MONOTONE PROBABILITY THEORY

TAKAHIRO HASEBE

ABSTRACT. This is an introduction to monotone probability theory, a kind of noncommutative probability based on the notion of
monotone independence for noncommutative random variables. The first part, Sections EHE introduces basic materials including
noncommutative probability spaces, monotone independence, sums and products of independent random variables, monotone
cumulants, the central limit theorem, and Cauchy transform. The second part, Section EH§|, focuses on more advanced topics
including a detailed study of monotone convolution, noncommutative stochastic processes, connections to dynamics of holomorphic
self-maps of the upper half-plane (in particular, Loewner theory), and applications to outliers of random matrices.
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PREFACE

Noncommutative probability theory is developing a kind of probability theory by regarding operators as random variables.
The mathematical basis of noncommutative probability theory comes from quantum physics, where physical observables are
modeled as self-adjoint operators on a Hilbert space and the probability distribution of an observable is defined through the
spectral measure evaluated by a state.

An example of noncommutative random variable is a random matrix, i.e., a matrix that has random variables as its entries.
Two significant contributions have been made in an early stage of research: Wishart in 1920’s applied random matrices as the
estimator of the covariance matrix of iid data of normally distributed random vectors; Wigner in 1950’s introduced random
matrices to model the energy levels of nucleons of nuclei. Since then random matrices have discovered numerous connections
and applications to other fields: connections to other mathematics include the distribution of prime numbers, integrable systems
(e.g. the Peinlevé equations) [112], and random Young diagrams [37, [95], [128]; applications beyond mathematics include log-gas
systems [64], wireless communications [52], quantum information [48] and deep learning [T31].

Significant progress in noncommutative probability has been made in the context of operator algebras: Voiculescu initiated
free probability theory in 1980’s motivated by free group factors. The central idea of free probability is “free independence” for
noncommutative random variables [I50]. A parallelism lies between probability theory and free probability theory, and various
concepts are defined accordingly, e.g., free entropy, free convolution, free central limit theorem, freely infinitely divisible distri-
butions and free cumulants. In addition to operator algebras, free probability has found various connections and applications
to other fields including random matrices, representation theory, combinatorics, complex analysis, Hopf algebras and quantum
groups. In particular, through random matrices, free probability has been applied beyond mathematics to other fields, see
e.g. [48] 52, [63].

Fock spaces form an important aspect of noncommutative probability from physical, probabilistic, and operator-algebraic
perspectives. Numerous generalized Fock spaces have been proposed so far. In the 1990’s, De Giosa, Lu and Muraki introduced
monotone Fock spaces, creation and annihilation operators on them, and a monotone Brownian motion as the sum of these
operators [568, 108, [TT9]. Muraki identified the concept of “monotone probability theory” as implicit in these operators [120} 121].
The building block is “monotone independence” for noncommutative random variables. Again, a parallelism exists between
monotone probability and free or classical probability. Progress in this field has uncovered connections to various fields as
well. The monotone convolution of probability measures is characterized by the composition of holomorphic self-maps of the
complex upper half-plane, thus finding a connection to (holomorphic) dynamical systems. In particular, certain noncommutative
stochastic processes correspond to dynamics of holomorphic functions called Loewner chains. As for random matrices, Cébron,
Dahlqgvist and Gabriel recently applied monotone independence to the analysis of eigenvalues of large random matrices with
perturbation [41]. Monotone independence also appears in some graph product [I]. Given increasing new aspects of monotone
independence, it is now an appropriate time to offer a detailed expository article to these subjects.

Assuming the familiarity with graduate-level probability theory, functional analysis, complex analysis, and ordinary differ-
ential equations, we have tried to make the presentation as self-contained as possible, with minimal references to the literature.
The exceptions include the existence of a solution to Hamburger’s moment problem (Theorem, Carleman’s condition
for the determinacy of moment sequences, the Lebesgue—Besicovitch differentiation theorem (Lemma , and Weingarten
calculus on the unitary group (Section .

The structure of this exposition is as follows. Section [I] offers the definition of noncommutative probability spaces with exam-
ples, the definition of monotone independence and the calculation of the distribution of the sum and product of monotonically
independent random variables.

Section [2| presents a canonical construction of monotonically independent subalgebras on the free product algebra. Some
properties of monotone independence, in particular, positivity and associativity, are proved. We also offer a universal construc-
tion of monotone independence in the context of graph theory. There are numerous binary operations on graphs, called graph
products. One of them is called the comb product and it gives rise to monotone independence.

Section [3]introduces the concept of monotone cumulants of random variables and demonstrates how to calculate the monotone
cumulants from the moments of random variables. The monotone cumulants turn out to be useful for investigating the
distribution of iid sums of random variables. As applications, the central limit theorem and Poisson’s law of small numbers
for monotonically iid random variables are established. In particular, the arcsine distribution appears in the monotone CLT
instead of the normal distribution in the classical CLT.

Section [ introduces tools from measure theory and complex analysis. First we establish an integral formula for Nevanlinna
functions, i.e., holomorphic functions on the upper half-plane taking values with nonnegative imaginary part. Then the Cauchy
transform and several other transforms of probability measures on the real line are investigated. In general, when showing
convergence of a sequence of holomorphic functions or measures, we heavily use the technique of “compactness argument”.
This technique is explained in Sections [4.1] and
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FIGURE 1. Connections of sections

Section [f] investigates additive and multiplicative monotone convolutions for arbitrary probability measures on the basis
of complex-analytic methods. We then study various aspects of additive monotone convolution, including the support and
moments, convolution semigroups and infinite divisibility.

Section [f] discusses monotone convolution hemigroups that describe the marginal distributions of noncommutative stochastic
processes with monotonically independent increments, called monotone additive processes. Their relation to Loewner theory is
studied in details. We derive an integral equation and an integro-differential equation satisfied by a Loewner chain.

Section [7] is devoted to constructions of monotone additive processes as operator processes on Hilbert spaces. We present
two constructions: one is the sum of three kinds of operators on the monotone Fock space, which generalizes Lu and Muraki’s
construction of monotone Brownian motion. This construction heavily depends on the integral equation for Loewner chains
developed in Section [f] We also offer quite a different construction based on certain classical Markov processes.

Lastly, Section [§laddresses applications of monotone independence to random matrices. For a large square random matrix, a
small number of eigenvalues located away from the other eigenvalues are called outliers. Existence or non-existence of outliers
for some random matrix models are analyzed by using monotone independence.

Appendices include supplementary results that would be too heavy to place in the main text. The materials here include
determinacy of moment sequences, the relationship of convergence of moments and weak convergence of measures, the compo-
sitional inverse of reciprocal Cauchy transform, one-parameter semigroups of holomorphic self-maps, and Cauchy’s functional
equation f(z+1y) = f(z) + [(y).

The logical dependence of sections is summarized in Figure Some of the dependence is weak. In particular, Section
studies a connection of monotone convolution semigroups to monotone cumulants developed in Section [3| but a considerable
part of Section [5]is independent of Section [3] Section [§| uses some results on monotone convolutions in Section [5| but results up
to Section [ suffice.

Some topics that are not included but deserve to be mentioned are: a Hopf-algebraic approach to cumulants; refined limit
theorems that lead to deep dynamics of iteration of holomorphic self-maps; connections of monotone probability and free
probability; C*-algebras related to monotone probability. Some references to these subjects are provided in Notes
and respectively. Finally, it is worth noting that the monograph [90] and the expository article [I38] are also valuable
sources on monotone and other notions of independence written from different perspectives.

I am grateful to Dan Voiculescu who encouraged me to write an introductory exposition of monotone probability the-
ory. I greatly appreciate stimulating discussions with Guillaume Cébron and Katsunori Fujie, and suggestions from Wojciech
Mitotkowski, Janusz Wysoczanski and Franz Lehner.

Sapporo, November 2025
Takahiro Hasebe
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NOTATION

N the set of positive integers {1,2,3,...}
Np the set of nonnegative integers {0,1,2,3,...}
[n] the set {1,2,...,n} for any n € N
1,4 the unit of a unital algebra A

) the spectrum {z € C: z14 — a is not invertible} of an element a of a unital C*-algebra
S) the subalgebra generated by a subset S of an algebra

) the C*-subalgebra generated by a subset S of a C*-algebra

H a; the ordered product ay, ay, - - - at, for a totally ordered set T = {t; < ta < -+ <tpn}

and elements a; of an associative algebra A; the ordered product is 14 if T =0
B(H) the set of bounded linear operators on a Hilbert space H
My (C) the set of N x N matrices with complex entries
C(X) the set of C-valued continuous functions on a topological space X
B(X) the set of the Borel sets of a topological space X
D the complex unit disk {z € C: |z| < 1}
C*  the complex upper half-plane {z € C: J(z) > 0}
Lo the analytic distribution of a real random variable a

1
G, the Cauchy transform / ﬁu(dt)
o7 —

F,, the reciprocal Cauchy transform 1/G,(z)

t 1 1
1, the moment generating function / 1 : tu(dt) = -G, () -1
-z z z

1
Ny the n-transform M =1-2zF, ()
z

L+ u(z)
arg the argument function defined on C \ [0, +0c) so that argz € (0, 2)

V., the sector domain {z € C* : v|R(z)| < I(2)}, v > 0

1, € B,

x5 the characteristic function of a subset B, i.e., xg(z) := )
0, otherwise

my,(p) the nth moment / t" u(dt) of a Borel measure p on R, if it exists
R

Var(p) the variance of a probability measure p on R
A the set {(s,t) eR?: 0 < s <t < 400}

A(m,v) the arcsine law with mean m and variance v > 0, i.e.,
1

ﬂ'\/m X (m—+/20,m++/2v) (z)dz

S(m,v) the semicircle law with mean m and variance v > 0, i.e.,

1

p— 4v — (2 = m)? X(m—2/m,m+2vm) (7) dz
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1. MONOTONE INDEPENDENCE

The standard Kolmogorov’s formulation of probability theory builds upon a probability space that is a triplet of a set €2,
a o-field F C 2 and a probability measure P defined as a function on F. The first step toward noncommutative probability
theory is to shift the focus from the probability space to a function space over it, say L™ := L>®(£, F,P). We can regard the
expectation E as a linear functional on L°°. The central idea is to generalize L™ to a possibly noncommutative algebra and
E to a linear functional on it, which leads to the concept of noncommutative probability space. Elements of the algebra are
called random variables. In contrast, the usual probability theory is often called classical probability theory, just as mechanics
in physics before quantum theory is referred to as classical mechanics.

Numerous notions in probability theory can naturally be formulated in the noncommutative setting. In this section, we will
consider the distribution of a random variable, independence of random variables, and the sum and product of independent
random variables. A striking feature is that the notion of independence is not unique. What we focus on is the one called
“monotone independence”.

1.1. Noncommutative probability spaces. We start by collecting basic materials from functional analysis. Most of the
facts on C*-algebras can be found in standard textbooks, e.g. in [51].

Definition 1.1. Let A be an associative algebra over C, possibly not having a unit.

(i) Ais called a x-algebra if there exists a map A > a +— a* € A that satisfies (a*)* = a, (ab)* = b*a* and (A\a+ub)* = \a*+mb*
for all \,p € C and all a,b € A.

(ii) A is called a Banach algebra if A is a Banach space with respect to a norm || - || and the inequality ||ab|| < ||al|/||b]] holds
for all a,b € A.

(iii) A is called a C*-algebra if A is a x-algebra and also a Banach algebra such that |ja*al| = |la||?> holds for all a € A.

For an algebra A, especially when it is non-unital, we define its unitization A := C & A with unit 1 i = (1,0) and
multiplication (X, a)(u,b) := (A, Ab+ pa+ab). If A is a *-algebra then A is a unital -algebra with involution (X, a)* := (X, a*).
Definition 1.2. (i) A pair (4, ¢) of an associative algebra A over C and a linear functional ¢: A — C is called a noncom-

mutative probability space (nc-probability space for short). If A is a unital algebra and ¢ is a unital linear functional,
ie., p(la) =1, then (A, ) is called a unital nc-probability space.

(ii) Let A be a unital x-algebra. A linear functional p: A — C is called a state if p(14) = 1 and ¢ is positive, i.e., p(a*a) > 0
for all @ € A. Such a pair (A4, ¢) is called a unital x-probability space.

(iii) Let A be a (possibly non-unital) *-algebra. A linear functional p: A — C is called a restricted state if the extended
linear functional p: A — C with ¢(1 ;) := 1 is a state in the sense of A pair (4, ¢) of a x-algebra and a restricted
state on it is called a x-probability space.

(iv) Let A be a unital C*-algebra. If a linear functional ¢ on A is a state in the sense of above, then the pair (4, ) is
called a unital C*-probability space. It is known that ¢ automatically becomes continuous with norm 1.

In any setting above, an element a € A is called a random variable and ¢(a) is called the expectation of a. In a
x-probability space, an element a with a* = a is called a real random variable.

Remark 1.3. a) On a unital x-probability space (A, ), ¢ is self-adjoint, i.e., p(a*) = ¢(a) holds for all a € A. Moreover, the

Cauchy—Schwarz inequality

p(a”)| < V/p(a*a)y/ ¢(b*D)
holds for all a,b € A. These can be proved from the fact that the quadratic function C 3 A — ¢((a + Ab)*(a + b)) is
nonnegative.

b) On a *-algebra A, the mere positivity ¢(a*a) > 0, a € A, does not imply that ¢ is a restricted state. For example, let
Co[z] be the *-algebra of polynomials without constant terms, equipped with the involution (aiz + asa? + -+ - a,z™)* =
a1z + @x® + - + @pa”. Let p: Colz] — C be defined linearly by ¢(z) := a and ¢(z™) := 0 for all n > 2. For
any a € C the positivity condition ¢(a*a) > 0 holds, but ¢ fails to be a restricted state as soon as a # 0 because
S((AL +2)* (Al +x)) = |A\|* + 2aR(N), which fails to be nonnegative for some A € C.

¢) Let A be a unital -algebra and ¢: A — C be a unital linear functional. Then ¢ is a state if and only if ¢ is a restricted

state. First, it is obvious that if ¢ is a restricted state then it is a state. Conversely, suppose that ¢ is a state. Let 1;
denote the unit of A and 14 denote that of A. For the unital extension $: A — C and a € A we have

S((A15+a)*(Al5 +a)) = [A]* + Ap(a*) + Ap(a) + p(a*a).
This is exactly the same as ©((A14 + a)*(A\14 + a)), which is nonnegative.

d) We could also define non-unital C*-probability spaces by requiring ¢ to be a positive continuous linear functional with
norm 1, but we will not need this general setting.

Fundamental examples of noncommutative probability spaces are provided below. The first three correspond to classical
probability theory.

Example 1.4. (a) Let (Q,F,P) be a probability space. Let E denote the expectation, i.e., the linear functional X
Jo X(w)P(dw). Then the pair (L>(, F,P),E) is a unital C*-probability space with unit xg, involution X +— X* defined

by X*(w) := X(w), and the L> norm || - ||. Alternatively, if we consider the larger space L~ 1=, ., LP(%, F,P),
then (L*°~,E) is a unital *-probability space.
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(b) Let £ be a compact topological space and P be a probability measure on (Q,B(€2)). The set C(£2) of the C-valued
continuous functions on €2 is a unital C*-algebra equipped with the same unit and involution as above and the supremum
norm || - ||. The pair (C(Q2),E) is a unital C*-probability space.

(c) Let C[z] be the polynomial algebra containing the unit. Let (o, ),>0 be any sequence of complex numbers. The linear
functional ¢: C[z] — C defined by p(z") := a,, n € Ny, provides a nc-probability space (C[x], ¢). Moreover, we introduce
an involution on Clz] by (2™)* := 2™ and extending it by antilinearity Let © be a probability measure on R that has
finite moments of all orders. Then the linear function ¢, : C[z] — C,

/ Pt
gives a unital *-probability space (Clz], ¢,).

(d) Let H be a Hilbert space and £ € H be a unit vector, ie., ||{]| = 1. Let B(H) be the C*-algebra of bounded linear
operators on H equipped with operator norm and involution being the adjoint. Let y¢(a) := (£, a) called the vector
state. Then (B(H), ¢¢) is a unital C*-probability space.

(e) Let My (C) be the unital x-algebra of N x N matrices of complex numbers with involution being the conjugate transpose.
Let Tr be the canonical trace, i.e., Tr(a) is the sum of the diagonal entries of a. Then (My(C), 1 Tr) is a unital x-probability
space. We can also make it a unital C*-probability space by naturally identifying My (C) with B(CY).

(f) We generalize example @ to random matrices. Let My (L% 7) be the unital x-algebra of N x N matrices with entries
in L~ deﬁned in |(a) . With the unit 1y := (d; ;)i jev) and involution a = (Xi ;)i jenv) = a* = (X},)ijen), the pair
(Mn (L), +E o Tr) becomes a unital x-probability space.

1.2. Distributions of random variables. In probability theory, for an R-valued random variable X defined on a probability
space (€2, F,P), the distribution of X is the probability measure px on R defined by

ux(B) =P({we Q: X(w) € BY), BeBR),

where B(R) is the set of the Borel subsets of R. By the change-of-variable formula, for any bounded continuous function

f: R — C, we have
1= [ S (an).

We take this formula as a starting point to define a distribution of a real random variable in the noncommutative setting.

1.2.1. The case of C*-probability spaces. Let a be a real random variable in a unital C*-probability space (A, ¢). Recall that
the spectrum

Sp(a) :={z € C: z14 — a is not invertible}
is a compact subset and is contained in the interval [—||a||, ||a||], and a admits continuous functional calculus, i.e., there is an
isometric unital *-homomorphism F,: C(Sp(a)) — A such that F,(P) = P(a) for any polynomial P, where C'(Sp(a)) is the
C*-algebra endowed with supremum norm. The notation f(a) := F,(f) is used for all f € C(Sp(a)).

Proposition 1.5. Let (A,¢) be a unital C*-probability space and a € A be a real random variable. There ezists a unique
probability measure p, on Sp(a) such that

o(f(a)) = /S . T@walan

for all continuous functions f: Sp(a) — C. The probability measure p, is called the distribution of a. Sometimes we call it
the analytic distribution of a to distinguish it from the algebraic one in Definition [1.7 below.

Proof. This is a consequence of Riesz—Markov—Kakutani’s theorem applied to the continuous positive linear functional f —

o(f(a)). 0
Since p, is supported on the compact set Sp(a), p, is a unique probability measure on R such that
pla™) = / " po(de), n €N, (1.1)
R
see Proposition [A4]

Example 1.6. (a) Let a € My(C) be Hermitian. Then a = udu® for some unitary matrix u and the real diagonal matrix
d = diag(A1, A2, ..., An) of eigenvalues of a, so that

1
~r(a") = —T&"d"— ZA"—/xlua(dx), neN,

where p, := % Zf\;l dy, is called the empirical eigenvalue distribution of a.

(b) Let (£, F,P) be a probability space. We consider the unital C*-probability space (B(H), ¢y, ), where H := L*(Q, F,P)
and @, is the vector state. Let X be a bounded real random variable. Let mx € B(H) denote the multiplication operator
f— Xfon H. Then

Pxa(mi) = (xo, mixxa) / X (w)"P(dw) = / " pux(dz), neN,
R

where px () :==P(X € ) is the distribution of X. Therefore, fi,, coincides with px.
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(c) Suppose that (A, ) is a unital C*-probability space and a € A is a real random variable. If ¢ is a homomorphism on (a)
(the algebra generated by a), then the analytic distribution i, is the delta measure d,,(,), as the nth moment of 1, equals

p(a)".
1.2.2. The cases of - and nc-probability spaces. We now turn to the setting of a -probability space (A, ¢). Let (A, @) be its
unital extension. Let a € A be a real random variable. Then the sequence s, := @(a™), n =10,1,2,... is positive semi-definite,
i.e., for every n € Ny and cg, cq,...,c, € R we have
n n * n
> ey ( (e (Lo )] 20
i,j=0 i=0 j=0

This ensures the existence of a probability measure p, on R having finite moments of all orders such that holds; see
Theorem In general, however, the probability measure pu, is not unique, see Example For this reason, we will
call the sequence (p(a™))nen itself the distribution of a instead of p,. More generally, we extend this term to elements of a
nc-probability space.

Definition 1.7. Let (A, ¢) be a nc-probability space. For any a € A, the sequence (¢(a™))nen is called the distribution of
a. Each number ¢(a™) is called the nth moment of a.

Relying on this definition, we can say that a and b are identically distributed, or have an identical distribution, if
w(a™) = p(b™) for all n € N. More generally, given two nc-probability spaces (A, ) and (B, 1), we may say that a € A and
b € B are identically distributed if ¢(a™) = 1(b") for all n € N.

1.2.3. Spectral measures and analytic distributions. For bounded self-adjoint operators on complex Hilbert spaces, we can show
that the analytic distribution is the evaluation of the spectral measure by a state. Although this fact is not essential in the
following, this is a core idea of noncommutative probability and of quantum physics, and so it is worth noting here. Let us first
recall the concept of spectral measure.

Definition 1.8. Let a be a bounded self-adjoint operator on a complex Hilbert space H. The spectral measure of a is a
function E, defined on B(Sp(a)) taking values in the set of orthogonal projections on H, such that

(i) E.(Sp(a)) =idg,
(i) for disjoint sets B, € B(Sp(a)), n € N, the identity

Ea <[j Bn) = iEa(Bn)

holds, where the infinite sum converges in the sense of strong operator topology,

(iii) it holds for all £ € H that
€at) = [ sdig.Eaf)6),
Sp(a)

where the right-hand side is the integral against the Borel measure B — (¢, F,(B)¢). This formula is often written

more simply as
a= / x E,(dz)
Sp(a)

and is called the spectral decomposition of a.

It is known that a spectral measure exists; the reader is referred to e.g. [I39, Theorem 5.1 and Proposition 5.10] or [51, Theorem
IX, 2.2].

The spectral measure offers Borel functional calculus: for any bounded (Borel) measurable function f: Sp(a) — C we can
define f(a) by the spectral integral

f(a) = /Sp(a) f(x) E,(dx). (1.2)

This satisfies several properties e.g., Xsp(a)(a) = idn, (fg)(a) = f(a)g(a), and

€@ = [ e B@e, et (13)
pla

One can also interpret that (1.3)) is the definition of the spectral integral, i.e., the spectral integral f(a) in (1.2]) is a unique

bounded operator such that (1.3]) holds; recall the well known fact that (£,b€) = 0 for all £ € H implies b = 0 if H is a complex

Hilbert space.

Proposition 1.9. Let a be a bounded self-adjoint operator on a Hilbert space H and & € H be a unit vector. Let E, be the
spectral measure of a. Then the analytic distribution of a in the C*-probability space (B(H), pe) is given by pr, = e 0 Eq.

Proof. The definition of spectral measure implies that p := ¢¢ o E, is a probability measure on R. By Borel functional calculus
we have

pe(a™) = (&, a"€) = / 2" (&, By (2)€) = / " p(da), n € Np,

Sp(a) Sp(a)

which shows p = . |
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Remark 1.10. The spectral measure exists also for unbounded self-adjoint operators on Hilbert spaces. Then we can define
the distribution of the operator to be the evaluation of the spectral measure by a state. This is a standard method in
noncommutative probability to handle arbitrary probability measures on the real line.

The analytic distributions in Example can be understood via spectral measures.

