék))k 0)>. We call this product an n-differential
product. All results in this paper can easily be proved for n-differential product; therefore, we
only focus on infinitely many linear functionals.

Now we show how to calculate joint moments. By definition, we can calculate the joint
moments o™ (X; - -+ X,,) by derivatives of ¢'(X; - X,,) =307 o™ (X7 - X,) 5

Theorem 2.7. Let (A, (¢™),50) = o1 ( Ay, (go,(:))nzo) be a differential product. For any
elements Xy, € A;, and indices iy # - - - # i,, we have the following.
(1) Let x be the tensor product. Then for m >0

_
Xy = Y ng (1L %)
kq! kg A
k1+ko+---=m;k; >0 ]:Xje.Ai

(2) Let x be the monotone product. If j satisfies i;_1 < i; > ij41 then
m = m! .
P(Xy - Xp) =) m‘ﬂ(k)(XjW( (X XX Xo).
(3) Let x be the Boolean product. Then
Mm(X, ... X,) = 3 Lﬁ (k) (X
i=1

k1+---+kn=m;k‘i20

Thus we obtained the calculation rules of higher order derivatives for tensor, monotone and
Boolean cases. The 1-differential free product is an important aspect of free probability of type
B, and a calculation rule for it was clarified in [3]. However, higher order cases are complicated
and we do not calculate them in this paper. Anyway, if we use a universal calculation rule [21]



for free independent algebras, we can write down the calculations of moments for higher order
derivatives in an abstract way.

The above calculation rules for differentially tensor, free, monotone and Boolean products
are called differential universal calculation rules in this paper. Then we can formulate differ-
ential independence of subalgebras.

Definition 2.8. We fix an arbitrary natural independence. Let (A, (¢™),>0) be a pair of an
algebra and a sequence of linear functionals. We say that subalgebras (A;);>1 are differentially
independent if for any elements a; € A;, and subscripts iy # - - - # i, the differential universal
calculation rule holds.

Example 2.9. (1) Let {X, X'} and {Y,Y"} be differentially tensor independent. Then
POXYXY) = (XX )O (YY),
eWXYXY) = oD(XX) (YY) + oD (X X)W (YY),
PPXYXY') = pP(XX)O (YY) + 20D (X X)W (YY) + 0 (XX )P (YY),
(2) Let {X, X'} and Y be differentially free independent. Then

P (XYX') = oD (XX)pO(Y),
pW(XYX") = oM (X XN (Y) + (XXM (Y),
PP (XY X') = XN OY) + 200X X)W (V) + o X X )P (V).

SO
(X
(3) Let {X, X'} and {Y, Y’} be differentially monotone independent. Then

XY XY) = oD XX ) (V) (Y),
WXYXY') = oW(XX ) (V) (Y) + o (X X )M (V) (V)
+ (XX )@ (V)M (Y7),
PP XY XY') = oP XX (V)p O (V") + O (X X)) (V)@ (V)
+ (X X")p® (Y)w(Q)(Y’) + 200 (X X")p! )(Y)w(o)(Y’)
+ 20X XD (V)P (V) + 20X XD (V) (Y").

'
'

Remark 2.10. Let us consider only the zeroth and first derivatives. In this section, we have
constructed an associative product

(("41’901 a901 ) (-’427902 7%0; )) (AI*A27 7§0( )>

The product for the second components is the usual natural product. The marginal distribution
of oM on A, is 9051). Therefore the situation is similar to c-free and c-monotone products.
However, the calculation rule of second moments is different from the c-free and c-monotone

cases since o (ab) = oW (ba) = " (@) () + ' ()5 (b) for a € Ay and b € As.
By definition, we have the following.

Proposition 2.11. Let (A, (¢™),>0) be a pair of an algebra and a sequence of linear func-
tionals. For each concept of natural independence, subalgebras (A;)i>1 of A are differentially
independent if and only if they are independent (in the sense of Definition 2.5) in the algebraic

probability space (A, '), where o' is defined by ¢'(X) = > 1_, p® (X)Z—k,



3 Cumulants associated with differential independence

Cumulants can be defined for a natural independence along the line of [13]. Now we are
considering infinitely many linear functionals, but the idea for a single linear functional can be
extended easily. We note that Lehner’s approach [15] is applicable to all natural independences
except for monotone independence. We outline how to define cumulants. Proofs are the same
as in [13] if we use Proposition 2.11.