Example 1.11. In the setting of Example we identify My (C) with B(CV). Let A, X, ..., N, (1 < M < N) be the
eigenvalues of a without counting multiplicities. The spectrum of a equals the finite set

Sp(a) = {A, ..., Ay
Let E; be the orthogonal projection from CV onto the eigenspace of the eigenvalue \;, i.e.,

m;

Ei§ = (i, Eui

=1
where {u; 1, 2,...,U;m, is an orthonormal basis of the eigenspace. We show that
Z E;, B C Sp(a)
i k;EB

is the spectral measure of a. First, as is well known in linear algebra, the vectors {u; ; : 1 < j <m,;, 1 <1i < M} form a basis
of CN. Since every vector & € CV can be expressed as the linear combination

M my

=Y (uig,&ui,

i=1 j=1

one can easily see that

M
= Z E; =idew.
i=1

(€, ui ;)| we see that the Borel measure (£, E(-)€) can be expressed as (£, E(+)§) =

Second, observing (¢, E(B)&) = .. NeB Z;ﬂzl
Zf‘/[1(z 1w ) )0x;. We thus obtain

/ zd(¢, BE(z)€) =) (Z (& uig) P | N =D D (€ au ) (ui g, €
Sp(a) i=1 1 i=1 j=1
M m;
= ZZ a*€, ui ) (ui &) = (a*€, &) = (€ ag),

where we used the basic relations au,; ; = Nu, ; and (§,n) = Zk:1<§, vg) (v, n) for any orthonormal basis (vx,)re[n]. Therefore
we have verified that E is the spectral measure.
Finally, the analytic distribution u, in the C*-probability space (My(C), %Tr) can be recovered as

N
pa(B) = STHEB) =+ 3 ME)= 1 3 mi= 1 Y 6(B)
=1

i: N, €B it \,€B
Example 1.12. In the setting of Example observe first that the spectrum of mx is exactly the support S of px (see
Section for the definition of support). We show that the spectral measure of the multiplication operator my is given by
E(B) :=my,(x), B € B(S).

First, it is obvious that E(S) = idyg as P(X € §) = 1. Second, E(B) is an orthogonal projection as one can easily check
E(B) = E(B)? = E(B)*. Third, for disjoint Borel subsets B,, € B(S) and £ € H we have

E (U Bn> £=XU, . 8.(X)E=D xB,(X)6 =) E(B,)¢

where the second equality holds (in the L? sense) by the dominated convergence theorem. Finally, for & € H, the measure
B (£, B(B)¢) is given by E[xp(X)[¢]?] = E[6x (B)|¢]?]. If f = x5 with B € B(S), then by the definition of integral

/Sf(x)d@,E(fﬂ)é) = E[x5(X)I€l’] = E[f(X)|E]’] = (&, F(X)8).

For a nonnegative bounded Borel measurable function f, we approximate it by simple functions from below. By the monotone
convergence theorem, the same formula [ f(z) d(¢, E(z)€) = (&, f(X)E) still holds. By linearity, the same holds for any
bounded Borel measurable function f. In partlcular, selecting f(z) = x we conclude that E is indeed the spectral measure of
mx. Note that the above arguments actually show that f(mx) = myx).

Using the spectral measure, we recover the analytic distribution of mx in Example [1.6] u@

timx (B) = ¢xa (E(B)) = (xa,x8(X)xa) = P(X € B),

so that i, coincides with the distribution of X in the sense of classical probability.
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1.3. Independence of two subalgebras. On a probability space (2, F,P), the independence of two sub-o-fields G, H C F
is defined by the condition

P(AN B) =P(A)P(B), AegG, BeH.
This is also equivalent to the condition that
E[XY] = E[X]E[Y], X e L*(Q,G,P), Y e L>®(Q,H,P). (1.4)

The latter condition can be regarded as a certain relation between the subalgebras L>=(Q, G, P) and L>(Q, H,P) of L>(Q, F,P).

Let us generalize the independence of the form to a nc-probability space (A, ). From the above observation, it is
natural that subalgebras of A should play the role of sub-o-fields in probability theory. Let B, C be subalgebras of A. Because
random variables are allowed to be noncommuting, focusing only on the expectation ¢(bc), b € B, ¢ € C, is not sufficient; it is
natural to discuss the more general quantities

90(510152 ce Cn—lbn)a @(blclbz cee Cn—lbncn)v
80(00510152 ce Cnflbn)v <P(Cob10152 te Cnflbncn); bie B, ¢; €C,

which we call mixed moments of B and C. To discuss the above four kinds of alternating words in a unified way, we consider
@(cobicr - - - cp—1bncy,) allowing cg = 14 or ¢, = 1; in the unitized algebra A (if A is unital then we can just take co = 14
or ¢, = 14). Inspired by , we consider a “universal rule” for calculating the mixed moments of B and C, and call it an
independence of B and C in noncommutative probability theory.

A direct generalization of the classical stochastic independence to a nc-probability space is as follows.

Definition 1.13. Let (A, ) be a nc-probability space. Subalgebras B,C C A are called tensor independent if
p(cobicrbaca - bncy) = p(b1ba - - bp)p(cocica - cn)

holds for all n > 1, by, bs,...,by, € B, ¢1,¢2,...,¢—1 € C and cg, ¢, € CU{1;}. Incasen =1 and ¢y = ¢,, = 1 ; we understand
w(coe,) = 1.

Two subsets S,T C A are said to be tensor independent if the subalgebras B := (S) and C' := (T) are tensor independent. If
(A, ) is a x-probability space, then two subsets S, T C A are called #-tensor independent if the *-subalgebras B := (b,b* : b € S)
and C := (¢, c* : ¢ € T) are tensor independent.

Example 1.14 (A canonical model for the tensor independence). Let (A;,¢;), i = 1,2, be two nc-probability spaces. Let
A:=A; ® Ay and ¢ := @1 ® 2. Then the subalgebras B := A; ® 14, and C := 14, ® Ay are tensor independent in (A4, ¢).
To see this, for example for b; = 2; ® 14,, 4= 1,2, and ¢; =14, ® y;, + = 1,2, 3, we have

cobieibaca = (2122) ® (Yoy192)
and hence
¢(cobicibaca) = p1(T122)P2(Yoy1y2) = w(b1b2)p(cocic2).
Here we introduce monotone independence as another factorization formula for mixed moments.

Definition 1.15. Let (A, ¢) be a nc-probability space. Subalgebras B, C' C A are called monotonically independent if

@(cobicibacy - - bpcn) = @(brbe -+ by )@(co)p(cr)p(c2) - - p(cn) (1.5)

for all n > 1, by, bs,...,b, € B and ¢1,¢2,...,¢p—1 € C and ¢y, ¢, € CU{1;}. Here we understand ¢(1;) = 1.

Two subsets S,T C A are called monotonically independent if the subalgebras B := (S) and C := (T) are monotonically
independent. If (4, ¢) is a *-probability space, then subsets S, T" C A are called *-monotonically independent if the *-subalgebras
B:=(b,b*: b€ S) and C := (¢,c* : ¢ € T) are monotonically independent.

Remark 1.16. a) Monotone independence has an “asymmetric” nature: B and C' being monotonically independent does not
imply that C' and B are monotonically independent.

b) If B,C are monotonically independent and (A, o) is unital, then one can show that B and (14, C) are also monotonically
independent, i.e., holds for ¢g,c1,...,¢, € CU{1l4} too. However, if one takes b; = 14 for some ¢ then holds
only in trivial cases. Suppose for example that ¢(cobic1) = @(b1)p(co)p(c1) were the case for by = 14. Then we would
have ¢(coer1) = p(co)p(cr) for all ¢g,c1 € C, ie., ¢ would be a homomorphism on C. In the setting of C*-probability
spaces, this would imply that any real random variable ¢ € C' has the trivial distribution d,.), see Example

¢) The above @ suggests that the role of the unit 14 is rather different from classical probability theory. Here are two more
remarks on the unit. In probability theory, a constant random variable is independent of any other random variable. In
monotone probability, it is easy to see that a and 14 are monotonically independent for any a € A; however, typically 14
and a are not monotonically independent. Also we can observe that the monotone independence of b and ¢ does not imply
that of b+ A14 and ¢ for A € C\ {0}.

d) Suppose (A, p) is a unital C*-probability space. If B, C are *-subalgebras of A that are monotonically independent, then we
can prove ([L.5)) for all n > 1, by, ba,...,b, € C*(B) = B and cg,c1,...,cn—1 € C*(14,C). Moreover, when ¢ = ¢, = 14,
the left- and right-most letters by and b,, are allowed to be the unit, i.e., the formula

p(brcibaca -+ cn_1bn) = @(b1ba - - - by)p(c1)p(c2) - - p(cn-1) (1.6)
holds for all n > 2, by, b, € C*(14,B), ba,...,bp—1 € C*(B) and ¢y, ¢a,...,¢ch—1 € C*(14,0).
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Example 1.17 (A canonical model for monotone independence). Let Hi, Hy be Hilbert spaces. We fix arbitrary unit vectors
& in Hy, i =1,2. Let H := H; ® Hy be the tensor product Hilbert space, £ := & ® &, and p € B(Hz) be the orthogonal
projection onto the one-dimensional subspace C&. We consider the unital C*-probability space (A, ¢), where A = B(H) and
ola) = (€,af), a € A, and the x-subalgebras B := B(H;) ® p and C := idy, ® B(H;) of A. Note that B is a x-subalgebra
because of p? = p = p*, and moreover, B, C' are both C*-subalgebras (i.e., closed with respect to the operator norm) because
lz @ y|| = l|z||||y|| holds for all z € B(H;) and y € B(H>). )
We show that B and C are monotonically independent in (A, ). To see this, for example for b; = b; ® p, i = 1,2, and

¢; =idg, ® ¢, 1 =1,2,3, we have

cobicibacy = (b1b2) ® (Copcipéa)
and hence, with notation ¢;(-) = (&, &) m,,

p(cobierbaca) = 1 (biba)pa(Copéipés).

Note here that, since péy = p*&s = &5, we have

pa(Copl1pta) = pa(pCopCipcap).
Straightforward calculations yield pép = p2(¢)p for any ¢ € B(Hs). Hence, we arrive at

©2(CopC1pCz) = @2(Co)p2(C1)p2(C2) = @(co)p(c1)p(c2)
and finally
p(cobicrbacs) = @(biba)(co)p(e1)p(c2).

Example 1.18. A simpler example can be constructed on a single Hilbert space H equipped with a unit vector £ € H. Let p be
the orthogonal projection onto C¢ and let (-) := (&, -&). We show that the sets {p} and B(H) are monotonically independent in
(B(H), ). Since the *-algebra generated by p is just Cp, it suffices to compute p(ai1pasp- - - pay), where ay,as,...,a, € B(H).
Using the relations pap = ¢(a)p, p€ = £ and ¢(p™) =1, n € N, we can see that

@(aipagp- - - pan) = p(paipas - - - anp) = p(a1)e(az) - - - p(an)e(p)

as desired.

1.4. Independence of several subalgebras. We extend the definition of tensor and monotone independence to the case of
several subalgebras. For the tensor case, the definition comes from the following natural extension of Example

Example 1.19. Let (4;,¢;), i € [N], be unital nc-probability spaces. Let
A=ARA41 @A,
¢:¢1®¢2®®¢N

We consider the subalgebras

Bii=14, 014, - ®14,_, 04,014, ® - @1a, (1.7)
for i € [N]. Then for any i1,12,...,i, € [N] and by € B;,, bo € B, ..., b, € B;, we have
— — —
piba-ba)=¢ | T1 oo )e| II o) --¢| II o
prip=1 p:ip=2 prip=N

The above example can be abstracted to any family of subalgebras of any nc-probability space as follows.

Definition 1.20. Let (A, ¢) be a nc-probability space. A family of subalgebras (A;);cr of A is called tensor independent if

for any i1,49,...,i, € l and a1 € A;,, a2 € A;,, ..., an € A;,, we have
—
plaraz--an) = [e | ]I @
jerl prip=j

Moreover, a family (5;);cr of subsets of A is said to be tensor independent if so is (A;);er, where A; = (S;) is the subalgebra
generated by S;. Independence of random variables (z;);c; can be defined by regarding each x; as the set of single element.

Example can also be extended to an arbitrary number of subalgebras. Given Hilbert spaces H; with unit vectors
& (1<i<N), we set

H=H®H®- - ®Hy,
=600 Q¢nN,

and A :=B(H), p(a) := (£, a&)y, which form a unital C*-probability space (A, ). Let p; € B(H;) be the orthogonal projection
onto C&;. Then we consider the x-subalgebras

A= B(H1)®p2 Qp3® - PN,
As :=idy, ® B(H2) ®@p3 ® -+ Q pn,

Ay = idH1 X idH2 ®--® idHN_1 ® E(HN)
This operator model leads to the following definition; see also Example



MONOTONE PROBABILITY THEORY 11

Definition 1.21. Let (A, p) be a nc-probability space and I be a totally ordered set. A family of subalgebras (A;);er of A is
called monotonically independent if for any i,49,...,i, € [ and a; € A;,, a2 € 4;,, ..., an € A, , we have
olap)p(araz - ag—1ap41- -an) f2<k<n-—1and i1 <ig>igs1,
wlaraz---an) = < plar)p(azas - - ay) if i1 > i,
plan)p(araz -~ an—1) if ipo1 < in.

Moreover, a family (S;);cs of subsets of A is called monotonically independent if so is (A;);cr, where A; = (S;) is the subalgebra
generated by S;. If (A, ¢) is a x-probability space, then a family (S;);cr of subsets of A is said to be *-monotonically independent
if the x-subalgebras A; generated by S; are monotonically independent.

Remark 1.22. This is a recursive definition of monotone independence. Applying the definition repeatedly, the mixed moment
p(ayas - - - a,) will eventually be of the form

I elaryarai - an0):

j=1
where ki(j) < k2(j) < - < ky;)(j) for each j and ay, (jy, Gr,(j), - - - belong to a common subalgebra A, ;); see also Example
- Although writing down the general expression is complicated, we will later do so for I = {1, 2,3} in the proof of Proposition

2T

Example 1.23. The sequence (4;)Y, of *-subalgebras of B(H) defined in (I.8) is monotonically independent. To see this,
let 41,i2,...,i, € [N] and aj € A;,, j € [n]. Let 2 < k < n —1 be such that i, 1 < ix > ipr1. We can see ap_1apap41 =
w(ag)ak—1ax+1 because of p;xp; = p;(x)p; for any x € B(H;), and hence

plaraz - an) = @lar)p(araz - ag—1ak41 -+ an).
The cases i1 > i3 and 4,1 < i, are handled with a trick: if i; > i5 then we may insert the projection p =p; @p2®--- @ py as
plaraz -~ an) = (§a1a2 - ané) = (P§, a1a2 - - - an&) = (§; paras - - - an),
where the last equality holds because of p = p*. Then we can use the operator identity pajas = p(a1)pas to show
plaraz - an) = p(ar)p(az - an).
The case i,,_1 < i, is similar.
Example 1.24. Suppose that subsets {a,a’}, {b,b'}, {c, ¢’} are monotonically independent in (A4, ¢). Then
p(ab) = p(ba) = p(a)p(b),
p(aba’) = ¢(aa’)p(b),
p(bad’) = p(b)g(a)e(V),
plabelf¢a’) = p(abeda)p(c') = plabb'a)p()p(e!) = p(aa )oY )o()o(c).
The formula for ¢(bad’) is already different from the case of tensor independence.

Proposition 1.25. Let (A, ) be a nc-probability space and I be a totally ordered set. Suppose that a family of subalgebras
(Ai)ier of A is monotonically independent. Then the restriction of ¢ to the subalgebra (A; : i € I) is determined by @[, i € I.

Proof. This is a consequence of Remark |
Remark 1.26. In free probability, unital - or C*-probability spaces (A, ¢) often satisfy the conditions that

e o is faithful, i.e., p(a*a) = 0 implies a = 0,

e o is tracial, i.e., p(ab) = p(ba) for a,b € A.
In monotone probability, however, these conditions hold only in trivial cases. Let a,b be monotonically independent real random
variables in a unital C*-probability space (A, ¢).

a) If o is tracial then either 1, = 8o or f1p = 0y (q)- Suppose that p, # 8. We first observe that ¢((ba®)b) = ¢(a?®)@(b)?, while
o(b(ba?)) = ¢(a?)p(b?). The traciality of ¢ therefore implies p(b%) = p(b)? as ¢(a?) > 0. This means that the analytic
distribution p; has vanishing variance, so that uy = d,p)-

b) If ¢ is faithful then again either p, = dg or iy = dy). Since a and b — (b)14 are monotonically independent, we may
and do assume that ¢(b) = 0 from the beginning. Because ¢((ab)*(a )) ©(ba?b) = p(a?)p(b)? = 0, the faithfulness of ¢
implies ab = 0. If p, # dp then p(a?) > 0 and so 0 = p(a?b™) = ¢(a?)p(b"), i.e., p(b") = 0 for all n € N. This implies
ty = dg.

1.5. Additive monotone convolution. For classically independent R-valued random variables X,Y, the distribution of
X +Y is called the convolution of px and py and is given by

(ux * 1) (B) i= e (B) = [ xnls+ Oux(@uy (@), B e BER).
R2

It is well known that the exponential moment generating function (essentially equivalent to the characteristic function) is useful

to calculate the convolution. For simplicity, assuming X € L, let

Ex(z) :=E[e*X] =) E[X"] 2", zeC.

n!
n>0
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Due to the independence we have Ex iy (z) = E[e*Xe*Y]| = E[e*X|E[e*Y] = Ex(2)Ey (2).

Here we consider the distribution of x + y when z and y are monotonically independent real random variables in a unital
C*-probability space (A, ). Instead of the exponential moment generating function, a more useful function is the shifted
moment generating function

M,(2) = 2p((1a —2z2)™) = ) _p(a™)"!,  z€C, |2 <1/,
n>0

where 1/0 is to be interpreted as +oo.

Theorem 1.27. Let (A, ) be a unital C*-probability space. Suppose that x,y € A are monotonically independent. Then for
all z € C with |z| < 1/(||z|| + ||y||) we have |My(2)| < 1/||z| and

My () = My (M, (2)). (1.9)

Proof. First we check that the functions M, (z) and M, (M, (z)) make sense. The assumption |z| < 1/(||z|| + |ly||) implies
|z] < 1/|lz +y|| and |z| < 1/||y|| so that M,.,(z) and M,(z) are well defined. Moreover, one can check |M,(z)| < 1/|z| by
using the estimate

Edl
2)| < Z lo(y™)l2"* < Z gl ="+ = ——

= lyll=]
< Eh 1
N
L=yl errmn 1=l

Because x,y are noncommuting in general, the expansion of (z + y)™ contains 2" terms. The following expression is useful

for us:
x—i—y Z Z yk"azyklxumykz.

=0 ko,k1,....k¢ >0,
Ko+k1+-+ke=n—¢

Evaluating this by ¢ and applying the definition of monotone independence together with Remark @ yields

elz+y)™) = > e(@") ey )p(y*) - o(y™). (1.10)
{=0  ko,k1,...,k¢>0,
ko+ki+-+kp=n—L

Then we can proceed as follows. First we perform formal calculations and later discuss analytic issues:

Myiy(z) =y 2" Z > P@)p*)ey™) - (y™) (1.11)

n>0 =0 ko,k1,...,ke>0,
ko+k1+- -‘rkz n—~

=33 > p(x)p(y) ot gy )Rt gy et (1.12)

£>20n=L  ko,k1,...,ke>0,
ko+ki+--+ke=n—~£

=30 ) elahe(yt) ot eyt gyt et (1.13)

£>0 ko k1,...,ke>0

- Z‘P 2yt (1.14)

>0
= M, (M,(2)). (1.15)

Calculations (|1.12))—(|1.14) can be justified with Fubini’s theorem because the sum (|1.13) is absolutely convergent:
Z Z ’(P(.]?f)go(yko)zko+l<p(yk1)Zk1+1 . --cp(ykz)zk‘+1|

€20 ko,k1,...,ke>0

<Y D el eyttt he

£2>0 ko,k1,..., ke>0

¢
|2z )
< +00. O
1o IZIIIyII 2 (1 = |2lllyll

£>0

Suppose that z is a real random variable in a unital C*-probability space. Since the moment sequence p(z™), n =1,2,3,...,
is encoded in M,(z) as the Taylor coefficients, the analytic distribution p, can be determined from M, (later we show a more
straightforward formula that recovers p, from M, called the Stieltjes inversion, see Proposition . Conversely, M, can be
computed from pu, by the formula

z

M,(z) = 2 (dt).
@)= [ g

Thus, we can identify M, with u,. Therefore, formula (1.9) gives a binary operation on the set of compactly supported
probability measures, which is called additive monotone convolution. Later we extend additive monotone convolution to
arbitrary probability measures on R, see Theorem
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1.6. Multiplicative monotone convolution. In probability theory, multiplication of independent random variables is an-
other natural operation. If X,Y are R-valued random variables defined on a probability space, then the law pxy is called the
multiplicative convolution of ux and py and is given by

ixy (B) = / xslstux(ds)uy (@), B € B(R).

In the particular case where X, Y are both positive, the use of log(XY') = log X + log Y allows us to reduce the calculation of
multiplicative convolution to the additive convolution.

Here we will consider the multiplication of monotonically independent random variables. In the setting of unital C*-
probability space, for real random variables x,y, the product xy is not self-adjoint in general. To recover the self-adjointness,
we consider \/zy\/x or /yx,/y assuming x or y are positive. However, the result turns out to be rather trivial.

Proposition 1.28. Let (A, ¢) be a unital C*-probability space. Let x,y € A be monotonically independent real random variables.
Let o := ¢(y).

(i) If x>0 then p zy 7 = tox-
(ii) Ify >0 and a > 0 then p e 5 = (1 — B)do + Biiaz, where B := o(Vy)?/a. If « =0 then Pz = 0o
Proof. |(i)| First note that C*(z) and C*(y) are monotonically independent, and that /2 € C*(x). We can therefore obtain

o(Vryvz)") = o(Vayzyz - yvz) = o(Vrz" ' Va)p(y)" = o((az)™).

If a = ¢(y) > 0 then for n > 1 we have
P(Vyeyy)") = e(Vyzya - ay/y) = (a")e(vy)*e(y)" " = Be((ax)™).

Note that § < 1 holds by the Cauchy—-Schwarz inequality. Moreover, because the analytic distribution of y is supported on
[0, +00) and not equal to do, we have (/7)) = [~ V1 piy(dt) > 0 and so 8 > 0. The conclusion follows by the fact

/R (1= B)3o + Brtaa)(dt) = Bo((0z)™),  n > 1.

If & = (y) = 0 then the Cauchy—Schwarz inequality implies ¢(,/y) = 0, and so ¢((v/yz/¥)") = ¢(z™)e(/¥)*¢(y)"~* = 0 for
n > 1. O

A more nontrivial distribution of \/zy+/z can be obtained by assuming the monotone independence of x — 14 and y — 14;
recall from Remark that this assumption is different from the monotone independence of x and y. Currently, in the
literature, this is taken as the standard definition of multiplicative monotone convolution although the definition might look
strange. There are reasons why we assume the independence of x — 14 and y — 14; one practical reason is that this is useful
in a later application to random matrices, see Theorem [8.13] Another reason is that this multiplicative monotone convolution
appears in free probability theory in the form of “subordination functions”, see Notes [5.4

To describe the multiplicative monotone convolution, useful transforms are the following -transform (also called the
moment generating function) and the n-transform

Yal2) = TM(2) 1 = plaa(1a — 22) ) = g™,
n>1
T T

which are holomorphic in a neighborhood of zero.
Theorem 1.29. Let (A, ) be a unital C*-probability space. Let x,y € A be real random variables such that x > 0 and that
x — 14,y — 14 are monotonically independent. Then for all z € C sufficiently close to zero we have
nwy(z) = ny(z) = 77\/57;\/5(2) = %(Uy(z))
Proof. Let xop := x — 14. Recall from Remark that C*(xg) and C*(y) are monotonically independent. We first expand
(Vayya)" as
(Vayva)" = Vay(zo + 1a)y(zo +1a) -+ (20 + La)yv/a
n—1
= > Vay oy xg - - xoy’ 1V,

k=0 j1,j2,.-,jk+12>1
J1t+jet+-+irr1=n

where k stands for the number of x¢’s selected from (xzog 4+ 14)’s and j; — 1 is the number of consecutive 14’s between the
(i — 1)th 2o and ith (. Evaluating the above by ¢ yields

e((Vayva)") = E_ > e(Vri Vo) e(y™)e(y) - - oy’ 1) (1.16)
k=0 j1,J2,--Jk+12>1
J1t+jet++jer1=n

n—1
> > olzag)e(y)e(y??) - - p(y+). (1.17)
k=0 j1,j2,--Jk+12>1

Jit+jet+jrr1=n
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When obtaining line ([1.16)), we have applied monotone independence of the form ([1.6) thanks to the fact /z € C*(14,z0).
Note also that formula (1.17)) holds because x¢ and /= commute. Formula (1.17)) leads to the following:

Yyayya(z) = e(VayVa(la — 2vayya) ™) = Y 2 e((Vayva)")

oo n—1

=22 > Zo(zaf) ey )e(y?) - - o)

n=1k=0 j1,j2,Jrk+1=>1
Jitjet++ik+1=n

S elaxh)e((zy) e((zy)) - - o((zy)*+) (1.18)

J1,d25-dk+12>1

p(zzf)iby(2)" T = (m (%(z)wo)’“) by (2)
0 k=0

¢ (2(1a =Yy (2)20) ™) ¥y (2) = ¢ (21 (2) (1a — my(2)2) ")
Y (1 (2))-
The expression in ([1.18)) is absolutely convergent for sufficiently small |z|, so that the above calculations can be justified by

Fubini’s theorem. The obtained formula ¢ ., =(2) = ¥,(n,(2)) is equivalent to the desired 7/, /z(2) = 7:(1y(2)) for small
|z]. A slight modification of the above calculations of ¢((v/zy+/z)™) shows p((v/zyv/x)™) = p((zy)™) = ¢((yz)™). For example,

o0

M T

k

(zy)" = zy(wo + 1a)y(ro +1a)--- (xo +1a)y

can be used to show ¢((v/zyv/x)") = p((zy)™). O

Remark 1.30. a) The attentive reader might have noticed that the assumption x > 0 is unnecessary to show the formulas
nmy(z) = nym('z) = nx(ny('z))

b) One could also consider /yx,/y by assuming y > 0, which, however, would result in a more complicated formula; see [68,
Section 9] and [69, Theorem 3.18].