Definition 3.1. We consider any differential independence among tensor, free, monotone and
Boolean ones. Let (A, (¢™),>0) be a pair of an algebra and a sequence of linear functionals.
We take copies {X)};5; of every X € A in an extended pair (A, (3™),>0) such that

(1) For each j > 1, the map X + XU is a homomorphism from A to A;
2) W (XVXP . X7 = o®) (X, Xy - - X,) for any X; € A, j,n > 1, k > 0;
(3) the subalgebras AW := {X) : X € A}, j > 1 are differentially independent.
We define a dot operation N.X to be the sum of i.i.d. random variables:
NX=XW4...40 x®™
for X € Aand N € N. 0.X is defined to be 0.

Lemma 3.2. The dot operation is associative:
" (N(M.X,) - NA(M.X,)) = o™ ((MN).X; -« (MN).X,,) (3.1)
forany X; e A, n>1,k>0.

Lemma 3.3. o™ (N.X; - N.X,,) is a polynomial of N and @™ (X;, -+ X;)) foriy < - <'ip,
1 <p<n,m<k, and there appears no constant term with respect to N.

Definition 3.4. For each natural independence, a (k; n)-differential cumulant Kr(Lk)(X 1,0, Xn)

is defined to be the coefficient of N in p®(N. X, ---N.X,,).
Proposition 3.5. We have the following properties.
(1) (Multilinearity) K" are multilinear.

2) (Polynomiality) There exist polynomials P,(Lk) such that
(2) (Poly y poly

KR (X1, Xa) = oW (X0 X)) + PP ({0 (X, X)) h<pgn—times)-

i1 <<

(3) (Extensivity)
KW(N.Xy,---  N.X,)=NK®(X, -, X,).

Moreover, differential cumulants satisfying the above three properties are unique.



Cumulants can be calculated from the C[¢]-valued usual cumulants because of Proposition
2.11. We know the C[t]-valued moment-cumulant formula for each natural independence since
the proof needs no changes. Let TK!(Xy,---,X,), KL (X, -, X,), MK!(Xy, -, X,) and

BK!(Xy,-++,X,) be the C[t]-valued tensor, free, monotone and Boolean cumulants, respec-
tively. We prepare notation: for p-multilinear functional f,,, we define f,(Xv ) := f,(X;, -+, X;))
for any subset V' = {iy,--- ,4,} C {1,--- ,n}, iy <--- < i, Then
PX X)) = Y [ K (X), (3.2)
weP(n) Ven

<Pt<X1"'Xn): Z HFwa(XV)’ (3.3)

reNC(n) Vern

PX X)) = ) H| |'MK|V| V), (3.4)

TEM(n) Ver

(X X)) = Z H PR (Xv), (3.5)

wel(n) Ver

where P(n), NC(n), M(n) and Z(n) are the sets of partitions, non-crossing partitions, mono-
tone partitions and interval partitions, respectively. 7 denotes the projection from M(n) onto
NC(n). (3.3) was proved in [20], (3.4) in [13] and (3.5) in [15]. The reader is referred to [13, 15]
for the definitions of the above partitions.

Differential cumulants can be calculated from the above formulae as follows.

Proposition 3.6. Let ¢'(X) = >"" o™ (X)L be a C[t]-valued linear map on an algebra A.
Then the (k;n)-differential cumulant K¥) associated to a natural independence is calculated as
the k-th derivative of C[t]-valued n-th cumulant K, :

dk

(k) e = Kt e
Kn <X17 7Xn) - dtkKn(Xh 7X'n)|t=O~
Proof. By Proposition 2.11, the dot operatlon for differential independence coincides with that
for C[t]-valued mdependence. We define LU (X1, -+, X,,) = ;; K!N (X1, Xo)|i=o. We

notice that K!(N.Xy,--- ,N.X,,) = NK!(Xy,---, X,,) by definition. Therefore, the extensivity
L;k)(N.Xl, o N.X,) = NLW (X1, -+, X,) holds. Multilinearity and polynomiality are easy

to prove. By the uniqueness of differential cumulants, L%k) coincides with Kék). O

We can prove the vanishing property of cumulants.