Analogously to additive monotone convolution, Theorem [1.29] gives rise to a binary operation on probability measures with
compact support (one is required to be supported on [0, +00) as it comes from nonnegative elements x > 0). This operation
is called multiplicative monotone convolution and it can also be generalized to probability measures with unbounded
support, see Theorem

1.7. Notes. Our definition of *-probability space in Definition is used e.g. by Muraki [124], Gerhold [73], Gerhold, Hasebe
and Ulrich [74] and Lachs [I01]. The term “restricted state” is used in [73]. It is called “strongly positive linear functional”
in [I01] and simply “state” in [4]. Unital C*-probability spaces and W*-probability spaces are widely used in free probability
[125] 1T49]. Hora and Obata’s book [90] uses the setup of unital *-probability spaces and calls them algebraic probability spaces.

Muraki gave an abstract definition of monotone independence in [120] that had been implicit in earlier works on creation and
annihilation operators on monotone Fock spaces [58, 108 118, [TT9]. The original definition was slightly different from Definition
A definition equivalent to ours was given e.g. by Franz [66]. The operator model for monotone independence is
equivalent to the model given by Muraki [120] but the original model appeared more analogous to the operator model for free
independence on the free product Hilbert space.

Rank-one perturbations of operators are intensively studied in mathematical physics, see e.g. [65, 142} 143]. Example is
connected to such works; the reader is referred to [79, Section 9] for further information. In general, higher-rank perturbations
are not directly connected to monotone independence, but higher-rank perturbations and unitarily invariant random matrices
show monotone independence asymptotically in the large size limit. This will be discussed in Section

The formula for additive monotone convolution in Theorem was given by Muraki [120]. Our proof is different and is
adopted from [I32, Theorem 3.2] and [87, Proposition 4.1]. The formula for multiplicative monotone convolution in Theorem
was given by Bercovici [31, Theorem 2.2] and Franz [68, Corollary 4.3]. One can also consider the multiplication of
unitary elements that is omitted in this article; the interested reader is referred to [31) [68]. Commutators i(zy — yx) and
anticommutators xy + yz of monotonically independent random variables z,y were studied by Banna and Tseng [18].

Attempts are being made to unify or establish connections between different notions of independence. An incomplete list
of those related to monotone independence is the following: Arizmendi, Mendoza and Vazquez-Becerra introduced “BMT in-
dependence” by naturally generalizing the operator models in Examples and [14]; Cébron, Dahlqvist, Gabriel and
Gilliers found that monotone independence arises naturally from “cyclic-monotone independence” [41] and more generally from
“cyclic-conditional freeness” [43]; Cébron, Dahlqvist and Male observed monotone independence in the context of “traffic inde-
pendence” that captures asymptotic features of permutation-invariant random matrices [42]; Franz observed that “conditional
freeness” of Bozejko, Leinert and Speicher contains monotone independence as a special case [68]; Hasebe constructed “condi-
tionally monotone independence” with respect to two states [82] and a further generalization with respect to three states [81];
Jekel and Liu defined “tree independence” building upon the structure of trees [93]; Mingo and Tseng showed a construction of
monotone independence within the framework of “infinitesimal freeness” [114]; Skoufranis derived monotone independence from
“bi-free independence” of Voiculescu [144]; Wysochanski considered “bm-independence” for subalgebras indexed by partially
ordered sets [156} 157, [15].
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2. UNIVERSAL CONSTRUCTION OF MONOTONE INDEPENDENCE

In probability theory, there is a canonical way to construct independent random variables. Let (Q;, F;,P;), i € I, be a family
of probability spaces. We set Q := [],.; Q; be the product set, F := @),.; F; be the product o-field and P := ), ; P; be the
product measure. Given random variables X;: Q; — C (i € I), we define Y;: Q — C by

Y%(wl,(.OQ, .. ) = Xl(wl)

Then (Y;)ier is an independent family of random variables defined in (92, F,P) and the distribution of Y; coincides with the
distribution of given X;.

A natural generalization of the above construction can be given for nc-probability spaces using the tensor product of algebras,
which yields tensor independence. This is exactly Example in which the index set was a finite set I = {1,2,..., N}.

For monotone independence, a much bigger algebra, called the coproduct or the free product (without identification of
units), is useful to define a canonical model of independent subalgebras. An advantage of free product algebra is that it has
a universality property that allows us to construct other types of independence on the same algebra just by selecting different
linear functionals, see Notes [2.5]

Notions of independence are also known to have universal realizations from the perspective of graph theory. Roughly
speaking, the idea is to find a graph product whose adjacency matrix consists of operators of the form in the tensor case,
or in the monotone case.

icl

2.1. Free product of algebras. Let (4;);c; be a family of algebras. Let A be the vector space over C defined by the algebraic

direct sum
A = @ Ail:i2;~-~7in7

REN, iy iz, myin€l,
11702, 12713, <oy in—1Fin

where A;, i, = Ay, ® Ai, ® --- ® A;,. In this vector space, we define a multiplication called the concatenation: for
a1 ®ax - Qay € Ail,ig,“.,in and b1 ® b2 ® - Dby, € Ajluj27~“5jm7

(a1 Ray® - Ran) (b1 @by ® -+ Rby,) =

M Ra® Qe Db by ® -+ R by, if i, # J1,
a1®a2®~-®an,1®(anb1)®b2®~-'®bm, if 4, = J1

and then extend this definition to A by bilinearity. With this multiplication, simple tensors can be interpreted just as the
multiplication of letters, so that, for example, we may simply write ajas---a, for a1 ® as ® -+ ® a,,. This multiplication is
associative and A becomes an algebra, which is denoted by | |,.; A; and is called the free product or coproduct (see below).
The algebra A contains each A; as a direct summand, so that we can naturally interpret each A; as a subalgebra of A.

The free product has a universality. Consider a family of algebras (A;);er. An algebra A together with a family of
homomorphisms f;: A; — A, i € I, is called a coproduct of (4;);es if for any family of homomorphisms g; from A; into
an algebra B, i € I, there exists a unique homomorphism h: A — B such that ho f; = ¢g;, i € I. A coproduct is unique
up to isomorphisms. In fact, the free product | |, ; A; together with the natural embeddings ¢;: A; — | |,.; As, satisfies the
universality and hence is a coproduct.

iel iel
2.2. Monotone product of nc-probability spaces. Given a family of nc-probability spaces (A;, ¢;)icr, where I is a totally
ordered set, weset A := | |;.; A;. We aim to define a linear functional ¢ on A such that the subalgebras (4;);cr are monotonically
independent in (A4, ¢). We start from the case I = {1,2}. The free product is then simpler:

A1I_|A2:® {(Al ®A2®A1®~~~)@(A2®A1®A2®...)],

n=1

length n length n
An advantage of the free product is that we can simply define ¢ to be the right-hand side of (1.5), i.e., for any iy, is,...,%, € {1,2}

with i1 # ig, i2 # i3, ..., in—1 # iy and any ajag -+ - ay € Ay 4y, i, We set
_>
plaraz - an) =1 H Ok H P2 (ar). (2.1)
k:ap€A, k:ap€As

Since the right-hand side of (2.1) is a multilinear functional on A4;, x A;, X --- x A
universality of tensor product of vector spaces. We denote the above construction as

(A, ) = (A1, 01) > (A2, 2) = (A1 U Az, 01 D> 2)

and call it the monotone product of (41, 1) and (As, p2).
The monotone product has certain associativity. For three nc-probability spaces (A4;,@;), ¢ = 1,2,3, there is a natural
isomorphism, called the associator,

it makes sense as a definition by the

in

v (Al |_|A2) Ll As AN AU (A2 |_|A3).
This is defined by the natural rearrangement of the tensor components so that the resulting element belongs to the target space.
For example, if ajazazasas € Az 3213, then a1 ® az ® (azas) @ as is an element of (A; LI Ay) U Ag, where agaq stands for the

14y

multiplication in A; Ll Ay, while ® is the multiplication in (4; U As) U As. Then
U(a; ® ag ® (azaq) @ as) := (a1a2a3) @ ag @ a5 € A; U (Az U Aj3),

where ajagas in the right side is the multiplication in As Ll A3 and ® is the multiplication in A4; U (A U As). Omitting
parentheses and U, we simply write ajas---a, € (41 U A3) U A3 or ajas---a, € A1 U (A2 U As), which does not cause any
confusion because the appropriate arrangement of parentheses is uniquely determined.
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Proposition 2.1. For three nc-probability spaces (A;, @), 1 =1,2,3, we have

(01> p2) B> 3 = (1 > (2 > p3)) o V.

P’I‘OOf. Let i1,19,...,1, € [3] with i1 7£ 9, 19 7é 13y « ooy bp—1 % in and aiag - - - a, € Ailﬂ%»--,%ﬁ For a subset J C [3}, let S; C [n]
be defined by Sy := {p: i, € J}. Furthermore, we decompose S 3 into maximal intervals 17, T5, ..., T, of [n]. For example, if
(i1,12,13,14,15,76,%7) = (1,3,2,3,1,3,2), then S; = {1,5} and Sa 3 = {2,3,4,6,7}, and Sz 3 is decomposed into Ty = {2, 3,4}
and Ty = {6,7}. By the definition of &> we have

(o1 > (g2 > @3))(araz - - -ay)

— — —
=i | [[aw | 2ws) | [ aw | (pas) | ] @
PESY pET: pET:
— — —
=or | [Taw)e2| TII a|-e2| I @] Il es(an)
PES, pETy, ip=2 pETy, ip=2 pES3

where @9 (ﬁpeﬂ ip=2 ap) is set to be 1 if the product range for p is empty. On the other hand, we have

%
(1> 92) > pa)(araz---an) = (p1>@2) | [] an | [ es(an)-
pEST,2 pESs

To compute the factor (¢1 > @2) (ﬁpesl ) a,,), we decompose S7 o into S; and S’ := {p € S1 2 : i, = 2}. Further, we decompose

S’ into maximal intervals of S’ (not of [n]), which are exactly T3 NS, To N Sa, ..., T, N Sy, so we are done. |

With associativity in hand, we generalize the definition of the monotone product to an arbitrary totally ordered finite set I.
We may assume that I = [N]. Let (A;, i):cr be a family of nc-probability spaces. We can identify

N
UAi:(--~(((A1|_|A2)|_|A3)|_|~--)I_|AN, (2.2)

where the isomorphism is defined similarly to ¥; it is just a suitable rearrangement of letters of words. On the right-hand side
of (2.2)) we can define the linear function

(- (((pr>p2) > p3) > -+ ) > o, (2.3)
which induces a linear functional ¢ on |_|i\[:1 A; via the isomorphism. The associativity guarantees that the definition of ¢

does not change if we select another way of adding parentheses in (2.2)). This definition of ¢ means that, when we compute
wlarag -~ ay) for arag - an € Aiy g, iy 11592, -+, in € [IN] with 41 # 49, io # i3, ..., in—1 # in, we first factor out

H en(ap).

piip=

Then we apply the same procedure to the rest ¢ (ﬁp: iy €[N—1] ap), i.e., factor out the expectations of a,’s in An_1, regarding
consecutive a,’s in Ay_; as single elements. We repeat this procedure to the remaining algebras Ay_2, An_3,..., A2, and

pii,—10p ) appears in the end.

Finally, we extend the definition of the monotone product to a possibly infinite totally ordered set I. For this purpose, it
suffices to define ¢ on each direct summand A;, ;,,..4,; then the definition can be extended by linearity to A :=| |;.; A;. This
can be done since A;, ;,, ., can be regarded as a subspace of the free product | |..; A;, where J := {i1,42,...,i,} C I is a

finite totally ordered set. We denote this construction as

A o) = D (A i) = Aiy > o
(4,0) = B (Ai, 1) <|EJ ieI@)

and call it the monotone product of (4;,v;);cr. We also call ¢ the monotone product of (©;)c;.
The associativity of the monotone product can be stated in a more general way as follows. First, for a family of algebras
(A;)ier and a disjoint decomposition I = J U K, we denote the natural isomorphism as

o | A ] A4 |_|<|_| Ak>.

iel jeJ kEK

then the factor ¢y (

jeJ

The definition of @ ; i is similar to ¥ and is omitted.

Proposition 2.2. Suppose that a totally ordered set I decomposes as I = J U K, where J, K are nonempty disjoint subsets of
I such that j <k for all j € J and k € K. For any family of nc-probability spaces (A;, p;)icr we have

= - oK.
EI@ [(jEJ¢]> > (kI€>K<pk>:| °TIK

Proof. This is a direct consequence of Proposition More precisely, it suffices to consider the case of finite totally ordered
set I because the definition of the infinite case is based on the finite case. Then the desired identity is just a rearrangement of
parentheses, which can be justified by iterative use of Proposition [2.1 O
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In our definition (2.3) of the monotone product, we first factored out ¢;,(a,) for all p for which 4, has the largest value
among i1, 4s, ..., i,. Actually, we can factor out ¢(a,)’s when 4, is just a local maximum.

Proposition 2.3. Let (A;,¢;)icr be a family of nc-probability spaces where I is a totally ordered set. Let (A, ) be the monotone

product of (Ai,@i)icr. For any i1,i2,...,in € I and (a1,a2,...,a,) € A;; X Ajy X -+ X A;,, we have
i (a)plar - ap—1ap41---an)  if2<l<n-—1andip_1 <ig>ips1,
plaraz - an) =4 @i, (a1)p(azas - - an) if i1 > ia,

PLi,, (an)@(a1a2 e anfl) Zf infl < Zn

Proof. We fix 1 < ¢ < n such that iy_1 < iy > ig4+1 (when £ =1 or n only one of the inequalities is considered) and set m := ;.
We decompose I into subsets J and K, where J := {i € [ : i <m} and K := {i € [ : i > m}. There is a natural isomorphism

A~ || ] 4 |_|<|_| Ak>.

jed keEK

The linear functional ¢ on A induces a linear functional on the right-hand side, which is exactly

U
<jEJ SDJ) (kEK@k)

by the associativity of the monotone product. This means that

— — — —
plaraz -+ ay) = ¢ H ap | ¢ Hap 4 Hap e Hap )
prip€J peTy peT> peT,

where Tj are the maximal intervals of [n] such that min T; > 1 implies imin7;—1 € J and maxT; < n implies tmax1;+1 € J. By
the assumption iy_1 < iy > 4gy1, some T} is the singleton {¢}. Factoring out this ¢(as) does not affect the other factorizations,
so we get the conclusion. |

Comparing Proposition and Definition together with the fact that ¢ and ¢; coincide on A;, yields the following.

Corollary 2.4. Let (4;,:)icr be a family of nc-probability spaces with I a totally ordered set. Let (A, ) be the monotone
product of (A;, i)icr- Then the family of subalgebras (A;)icr is monotonically independent in (A, p).

The associativity of monotone product will be later used in the following form.

Corollary 2.5. Let I be a totally ordered set and J, K be its nonempty disjoint subsets such that I = JUK and j < k whenever
jeJand k € K. Let (A, p) be a nc-probability space and (A;)icr be a family of monotonically independent subalgebras of A.
Then the two subsets J;c; Aj and e Ax are monotonically independent.

Proof. We want to show that By := (A; : j € J) and By := (A, : k € K) are monotonically independent. For this, we refer
to a universal space. Let (A, ) be the monotone product of (A;, @[ 4,)icr. By Proposition the subalgebras |_|j€J Ay and

||rcx Ai are monotonically independent in (A, $). With a slight abuse of notation, we have | A, = Pla, foralli € I. Since

(A;)ier is monotonically independent in both (A, ¢) and (A4, $), by Proposition we have @(b1by - -+ by,) = @(b1by - - - by,) for
b, € By U By. Therefore,

@(brbg - bp) = @(b1ba -+ by)

— —
% H by H P(bp) = ¢ H by H ©(bp),

p:b,EB, p:b,EB> p:b,EB, p:b,EB>y

showing that Bj, By are monotonically independent. O

2.3. Monotone product of x-probability spaces. If (4;);c; is a family of *-algebras, the free product | |._; A; also becomes

a #-algebra with involution defined by

i€l

(arag---ay)* :=ayal_4---aj
and extended by antilinearity to the whole algebra. The following proposition shows that the monotone product preserves
restricted states. Only in this section we say that a linear operator a on a pre-Hilbert space H is adjointable if there is a linear

operator a* on H such that (a&,n) = ({,a*n) for all {,n € H. We introduce the notation
L(H) :={a: H— H | linear and adjointable},
which forms a unital x-algebra.

Proposition 2.6. Let (A;,vi)icr be a family of x-probability spaces where I is a totally ordered set. Then I>;cr(A;, i) is also
a x-probability space.

Proof. Let (A, ) := D>;er(A;, ;) and @ be the unital extension of [>;cr ¢; to A := C@® A. What has to be shown is the
positivity @(a*a) > 0 for each a € A. As a is a (finite) linear combination of elements of C and A only finitely many
A;’s are involved. Therefore, we may and do assume below that I is the finite set [N].

Let fli be the unitization of A; and @; : fli — C be the unital extension of ;, which is positive. We take a triplet (m;, H;, &;)
consisting of a x-representation m;: A; — L(H;), a pre-Hilbert space H;, and a unit vector & € H; such that y;(a) = (&, mi(a)&;)
for all a € A;. Note that such a triplet exists by restricting the (algebraic) GNS-construction for A; onto A;, see [90, Theorem

115225005
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(L) () -

FiGuRrE 2. Cartesian product.

A

iR\%!

1.19] for further details. Let p;: H; — C&; be the rank-one projection, H := H1 @ Ho® -+ @ Hn, { =6 @& ® - ® &N as in
Example and A;: L(H;) — L(H) be defined by

Ai(zi) =1idp, ® -+ @idy,_, ® T @ pip1 @ -+ @ pN,

which is a *-homomorphism. Then we define a %-representation 7: A — L(H) by

ﬁ'(lA) = idH,

T(araz - an) = Xy (i, (a1))Ai, (3, (a2)) -+ Ai, (3, (), araz--an € Aiy s, -
We show the formula

@((J,) = <£77~T(a)€>H7 ac A (24)

This is easy for a = 1; and for a € A;. For a = aiaz---a,, when computing ¢(a1as---a,) we can use the monotone
independence of (A4;);c; with respect to ¢. On the other hand, when computing (£, w(a1as - - a,)€) = (£, b1ba - - b,E) where

by, := Ai, (i, (ax)), we can also use monotone independence of B; := \;(IL(H;)) € L(H) shown in Example [1.23] This fact and
Proposition yield (2.4) on A. Finally, formula (2.4]) implies the positivity of ¢ because

pla*a) = (€ 7(a*a)f) = (€, 7(a) T (a)6) = (7(a)€,7(a)) 20,  a€ A O

2.4. Graph products and independence. A universal construction of tensor and monotone independence can be given from
the perspective of graphs. A (directed) graph is a pair G = (V, E), where V is a set and E C V x V. Each element v € V is
called a vertex and (u,v) € E is called an edge (from u to v). In particular, an edge (v,v) € F is called a loop at v € V. Two
graphs G; = (V4, E) and Go = (V2, E3) are called isomorphic if there is a bijection ®: V; — V5 such that for all u,v € Vi,
one has (u,v) € Ey if and only if (®(u), ®(v)) € E;. The map @ is called a graph isomorphism.

For simplicity, let us assume that G = (V, E) is a finite graph, i.e., V is a finite set. Let £2(V) be the finite-dimensional

Hilbert space of the functions f: V' — C equipped with inner product (f,g) := > . f(v)g(v). The adjacency matrix of G
is a linear operator Ag on £2(V) defined by

(AcHw) = >  fu).
ueV, (u,v)EE

If we assume V = {1,2,..., N} and identify f with the row vector (f(1), f(2),..., f(N)) € CV, then Ag can be identified
with the N x N matrix whose (4, j) entry is 1 if (i,5) € F and zero otherwise, acting on the row vector f from the right The
adjacency matrix contains all information about G.

2.4.1. Cartesian product and tensor independence.

Definition 2.7. Let G; = (V;, E;), i = 1,2, be two graphs. The Cartesian product of G; and Gg, denoted as G1 x G, is
the graph with vertex set V :=V; x V5 and edge set E C V x V defined as follows: for (u1,us), (v1,v2) € V,

((u1,u2), (v1,02)) € E <= (u1,v1) € By and ug = vy, or
) ) ) Uy = U1 and (u2’1}2) c E2.

See Figure [2| for an example.

Proposition 2.8. Let G; = (V;, E;), i = 1,2, be two finite graphs. Under the natural identification £2(Vy x Va) = £2(V1)@02(Va),
we have

14(;,1><(;,2 = AG1 ® idgz(vz) + idZQ(Vl) ® AG2~
Proof. The proof is analogous to Proposition below and is omitted. O

From the above formula and Example [1.14] given any linear functionals ¢; on B(¢%(V;)), i = 1,2, the adjacency matrix
Ac, xa, is the sum of tensor independent matrices with respect to the state 1 ® @a.
The Cartesian product is associative in the following sense.

Proposition 2.9. Let G; = (V;, E;), i = 1,2, 3, be graphs. The natural bijection Vi x (Vo x V3) =~ (V1 x V) x V3 induces the
isomorphism

Gl X (G2 X G3) ~ (Gl X Gg) X Gg.

Proof. The proof is straightforward and is omitted. O

*Multiplying a row vector by a matrix from the right is a common convention in some fields, e.g. in the theory of Markov chains.
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(o) = ()

FiGure 3. Comb product. The roots of the graphs are denoted as ©.

2.4.2. Comb product and monotone independence. Monotone independence can be realized by another graph product for rooted
graphs. A rooted graph is a pair R = (G, 0) of a graph G and a vertex o of G. The specified vertex o is called the root of R.
We denote by Ar the adjacency matrix Ag of the underlying graph. Two rooted graphs Ry = (G1,01) and Ry = (Go, 02) are
called isomorphic if there is a graph isomorphism ®: G; — Gy such that ®(01) = 02.

Definition 2.10. Let R; = (V;, E;,0;), ¢ = 1,2, be two rooted graphs. The comb productﬂ of Ry and Ry, denoted as
R1 > R, is the rooted graph with vertex set V := Vi x Vi, root 0 := (01,02), and edge set E C V x V defined as follows: for
(ulu ’LLQ), (v17v2) € V7
, ekE d us = v9 = 09,
(s 1), (01, 02)) € B > (ug,v1) 1 and up = v = 09, O
u; = vy and (ug,v2) € Es.

The comb product is the graph made by gluing copies of Ry to each vertex of R; at oo, see Figure
For a rooted graph R = (V| E,0), let §,: V' — C be the function defined by

5,(v) = {1’ Y
0, v#o.

We set the vector state p,: B(£2(V)) — C by ¢,(a) := (0,,ad,). The nth moment p,(A%) is exactly the number of paths of
length n on R started from o and terminated at o.

Proposition 2.11. Let R; = (V;, E;,0;), i = 1,2, be finite rooted graphs. Under the natural identification (?(Vy x V) =
2(Vy) @ £2(Va), we have
AR1|>R2 = ARl ® p2 + idﬁz(Vl) ® ARza

where pq is the orthogonal projection from £%(Va) onto Cd,,.

Proof. Tt suffices to check the formula on simple tensors, i.e., functions of separated variables f(v1,v2) = g(v1)h(v2):

(Ar,pR, f)(v1,v2) = > g(u1)h(uz)

(uw1,u2)EVI X Vo
((u1,u2),(v1,v2))EE

. 3 g(u1)h(usg) + > g(u1)h(uz)

(u1,u2)€Vy X Va (u1,u2)EVIX Vs
(u1,v1)€EE1, ug=v2=02 u1=v1, (u2,v2)E L

> glu) [ 1(02)00,(va) +g(vr) | D hlus)

u €Vy us Vo
(u1,v1)EE (u2,v2)EE>2
= (AR, 9)(v1)(p2h)(v2) + g(v1)(Ar,h)(v2)
= [(ARr, ®@p2 +idp(v,) ® Ar,) fl(v1,v2). O

Observe from Example and Proposition that Ag,>r, is the sum of monotonically independent random variables
with respect to the state ¢, 0,)(-) = (0(0;,02)  O(01,02)) -
The comb product satisfies the following associativity.

Proposition 2.12. Let R; = (V;, E;,0;), i = 1,2, 3, be rooted graphs. The natural bijection Vi x (Vo x V3) ~ (V1 x V3) x V3
gives the isomorphism
Ri> (R2 > Rg) ~ (Rl > Rg) > Rs.

Proof. The proof is straightforward from the definition of the comb product. Here we give an alternative proof for finite rooted
graphs based on the adjacency matrices. Since the roots are clearly preserved by the bijection, it remains to show that the
bijection induces a bijection of the edge sets. For this purpose, it suffices to show that the two adjacency matrices coincide on
2(V1) @ £2(Va) ® £2(V3) under the natural identification of Hilbert spaces. On one hand we have
AR, > (Re>Rs) = AR, @ P23 +idez(vy) @ ARysR,
= Ag, ® (p2 ®p3) + idei’(vl) ® (Ar, ® p3 + id€2(V2) ® AR,)
~ AR, ® p2 ® p3 + idp(vl) ® AR, ® ps + idgz(vl) & idgz(v2) ® AR,, (2.5)
where ps 3 is the orthogonal projection from ¢(Va x V3) onto Cd(04,04), Which is pa ® p3 under the identification (Vo x V3) =
0?(Vy) ® £%(V3). A similar calculation shows that A, sr,)sr, has the same expression (2.5):
AR, >Ry)>Rs = (AR, @ p2 +idezvy) ® AR,) @ p3 + (ide(v,) @ idez(1y)) ® ARr,
~ AR1 & p2 @ p3 + idﬁ(Vl) X AR2 ® ps + idZZ(Vl) [ idg2(v2) & AR3- O

Talso called the rooted product
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Let R = (V, E,0) be a finite rooted undirected graph, where “undirected” means that (u,v) € E implies (v,u) € E, or
equivalently, Ag is a self-adjoint operator. Assume further that (o0,0) ¢ E and

deg(o) :=#{veV:(v,0) € E} > 1L

Let Ry := R®" be the N-fold comb product of R and oy denote the root of Ry. Having no loop at o implies that Ag has
mean 0 with respect to ¢,. We can actually show

(k— 1)

i V2 ———  if kis even

- eg(0) V2o TIVe—w 0, otherwise.
This is a direct consequence of the fact that the adjacency matrix of Ry is the sum of monotonically independent, identically
distributed random variables of the form with mean 0 and of the monotone CLT shown later in Theorem Note that
deg(0) is exactly the second moment of Ar with respect to ,. The convergence means that the number of paths of
length k£ on Ry started from oy and terminated at oy is asymptotically

\& r dx
—to(1
/_\/ﬁx V2 — 22 ol)

2.5. Notes. The associativity of monotone independence is addressed in [66] in the setting of *-probability spaces, in which
the proof was based on the operator model in Example[I.23] In order to handle the monotone product of nc-probability spaces,
we adopted a more combinatorial proof of Proposition The proof of positivity in Proposition [2.6] is similar to the case of
free product of states, see e.g. [149, Definition 1.5.4].

Besides the monotone product, there are other universal ways to construct a nc-probability space (A; U As, ¢192) from two
nec-probability spaces (A1, ¢1) and (Asg, ¢3). Of particular interest is the following four as all of them satisfy the associativity.

(deg(o)N)g7 N — oc.

a) The antimonotone product

N
(o1 < p2)(arag - ap) = l H cpl(ak)] V2 < H ak> ,

k:ap€A1 k:ap€As
which is just the flip of the monotone product and is essentially the same.

b) The tensor product

— —
(1 @ p2)(aras -+~ an) == @1 ( H ak) ©2 ( H ak> .

k:ap€Aq k:ap€As
¢) The Boolean product

(progo)(araz---an):= [ eilar) ] w2(an)

k:ar€Aq k:ap €Az

d) The last one is called the free product and its definition is of different flavour. First we consider the unitization A; = Ca A,
that naturally embed into A := C @ (A; U Ay). We define ¢ on A by requiring that ¢(aias---a,) = 0 whenever
(a1, ag,...,a,) € Ay, X Ay x - X Ay iy # g, iy # i3, ..., in_1 # in and @(ay) = 0 for all k& € [n]. The free product
1 % 2 on Ay LI Ay is defined as the restriction o[ 4,4,

The idea of identifying notions of independence as products of linear functionals on the free product algebra provides an
appropriate framework for a classification program of independence. Speicher [146], and then Ben Ghorbal and Schiirmann [28],
showed that the associative products of linear functionals on the free product algebra with some conditions are only tensor, free
and Boolean products. Muraki dropped one assumption of Ben Ghorbal and Schiirmann, and as a result, the classification list
contained two more products: monotone and antimonotone [123]. Muraki [124], Gerhold and Lachs [75] gave further results in
this direction. As a closely related problem, Gerhold, Hasebe and Ulrich axiomatized and classified “universal operator models”
that contain the ones in Examples and [r4].

The relation between the comb product of graphs and monotone independence appeared in Accardi, Ben Ghorbal and Obata’s
work [1]. Arizmendi, Hasebe and Lehner studied the empirical eigenvalue distribution of the adjacency matrix of R>" in the
large N limit [12]. The limit distribution is not universal and depends heavily on the original rooted graph R. There are other
graph products that correspond to other independences in noncommutative probability. Among all, the adjacency matrix of
the “free product of graphs” is the sum of freely independent operators. Accardi, Lenczewski and Satapata decomposed the free
product graph into the comb product of two subgraphs related to subordination of free convolution [2]. Lenczewski constructed
a graph product that corresponds to conditionally monotone independence [I06]. Garza-Vargas and Kulkarni constructed an
amalgamated free product of graphs and applied it to the spectral analysis of Jacobi matrices of graphs [72]. Obata’s monograph
[127] contains other notable examples of graph products and references to earlier works.

3. MONOTONE CUMULANTS

Cumulants are equivalents of moments and sometimes provide a clearcut description of random variables. In particular,
(normalized) cumulants up to order four are called mean, variance, skewness and kurtosis, and are used in statistics. In prob-
ability theory, the characteristic function (or the Fourier transform) is often more powerful than cumulants because cumulants
require that random variables have finite moments, while the characteristic function does not. However, in noncommutative
probability theory, cumulants are more useful because the theory substantially builds upon moments. In free probability theory,
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Voiculescu introduced single-variate free cumulants [I50] and then Speicher defined multivariate free cumulants [I45] that have
discovered a wide range of applications so far.

In classical probability theory, (single-variate) cumulants are numbers K,,(X), n > 1, defined for random variables X with
finite moments, that satisfy the following axioms.

(C1) There are universal polynomials P2 (t1,ta,...,t, 1), n > 2, with convention P{® = 0, such that for all X € L>~(Q, F,P),
K,(X) = E[X"] + P?(E[X],E[X?,...,E[X""'])), neN. (Polynomiality)
(C2) For any X € L>*~(Q,F,P),
K,(AX) = \"K,,(X), neN, AeC. (Homogeneity)
(C3) f X,Y € L™~ (Q, F,P) are independent then
K, (X +Y)=K,(X)+K,(Y), n € N. (Additivity)

Remark 3.1. In by “universal” we emphasize that P® does not depend on X or the probability space (2, F,P). Ax-
iom |(C1)| is equivalent to the following reverted form of moments in terms of cumulants: there are universal polynomials
QP (t1,t, ..., tn_1), n > 2, with convention QY = 0, such that for all n > 1 and X € L>®~(Q, F,P)

E[X"] = K (X) + Q7 (K1 (X), Ko(X), ..., Ky (X))
We can give a construction of K,, as the coefficients of the logarithm of exponential moment generating function:

log E[e**] = log (Z E[i;”] z") = Z Kn(X) 2", (3.1)

n=0

n=1

Note that under the assumption X € L*~(Q, F,P), the above series might have convergence radius zero; then the above
equalities are to be interpreted as formal power series.

Example 3.2. From the defining formula (3.1)), the cumulants Ky, K5, K3 are computed as
Ky (X) = E[X],
Ko(X) = E[X?] - E[X]?,
K3(X) = E[X?] - 3E[X?E[X] + 2E[X]3.

Our objective is to discover a monotone counterpart of cumulants, which we denote by x,. The most natural definition would
be to replace the pair (L~ (Q, F,P),E) with a nc-probability space (A, ¢), and replace the independence assumption in
with monotone independence. However, the third condition would contradict the asymmetry of monotone independence. More
precisely, suppose that z,y are monotonically independent real random variables in a unital C*-probability space. Then &, (x +
y) = kn(2) + kn(y) does not depend on whether we assume x,y are monotonically independent or y, z are. However, monotone
independence of x,y implies M,4,(2) = My(My(z)) and monotone independence of y,z implies My4y(2) = Myto(2) =
M, (M,(z)), and therefore, the distribution of = + y is typically different if we switch the independence assumption.

Here we propose a weaker version of additivity, which we call extensivity because of its resemblance to the corresponding
notion in thermodynamics.

Definition 3.3. A rule that associates with each nc-probability space (4, ¢) and random variable € A a sequence of complex
numbers (K, (x)),>1 is called monotone cumulants if the following conditions hold.

(M1) There are universal polynomials PY (t1,ta,...,t,—1), n > 2, with convention P}” = 0, such that for any nc-probability
space (4, ) and z € A, we have

n(2) = 9(a") + PP (p(2), 9(a%), .- 0(a" 1)),  neN.  (Polynomiality)
(M2) For any nc-probability space (A, ) and any « € A, we have
En(Az) = AN kp (), neN, AeC. (Homogeneity)

(M3) If N € N and 1,2, ...,zy are monotonically independent and identically distributed (monotonically iid for short)
random variables in a nc-probability space (4, ¢), then

En(T1+ 22+ -+ 2N) = Nig(21), n € N. (Extensivity)

Remark 3.4. Analogously to Remark a recursive argument shows that condition is equivalent to that there are
universal polynomials QY (t1,t2,...,t,—1), n > 2, with convention Q7 := 0, such that

o(x™) = kp () + QF (k1(), k2(), .. ., kn_1(x)) (3.2)
foralln > 1,z € Aand (A4, ).

3.1. Cumulants from moments of random walk. We begin with showing the uniqueness of monotone cumulants, which
also indicates how to show the existence. Note that the same reasoning below also applies to showing that classical cumulants
(Ky)n>1 are unique. For that purpose an elementary lemma on polynomials is needed.

Lemma 3.5. Let P(N) = ag+a; N +asN?+---+apN¥ and Q(N) = bg+by N +by N2+ - +b, N* be two polynomial functions
on N with complex coefficients a;,b;. If P(N) = Q(N) for all N € N then a; = b; for all0 < i <k.
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Remark 3.6. This lemma allows us to naturally extend a polynomial P(N) defined for N € N to a polynomial P(t) defined for
teR.

The result easily extends to polynomials in several variables. For the case of two variables, if P(N, M) = Zf je1 @i N MY
and Q(N, M) = Zf,j:l b; jN*MJ are polynomials with complex coefficients a; ;,b; ; and P(N, M) = Q(N, M) for all N, M € N
then a; ; = b; ; for all 4,5 € [k]. The proof is just to fix one variable, say M, and apply the lemma to P(-, M) and Q(-, M),

which yields Z?Zl ai,ij = 2?21 b ; M7 for all M € N and i. Then again applying the lemma gives the conclusion aij = b; ;.

Proof. In fact, a weaker assumption is enough; suppose P(N) = Q(N) holds at distinct positive integers Ny < Ny < -+ < Ngy1.
Then, by setting ¢; := a; — b;, we have

LN NE e NP (O 8
1 Ny 2 ... N} c; o
1 Nepqr Ny, - N1]:+1 C.k 0

Since the coefficient matrix has nonzero determinant (called the Vandermonde determinant), the numbers ¢; must be zero. O

Proposition 3.7. Monotone cumulants are unique.

Proof. Suppose that (k,),>1 are monotone cumulants determined by universal polynomials (P ),>1. We can see that PY for
n > 2 contains no linear terms or a constant term. Indeed, if we write

e
PTLD(tlvt27"'7t7L—1) = Z Ckhkz»--wk’n—ltllﬁtgz "'tn—llv
ki1,ka,..., kyp_1>0
where ¢k, k,.... .k, , are complex constants independent of (4, ¢) and the tuple (k1,k2,...,kn—1) runs over a finite subset of

Ng_l, then the homogeneity condition reads

At () = Ap(a") + 2. Chy vy AT 2ROt o ()R (g2 ) 2 () ont,

Since this holds for all A € C, comparing the coefficients of \? (p # n) yields

> Chyhgnin 1 P(X) P p(a)2 (2t =0, p#£n

ki,k2,....kn—12>0
ki1+2ka+-+(n—1)kn_1=p

Because of the arbitrariness of (A4,¢) and z € A, the tuple (¢(z),p(2?),...,(z" 1)) can take arbitrary vectors in C"~1.
Therefore, we conclude cg, k,...k = 0 unless k1 + 2ks + -+ + (n — 1)kp,—1 = n. In particular, the constant term and linear

shm—1

terms of P are all zero. This also implies that the constant and linear terms of Q% in (3.2)) are all zero.
Let us take monotonically iid random variables =1, xo, ..., 2N in some nc-probability space. Then the extensivity condition
yields, with notation x = x1,

o((x1+ 22+ +2N)") = Nip(x) + QY (Nk1(x), Nka(),. .., NK,_1(x)).

The right-hand side is a polynomial in positive integers N and hence, by Lemma [3.5] their coefficients are uniquely determined.
In particular, since the QY part has no linear term, k,,(z) is uniquely determined as the coefficient of N of p((z1 + x2 + -+ +

The above proof also indicates how we can find monotone cumulants: k,(x) should be the coefficient of N of the nth
moment of monotone random walk o((x1 + 2 + -+ + xn)™). In order for this definition to make sense, we need to show
o((x1 + 22+ -+ 2n)") is a polynomial in N.

Proposition 3.8. There are universal polynomials UY (s,t1,ta, ... ,tn—1), n € N, such that U] (s) =0, U2 (0,t1,t2, ..., tn_1) =
0 (mn>2)and
p((@1+ a2+ +an)") = No@@") + U7 (N, o(@), p(2), ... 0(@" ™), n=1
for any monotonically #id random variables x1,xa,...,2N in any nc-probability space (A, ) with notation x = x;.
Proof. The proof is based on induction on n. For n = 1 we have
(o1 + 22+ +an) = Nop(z).

Suppose that n > 2 and the statement is the case up to n — 1. We set si := x1 + 22 + - - - + z and sg := 0. By Corollary
sy—1 and zy are monotonically independent. According to the moment calculation (1.10)), there exists a universal polynomial
T of 2n — 2 variables such that

p(sh) = p((snv-1+2N)")
= (1) + o(aR) + T (plsn—-1), 0(sh_1)s - - oS 1), e(@n), o(ay), -, ()

= So(an—l) + (p(xn) + ,TnD (SD(SNfl)v 90(3?\/'—1)’ ceey QP(SNfl)a Sﬁ(f)a 90(‘%2)3 ey Qp(xnil)).

=:5,
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By the induction hypothesis, for each 1 <k <n—1, ¢(sk _,) is a polynomial in N —1 and ¢(z), ¢(x2),...,¢(z*), so that S,, is
a polynomial in N, p(z), ¢(2?),...,¢(z""!). Consequently, there are polynomials V! k(tl, to, ... tn—1), 0 <k <d,, such that

p(sh) — @(sh_1) = p@™) + Y V2 (p(x),0(z?), ..., " "))N*.

Taking the sum over N we obtain

dn N
p(sh) = No@™) + Y _ V(). 0(2?),... 0@ ) > M*.
k=0

M=1
By Faulharbor’s formula, Fj(N) := Z%:l MPF is a polynomial in N of degree k 4 1 without a constant term. a
Remark 3.9. A more straightforward proof will be provided in Example
We are now ready to prove the existence part of monotone cumulants.

Theorem 3.10. Let (A, ) be a nc-probability space and x € A. We take a sequence ()24 of monotonically iid random
variables with the same distribution as x in a possibly different nc-probability space (A, ). Let kn(x) be the coefficient of N of
the polynomial $((x1 +x2 + -+ xn)") in N. Then k,, n € N, are monotone cumulants, i.e., conditions |[(M1)H(M3)| hold.
Moreover, the polynomials PS (n > 2) have no constant or linear terms.

Remark 3.11. The above definition of k,, (z) does not depend on how to select (A, @) and (z;) as the nth moment 3((21 4 2 +
-+ xy)™) is determined only by the distribution of  and N € N. In general, we cannot take (z;) in the same space (A, ¢).
A canonical construction of (4, ) is as follows: we set 4; := A, ¢; := ¢ and

(A7 @) = I> (Azagol)
ieN

Then we consider the natural embeddings of A into Aas: A — A C /Al, i € N. For each x € A, the random variables
x; := 1i(x), i € N, are by construction monotonically independent and have the same distribution as x, see Section

Proof of Theorem [3.10} For notational simplicity we denote ¢ as . Condition [[M1)|is clear from Proposition Condition
(M2)| holds because ¢((Azx1+ Aza+ -+ Axn)") = N@((x1 + 22+ - -+ 2xn)™). In order to show condition [(M3)} we fix N € N

and set
Yi ' =TN(i-1)+1 T TNG-1)+2 T+ TN, i € N.
By Corollary the sequence (y;)$2, is monotonically independent. Also, (y;)$2; is identically distributed. For each n € N,
the coefficient of M of
e((yr +y2+ - +ym)”)
equals K, (y1), which is kn, (21 + 22 + - - - + zx). On the other hand,

o1 +y2+ - +ym)") = (21 + 22+ +20N)")

is a polynomial in M N whose coefficient of M N is k,,(x1), and therefore the coefficient of M is Nk, (x1). Combining the above
arguments we conclude The last assertion on PY is already proved in Proposition O

Example 3.12. From condition [(M1)| we have x1(z) = ¢(x). We compute monotone cumulants s, k3 by finding the polyno-
mials U, UL in Proposition The method here is more straightforward than the proof of Proposition

Formula for US. Tt should be kept in mind that ¢(z%) = ¢(z") does not depend on i because x = 1,2, 3,... have an
identical distribution. We first compute
N
‘P(S?V): Z p(@iz;) Zg&xlxj "’Z‘P
i,7=1 i£]
=" pl@)elz;) + Z p(x7) =Y p@)p(z) + > o
i#j i i

= N(N — Dp(z)p(x) + No(2?),
so that U (s, t) = s(s — 1)t

Formula for Uy . We begin with
N

p(sh) = > elwia;zr)

,5,k=1

= Z (i m)) + Z o7 Ty) + Z o(xizjms) + Z Sﬂ(xiiﬂ?)‘i‘ Z ()

4,7,k distinct i=j#k i=k#j itk=j i=j=k
= Y elwimzi) + Y e@Del@) + Y elmmim) + Y e@)ed) + Y o).
4,7,k distinct i=j#k i=k#j itk=j i=j=k
In the above, (x;z;zy) for distinct integers 4, j, k always factorizes into ¢(z;)p(x;)¢(xk); for example, if i < j > k and ¢ # k

then p(z;zak) = p(zizk)(x;) = p(i)p(z;)e(z) and if i < j <k then p(ziz;ar) = e(ziz;)o(z) = o(2i)p(;)e(zK). On
the other hand, the sum over i = k # j is more delicate. In order to use monotone independence, we need to further specify the
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inequality between i and j. If i < j then @(x;zj2;) = p(z;)p(@?). If i > j then @(x;zjz;) = p(z:)p(rjz:) = 0(2:)p(x;) (7).
Therefore,
D elwimirs) =Y p(miwm) + > plirim) = oad)e(z;) + Y o) elx;).
i=k#j i<y i>j i<j i>j

Overall, we arrive at

Pls%) = NV = DN — 2)p(a)? + NN - Dpa)pla) + 0 =D (a?)o(a)
+ T2 oy 4 NV - 1pa?)(a) + No(e?)
=N = 1) (3= ) el + T ole)eta) + Nola?),

This means

3 os(s —1
UL (s t1,t2) = s(s — 1) (s - 2) 3+ S(ST)tth.

The above method can be generalized to any UP, which provides an alternative proof of Proposition

Formulas for ka, 3. The monotone cumulants ko (x) and k3(z) are identified with the coefficients of N of ¢(s%) and of p(s)
respectively:

2(a) = pla?) — (o)’ (33
s(@) = p(a®) — Dp(?)e(w) + S p(a)’ (34)

A recursive formula for computing () will be provided in Proposition A combinatorial formula for ¢(z™) in terms of
ke(z), 1 < £ < n, will be given in Theorem

Remark 3.13. The nth monotone cumulant x,(x) is determined by the moments of the random variable  up to order n.
Therefore, for any probability measure p having finite moments up to order n, we can define k,(u) := k,(z) by taking a
random variable z in a nc-probability space (A, ¢) such that p(2?) = [, t? u(dt), 1 < p < n. We call £,(u) the nth monotone
cumulant of u.

Example 3.14. Generally, monotone cumulants x,(p) are hard to calculate unless the probability measure p embeds into
a monotone convolution semigroup, see Section Although the semicircle distribution S(0,1) = (2r)~1v/4 — 2 X[—2,2)(t) dt
does not admit such an embedding (see Example [5.25)), a remarkable recurrence formula is given in [56]. Let d,,(N) denote the
expectation p((x1 + x2 + -+ +xn5)?") where x; has the analytic distribution S(0,1); note that odd moments are all zero. Then
the following recurrence relation holds:

n N
dn(N) = Z Z - (N )di—1(j)-
k=1j=1
This yields e.g. di(N) = N, do(N) = £N? 4+ 1N and d3(N) = 3N3 + 2N? + 1N, so that the monotone cumulants up to order
six are given by (0,1,0,1/2,0,1/2).

3.2. Differential recursion for monotone cumulants. To compute monotone cumulants, differential recursion is helpful.

Proposition 3.15. Let x be a random variable in a nc-probability space (A, ). Let (z;)2, be a sequence of monotonically
1d random variables with the same distribution as x in a possibly different nc-probability space (/1, ), see Remark . As
we have seen above, for each n € N the evaluation ¢((x1 + x2 + --- 4+ xn)") is a polynomial in N, so it can be extended to a
polynomial in real variable t € R, which we denote by m% (t) = m? (¢t;x). Then we have m§ (t) =1 and for n € N

d . B n—1 .
G0 = L Do o) .
m! (0) = 0.