Theorem 3.7. We consider any one of tensor, free and Boolean independences. Let (A, (0™),>0)
be a pair of an algebra and a sequence of linear functionals. Subalgebras A; (i > 1) of A are
differentially independent if and only if the vanishing property of cumulants holds:

(Vanishing property) For any iy, --- i, and X € A;, forl1 <k <n, K}(lm)(Xl, e X)) =
0 holds for all m > 0 unless all 1;,’s are the same numbers.

Proof. The proof of the first implication is the same as in Proposition 3.6 of [13]. The converse
implication follows from the formulae (3.2), (3.3) or (3.5). Indeed, these moment-cumulant

formulae enable us to calculate the joint moments (™ (Xy---X,) forany n > 1, iy, i, > 1
and any X € A;, only by sums and products of ¢(Xj, ---X; ), where all X, belong to the
same A,. O



4 Examples

4.1 Formal multi-variate convolution semigroups

We introduced the dot operation N.X in Section 2. Let C[Xy,---,X,] be the unital ring
generated by n non-commuting indeterminates. Let ¢ be a linear functional on C[ Xy, -, X,]
with ¢(1) = 1. @((N.X};,)---(N.Xj,)) is a polynomial of N, and hence we can define a new
linear functional @' by ¢*(Xj --- X)) = @((t.X;,) - (t.X;,)) fort € R, p > 1 and 1 <
Ji, »Jp < n. Formally, this corresponds to a multi-variate convolution semigroup for each
concept of natural independence. In particular, if n = 1 and the probability distribution p of
X is infinitely divisible, then ¢'(X?) becomes the p-th moment of the associated Lévy process
at time ¢t > 0.

PR was calculated in [9]. We can also calculate the other differential cumulants associated
to each natural independence.

Proposition 4.1. Let P(n)™, NC(n)™, M(n)™ and T(n)™ be respectively the set of
the partitions, non-crossing partitions, monotone partitions and interval partitions of the set

{1,--- ,n} with m blocks. If the considered independence is tensor, free, monotone and Boolean,
we respectively obtain
(G X)) =mb Yy ] K (G0n), (4.1)
ﬂe'P(p)(m) Ven
(X X =m0 [ K (X)), (4.2)

TFENC(p)(m) Vem

(X X)) =ml Y H| i MKW (X)), (4.3)

TeM(p)(m) Ver

X

W) =mb > ] PEvi (X)) (4.4)

Wez(p) (m) Ver

X

for 0 <m < p. Ky (X)) is defined by Ky (X i) Jor Vo=Aiy, -+ i}, i <o <

s
ir. @™ (X5, - X;,) =0 form > p.

The proof is easy from the extensivity of cumulants.

4.2 Dual derivation systems

Février and Nica defined dual derivation systems in [9] which give us many examples of dif-
ferential cumulants and independence. We basically follow the notations and definitions in [9],
except for the range of an operator d,,. Let 90t be the set of sequences (f,,)n>1, where f,, is an
n-multilinear functional from A" to C for each n > 1. For a partition 7 = {V3,--- ,V,} € P(n)
and f = (f,) € M, we define an n-multilinear functional J,(f) by

Jn(f)(X1,--- ,Xn) = H f\V\(Xv)~

Jrx(f) only depends on fjv;|,- -+, fiu, |- Therefore, we may denote J(f) by Jx(fivips- -+, fjvi)-
Let Mult,, be the multiplication map from A" to A defined by Mult,, (X1, -+, X,,) = X7 -+ X,,.



Definition 4.2. Let 91, the set of all n-multilinear functionals from A™ to C. A family of
linear maps (d, : ®,, — D,)n>1, Where ®,, is a subspace of M,,, is called a dual derivation
system if it satisfies the following conditions.