Proof. For simplicity we denote ¢ as ¢. Let sy := 1 + 22 + --- + 2, so := 0. Note first that m> (0) = 0 for n > 1 comes
from Proposition in which it is shown that ¢(s%) has no constant term in N. Let s}, := zny+1 + Zn+2 + -+ TNym- By
Corollary sy and s}, are monotonically independent. Note that s/, also depends on N as an element of /1; however its
distribution only depends on the number M of the summands z;’s, so that we omit explicitly mentioning the dependence on
N. In the obvious formula

my (N + M) = o((z1 + 2+ +ania)") = @((sn + s)"),
the right-hand side is exactly the nth moment of additive monotone convolution, so we can use the calculation in (|1.10)):

p((sn +50)") =D > P(s5)p(shp)e(shp) - p(shy). (3.6)
=0 ko,k1,....ke >0,
ko+ki+-+ke=n—¢
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Since each ¢(s%,) is a polynomial in M without a constant term, the contributions to the monomial M! in the sum (3.6)) only

come from the tuples (ko, k1,...,ke), 0 < £ <n — 1, such that exactly one of k;’s is nonzero:
n—1
P((sn +s3)") = DL+ Dplsiv)p(sir ) + Ri(M)
£=0

= 0 ST+ V(s o) + Ro(M),
=0

where Ry (M) and Ro(M) are polynomials in M without a constant or linear term. Since all the terms are polynomials, we can
extend the variables N and M to real numbers ¢t and s, so that

n—1
mb (t+s)=s Z(é + D kn—e(z)my () + Ra(s).
£=0
The desired formula follows by taking the derivative % ’5:0' O

The differential recursion gives an efficient method for computing &, ().

Example 3.16. We set n =1 in (3.5) to obtain (m})'(t) = k1(x), which integrates to
my (t) = ki (2)t.
Setting t = 1, we obtain
k1(x) =my (1) = p(),
which is already known. Formula (3.5]) for n = 2 reads
(0 )(t) = o) (£) + 2 (@) (8) = wale) + 26 ()21,
and hence
m5 () = ko(x)t + k1 (z)%t2

Setting ¢t = 1 and using k1 (z) = ¢(x) we obtain formula (3.3)) for 2. In a similar manner we obtain

mS (£) = ()t + gmg(x)m(x)tQ b ()3

and so k3(x) is given by formula (3.4). If n becomes larger and larger, this method of differential recursion for computing &,
seems more efficient than the one in Example

Corollary 3.17. As a polynomial in t, we have deg(m? (t)) < n for all n € Ny.
Proof. Integrating the differential recursion in Proposition yields

n—1 t
m?(t) = > ({+ 1)Hn_g(x)/ m>(s)ds, n>1.

=0 0
Starting from m§ (¢) = 1, we can show the bound deg(m? (¢)) < n by induction. O
3.3. Monotone central limit theorem. In probability theory, a basic form of the central limit theorem says if (X;);>1 is
real-valued iid random variables such that E[X;] = 0 and E[X?] = ¢ > 0, then the distribution of

Xi+Xo+--+Xpn
VN

converges weakly to N(0,0%) as N — oo. We consider a similar problem for monotonically independent random variables.

Theorem 3.18. Let (A, ) be a unital C*-probability space and (x;)i>1 be a sequence of monotonically #d real random variables
in A. Suppose that p(z1) =0 and p(23) = 02 > 0. Then, for anyn € N

hm¢<<$1+IE2+~-~+$N>H>_/‘/§”t”dt
N-=o0 VN — V3o TV 202 — 2

In particular, the analytic distribution of (x1 4+ xo 4 -+ + xn)/V/N converges weakly to the arcsine law A(0,c2).

Proof. We first prove the convergence of monotone cumulants of ay := (z1 + 22+ --- + xn)/V No2. By using conditions

and [(M2)| we have
kn(an) = (No?) 2 kp (21 + 2+ +an) = (No?) "% Ney(21).
Recall here that x1(z1) = ¢(z1) = 0 and ka(z1) = p(2?) — ¢(21)? = 0. Passing to the limit yields

5 (aw) 1, ifn=2
Kn = lim kp(ay) =
T Nooo VN 0, otherwise.
By the polynomiality ¢(a%) = kn(an) + QF (k1(an), k2(an),. .., kn—1(an)) and taking the limit, we obtain the convergence
lim o(aR) = kn + Qy, (K1, K25 ..oy K1), n>1.
N—o0
To compute this limit, we use the differential recursion. Let m% (¢;an) be the polynomial constructed for x := an as in

Proposition From Example we have my (t;ay) = p(an)t = 0. Since m% (t;ay) is a polynomial in ¢ and ¢(ak;),
1 < k < n, the limit
m, () ;= lim m} (t;an)
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exists. Since deg(m? (#;ay)) < n and the coefficient of each monomial t* (1 < k < n) of m> (t; an) converges, the limit function
m,, (t) is also a polynomial with degree < n and the convergence is uniform on each finite interval of R. By taking the limit in
the integrated form of Proposition [3.15] we obtain

n—1 t t
= lim m®(tay) = li 1)ty > (s; = — D)m,_ .
my, (¢) i my; (t;an) i ;(Z + 1)kn g(aN)/O my (s;an)ds /0 (n—1)my,_2(s)ds
Since mo(t) = 1 and m; (¢) = 0 for all £ € R, this can be easily solved by iterated integrals as
2k — 1N
myy (1) = %tk, mog_1(t) =0, k>1.
As mP (1;an) = p(af;), we have thus obtained
- nn
u, if n is even,
Nlim o(a) =m,(1) =< (n/2)! (3.7)
— 00
0, if n is odd.

This limit is exactly the moment sequence of the standard arcsine law A(0, 1), which has compact support and hence its moment
sequence is determinate (Proposition |A.4)). The weak convergence is a consequence of Proposition O

3.4. Poisson’s law of small numbers. The second limit theorem to be discussed is an analogue of Poisson’s law of small
numbers. In probability theory, the simplest formulation is as follows. Let A > 0 be a fixed parameter. For each N € N with

N > X, suppose that Xy 1, Xn,2,..., XN~ are independent random variables that have the identical Bernoulli distribution
A A _
]P’(XN,,;:O):l—N, IP’(XN7¢:1):ﬁ, 1<i<N. (3.8)

Then the distribution of Xy 1 + Xn2 4 -+ X n converges weakly to the Poisson distribution with rate A
Poi®(\) = e~ i )\15
. nl

Replacing the notion of independence with monotone independence, we formulate and obtain the following limit theorem.
Theorem 3.19. Let A > 0. For each N € N with N > X, let (xn ;)N be monotonically iid real random variables in a unital

C* -probability space (A, ) such that

A A ,
/j‘IN,i:(l_N)(SO"‘N(sla 1§Z§N

Then there exists a probability measure Poi” (\) whose monotone cumulants are all equal to X such that

lim ¢((zn1 —FOCN,Q—}—---—i—as]\u\/)”):/t”POiD()\)(dt)7 n € N.
N—oc0 R

Remark 3.20. We will study Poi” ()\) further in Example where Poi” ()\) turns out to have compact support. Therefore,
the analytic distribution of 1 + xn2 + --+ + Ty n converges weakly to Poi” (\). The measure Poi” (A\) will be called the
monotone Poisson distribution with parameter A > 0.

Proof of Theorem[3.19 Let an :=xn1 +ZNn2+ -+ 2n,n. Since (zn,;)Y, is monotonically iid, we have
kn(an) = Nkp(zn,1)-
Observe here that p(z}; ;) = A/N. From condition since P> has no constant or linear terms,
Nen(xn1) = Ne(@l 1) + NPY (e(zn1), o(x31), -5 o(@h 1)) = A+ o(1).

Therefore we conclude that
lim k,(an) = A

N —oc0
This in turn implies
lim o(al) =A+Qn (M A, ..., \). (3.9)
N —o0
Because for each N the sequence ¢(af;), n =0,1,2,... is positive semi-definite, the limit sequence is also positive semi-definite.
Theorem ensures that the limit is the moment sequence of some probability measure on R. (|

3.5. Monotone set partitions and monotone cumulants. Cumulants are known to be intimately connected to set parti-
tions. Let S be a finite set. A decomposition of S into nonempty disjoint subsets is called a set partition of S. A set partition
is denoted as p = {B1, Ba, ..., By}, where B;’s are the nonempty disjoint subsets of S such that S = By U---U By. Each B;
is called a block of the set partition p. The number k of the blocks of p is denoted by |p|. Let P(S) stand for the set of all
set partitions of S. For the special case S = [n], we denote P(n) := P([n]). For example P(2) has two elements {{1,2}} and

{{1},{2}} and P(3) has five elements {{1,2,3}}, {{1,2}, {3}}, {{1,3}, {2}}, {{1}, {2, 3}}, {{1}, {2}, {3} }-

Let (cvn)n>1 be a sequence of complex numbers. For each set partition p = {B1, Bs, ..., By} of S, we define

Oép = Q‘B”a‘B,‘,‘ --~O£|Bk‘.

With this notation, the following formula holds.
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12 3 4 5 6 7 8 9 10 11 12

FIGURE 4. The diagram of m = (By, Ba,...,Bg) € OP(12) where By = {6,9}, B2 = {2,3}, By = {11,12},
By = {7,8}, Bs = {4}, and Bg = {1,5,10}. This is not a monotone set partition because e.g. Bg covers Bj.
For example, the permuted one 7 = (Bg, By, Bs, B1, By, Bs) is a monotone set partition.

Proposition 3.21. For a random variable X € L>~(Q, F,P), we have

EX"] = Y Ky (X), neN (3.10)
pEP(n)

Proof. Although we do not need this formula later, the proof is sketched for the reader’s convenience. We can see that, given a
sequence of positive integers (i1, iz, . .., i) with i1 +2is+- - - + kix, = n, the number of p € P(n) that has i; blocks of cardinality
one, is blocks of cardinality two, ..., i blocks of cardinality k, equals

() (e (e e T

p:
nl
T iligl gl (1) (20 - (Rl (3.11)

so that the coefficient of K (X)"Kg(X)?2 -+ K (X)™ in (3.10) is exactly (3.11)). On the other hand, recall that the definition
K”(X)z”> so that

n!

of cumulants is given by E[e**] =exp (Y, +;

5 B s 0 s 812

n>0 ’
in the sense of formal power series. The coefficient of K (X )1 Kg(X)% .- K (X)%*2™ in (3.12)) is easily seen to be the number
(3.11)) divided by n!, as desired. O
Example 3.22. For n = 1,2, 3, formula (3.10) reads

E[X] = Ki(X),

E[X?] = Ko(X) + K1 (X)?,
E[X?] = K3(X) + 3 Ko (X)K1 (X) + Ky (X)3,
which are equivalent to the formulas in Example [3.2]

Our goal is to discover a similar formula for monotone cumulants. It turns out that an ordered set partition provides a
suitable framework. An ordered set partition of a finite set S is a sequence m = (By, Ba, ..., By), where {B1, Ba, ..., By} is
a set partition, i.e., By, Bs, ..., By are nonempty disjoint subsets of S such that S is the union of them. We can also consider
that 7 is the set partition {Bj, Bs, ..., Bx} equipped with the linear order on its blocks B; < By < -+ < By. In this way, an
equivalent definition is that an ordered set partition is a pair m = (p, <) of a set partition p € P(S) and a linear (or total) order
on p. We set the notation || := |p| that is the length of the sequence 7, and 7 := p. Let OP(S) be the set of the ordered set
partitions of S, and in particular, let OP(n) := OP([n]). With a slight abuse of notation, we will write B; € 7, which more
precisely means B; € 7.

Let T be a totally ordered finite set. A set partition p € P(T) is said to have a crossing if there are two blocks By, By € p
and elements a,b € By and b,c € By such that a < ¢ < b < d. A set partition that has no crossings is called a noncrossing
set partition.

We consider a partial order on each p € P(T) defined by a covering relation. For nonempty subsets By, B C T, we say B;
covers Bs, denoted as By =< Bs, if min By < ¢ < max By for all i € By. On a set partition of T', the relation < becomes a partial
order.

Definition 3.23. Let T be a totally ordered finite set. An ordered set partition 7 = (p, <) of T is called a monotone set
partition if

e p is a noncrossing set partition,
e if B, B’ € p satisfies B < B’ then B < B’.
The set of monotone set partitions of T is denoted by M(T'). For notational simplicity, we set M(n) := M([n])
The monotone set partitions M(T") can be generated from the following recursion.

Proposition 3.24. Let T be a totally ordered finite set. There exists a canonical bijection

B: M(T) — | JM(T \ I),
I
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where I runs over the set of nonempty intervals of T, the complement T \ I is endowed with the linear order induced by T,
and M(0) := {0}. The bijection is given by B: (p, <) — p\ {Bmax} € M(T \ Bmax), where Buax is the largest block of p with
respect to <.

Proof. Observe first that Bp,.x is a nonempty interval of T" since By,.x does not cover any other element and p is noncrossing.
It is straightforward that p \ {Bmax} is a monotone set partition of 7'\ Bpax. Conversely, the map (J, M(T'\ I) > (I,7) =
(I, (p', <) = (p' U{I}, <) where < is the extension of <’ such that I is larger than any block of p’, also gives a monotone set
partition of T', and this is the inverse map. O

Proposition 3.25. Let T be a totally ordered finite set. The cardinality of M(T) is (|T|+1)‘

Proof. We may assume that 7' = [n]. Let t,, :== [M(n)|, n € N, and t¢ := 1. The previous bijection yields t,, = >, t,_. For
each 1 < k < n, there are n — k + 1 intervals I such that |I| = k. This yields

n n—1
t, = Z(n—k+ Dty k:Z(p+1)tp, n>1; to = 1.
k=1 p=0

[t

Computing ¢, —t,_1 yields t,, = (n+1)t,_1, so an induction argument shows the desired formula ¢t,, = (n+1)!/2 forn e N. O

Given a sequence (o, )n>1 of complex numbers and m = (B, Bs, ..., Bi) € OP(S), we define
Qp 1= a\Bl\a|Bg| ce Ck|Bk|.
Equivalently, we set o := a, for 7 = (p, <).
Theorem 3.26. On any nc-probability space (A, ) and for any x € A, we have
n 1
p(a™) = Z Wfiﬂ(z), n €N, (3.13)
TeM(n)
Remark 3.27. For the classical cumulants (K,,),>1, the moment-cumulant formula (3.10) can be written in the equivalent form
1
ny _ - oo —
EX" = > |W|!KW(X), neN, XelL>, (3.14)
T€OP(n)

since for each p € P(n) there are |p|! number of 7 € OP(n) such that T = p, corresponding to the permutations of the blocks.
Comparing with formula (3.14) somehow justifies the naturality of the factor 1/|x|! in (3.13]).

Proof of Theorem[3.26. Let m% (t) = m (¢; ) be the polynomial in ¢ € R defined in Proposition We prove a generalized
formula

=l
mi ()= Y T!HW(:[;), neN, (3.15)
which coincides with (3.13) for ¢ = 1. We extend formula (3.15)) to n = 0 by interpreting M(0) := {@}, |@] := 0, 0! := 1 and

kg(x) := 1, so that the following calculations make sense. Then formula (3.15) is obviously the case for n = 0. Suppose that
the formula holds up to n — 1. Then, using the differential recursion in Proposition [3.15, we proceed as

w5 () = S+ Dl 0 [ i)

=0
n—1 1 t
_ - |7]
= Z(ﬁ + Dkp_e(x) Z Iﬂ!/i,r(x)/o sl ds
=0 TEM(L)
n-1 41
= 670(6 + 1) Z m/ﬂn_[(m)liﬂ(.ﬁ)
= TeM(L)
n t‘ﬂH—l
= > (n—p+1) Z pr(x)Hﬂ(x). (3.16)
p=1 TEM(n—p)
Since there are n — p 4 1 intervals I C [n] of size p, (3.16)) can be written in the form
tlrl+1

E g 7m1|(aj)/€ﬂ($) (3.17)
0£1C[n] meM([n]\]) (Il + 1)t
interval

The last formula can be well described by the bijection 8 in Proposition the ordered set partition o := (I, 7) runs
over all elements of M(n) exactly once as (I,7) runs over the summation range of (3.17)), and it holds that |7| + 1 = |o| and
K|11(%)kx (7) = Ko (7). Therefore, the last expression (3.17) is exactly the desired (3.15]). O

The monotone CLT says that the monotone cumulant sequence (0,1,0,0,0,...) corresponds to the moment sequence (3.7))
of the arcsine law. This fact and Theorem yield the cardinality of the set of monotone pair partitions

Mz (2n) := {m € M(2n) : every block of = has cardinality two}.
Corollary 3.28. The cardinality of Ma(2n) is (2n — 1)!1.
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The above proof of the moment-cumulant formula in Theorem [3.26] does not clarify well why the monotone set partitions
appear. In fact, monotone set partitions have a more intrinsic meaning: they naturally appear when characterizing a “tensor-
like” factorization of mixed moments.

Definition 3.29. Let I be a totally ordered set and i1, s, ...,4, € I. Let ker(i1,is,...,i,) be the ordered set partition of [n],
called the kernel, defined as follows: let A; := {p € [n] : i, = j}, j € I, and we collect all the nonempty sets A;,, A;, ..., 4;
g1 <go < <7 and define ker(il,ig, Ce ,’Ln) = (AjuAjza ey Ajr)'

Example 3.30. Let I = N. Then ker(3,5,2,1,5,3,5) is given by ({4}, {3},{1,6},{2,5,7}).

L

Proposition 3.31. Let I be a totally ordered set and iy,is,...,1, € I. Then ker(iy,ia,...,in) € M(n) if and only if the
factorization

H
plarag -+ ay,) = H ® H ap (3.18)

Beker(iy iz, . in) peB

holds for any random variables a1 € A;,, as € A;,, ..., an € A; and any monotonically independent subalgebras (A;);cr in
any nc-probability space (A, ).

Remark 3.32. The factorization (3.18) is exactly the formula that always holds irrespective of ker(iy,is,...,i,) provided
(A;)ier were tensor independent. This proposition therefore characterizes the arrangements of random variables such that the
factorization coincides with the case of tensor independence.

Proof. Let us check the statement through examples. In the following, (A4;)$2, are monotonically independent subalgebras in
a nc-probability space (A, ), @ = (i1,12,...,in) € N and a1 € A;,, az € Ay, ..., an € A;, .

Case 1: © = (i1,19,...,18) = (2,4,4,4,3,2,1,1). Then the kernel
m = ker(i) = ({7,8},{1,6},{5},{2,3,4})

is a monotone set partition. We first focus on the largest block {2, 3,4} and obtain
p(arag - --ag) = p(ai(azazas)asasarag) = p(azazas)p(aasacarag)

because i1 < iy = i3 = iq4 > i5 and asaszas € A;,. The remaining sequence (i1, 15, i, 97, ig) associates the kernel ordered set
partition ({7,8},{1,6},{5}), which is also a monotone set partition. Since now i; < i5 > ig we have

vlarasagarag) = p(as)p(aragaras),

and finally we arrive at

——)
p(aray - ag) = p(azazas)plas)p(arac)p(aras) = [[ ¢ | [] a»
Bem peB
In general, when the kernel is a monotone set partition, we can first factor out the expectation of elements corresponding to
the largest block of the kernel, and then by Proposition [3.:24] the remaining blocks still form a monotone set partition. Then
we can repeat the same procedure to get the tensor-like factorization.

Case 2: 1 = (2,1,2,1). The associated kernel 7y := ker(¢) = ({2,4},{1,3}) is not a monotone set partition because 7z has a
crossing. By the definition of monotone independence we get

p(arazazas) = p(ar)p(azazay),

so that the block {1,3} “splits” into the singletons {1} and {3}. This shows the tensor-like factorization does not hold.

Case 8: 1 = (2,1,1,2). Then 73 := ker(¢) = ({2,3},{1,4}). In this case 73 is noncrossing but the total order on 73 is not
compatible with the covering relation, so that 73 is not a monotone set partition. It holds that

p(arazazaq) = p(a1)p(azazas),
so that the block {1,4} again splits.

In general, as soon as ker(%) is not a monotone set partition, there always exists a block that splits, so that the tensor-like
factorization fails. 0

3.6. Notes. The monotone cumulants were defined by Hasebe and Saigo [87], and we basically followed this original paper, pro-
viding more detailed arguments. More general multivariate monotone cumulants are introduced in [86]. The proof of Theorem
followed [86]. The original definition of monotone cumulants was inspired by “umbral calculus” in combinatorics, in which
“umbrae” correspond to iid copies of random variables, and a “dot operation” corresponds to the sum of iid random variables.
The definition of monotone cumulants builds upon a Lie-theoretic approach, which was already exploited by Voiculescu in the
definition of free cumulants [I50]. The Lie-theoretic aspect of cumulants has been further pursued in the literature by the use
of Hopf algebras, see e.g. [9] [60} 85| [TTT].

The proof of Theorem (the monotone CLT) and Theorem (monotone Poisson’s law of small numbers) more or
less followed the lines of [87], being different from the proof of the original article [I2I]. Hora, Obata [00, Theorem 8.23] and
Saigo [135] proved the monotone CLT allowing some non-identically distributed random variables. Wang analytically proved
the monotone CLT only by assuming the existence of finite second moment [I53]. Arizmendi, Salazar and Wang provided a
Berry-Esseen type result [15]. Other limit theorems are studied in the literature: Wang and Wendler showed a law of large
numbers [I54] using a martingale technique; Wang obtained a limit theorem of stable type [152]; Anshelevich and Williams
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established a rather general limit theorem converging to monotonically infinitely divisible distributions [7]; Franz, Hasebe and
Schleifinger studied monotone convolutions of infinitesimal triangular arrays that allow non-identical probability measures [70].
These results can be seen as nontrivial limit theorems for iterated compositions of holomorphic self-maps and some of them
have connections to ergodic theory.

The monotone set partitions first appeared in [122] in the form of Proposition Lie-theoretic approaches can make it
clearer how Proposition [3.31] leads to the appearance of monotone set partitions in the moment-cumulant formula in Theorem

see [85] [TT1].

4. CAUCHY TRANSFORM

In this section we collect results on the Cauchy transform of probability measures and its relatives. Using these results we
extend monotone convolutions to probability measures with unbounded support and analyze them in later sections.

4.1. Measures. As different sources use different terminology in measure theory, we start by specifying our conventions. Let
X be a topological space and B(X) be the set of Borel subsets of X, i.e., B(X) C 2% is the smallest o-field that contains all
open subsets of X. A Borel measure is a function p: B(X) — [0, +00] such that

e u(0) =0,

n=1

o (U Bn> = Z w(B,,) whenever By, By, Bs, ... are disjoint Borel subsets of X.
n=1

A Borel measure p on X is called
- a probability measure if the total mass p(X) is one;
- finite if the total mass is finite;
- locally finite if every point of X has an open neighborhood with finite mass; and
- atomless if y({z}) =0 for all z € X.

Related to the last condition above, an element x € X is called an atom of p if u({z}) € (0, +o0].

We say that a Borel measure p is supported on B if (X \ B) = 0. The support of pu is the smallest closed subset B of
X such that u(X \ B) =0, and the support is denoted as supp(u) if it exists. The support of a Borel measure always exists if
X is a separable metric space [59, Problem 3, Section 7.1].

A complex Borel measure is a function of the form pu = py — po +1i(pt3 — pa), where py, are Borel measures. The domain
of pis {B € B(X) : ux(B) < 400, k=1,2,3,4}.

4.1.1. Handling o-fields. The definition of B(X) is implicit in that no necessary and sufficient condition is given for subsets
of X to be Borel. In measure theory and probability theory, one often sees such sets, e.g. Lebesgue measurable sets or sets
in product o-fields. To handle such sets, a standard technique is to consider classes of sets rather than individual sets. The
following classes are widely used.

Definition 4.1. Let Q be a set and F C 29,

(i) Fis called a m-system if AN B € F for all A,B € F.

(ii) F is called a A-system if the following conditions hold:
e (e F;
eif A Be Fand AC B then B\ A€ F;
eif A, € F(neN)and A; C Ay C A3 C - then |J, .y 4n € F.

(iii) F is called an algebra if the following conditions hold:
e Q) cF;
oif A, B € F then AUB € F;
oif Ac Fthen Q\ Ae F.

(iv) F is called a monotone class if the following conditions hold:
eif A, e F(neN)and A; C Ay C A3 C --- then J, . An € F;
oif A, € F(neN)and A D As D A3 D --- then () A, eF.

neN

neN
Note that any algebra is a w-system and any A-system is a monotone class.
The following -\ theorem and monotone class theorem are standard methods to extend a statement about a class C of sets

to a statement about the o-field o(C) generated by the class C; the reader is referred to [97, Theorem 1.19] and [59, Theorem
4.4.2] for the proofs, respectively.

Theorem 4.2 (7-A theorem). Let Q be a set. Let P be a mw-system and L be a A-system of subsets of Q such that P C L. Then
o(P)C L.