(i) Let © be the set of sequences (f,),>1 satisfying f,, € ©,,. Then

|l

dn(Je(fivags =5 fvig)) = ZJw(f\vm'“ Ay fivids s fivial)
k=1

for all f € ® and 7 € P(n).
(ii) For every f € ©; and every n > 1, f o Mult,, € ©,, and

d,,(f o Mult,,) = (d1f) o Mult,,.

If a linear functional ¢ € ©; and a dual derivation system (d,, : ©,, — D, ),>1 are given,
we can construct a C[t]-valued linear map ¢" by

o tn
t __ _ Z o n
¢ =exp(tdy)p = E_O n!dlcp.

In other words, o) is defined by ¢*) = d¥¢ for k > 0. In this setting, we can calculate the
differential cumulants as follows.

Proposition 4.3. We fiz a natural independence. Let K, be the cumulants associated to the

fized independence. Then the differential cumulants K" associated to the sequence (dY)n>o

are given by K\ = d*K,. Equivalently, the C[t]-valued cumulants K! associated to ' :=

exp(tdy)p are given by K! = exp(td,)K,.

Proof. We prove the latter equivalent claim. Moreover, we only prove the claim for tensor
independence; the other cases are proved in the same way.
First we notice that exp(td, ) satisfies that

exp(tdy) Jx((fi)r>1) = Jx((exp(tdi) fe)r>1)

for every m € P(n) and every (fi)r>1 € D.
The cumulants 7K, for ¢ are defined by

p(Xi--Xa) = Y [ Kwmi(Xv),

weP(n) Ven

which is equivalent to

@ o Mult,, = Z Jn(TKWll,"' vTKIVﬂl)'
m=(V1, Vx| EP(R)

If we operate exp(td,) on the above equality, then

(exp(tdi)ep) o Mult,, = > Jr(exp(tdjvy)) Ky, - expltdyy ) K, ),
W:(Vlv"'7‘/\7r\)€7>(n)

which completes the proof. O]
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Let ¢ be a linear functional on A. If D : A — A is a derivation, then we can define
dy, : M, — M, by

dofu(X1, -+ X)) = Y ful X0, DXy, X).
k=1

It is easy to check that (d, : 9, — M,),>1 is a dual derivation system. Let {a;}+cr be the
formal automorphism group «; = exp(tD). Then ¢' := ¢ o ay is the C[¢]-valued linear map
associated to D.

Example 4.4. Let A = C[[z] be the unital ring generated by one indeterminate and let D be
the derivation Dz = na™!. For a probability measure p with finite moments of all orders, we
denote by ¢, the state ¢, (2") = [p #"p(dz). Then, ¢' = ¢ o e'” has the moments of x + ¢:

p'(2") = ou((z 4+ 1))

for all n > 0. Let K,(z) := K,(z,---,x) be the n-th cumulant of x for any one of tensor,
free and Boolean independences. Then (e K,)(z) = K,(z +t, -+ ,x +t) = K,(z) + t61,. We
excluded monotone independence since the above calculation does not hold.

5 Further generalizations

It is easy to generalize many results in this paper to a more general setting. Let R be a
commutative algebra over C. We take a basis {e)}rep of the vector space R over C. We
would like to consider infinite sums by identifying the formal expression ) ., cxex (cx € C)
with the map A — ¢, which is denoted by (cy)rea. For this purpose, we assume that the
multiplication (3., caex)(D o ep daen) is well-defined for any cy,dy € C. That is, we assume
that the coefficient of each ey, appearing in the result of the multiplication, is a finite sum. For
instance, this is true for a graded algebra with finite dimensional homogeneous components.
An R-valued linear map ¢ on an algebra A can be written as

P(X) =) eV (X)ey

A€A

for some linear functionals o™ from A to C. By this correspondence, we identify ¢ with
(™M) rea. Along the same line of Section 2, we can define an associative product of linear
functionals indexed by A for each natural product. We show some examples.