Theorem 4.3 (Monotone class theorem). Let §2 be a set. Let A be an algebra and M be a monotone class of subsets of Q such

that A C M. Then o(A) C M.



MONOTONE PROBABILITY THEORY 31

A typical application of these theorems is the following.

Proposition 4.4. Let 11,72 be locally finite Borel measures on R such that 71(I) = 1o(I) for all open intervals I of finite
length. Then 11 = 7.

Proof. The goal is to show 71(B) = 2(B) for all B € B(R). Since
7:(B) = lim 7(BN(=N,N)), i=1,2,
N—00

it suffices to show 71 (B) = 7o(B) for bounded Borel subsets B. We therefore fix N € N. Let us consider the set P C 2(=N:N)
consisting of the empty set and the open subintervals of (—N, N), and

L:={BeB((—N,N)): (B)=m(B)}.

We can see that P is a w-system, £ is a A-system and, by assumption, P is contained in £. By the 7\ theorem, o(P) is
contained in £, the former of which is known to be equal to B((—N, N)). O

Remark 4.5. One could also use the monotone class theorem. Observe first that the above L is also a monotone class. Instead
of P one could consider the algebra A C 2(=N:N) consisting of the empty set and finite disjoint unions of the intervals of the
forms (a;,b;] (=N < a; < b; < N); note that (a;, N] is to be interpreted as (a;, N). By taking limits one would see that each
(ai, b;] belongs to £, and therefore A C L. By the monotone class theorem, £ would contain o(A) = B((—N, N)).

Sometimes, finding an appropriate algebra is harder than finding a m-system, and therefore m-A theorem is more useful.
Later in Theorem [6.11] we also see the opposite situation where the second condition of the A-system is hard to check, and thus
monotone class theorem is more useful.

4.1.2. Weak convergence of measures. There are several notions of convergence for measures. Here we consider weak convergence
and its properties. In Appendix [A] a relation of weak convergence to convergence of moments is discussed.

Definition 4.6. Let X be a topological space. The set of the finite Borel measures on X is denoted by .#4,(X). A sequence
(Tn)n>1 In Aan(X) is said to converge weakly to 7 € #5,(X) if for any bounded continuous function f: X — R one has

lim [ f(z)7,(dz) :/Xf(m)r(dx). (4.1)

n—oQ X

Sometimes, it is convenient to take a smaller set of test functions. For the proof of the following result, the reader is referred
to [97, Theorem 13.16].

Proposition 4.7. Let X be a locally compact, complete separable metric space and 7y, 7 € M5n(X), n € N. Then 7, converges
weakly to T if and only if lim,_ o 7, (X) = 7(X) and (4.1) holds for all continuous functions f with compact support.

The following is a somewhat trivial reformulation of weak convergence. This is, however, useful when combined with relative
compactness, see Remark

Lemma 4.8. Let X be a topological space. Let 7,7, € Mun(X) (n € N). Then the weak convergence T = lim,_, o 7, holds if
and only if any subsequence of (Tp)n>1 has a further subsequence that converges weakly to 7.

Proof. The “only if” part is obvious. For the “if” part, suppose to the contrary that 7,, does not converge to 7; then there exist
a bounded continuous function f: X — R, ¢ > 0 and a subsequence (7,,(;));j>1 such that | [ fdra) — [ fdr| > e for all j. This
contradicts the assumption that (7,,(;)) has a further subsequence that converges to 7. O

Definition 4.9. Let X be a topological space and 4 C A5, (X).
(i) # is said to be tight if for any € > 0 there exists a compact subset K C X such that u(X \ K) < ¢ for all p € 4.

(ii) 4 is said to be relatively compact (with respect to the weak convergence) if any sequence in .# has a subsequence
that is weakly convergent in .#g,(X).

Remark 4.10. The above definition of relative compactness coincides with the standard definition in topology when .#g,(X)
is metrizable, which is the case if X is separable; see e.g. [36, Theorem 5, Appendix III].

Theorem 4.11 (Prokhorov). Let X be a complete separable metric space and M be a subset of Man(X). Then A is relatively
compact if and only if A is tight and {7(X) : 7 € A} C [0,+00) is bounded.

Proof. For the case of probability measures, the reader is referred to [36], Theorems 6.1 and 6.2]. For finite Borel measures,
dividing the measures by their total masses reduces the problem to probability measures. O

Remark 4.12. Actually we will use Theorem only for X = R or circles in the Riemann sphere CU{oco}. Then this theorem
is a direct consequence of Helly’s selection theorem, see e.g. [97, Theorem 13.33]. If X is a compact space, the whole set .#f, (X)
is automatically tight and so relative compactness is equivalent to the uniform boundedness of total masses.

Remark 4.13 (Compactness argument). To show the weak convergence of a sequence of finite Borel measures (7,,),>1, a useful
method is a compactness argument. One first shows that (7,,),>1 is tight and uniformly bounded (i.e., relatively compact);
this is of course easier when the underlying space X is compact. Then any subsequence (7,(;));>1 of (7n)n>1 has a further
subsequence (7,(j(k)))r>1 weakly converging to a finite Borel measure 7. If one can somehow show that the limit 7 does not
depend on the choice of (7,,(j));>1 OF (Tn(j(k)))k>1, Lemma implies that the whole sequence (7,,),>1 converges to 7.

4.2. Holomorphic functions. In this section, we collect technical but preparatory results in complex analysis. Let D denote
the unit disk {z € C : |z| < 1} and C* the complex upper half-plane {z € C : () > 0}. We consider R := RU {oo} as a
compact subset of the Riemann sphere C U {oo}.
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4.2.1. Interchange of integration and differentiation. Here we note a useful criterion that allows us to differentiate a holomorphic
function under the integral sign. This fact will be used below without being mentioned.

Proposition 4.14. Let (T, F, ) be a measure space. Let D be an open subset of C. Let f: D xT — C be a function such that
e for a.e. t € T the function f(-,t) is holomorphic on D,
e for each z € D the function f(z,-) is p-integrable,
e there is a ,u—z'ntegmble functz’on g: T — [0,4+00) such that |f(z,t)| < g(t) forallze D andteT.

Then the function F(z) := [, f(z,t) u(dt) is holomorphic on D and F®) = [; 02 f(z,t) p(dt) for all n € N. Note that the
assumptions above zmply that 8"f( z, ) is p-integrable for any z € D and n 6 Np.

Proof. Let C be the circle centered at zy € D with radius r > 0, sufficiently small so that C' and its interior are contained in
D. By Cauchy’s integral formula, for p-a.e. t, we have

0.f(z,t) = ! /0de

2mi w — z)2

This yields the estimate

r
\8fzt|<—/‘w Z|2|d| (), o =20l < 3. (4.2)

Writing f(z,t) = u(z,y,t) + iv(z,y,t) and F(z) = U(x,y) + iV (z,y) with notation z = x + iy, the above estimate implies
that the four functions |0, u|, |Oyu|, |0zv]|, |0yv| are all bounded by 4g(t)/r. Therefore, the usual criterion for the interchange
of differentiation and integration yields that U(z,y),V(x,y) are differentiable under the integral sign with respect to both
xz and y. Also we can check that U,V are C' functions by the dominated convergence theorem. This argument implies
that the C' functions U,V satisfy the Cauchy-Riemann equations, and hence F is holomorphic and the desired formula

= [; 0. f(2,t) pu(dt) holds.

As we have established , the function 0, f also satisfies the assumptions of the proposition in a neighborhood of zg, so
that we can obtain the result for the second derivative. Repeating the above arguments, we obtain the desired formula for
higher-order derivatives. O

4.2.2. Boundary behavior. The study of boundary behavior of holomorphic functions is an important theme below. A basic
notion in this respect is the following.

Definition 4.15. For a function f: C* — C we say that f has a nontangential limit ¢ € CU {oo} at oo if for any v > 0 we
have

lim  f(z) =, (4.3)

ZEV
|z| =00

where V, is the sector domain
V., :={z€C":y|R(2)| < S(2)}.
The nontangential limit of f at oo is written as <tlim,_, f(2) if it exists.
There is a conformal bijection of C* that maps co to a € R. This allows us to define a nontangential limit at a: f has a
nontangential limit ¢ € CU {oo} at a € R if for any v > 0

zeléinvw f(z)=¢,
zZ—a

and we write ( = <lim,_,, f(2).

In general, even if (4.3]) exists for some v > 0, the limit might not exist for smaller 4’s. A remarkable fact is that such
never happens for a large class of holomorphic functions: if (4.3)) exists for some v > 0, the limit exists for any v > 0. This
is a consequence of Lindel6f’s theorem. Although this theorem is not essential below, we quote it here as it helps to better
understand some results. For the proof we refer the reader to [40, Theorem 1.5.7] or [45, Theorem 2.3]. A stronger version can
be found in [45, Theorem 2.20].

Theorem 4.16 (Lindelof). Let N: CT — CT UR be a holomorphic function. If there exists a continuous map v: [0,1) — CT
such that limy_,1 y(t) = oo and ¢ := limy_,1 N(v(¢)) € CT UR ezists, then the nontangential limit of N al co exists and equals
¢.

4.2.3. Convergence of holomorphic functions. We will consider the locally uniform convergence for holomorphic functions.
There are two equivalent formulations that could be different for general continuous functions in topological spaces.
Definition 4.17. Let X be a topological space and f, f,, € C(X), n € N.

(i) (fn)n>1 is said to converge to f locally uniformly if each point of X has a neighborhood on which f,, converges to f
uniformly.

(ii) (fn)n>1 is said to converge to f uniformly on compacta if f,, converges to f uniformly on each compact subset of
X.

If every point of X has a compact neighborhood then these two notions coincide.
The idea of Lemma [4.8| also works for the uniform convergence on compacta.

Lemma 4.18. Let X be a topological space and let f, f, € C(X), n € N. Then f,, converges to f uniformly on compacta if
and only if any subsequence of (fn)n>1 has a further subsequence that converges to f uniformly on compacta.
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The relative compactness for functions is defined similarly to measures.

Definition 4.19. Let X be a topological space. A family & C C(X) is called relatively compact (with respect to uniform
convergence on compacta), or normal, if any sequence in .% has a subsequence that converges uniformly on compacta to a
continuous function on X. Note that the limit function is not required to belong to .%.

Remark 4.20 (cf. Remark[4.10]). The definition of relative compactness above coincides with the notion in topology if convergence
on compacta is induced by a metric on the space C'(X). This is the case e.g. if X is of the form X =,y Kn, where K,, are
compact subsets such that any compact subset of X is contained in some K,. Indeed, in this case

ol =3 2 (1 A sup |f(z) - g(x>|)

zeK,,

neN

provides a distance on C(X) such that p(f,, f) — 0 if and only if f,, — f uniformly on compacta. For example, if X is an
open subset of C then K, :=={z € X :d(z,C\ X) > 1/n, |z| < n} meets this condition, where d is the Euclidean distance.

In the compactness argument, a characterization of relative compactness is a key ingredient. For holomorphic functions, this
is given by Montel’s theorem. The reader is referred to [I33] for the proof.

Theorem 4.21 (Montel). Let D C C be a domain. Let & be a family of holomorphic functions from D to C. Then Z is
relatively compact if and only if sup ¢ i, re 7 | f(2)| < +oo for each compact subset K C D. Note that a locally uniform limit of
holomorphic functions is always holomorphic by Weierstrass’ theorem.

On the other hand, the identity theorem provides a sufficient condition for the uniqueness of limit points. Combining Montel’s
theorem, the identity theorem and Lemma [£.1§] yields the following useful criterion for the locally uniform convergence.

Theorem 4.22 (Vitali). Let D C C be a domain. Let f,: D — C (n=1,2,3,...) be holomorphic functions that are uniformly
bounded on each compact subset of D. Suppose that there is a sequence of distinct points (z;)r>1 € D such that im0 2, € D
and lim, o fn(2k) exists in C for all k € N. Then f, converges to a holomorphic function locally uniformly on D.

Proof. By Montel’s theorem, (f,) has a subsequence that converges locally uniformly to a holomorphic function f on D. This
is a candidate for the limit.

Let us apply Lemma Take any subsequence (fy,x))x>1- Again by Montel’s theorem, it has a further subsequence
(fn(k(s)))j>1 that converges to a holomorphic function g locally uniformly on D. By the assumption that lim, . fn(2zx) € C
exists, we conclude that f(zx) = g(zx) for all k € N. The identity theorem forces f and g to coincide. Therefore, (fp(k(;))j>1
converges to f locally uniformly. Lemma yields that the whole sequence (f,)n>1 converges to f on D. g

4.3. Nevanlinna functions. A holomorphic function
N:Ct - CtUR

is called a Nevanlinna function. Nevanlinna functions play central roles below because many transforms of probability
measures are holomorphic functions taking values in half-planes. We collect various properties of Nevanlinna functions. We
first demonstrate an integral formula for Nevanlinna functions.

Upon fixing a conformal bijection L: C* — D, the function —iN o L~! is a holomorphic function on I taking values with
nonnegative real part, called a Herglotz function. Sometimes Herglotz functions make arguments clearer so we work with
them instead.

Lemma 4.23 (Poisson integral formula). Let f : D — C be a holomorphic function. For every R € (0,1) it holds that

1 [ Re'? + z ;

- - - i¢ . 4.4
10 =50 [ R (G ) fmeas, < (14)

Proof. Let z = rel? with 0 < r < R. By Cauchy’s integral formula

1
f(z)=— f(w) dw. (4.5)
271 Jjpj=p w — 2
Let z* := RTQeiG called the reflection of z with respect to the circle {w : |w| = R}. Since |z*| > R, Cauchy’s integral theorem
yields
1

0— LGN (4.6)

2mi |lw|=R w — z*

1 1 1
f(z) = %/lw_Rf(w) (w Lo ) duw.

11 71%Rei¢+z
w—z w—z* Rel® Rel¢ —z /)"

The conclusion follows by observing dw = iRe!? de. O

Combining (4.5) and (4.6]) gives

With notation w = Re'® we obtain

Proposition 4.24. For a Herglotz function f, there exist b € R and a finite Borel measure o on 0D such that
¢+ z

f(z)=1b+ b C— 2

o(d¢), z € D. (4.7)
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Proof. Let 0 < R < 1 and g be a holomorphic function defined by

1 [T Re'? +z -
=— [ ——R[f(R)]d <R.
00 =5 | Fars MARSN S,
Since f has a representation in Lemma we have R[g(z)] = R[f(2)] for |z] < R. It is a well known consequence of the
Cauchy—Riemann relations that a holomorphic function on a domain with a constant real part must be constant, which implies
in our situation that f(z) = g(z) + ib for some constant b € R. Therefore,

(+2z
op G — 2
where o is the finite Borel measure on the unit circle 9D defined by or(d() := 5= R[f(Re'?)]d¢, ¢ = €'?. Selecting z = 0 in
(4.8) we obtain o (0D) = R[f(0)], which implies that the family {oz(dD) | 0 < R < 1} C [0,+00) is bounded. Since D is

compact, the family {or | 0 < R < 1} is tight. By Theorem [4.11] there exists a sequence R,, T 1 and a finite Borel measure o
such that o = lim,,_,o, o, weakly. Setting R = R,, in (4.8]) and letting n — oo amounts to the desired (4.7)). O

f(Rz) =ib+ L /W etz R[f(Re¥)] dp = ib + or(d¢), z €D, (4.8)

21 J_, €lP — 2

Remark 4.25. The number b € R and the finite Borel measure ¢ are unique. We will prove this in the next theorem for the
equivalent setting of Nevanlinna functions.

Theorem 4.26 (Nevanlinna formula). For a Nevanlinna function N, there exist a > 0, b € R and a finite Borel measure T on
R such that

N(z)zaz—b—i—/ 1+tz7'(dt):_b+/A

]Rt—Z Rt—Z

L2 2 ), (4.9)

where 7 is the finite Borel measure on R defined by 7] = 7 and 7({oo}) = a, and (1 + 00z)/(c0 — 2) := z. The triplet (a,b,T)
1s uniquely determined as follows.

(i) =< lim &)

zZ—00 zZ
(ii) b= —=R[N(i)].
(iii) The Borel measure p(dt) = (1 + t2)7(dt) satisfies for each —00 < a < 8 < 00

B
bl 8)) + 5(p{al) +p(8D) = 7 lim [ SIN(z+ig))da, (1.10)
p({a) = lim (-iy)N(a+iv) (1.11)

which will be referred to as the Stieltjes inversion formula.

Remark 4.27. A further study of the behavior of S[N(x + iy)] as y — 0% would provide more information about p, e.g.,
supporting sets for the absolutely continuous part and singular part of p, see [139, Appendix FJ.

Proof. The conformal bijection L: C* — D defined by

i 1
L(z) = 1z + .
Z+1
has the compositional inverse
—iz+1
L7(z) =
(2) = ——

and extends to a homeomorphism from C* U R onto D. By Proposition the function —iN o L~! has a representation

T el 4 w
_iN(L—1<w))=ib+/_ Mo(dqﬁ):ib—i—/@%?(dﬂ, weD, (4.12)

where 7 = o o (L|5) is the measure pushforwarded by the map L~'[,p. With the notation w = L(z), z € CT, it holds that
L(t)+ L(z) _ i(1+t2)

Lit)—L(z)  t—z '

which transforms (4.12)) into the desired (4.9).
is immediate.
It suffices to show <(lim,_,oo R(2)/2z = 0, where R(z) := [ 12 7(dt). Let t € R, v >0, z =z +iy € V,, with y > 1. Then

14tz 1 z z 1 z

= 11 <1 1+ — ) <14+2|—|.

z(t — 2) z(t—z)+t—z+ ‘_ +’t—z‘( +|22>_ * ‘t—z‘

Since

2 2 —2,,2 2

z—1t x—t)24+y% ~ Y2

the function |(1+ tz)/[z(t — 2)]| can be uniformly bounded by a constant independent of (¢, z). By the dominated convergence
theorem, lim, o0, .cv., R(2)/2 = 0.
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First observe that

1+tz 1 t )
= — 1+1¢ 4.14
t—z (tz 1+t2)( 1), (4.14)
which is sometimes useful. Now this formula immediately implies
. Y
SINxz+iy)=ay+ | ———— p(dt
NG +i) = ay+ [ s ofa

Yy Yy
=ay + / ———— p(dt) +/ e pdh).
(a=1,841) (@ —1)* + 42 (—sora—1]U[f+1,00) (T — 1) +y?

=:I1(z,y) =:I2(z,y)

Since I is continuous on [a, 8] x [0, +00) and vanishes on y = 0, we have lim,_, o+ f(a 5) Is(x,y) dx = 0. Concerning I, we use
Tonelli’s theorem to interchange the integrals

. . Y
lim Ii(z,y)dr = lim p(dt / ———dx
v=0% J(a,8) (wde = g, (a=1,8+1) ) (a) (= 1) + 92

-1
= lim (arctan p — arctan & ) p(d).
y=0% J(a—1,8+1) Y Y

Since

. b—t a—t
lim ( arctan — arctan =
y—0+ Y Y

the desired (4.10]) follows by the dominated convergence theorem.
As for (4.11)), due to the calculations

iy]\/'(oz—i—iy):iya(a—i—iy)—iyb—i—iy/]R [t—(o}—kiy) — 1jt2} p(dt)
o) — offar L[ty
— o(1) - p({a}) + /R\{a} [(t_a)2+y2 1+t2]p<dt>,
=:k(t,y)

it remains to show that the integral converges to zero as y — 0. We split the integral region R\ {a} into J; :={t e R: 0 <
[t —a| < 1} and Jo := {t € R: |t — | > 1}. The integral over J; tends to zero by the dominated convergence theorem because
p(J1) < oo and for all y € (0,1) and ¢t € J; we have

ylt—al+y? |ty _ P+ E-0)?/24y" | P 4y°

(t—a)?+y?2 1412~ (t—a)?+y? 2(1+1¢t2) —

The integral over Jy also converges to zero by the dominated convergence because 7(J3) < 400 and

sup (14 ¢*)[k(t,y)] = sup y [t —a+iyl(1+¢2) —t[(t — @) + y?]

tedy teds (t—a)? +y?
y€(0,1) y€(0,1)

k(t,y)] <

< +00.

Finally, we verify the uniqueness of 7. Suppose that (a,b,7’) is another triplet. By the Stieltjes inversion formula, the
measure p’(dt) := (1 +t2)7/(dt) satisfies p'(I) = p(I) for all open intervals I of finite length. Proposition 4.4] yields p’ = p, and
therefore, 7/ = 7. a

In many examples the Stieltjes inversion formula is used in the following form.

Corollary 4.28. Let N be a Nevanlinna function with triplet (a,b,7). If N extends to a continuous function N:C*tU [, B] =
CT UR for some —oo < ae < 3 < oo, then the measure Tlla,g) 5 Lebesgue absolutely continuous and its density is gien by
1 -
—— _Q[N@®)], te[np
O ) . 3
Here we characterize the convergence of Nevanlinna functions.

Proposition 4.29. Let N,, n=1,2,3,..., be Nevanlinna functions with representations

1+t

The following statements are equivalent.
(1) N,, converges to a function N locally uniformly on C*.

(2) There is a sequence of distinct points (zx)k>1 that converges to a point zoc € CT, and lim N, (zy) exists in C for all
- n— oo
keN.

(3) b, converges to some b € R and (75,)n>1 converges weakly to some finite Borel measure T on R.

Moreover, if the above equivalent conditions hold, then the limit function N is the Nevanlinna function given by

N(z) = —b+/A 1t+tz

R —Z

F(dt).
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Proof. == is obvious.

= By performing an affine transformation z — pz +¢q (p > 0, ¢ € R), we may assume that z; = i. Since
N, (i) = =b, +i7,,(R), the sequence (b,),>1 converges to b € R and the total mass (7,,(R)),>1 converges to a finite nonnegative

number. By the compactness of R and by Theorem , the sequence (7,,)n>1 has a weakly convergent subsequence (7,),
whose limit is denoted by 7. Let N be the Nevanlinna function determined by the pair (b, 7). The definition of weak convergence
implies that for each z € C*

Nn/(z) = —b, -l—‘/ﬁé

We now take any subsequence (7,,(;));j>1 of (Tn)nen. By the same reasoning as above, it has a further subsequence (7,,(;x)))r>1

T (dt) — —b+ 7(dt) = N(z) as n' — cc. (4.15)

1+tz /1+tz
t—=z

Rt—=z

that converges to a finite Borel measure 7. Denoting by N the Nevanlinna function corresponding to (b,7), we obtain
NGy (z) — N(z) in the same way as (4.15). Therefore, for any k € N, we have N(z) = lim, oo Nn(2) = N(z). By
the identity theorem we have N = N on CT and hence, by the uniqueness of the Nevanlinna formula, 7 = 7. Lemma
implies the convergence of the whose sequence 7,, — T as n — oo.

(3)| = |(1)] The pointwise convergence N, (z) — N(z) follows by the definition of weak convergence as R 3 ¢ — bz ¢ CF
is bounded and continuous. Moreover, for each compact subset K C C*, the function (¢,z) — (1 +tz)/(t — z) is bounded on

RxK , and so N, is uniformly bounded on K. By Vitali’s theorem (Theorem , the convergence N,, — N holds locally
uniformly. O

Remark 4.30. Be aware that even if a sequence of Nevanlinna functions converges, the triplets in (4.9) might fail to converge
to that of the limit function. Take for example the triplet (0,0, d,), n € N. Then
1
No(z) = —2 L N(2) =2

n—=z

while the limit function has triplet (1,0, 0). By contrast, the pair (b,7) works perfectly with respect to the convergence. In the
above example, as finite Borel measures on R, the convergence §,, — 0, holds.

Here is a technical lemma on Nevanlinna functions to be used in later sections.
Lemma 4.31. Let T be a metric space and N: T x Ct — CT UR be a function such that
o for each 2 € CT, the map t — N(t, 2) is continuous,

e for each t € T, the map z — N(t,z) is a Nevanlinna function.

kN .
Then %ZJ,Y is continuous on T x CV for every k € Ny.