(1) Let C[ty, - - - ,t,] be the unital and commutative algebra over C generated by ¢y, - ,,.
We introduce the set of multi-indices A, consisting of o = (ay,---,q,) satisfying o €
Z, ap > 0 for each k. We define |a] == a3 + -+ + a. A Clty,- -+ ,t,]-valued linear
map @' ' can be identified with (¢(®)4ea, by @ (X) = %gptl""’t”(X)|(t1,...7tn):(07...,0) =

olel
oty L--otan ¥

uct for multi-indexed linear functionals (¢(®),eca,,.

(2) Let G be a finite abelian group and CG be its group algebra. It is known that a
finite abelian group is the direct product of cyclic groups. CG consists of every element of
the form (c¢,)4eq, ¢ € C. We note that the example (1) corresponds to the semigroup algebra
of N* where N = {0,1,---}. More concretely, let G be consisting of the unit e and g with

Bt (X)) |ty 40)=(0,- 0)- Using this identification, we can define an associative prod-
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the relation g?> = e. A CG-valued linear map ¢ can be identified with a pair (¢, ©9)) by
o(X) = @ X)e+p9(X)g. If {X, X'} and {Y, Y’} are free independent under the CG-valued
linear map ¢, we recall that

P(XY) = o(X)p(Y),

P(XYX') = (XX )p(Y),

P(XYXY') = p(XX)p(Y)p(Y') + p(X)p(X)p(YY)
— o(X)p(X)p(Y)p(Y).

Therefore, we obtain the following calculations.

P9I(XY) = ¢OX) (V) + ¢ (X)) (Y),

PD(XY) = o' N X)pD(Y) + oD (X)p(Y),

PIXYX') = o XX NY) + D (XX (Y),

PO(XYX') = ¢OXX )P (V) + ¢ (XX ) (1),

PIXYXY) = > (P2 (X XD () (Y) + (K)o (X)) (YY) )
(a,b,c)=(e,e.€),(9,9.€),(9,€,9),(€,9.9)
- > P (X)) (X )P (¥ ) (),

(a,b,c,d)=(e.e.e.€),(9.9.¢.€),(g,€.9:€),(g:€,€,9),
(6797976)»(6’976’9)7(6767979)7(979»9’9)

PI(XYX'Y') = > ($OX X)) Y) + @ (X)) (X ) (¥Y"))

(arbac):(gvere)7(679’6)7(676’9)7(9’979)

- > PO (XY )@ (V).
(a,b,c,d)=(g,e,e,e),(e,g,e,e),(e,e,g,e),(e,e,e,9),
(9,9.9.¢),(9,9,€,9),(9:€,9.9),(€,9,9,9)
So far we have discussed in the setting of linear functionals without positivity. A natural
question is: when does the associative product preserves the positivity of states? We, however,
do not treat this problem in this paper.

One may expect that the c-free and c-monotone products can be understood as commutative
algebra-valued free and monotone products, respectively. This is, however, impossible for the
following reason. For instance, let us consider random variables X, X', Y such that {X, X'}
and Y are free independent for a linear map ¢ with values in a two-dimensional commutative
algebra. Let ¢ be identified with (o ©®). Then the calculation rules for ¢)(XY) and
@M (XY X’) must be the same. If we try to realize the c-free independence with respect to
the two linear functionals (@, M), then we need to choose the commutative algebra and
its basis such that o™ (XY) coincides with o™ (X)p®(Y). This automatically implies that
PW(XYX') = oW (XXM (Y) by definition of free independence. Therefore, we cannot
realize the c-free independence.

There are however connections to multi-state cases in a different context. There are natural
products for more than one state: a c-free product [6], a c-monotone product [11], an ordered
free product and an indented product [12]. Differential products can be defined for these
products of states. For instance, let % be the c-free product: (¢,1) = (p1,11) * (2, 12). We
can define the c-free product of pairs of C[t]-valued linear maps, similarly to the free case. A
pair of C[[t]-valued linear maps (¢!, 9*) can be identified with a sequence of pairs (™, (™), 5.
Then we can introduce an associative product for such sequences of pairs.
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