Proof. For each t € T we have the formula

1
N(t,z):atz—bt—i—/ tre

7 (dx), z€Ct.
R T—Z

We fix a point (t,z.) € T x C* and a sequence (t,, z,), n € N, converging to (t.,z.). Since —b; + ifa; + 7 (R)] = R[N (¢,1)]
is a continuous function of ¢ € T', the sequences ay,, b, , 7, (R) (n € N) are all bounded. This implies that N(¢,,z), n € N,
z € C, is uniformly bounded for any compact C' C CT. In parituclar, let C be a smooth simple closed curve surrounding the
points z4, z, (n € N). By Cauchy’s integral formula, we have

OFN k! N(t,,w)

" 2mi
As N(t,,w) is uniformly bounded, the dominated convergence theorem allows us to conclude 0% N (t,,, z,) — 0N (t,, z.). O

n?

4.4. Cauchy transform and its relatives. Let x be a real random variable in a unital C*-probability space (4, ). In
Theorem we encountered the shifted moment generating function M, (z) that can be written as

My(2) = 3 (™) = /R : _Zzt 112 (dt).
n=0

Replacing the variable z with 1/z gives a function called the Cauchy transform, which is widely used in noncommutative
probability. In this section we also introduce some other related functions.

Definition 4.32. Let p be a finite Borel measure on R. The function
1
Gu(z) = / w(dt), zeCt

Rz—t

is called the Cauchy transform of j; sometimes it is called the Stieltjes transform or Borel transform. The function F),(z) :=
1/G (=) is called the reciprocal Cauchy transform of p.

Proposition 4.33. For a finite Borel measure i on R and —oco < a < 8 < 00, one has
1 Y .
pl(a, B)) + 5 (u{e}) + n({B})) = —— lim [ S[Gy(z +iy)] d,

y—0t+ Jo
p{a}) = lim iyG, (o +iy).
y—0t

In particular, the map u— G, is injective.
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B 1+t p(dt) - / t
Gule) = b+ [ EZ T b= [ gt

gives a Nevanlinna formula for —G/, and allows us to apply Theorem The injectivity follows from the uniqueness part
of the measure 7 in Theorem [£.26 O

Proof. The formula

The following is a consequence of Corollary [1.28]

Corollary 4.34. For a finite Borel measure i on R and —oo < a < B < 00, suppose that G, extends to a continuous function
Gu: CtUla,B] = (=CT)UR. Then pul, g is Lebesgue absolutely continuous and its density is given by —f\s[GH(t)], t e lo, B

The Cauchy transform is characterized as follows.
Proposition 4.35. Let G: Ct — (—C*)UR be a holomorphic function. Then the following statements are equivalent.
(1) G =G}, for some probability measure p.
(2) limy, 4o iyG(iy) = 1.
(3) <lim,_ o 2G(2) = 1.
Proof. == By and the dominated convergence theorem

zGﬂ(z):/RZitu(dt)—>1 as z — 00, 2 € V..

= is obvious.

— From the Nevanlinna formula for —G we have

G(z):—az—i-b—f—/]R

where a > 0, b € R and 7 is a finite Borel measure on R. Moreover,
2

RliyG(iy)] = ay® + /R y;‘fr t2(1+t2)7(dt).

1+tz
z—1

7(dt),

From assumption |(2)[it must hold that @ = 0, and from y;’% 171 (y 1 +00) the monotone convergence theorem yields

1= lim RiyGiy)] = /R (1+ ) r(dt).

y—r—+oo

Therefore, the measure p(dt) = (1 + t2)7(dt) is a probability measure on R. The function G can be expressed in the form

Glz) = b+/R (Zl_t 4 HttQ) u(dt) = Go(2) +b+/RlJf7u(dt),
which, together with assumption implies b + fR 1-&-% p(dt) = 0 and hence G = G,,. O
Proposition 4.36. Let u, p, (n € N) be probability measures on R. The following are equivalent.
(1) prn = p weakly.
(2) G, converges to G, locally uniformly on C*.

(3) There exists a sequence of distinct points (21)7>; C Ct such that hm 2z, exists in Ct, and lim G, (2x) = Gu(zk) for

k—o0 n—oo

every k € N.

Proof. <= [(3)| follows from Proposition and

= is obvious from the definition of weak convergence.

(2) = We extend j, to a probability measure fi,, on R by setting i, ({oo}) := 0. Since {Jin(R) = 1}p>1 is bounded, by
Theorem there is a subsequence (fiy(;));>1 that converges weakly to a probability measure i on R. Since R 5 ¢ — 1/(z—t)
can be regarded as a bounded continuous function on R vanishing at infinity, we have

G, (2) = /]RZ— n(dt) —>/Z_ p(de) /]RZ_ p(dt) = Gay, (2), ze€C™.

By assumption the limit function Gy, must be G, (z). Since the Cauchy transform determines the underlying finite Borel
measure on R uniquely (see Proposition 7 we have [i[r = pu. Recalling that p is a probability measure on R and i is a
probability measure on R we must have ,u({oo} = 0. The weak convergence fi, ;) — [ implies

/f ) pn () (d) %/f (4.16)

for any continuous function f on R with compact support since such an f can be regarded as a continuous function on R. By
Proposition the convergence (4.16) implies that ju,(;) converges weakly to  on R. By Lemma the weak convergence of
the whole sequence u,, — p holds as one can apply the above arguments to any subsequence of (i) instead of (u,) itself. O

Proposition 4.37. Let N be a Nevanlinna function. The following are equivalent.
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(1) N = F,, for some probability measure i on R.

@) Tim M)
y—+oo 1Yy

=1.

(3) < tim Y& _

zZ—00 Z

(4) There are b € R and a finite Borel measure T on R such that
14tz

N(z)zz—b—l—/ ;

R —Z

7(dt). (4.17)

The probability measure p is unique.

Proof. The equivalence = = follows from Proposition applied to G := 1/N. Theorem implies the

equivalence <= The uniqueness is a consequence of the injectivity of 1 — G, addressed in Proposition (|
Remark 4.38. For a probability measure p the following inequality holds:
S[FL(2)] > S(2), zeCH, (4.18)

and the equality holds at some z € CT if and only if x is a delta measure. The latter statement holds because the equality
holds if and only if 7 = 0.

A uniform version of Proposition or[(3)| for a family of probability measures characterizes the tightness.

Proposition 4.39. Let & be a family of probability measures on R. Then the following are equivalent.
(1) & is tight.

F,
(@) < lim sup |22 4| _ g,
Z—00 MEW zZ

r
(3) lim sup ‘ ”,(ly) - 1‘ =0.
y—+00 neP 1y

Proof. Observe first that conditions and are respectively equivalent to
(2') < lim sup |2G,(2) — 1] =0,
Z—>00 Me'@

y—r+00

== is obvious.
= follows from the estimates for y > 0:

2 2
RlyGutin) 1) = [ Gl nan 2 [ e 2 SpE )

(3") lim sup |iyGu(iy) — 1| = 0.
peP

24y
= |(2")l We fix v > 0 for the nontangential domain. By the tightness assumption, for every € > 0 there is T' > 0 such that
R\ [T, T]) < pe .

9
)< 14414772

Combining the above inequality and (4.13)), for all 4 € & and z € V., we have

z
1= £
G2 1= | [ (55~ 1) wta)
< [ || an + /e e
1,1 1% —
i T
< u(dt) +¢ < +e.
Jo S0 25 575
Therefore, we obtain sup |2Gu(z) — 1| < 2e. O
pnerp

ZEV,, S(2)>T /e
Finally we introduce and characterize transforms useful to study multiplicative monotone convolution.

Definition 4.40. Let p be a probability measure on R. The function

v = [ o), zect

Rl_Zt

is called the y-transform of p (or the moment generating function of x) and

Mu(2) = L

14 u(2)’

is called the n-transform of p.
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We can check by straightforward calculations that ¢, (z) = 2G,,(1/z) — 1, where G, is defined on the lower half-plane —C*
by the same formula in Definition ie., G,(z) = GL(Z), and also

Nu(z) =1—2F), (1) , (4.19)

z
where F, :=1/G,, on —C*.
Proposition 4.41. For any probability measure p on R such that p # g, the following hold.
(i) m, is a holomorphic map from C* into C\ [0, 4+00).
(ii) argz < argm,(z) <argz+m, ie., nu(z)/z € CtUR, for all z € CT.
(iii) <tlim.—o7nu(z) =0.

Conversely, if a holomorphic map n: Ct — C\ [0, +00) satisfies arg z < argn(z) < argz + 7 and <lim,_,on(z) = 0, then there
is a unique probability measure p on R such that p # 6o and n = 1n,.

Proof. The holomorphicity is immediate from (4.19)). Inequality (4.18) implies 1/z — F,,(1/2) € (C* UR) \ {0}, which in turn
yields 7, (C*) C C\ [0, +o0) and condition Condition is equivalent to Proposition for N = F,.

For the last converse statement, we can see that the function N(z) := z[1 — n(1/Z)] is a Nevanlinna function and satisfies
limy_, y o N (iy)/(iy) = 1. Therefore, by Proposition there is a unique probability measure £ on R such that N(z) = F),(z).
Since 7 is assumed not to take 0, the value N(z) never equals z and so p # dg. We thus obtain

Mu(z) =1 —zJVC):n(z)- O

4.5. Support and moments of probability measures. From the Cauchy transform one can extract information about
support and moments of the underlying probability measures. As a general symbol, for a finite Borel measure 7 on R and
n € No, if [, [t[" 7(dt) < 400 we set

m,, (7) ::/t” 7(dt)
R
and call it the nth moment of 7. Note that Holder’s inequality implies
k
7
/ lz|Fr(de) < T(R)l_% [/ |x|l7'(dx)} ) 0<k<l<+o0, (4.20)
R R

so if the absolute /th moment is finite, then the lower order moments all exist.

Proposition 4.42. Let u be a probability measure on R, C a closed subset of R, and —oco < a < < 0.

(i) p(C) =1 holds if and only if G, has an analytic continuation C;’# on C\ C such that é#(E) = C;’H(z)
(ii) If p([a, B]) = 1 then G, on C\ [a, 8] considered above has the Laurent series expansion

Gu(m) = 22 e, 2l > max{lal, 8]}

Zn—i—l ’
n>0

(iti) If (e, B]) = 1 then F, has an analytic continuation F,, on C\ [a, 8] such that F,(Z) = F,(2) and there exist real
numbers by, ba, ... such that

. by,
F#(z):zfzz— z e C, |z > max{|al,|A]}.

n—1"
n>1

(iv) Suppose that F, has an analytic continuation F,, on C\ [a, ] such that E,(Z) = E,(2). Then supp(p) N (B, +00)
contains at most one point. An atom exists in (3,4+00) if and only if F,, has a zero on (8,400), in which case p has
an atom at the zero of F. Similarly, supp(p) N (—o0, @) contains at most one point and an atom exists in (—oo, a) if
and only if F, has a zero on (—oo, ).

Proof. Suppose that p(C) = 1. Then the integral formula

Gule) = [ = utar) (421)

z—1

gives an analytic continuation of G, to C\ C with G ,(Z) = G,(2). Conversely, if G,, has an analytic continuation G, on C\ C

with G,(Z) = G,(2), then the latter condition implies G/, () takes real values for € R\ C. For each interval [a,b] C R\ C,
by the Stieltjes inversion formula in Corollary we have p([a,b]) = 0. This implies u(R\ C) = 0.

The Laurent series expansion can be obtained from formula (4.21)) and the fact that the series
1 t"

2—t zntl
n>0

converges uniformly over ¢ € [o, 8] and z € {w € C: |w| > ¢ + max{|a], |8|}} for each € > 0.
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Since G, in ([&21)) has no zeros in C \ [, f], its reciprocal F,, := G, is the desired analytic continuation. For the series
expansion, we take a Nevanlinna formula for F},

1
Fu(z):z—b—l—/ t+tz7'(dt), zeCt. (4.22)
R

—ZzZ

Since the extension Fu takes real values on R\ [«, 8], the Stieltjes inversion (see Corollary 8) implies 7 is supported on [« 3].
Hence, the analytic continuation is given by

F#(z)zz—b—i—/[ 5 ttt; 7(dt), z€C\ [o, 3] (4.23)

The remaining argument is similar to |(ii)| thanks to formula (4.14); the coefficients b,, are given by by = b+ f[a 8 t 7(dt) and
bn = [l g t" 2L+ ) 7(dt), n > 2.

As discussed in the assumption implies that F,, has an analytic extension F), of the form (#.23)). One can see that

Fi(e) =1+ /M (:f;)Q M) >1,  zeR\[o,8), (4.24)

so that Fn is strictly increasing on R\ [«, 8] and lim,_, 4 I:",,(x) = +00. In particular, F,, has at most one zero in each interval
(—o0,a) and (B, +00). If F), has a zero vy € (8, +00) then G, := 1/F,, is analytic in (5, +00) \ {7} taking real values there, and

.. 1Yy 1
= lim iyG +iy) = lim = = = € (0,1].
) S v~ R R

Therefore {1 assigns the mass ¢ to the point v and p((8,+00) \ {7}) = 0. By contrast, if F,, has no zeros on (3, +oc) then
=1/ F is analytic in C\ (—oo, 8] taking real values, so that u is supported on (—o0, 3]. A similar analysis is valid on the
1nterval (—o0, ). O

A particular class is the set of probability measures on the nonnegative real line. This class admits characterizations by
means of the reciprocal Cauchy transform and n-transform.

Proposition 4.43. Let ;1 be a probability measure on R. Let (b,T) be the pair appearing for N = F, in (4.17). The following
are equivalent.

(1) w is supported on [0,400).

(2) F,, has an analytic continuation F,, defined on C\ [0, +00) such that F,,(Z) = F,(z) and lim,1 F,.(z) € (—o0,0].
(3) 7 is supported on (0,+00) and [;° ¢~ 7(dt) <b.

Proof . . The existence of analytic continuation F can be proved in a similar way to the proof of Proposition m
it is given by F, = 1/G,,, where
Gu(z) = /
[0,400) #

Obviously, G, (z) < 0 for all 2 < 0, so that F,(z) < 0. Since F), is (strictly) increasing on (—oc, 0) we obtain F,(0—) € (—o0,0].

p(dt), z € C\ [0, +00).

= Let (b,7) be the pair in (.17)) for N = F),. By the Stieltjes inversion formula, 7 is supported on [0, 4+00). Then
the Nevanlinna formula (4.17) naturally gives the expression for F},. We write

~ 1 t 1 t
Fu(z) = z—b+/ = T(dlﬁ)—i—/ A @), zeC\ [0,400). (4.95)

1) t—2 [L4oo) E =2

=:11(z) =:I>(z)

Since the function (—1,0) > »—> (1+at)/ (t x) is increasing and positive for all ¢ € [0, 1), we can use the monotone convergence
theorem to conclude that I (x) 1 f[o 1) t~17(dt) as £ — 0. On the other hand, for I; we can use the dominated convergence

theorem to deduce Ir(x) — f 1,+00) t=17(dt) as  — 0~ because |(1 +tx)/(t — )| < (1 +¢t)/t forallt > 1 and —1 < x < 0.
By the assumption F},(0—) < 0, we must have f[o 1 t=1 7(dt) < +o0; in particular, 7({0}) = 0. The condition F,,(0—) < 0 now
reads [t~ 7(dt) <b.

= Repeating the above arguments we have that F, in (4.25) satisfies F},(0—) = —b + fo 7(dt) < 0. Since F,
is increasing on (—o0,0), it is negative and so the holomorphic function CNJM = 1/F, won C\ [0,400) satisfies the condition of

Proposition O

The n-transform of a probability measure on [0, +00) analytically extends to C\ [0,+00) due to (4.19). The following
proposition gives a useful characterization of n-transforms.

Proposition 4.44. Let n: C\ [0,400) — C be a holomorphic function. There is a probability measure p # 0o on [0,4+00) such
that 1 =1, on C* if and only if the following conditions hold.

() n(z) =7 on C\ [0, +00).
(ii) n is a self-map of C\ [0,+00) and argz < argn,(z) <t on C*.
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(iii) For any 0 € (0,7) we have
lim n(z) = 0.
z—0
f<arg z<2m—0
Moreover, if the above conditions hold then n has the following formula

z 1+¢2
= bl .
n(z) =z + /( TR

7(dt), z € C\ [0, +00), (4.26)

where b > 0 and 7 is a finite Borel measure on (0,+00) such that [;°t~' r(dt) < +oo.

Proof. Suppose that n[c+ = 7, for some probability measure p # dp on [0,400). From Proposition and (4.19), n is

given by
~ (1
n(z) =1—2zF, <> .
z

This implies condition Before proving condition we first establish (4.26): combining formula (4.25) and Proposition

we have
n(z) = (b _ /0 h 1T(dt)) ot /O h (Zf”z? 4 j) #(de),

which is formula (4.26) with b’ := b — fooo t~17(dt). As one of b’ and 7 is nonzero, formula (4.26)) obviously yields that n(x) < 0
for all z < 0. In addition, as z/(1 —tz) € C* for all z € C* and ¢t > 0, we have n(z) € C*. Combining the fact n(z) € C* and
the inequality arg z < n(z) < arg z + 7 known in Proposition we conclude condition Condition is equivalent to

_ F(z
i Fe(2)
|z| =00 4

f<arg z<2m—0

which can be shown as in Theorem More precisely, the bound actually holds for all z € C with § < argz < 2m—6
and t > 0 with 0 := arctan~, because |z/(z —t)| <1 for R(z) < 0. The remaining proof is the same as Theorem

For the converse, suppose that n satisfies conditions |(i)H(iii)} Let F'(z) := z[1 —n(1/2)],z € C\ [0, +00), which is expected
to be the reciprocal Cauchy transform of the desired p. Condition |(i)| implies F' is holomorphic with F(z) = F(z). Condition
implies F'[c+ is a Nevanlinna function. Condition implies F'(2)/z — 1 as z — oo within V,, for any v > 0. Therefore,
by Proposition there is a probability measure p on R such that F' = F,, on C*. Moreover, condition implies 7 takes
negative values on (—00,0), so that F' takes also negative values there. By Proposition w is supported on [0, +00). |

=1, (4.27)

Remark 4.45. The limit of a function f: C\[0,4+00) — C as z — 0 satisfying arg z € (0, 2r—6) could be called the nontangential
limit of f at 0. This is because the domain C \ [0, 4o00) is conformally equivalent to C* by the map z — /z, and then the
domain {z : argz € (6,27 — )} is mapped exactly onto the sector Vian(o/2)- Accordingly, one could give an alternative proof

of ([&27) based on Lindelsf’s theorem: observing that the function F,(z)/z maps C \ [0, +00) into C \ (—o0,0] that is also
conformally equivalent to CT (see Proposition 7 one could use Lindel6f’s theorem to extend the known nontangential
limit from the upper half-plane in Theorem (1)| to (4.27)).

We turn our attention to the existence of finite moments.

Proposition 4.46. Let 11 be a probability measure on R and let n € N. Let 7 be the finite Borel measure in (4.17)) for N = F),.
Then the following conditions are equivalent.

(1) / 20 ju(d) < +oo.

(2) There exist ay,as,...,as, € R such that

1 aj ag A2n —(2n
Gu(z) = ettt + o2~ *) (4.28)

for z =1y as y — +o0.
(3) / 2" r(dt) < +oo.
R

(4) There exist by, ba, ..., bay € R such that

bo ban,
F.U‘(Z) :Z—b1 ______ ﬁ

+ o(]2|~3Y) (4.29)
A

for z =1y as y — +oo0.

If the above equivalent conditions are satisfied then the expansions (4.28)) and (4.29) hold as z — oo nontangentially, i.e.,
the remainder term o|z|~ "D in [@28) is a function r(z) that satisfies <lim, o 22" 1r(2) = 0, and similar for ([#.29).
Moreover, it holds that

ag = my(p), 1< < 2n, (4.30)

by = / 21+ tHr(dt),  2< < 2n, (4.31)
R

by = a1 = my(p), (4.32)

by = ay — a3 = Var(p). (4.33)
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Proof. = The assumption implies that [ [¢|° u(dt) < oo for 1 < ¢ < 2n. Observe that the identity

1 2n tf t2n+l
C—t Z s 221 (2 — ¢) (4.34)
=0
holds, which integrates to
2n 2n41
N me(p) 1 ¢
Gu(z2)=>_ REER s Tesl) A pu(dt) . (4.35)
=0
= Rgn(z)
By the dominated convergence theorem we can show Ry, (iy) = o(y=2"~1) as y — +o0.

== We only consider the case n = 2 which should well clarify how the general n can be handled. Keeping in mind
that ay/(iy)? is real, we observe that

Yy s 1Y) —— — = =y Y)——| = M )
! iy (iy)? " iy]  Jry?+t?
where (4.35) for n = 0 is used in the second equality. By assumption, the left-hand side above is bounded as y — +o00. By the
monotone convergence theorem we get

/t2 p(dt) < +o0.
R
This implies that [, [t| x(dt) is also finite; see (4.20). By the established implication = for n = 1, we have

1 m m
) = 5+ Tt + g+ ™)
Since the asymptotic expansion is unique, we have a; = m;(p) and as = mo(u).
Next, formula with n =1 yields
1 m m a 24
3 [Gulin) — 5o - ) - ) (izj’)J = 3 {Ralin)) = — | s ().
The left side is bounded as y — +o0 since we have assumed the expansion G, (iy) = (iy) ! + a1(iy) 72 + a2(iy) =3 + asz(iy) ~* +
O(y~?). By the monotone convergence theorem, we obtain condition ie.,

/t4u(dt) < +o0
R

as desired. The previous reasoning for showing a; = mj () and as = ma(u) now also works to show that as = ms(p) and

ay = my(p), and thus (4.30) holds.

<= The proof is very similar to the equivalence of and In the course of the proof, formula (4.31) naturally
appears. Note that formula (4.14)) is helpful.

(2)| <= [(4)|is an easy consequence of the relation G, (z) = 1/F,,(z) and the geometric series expansion 1/(1—¢) = (+¢*+--.
For example, in case n = 1, assuming G,,(2) = 271 + my ()22 + ma ()22 + 0(273), we have

1 z
T (@ w0 o) T m (et ma(e? ¥ o)
=z [1 - <mlz(,u) + miigﬂ) + 0(2_2)> + (mlz(u) + o(z_l)) +o(z7?%)

my () — my (u)

Fu(z) =

=z—my(p) — +o(z7h),  z=ly, y = +oo.

This also verifies (4.32) and (4.33).

(4.28)) and (4.29)) as the nontangential limits. As for (4.28), assuming and fixing v > 0, let us prove z2"*1 Ry, (2) — 0 as
z — oo within V. In order to use the dominated convergence, it suffices to find a bound of the form 1/]z —t[ < C/(1 + [¢])

with a constant C' independent of z € V., N {3z > 1}. For t € [~1,1] we can simply find an upper bound 1/]z —#| < 1/3(z) <
1 <2/(1+[t]). For [t| > 1 we consider z = x +iy € V., with y > 1, and proceed as
|z —t]? = (x — )% + y* > 2 — 22t + 2 + y%2?

(1++?) ! 2+ L ps_ 1 p
— o —
v 1+72 1+'7_2 —1_’_7—2 ’

so that
L Vi 214972
e R
Of course ([4.29)) can be similarly proved. a

Remark 4.47. a) The coefficients b,, are called the Boolean cumulants of 1 that are central notions in “Boolean probability
theory”, another type of noncommutative probability. For this reason the minus signs are put in formula (4.29). The
interested reader is referred to [147].
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b) The assumption that the coeflicients ay, as, ... are real is crucial. Indeed, as for the Cauchy distribution (4.38)), its Cauchy
transform (4.37) has a convergent series expansion

A
Gu(z) = Z (azni-il)’ z € CT with |z| > Va2 + b2.
n>0

However, the second moment is infinity.

c) Alternatively, one could also prove <(lim, o, 22"T* Ry, (2) = 0 using Lindel6f’s theorem. Indeed, one could decompose
2Ry, = S5 + S5, where

N N t2n+1 () — t2n+1
6= | T p(a).

ooy 7 8 o) 2 — 1

Because :FSQin(z) are holomorphic maps from C* into C* UR and the convergence SQin(iy) — 0 holds by the dominated
convergence, Lindelof’s theorem would imply < lim,_, . SZin(z) =0.

d) In the special case n = 1, condition means that the measure p(dt) := (1 + t?)7(dt) is a finite measure. Then the
Nevanlinna formula for F), can be reduced to

Fu(z)=z—m+ /R f(ftz) : (4.36)

where m := mj (u). Note that p(R) = Var(u).

4.6. Methods to compute Cauchy transforms. In some situations, we can obtain an explicit formula for the Cauchy
transform before knowing the underlying probability measure, e.g. when we solve a functional equation or a differential equation
satisfied by the Cauchy transform. In such a situation, we can compute the measure by the Stieltjes inversion formula. The
next two examples naturally appear from the study of monotone convolution semigroups and infinitely divisible distributions,

see Example 5.17]
Example 4.48. Let us consider the function
1

z—a-+1ib
where a € R, b > 0 are constants. Since G is a holomorphic function from C* into —C*t and lim, ., 2G(z) = 1, we have
G = G, for some probability measure p on R. Moreover, G extends to a continuous function G: C* UR — C*. By Corollary
4.34] 1 is Lebesgue absolutely continuous on R with density

TS v N IO S

dt ™ |t—a+1ib 7[(t — a)? + b?]
This is the Cauchy distribution. Thus, we have verified that the Cauchy transform of the Cauchy distribution p is given by
(14.37)).

Example 4.49. Let v > 0. The function

G(z) = (4.37)

(4.38)

1
V22— 2v
where y/w is defined on C \ [0, +00) by w = |w|'/2e(/2) 28w ( < argw < 27. Then G is a holomorphic function from C* into
—C™. One can check that iyG(iy) — 1, so that G is the Cauchy transform of a probability measure . The function G extends
to a continuous function on CT U (R \ {:I:\/%}), so that by Corollary the underlying probability measure u is Lebesgue
absolutely continuous on R \ {#+v/2v} and the density is given by

G(z) =

1 .. ) 1
_; 61_1)%1Jr %[G(f + le’:‘)} = m X(im’m) (t)
Since G(z) diverges as z — ++/2v, one has to check whether p has an atom at these points or not. Because we have an estimate
|G(2)| < Clz F V20|72 as z — £1/2v, we have pu({£v2v}) = lim._,¢+ ieG(£v/2v + ie) = 0. Hence, p is Lebesgue absolutely
continuous on R, supported on (—v/2v,v/2v) and du/dt is given by , i.e., p is the arcsine law A(0,v) with mean 0 and
variance v. Another way to check the absence of atoms is to show that has total mass 1 by directly computing the
integral; then there would be no room to have atoms.

(4.39)

The other direction, computing the Cauchy transform of a given probability measure, is usually harder. For example, if we
do not know formula (4.37)) but want to compute G, for the Cauchy distribution p, we need to calculate the integral

1 b
/Rz—t'n[(t—a)?+b2]dt‘

In this case, the residue theorem allows us to perform the calculations.
When i has compact support and the moments are explicit, we can sometimes find a closed formula for

Gul2) = Y- o [ 7t
n=0

for large |z|, and then perform the analytic continuation to CT. As an example, one can calculate the Cauchy transform of the
semicircle distribution S(0,v) with mean 0 and variance v as

/2‘/17 1 \/4U—t2dt_z—\/z2—4v

—oym 2t 2mv 2v ’

v>0, z€CH, (4.40)
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see [125, Lemma 2.21].
The pushforward of a symmetric distribution around the origin by the map ¢ ~ ¢2 can be calculated from the original Cauchy
transform.

Proposition 4.50. Let v be a probability measure on R that is symmetric around 0, i.e., v(B) = v(—B) holds for all B € B(R).
Let p be the pushforward of v by the map t — t>. Then we have 2G,,(2%) = G, (z) on C*, where G, is the analytic continuation

of G, to C\ [0,400) given in Proposition[{.43

Proof. The desired formula follows from the straightforward calculations

~ 1 1 1 1 1
Gu(Z?) = | —5v(dt) = — dt) = =G, (). 0
W)= [ atgran =5 [ (4 ) van = 16
Example 4.51. Let o be the Marchenko—Pastur distribution
1 4r —t
p(dt) = — X (0,47 (1) dt, r >0,

27r t
which is the pushforward of the semicircle distribution S(0,7) by the map ¢ + t2. Using (4.40)) and Proposition one obtains

G (Z):L.\/Ef\/zfélr:zf\/zﬂfélrz
a Vz 2r 2rz ’

Yet another way is to establish a differential equation for the Cauchy transform by integration by parts.

zeCt.

Example 4.52. Let us consider G(z) := Gxo,1)(2) = [ ﬁﬁe’ﬂﬂ dt. By integration by parts we have

oy [ L L e _/ L1 2y
G'(2) = /R(z_t)g e [ ety a

/ ! L(z—t—,z')e_t2/2dt:1—2G(z).
R

2t \r

To solve the differential equation G'(z) = 1 — 2G(z), first we solve the homogeneous equation H'(z) = —zH(z), which has a
general solution

H(z) = Che= /2,

Next we replace the constant Cy with a function and set G(z) := f(z)e~*"/2. The equation G'(z) = 1—2G(2) yields f'(z) = e /2,
so that
f(z)=Cy +/ e’ /2 dw,
L.
where Cs is a constant and the line integral is performed over the half-line L, := {z + iy : —o0 < y < 0} started at co and
terminated at z. To determine the constant Cs, let us consider

, y
Gliy) = e¥ /2 |:02+i/

—00

e~t/2 dt] .
Since G is a Cauchy transform we must have G(iy) — 0 as y — 400. This forces Cy = —iv/2m, so that we obtain

Gno)(2) = e~ /2 [—i\/ﬂ—i-/ ew'/2 dw} , z€eCT.
L,
4.7. Notes. The proof of the Nevanlinna formula in Theorem is based on the expositions by Akhiezer and Glazman [4]
Section 59] and Bhatia [34], Chapter V.4]. The characterization of weak convergence in Proposition is an extension of
Maassen’s result [109, Theorem 2.5]. The part of Proposition that a tight family of probability measures satisfies the
convergence <lim,_,o F,(z)/z = 1 uniformly over p was proved by Bercovici and Voiculescu in the remark following [32,
Proposition 5.1].

The characterization of n-transform in Proposition is adopted from [I0, Proposition 3.2] and [I1], Proposition 2.4]. The
characterization of probability measures on [0, +00) in terms of 7, in Proposition was given by Belinschi and Bercovici
[20, Proposition 2.2] for the purpose of studying multiplicative free convolution. The characterization of probability measures
on [0,+00) in terms of F), in Proposition is adopted from [80, Proposition 2.5]. Concerning the characterization of finite
even moments, the equivalence <= |(2)|in Proposition is due to [3] Theorem 3.2.1]. Some of the results in this section
can also be found in the books of Mingo and Speicher [I13] and Schleissinger [138].

5. ANALYSIS OF MONOTONE CONVOLUTION

Let x,y be monotonically independent real random variables in a unital C*-probability space. The reciprocal Cauchy
transform of p, and the shifted moment generating function of = are connected as

Fu,(2) = 1/My(1/2).

Accordingly, Theorem can be written in the form F,  (z) = F),, (F},,(z)). From the complex-analytic perspective, we can

extend the additive monotone convolution to any probability measures on R.
Theorem 5.1. Let p, v be probability measures on R. Then there exists a unique probability measure A on R such that
Fx(z) = Fu(F,(2)), zeC™.

The measure X\ is denoted by pt> v and is called the (additive) monotone convolution of p and v.
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Proof. Note that S[F,(z)] > Sz > 0 and in particular F,(CT) C C*. The function N(z) := F,(F,(z)) is therefore a
Nevanlinna function. According to Proposition m, it suffices to prove lim,_, ., N(iy)/(iy) = 1. Proposition guarantees
that F,(iy) = iy(1+o(1)) as y — +oo. From this one can see that for any fixed v > 0 there exists yo > 0 such that F,(iy) € V,,

for all y > yg. Therefore, by Proposition it holds that W — 1 and hence

Niy) _ Fu(F(y) Fy) O
iy F, (iy) iy
Proposition 5.2. Let p, pin,v,v, (n € N) be probability measures on R such that p, — p and v, — v weakly. Then
W D> Uy — 1 > v weakly.

Proof. By Proposition [4.36} it suffices to show the pointwise convergence F}, (F,, (z)) = F,(F,(z)) on C*. For this we fix
z € Ct, set wy, := F,, (2) and w := F,(z). In the inequality

[Fy (wn) = Fp(w)] < [Fp,, (wn) = Fu(wn)| + [Fu(wn) = Fu(w)],
the second term clearly converges to 0 because w, — w. The first term also converges to zero since the convergence F,,, — F),
is locally uniform. O

Example 5.3. The measure p > J, is the translation of u by a. Indeed, the fact Fs, (2) = 1/Gs,(2) = z — a yields
1
G, (2) = Cu(Fs, () = Gulz — a) = /R . (5.1)
showing that u > d, is the pushforward of y by the map ¢t — ¢ + a.

On the other hand, the measure §, > i is not a translation of u for generic @ € R and p. For example, if u is the arcsine law
A(0,v) in Example then F),(2) = V22 — 2v and so F(z) := Fj5,u(2) = V2% — 2v—a. Observe first that F' has an analytic
extension to C\ [~v/2v,v/2v], which we denote by the same symbol F. If a > 0, then F has a zero at 2 = v/a? + 2v, while
F has no zero on (—o0, —v/2v) as F(—z) = —v22 —2v —a < 0 for > /2v. In view of Proposition and its proof,
0q > 1 has an atom at va? + 2v and its weight is 1/F’(va? + 2v) = a/v/a? 4+ 2v. By the Stieltjes inversion formula §, t> p has
a Lebesgue absolutely continuous part on [—v/2v, v/2v] with density

~1. 1 _—10[ 1 } o V-2
™ (t+1i0)2 —2v —a ™ iV2v—t? —a m(a? +2v — t2)’

By symmetry, a similar result holds for ¢ < 0, and consequently, we obtain

|al 5 N V2u —t2
\/m sign(a)vaZ+2v 7T(CL2 T 20— t2) X(f\/ﬂ,\/ﬂ)

Example 5.4. Let u, be the Marchenko—Pastur distribution with scale parameter r > 0 in Example For a € R we have

z—=2a++/(z —2r)% — 4r?
5 :

Féa D pr (Z) =
2

In particular, do, > g, is the semicircle distribution with mean 2r and variance r*:

(d2r &> pir)(dt) =

Jo D p = (t)dt, a€R, v>0.

53 4r2 — (t = 27)2 xj0,4] (1) dt;

see and .

In a similar vein, we can define multiplicative monotone convolution by extending the formula 7z, =(2) = 7.(n,(2)) in
Theorem [1.29)

Theorem 5.5. Let p,v be probability measures on [0,400) and on R, respectively. Suppose that v # 8. Let 1, denote the
analytic continuation of n, to C\ [0, +00) as given in Proposition m Then there exists a unique probability measure A on R
such that

M (2) = (. (2)), zeC™.
The measure A\ is denoted by p O v and is called the multiplicative monotone convolution of p and v. We also define
H O 50 = (50.

Proof. If = &g then ny = 0 and so A = §y. We therefore assume p # &y. Note that the property 1, (Ct) C C\ [0, +0o0) in
Proposition implies that the composition 7, 07, is well defined and is holomorphic on C*. Moreover, if arg 7, (z) € [arg z, 7]
then, by Proposition > arg,(n.(2)) > argn, (z) > arg z. If argn, (2) € (7, arg z+n] then by the symmetry 7,,(Z) = 7,.(2)
we deduce that 7 < argn,(n,(z)) < argn,(z) < argz + 7. In any case the inequality arg z < argny(z) < argz + 7 holds on
C™, and so condition in Proposition holds. It remains to check condition in Proposition As z — 0 within
z € V., nu(2) converges to 0, and moreover, the inequality arg z < argn, (z) < arg z + 7 implies argn, (z) € (0,27 —0) for some
6 € (0, 7). Therefore, using Proposition yields 7,(n,(z)) — 0.

The uniqueness of X is a consequence of the uniqueness result in Proposition and the relation ny(z) = 1 — zF\(1/z)
noted in . ]

Although ns,(z) = 0 is not contained in the domain of 7, the above exceptional definition p © §p := Jp is natural because
multiplicative monotone convolution comes from the distribution of \/zy+/z and v = § corresponds to y = 0. This definition
can also be justified from the perspective of continuity.

Proposition 5.6. Let p, p, (n € N) be probability measures on [0, +00) and v,v, (n € N) be probability measures on R such
that p, — p and v, — v weakly. Then pu, O v, — p O v weakly.
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Proof. Observe first that the weak convergence of measures is equivalent to the locally uniform convergence of n-transforms

due to (4.19) and Proposition [4.36]

In case v # g, the proof is the same as Proposition because 1, (z) belongs to C\ [0, +0c0) that is the domain of 7, and

un
The case v = §p needs to be handled separately. In this case, we first extend Proposition as follows: for a tight family

2 of probability measures on [0, +00), it holds that

F,
Jim sup |- () —-1/=0 (5.2)
f<arg z<2m—0 wez <

for each 6 € (0,7). The proof is almost the same; the required modification is that inequality (4.13) holds for all z with
argz € (0,2m —0) and all t > 0 where 6 := arctany and that |t/(z — )| can be bounded by ¢/|z| for R(z) < 0 instead of t/(z).
In our situation, since the weakly convergent family {u, : n € N} is tight, (5.2) yields
lim  sup |7, (2)| = 0.
0<arg ?<27r70 n€N
This estimate and the fact that 7,,(z) — 0 and argz < argmn,, (2) < argz + 7w (if v,, # o) imply that 7,, (7., (2)) = 0 as
n — oo for each z € CT. This further implies the weak convergence p, O v, — 6o by Proposition m O

Example 5.7. In a similar way to Example 5.3 ¢ O 6 is the dilation of 4 by b € R, i.e., the pushforward of the measure u
by the map x + bz. On the other hand, §, O v is different from the dilation for generic a > 0 and v.

In the rest of this section and also in Sections[6]and[7] we focus on additive monotone convolution and simply call it monotone
convolution. In many cases similar results can be obtained for multiplicative monotone convolution but are omitted. We come
back to multiplicative monotone convolution in Section [8] to explore the eigenvalues of perturbed random matrices.

5.1. Support and moments for monotone convolution. We study support and moments of monotone (additive) convo-
lution of probability measures.

Definition 5.8. Let S, T be topological spaces. A Borel kernel from S to T is a function 7: S x B(T) — [0, 4+00] such that
e B+ 7(s, B) is a Borel measure for every s € S,
e s — 7(s, B) is measurable for every B € B(T).

If S =T we simply say 7 is a Borel kernel on S. If each 7(s,+) is a probability measure on T', we call 7 a probability kernel
(from S to T).

The following fact is well known in the theory of Markov processes.

Lemma 5.9. Let R,S,T be topological spaces. Let p be a Borel measure on S, o be a Borel kernel from R to S and T be a
Borel kernel from S to T. Then the composition

(p7)(B) = /S p(ds)r(s,B),  BeB(T), (5.3)

(o7)(r,B) := /SU(T, ds)7(s, B), re€ R, Be B(T), (5.4)

define a Borel measure on T and a Borel kernel from R to T, respectively. Moreover, for every measurable function f: S —

0, +0d),
[wnianso = [ sas) | [ rts.ans]. (5.5)
/T(O'T)(’r‘, de) f(t) = /Sa(r, ds) [/TT(&dt)f(t)] , r € R. (5.6)

Proof. Since o7 is more general, we only discuss o7. The o-additivity of o7 for the second component follows from the monotone
convergence theorem. For the measurability r — (o7)(r, B), we return to the definition of integration and take a sequence of
nonnegative simple functions f,,(s) T 7(s, B) of the form f(s) = 37" an,ixa, ,(s). Then the function r — [, o(r,ds)f,(s) =
> o (T, A i) is measurable. Therefore its limit [ o(r,ds)7(s, B) is also a measurable function of r.

Formula is obvious for linear combinations of indicator functions, and then extends to general f’s by the monotone
convergence theorem. O

Lemma 5.10. Let S be a topological space. Let (75)ses be a family of finite Borel measures on R. Then 7(s, B) := 74(B) is a
Borel kernel from S to R if and only if s — G,_(z) is measurable for every z € C*.

Proof. If 7 is a Borel kernel, then the definition of integral (i.e., approximating the integrand 1/(z — z) by simple functions)
implies the measurability of s — G, (z). Conversely, if s — G, (z) is measurable then the Stieltjes inversion formula (Proposi-
tion implies that s +— 74(I) is measurable for each finite open interval I. By taking the limit, the same holds for infinite
intervals I. Since each 7(s,-) is a finite measure, the set

L:={B € B(R): s+ 7(s,B) is measurable}
is a A-system and contains the m-system P of all open intervals of R. By the -\ theorem (Theorem , L contains o(P) that
coincides with B(R). Therefore, s — 7(s, B) is measurable for any B € B(R). O

fn mathematics, it is more common to write an integrand in front of a measure; however, when discussing composition, the notation such as (5.3)
and (5.4)) is convenient, see also Section
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Proposition 5.11. Let p,v be probability measures on R. For x € R we define

v(x,dy) := (§; > v)(dy).
Then v(-,+) is a probability kernel on R and the identity p > v = uv holds, i.e.,

(uv)(B) = /R (dz)iz,B), B € B(R). (5.7)

Proof. Since x — Gy(5,.)(2) = G5, (F,(2)) = ﬁ is measurable in x, Lemma ensures that (-, -) is a probability kernel.
Let us denote X\ := pw. For z € C*, we apply formula (5.5) to f(y) := 1/(z —y) (by decomposing f as f = g —g_ +i(hy —h_))

to obtain
)= [ 255 = [ran || 25

p(dz) / p(de)
= = = G Fy z )
/R Fyoay(2)  Jr Fu(z) —a wE2)
so that F\ = F, o F,,. This implies A = y > v. O

The probability kernel in Proposition is helpful for studying monotone convolution, in particular to see how a property
of p > v is inherited to pu and v. Below we study the support and moments of monotone convolution. Another remarkable
aspect is a connection of this probability kernel to a certain Markov process, which will be explored in Section [7:2}

Proposition 5.12. Let u, v be probability measures on R. Then put>v has compact support if and only if both pu, v have compact
support. Moreover, if p > v is supported on [—R, R] then F,, extends analytically to C\ [—R, R] with F,(z) = F,(z).

Proof. If p and v have compact support, then there are monotonically independent real random variables z and y in a unital
C*-probability space such that the analytic distributions of z and y are u and v, respectively. Since the distribution of = + y
coincides with p > v, it has compact support.

Conversely, suppose that p > v has compact support. Let © be the probability kernel defined in Proposition There
exists some B = {z € R: |z| > R} such that

0= (ue1)(B) = [ uda)ita. B)

and so 7(z,B) = 0 for p-a.e. € R. Pick such an 2 € R that #(x, B) = 0. Then Fj(, ) has an analytic continuation to
C\ [-R, R] such that Fj;(, .y(Z) = F(5,.)(2), and the same holds for F,(2) = Fj,,.)(2) + 2. By Proposition v is supported
on some compact interval.

To show that p is compactly supported, it suffices by symmetry to show that the support of i is bounded from above. We
use the expansion in Proposition (with the same symbol F), for simplicity)

o0 bn
FIJ(Z)_Z ;Zﬂil’ |Z|>R7

which implies F,(z) = z + O(1) as z — oo. Hence, there is ¢ > 0 such that for all y € R with y > R + 1 one has
y—c < F,(y) < y+ec Since F)(y) > 1 on (R,+o0) (see (4.24)), this implies that for each x with z > R+ ¢+ 1 the
function Fj(, .y (y) = F,(y) — = has a unique zero y, on (z — ¢,z + ¢). This means that 7(x,-) has an atom at y,, so that
v(x,(x — ¢,z +¢)) > 0. Since for z > R+ c+ 1 we have (x — ¢,z + ¢) C B, so that v(z, B) > 0. However, 7(x, B) = 0 for
p-a.e. x, i.e., there is an S € B(R) such that p(S) = 1 and v(z,B) = 0 for all x € S. Therefore, SN (R+ c+ 1,+00) = 0,
showing that the support of u is bounded from above. |

We extend the combinatorial formula (1.10) for the moments of the sum x 4 y to the monotone convolution of probability
measures.

Proposition 5.13. Let p and v be probability measures on R and let n € N. Then the 2nth moment fR 2" (> v)(dt) is finite
if and only if both fR 2" pu(dt) and fR t2" y(dt) are finite. Moreover, if all these 2nth moments are finite, then we have

/U' > V Z Z ml(:u‘)mko (V)mkl (V) s, (V)7 1<p<2n. (58)
=0 ko,k1,....ke2>0,
ko+ki+--+kp=p—~L

In particular,
my (p > v) = my (p) + my (v), (5.9)
Var(p > v) = Var(u) + Var(v). (5.10)

Proof. First we assume that [ t*" (ut>v)(dt) is finite. By Proposition and Lemma we obtain, with notation o(x,-) =

(0z > v) (),
/R#" (11> v)(dt) :/Ru(dx) UR#" D(x,dt)],

which implies fR t2" (2, dt) < +oo for p-a.e. x. We choose such an z. According to Proposltlonm Fy(5,9(2) has an expansion
of the form (4.29), and the same applies to F,(z) = Fy(,,.)(2) + 2. Thus we obtain [ t*" v(dt) < 4oc. For the finiteness of
f 2" u(dt) we use an asymptotic expansion of the inverse function of F,. Because we do not use this part later and the proof
is rather long, the proof is postponed to Appendix [B]
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Next we assume that [p t*" p(dt) and [, t*" v(dt) are finite. As discussed in the proof of Theorem for any fixed v > 0
we have F,(iy) € V, for all sufficiently large y. By (4.29) on the domain V., we obtain
Fu(F,(iy)) = Fo(iy) = by = b2Gy (iy) — - = banGo (i)™ + 0| 1 (iy) |~ Y). (5.11)

The remainder term above equals o(y~(?*~1) as F,(iy) = iy(1 + o(1)). Expanding G, (iy) and F, (iy) in the forms (4.28) and
(4.29) respectively, substituting them into ([5.11)) and recollecting terms shows that for some reals ¢y, ca, ..., cop

C2 Con o
FM(FV(Z)) =z—cC — ; ..... por] +o(|z| (2n 1))

for z = iy as y — +o0. Proposition [1.46] ensures that the 2nth moment of x> v is finite.

Finally, formula (5.8) is obtained by expanding the right-hand side of G, (2) = G, (1/G, (%)), which is just tracing the
calculations backwards, where the infinite sum is to be replaced with truncated finite sum with remainder terms
and ¢(z*), p(y*) are to be replaced with my (), my(v), respectively. O

5.2. Convolution semigroups. In probability theory, time-homogeneous random walk is the sum of independent, identically
distributed random variables (X,,)n>1:

Sn5=X1+X2+"'+X7L; SQZZO.

The distribution p, of S,, is the n-fold convolution p % p * --- % p, where p is the distribution of X;. Obviously, we have
L * iy = fmarn and pg = dg. A continuous-time analogue of random walk is called a Lévy process, which is characterized by
a convolution semigroup (pt)¢>o0, i-€., pt (t > 0) are probability measures on R such that psyy = pis * pie, s, >0, po = dp and
t — py is weakly continuous.

We consider a monotone analogue of Lévy processes. The process itself will be explored later in Section[7] Here we investigate
the distributional properties of monotone convolution semigroups with complex-analytic meiiimpthods.

Definition 5.14. A family (p)¢>0 of probability measures on R, indexed by nonnegative reals ¢, is called a monotone
convolution semigroup if

(i) t — pq is weakly continuous, i.e., for every bounded continuous function f on R, the function ¢ +— fR f(x)pe(de) is
continuous.

(ll) Ms+t = s B> g for all s,2 >0,
(iii) po = 0o, where Jp is the delta measure at 0.

In the study of monotone convolution semigroups, a fundamental result is the description of infinitesimal generators. The
proof relies heavily on Berkson—Porta’s work summarized in Appendix [C]

Theorem 5.15. Let (u¢)t>0 be a monotone convolution semigroup. Let Fy be the reciprocal Cauchy transform of p. Then the
lomat .
A(z) := lim 715(2) —z

t—0t

(5.12)

exists locally uniformly on CT and it holds that

(i) A is a Nevanlinna function such that <lim,_,o, A(z)/z =0,

d d
(i) aFt(z) = A(Fy(2)), t>0,zeC", where T at t = 0 is to be interpreted as the right-derivative.

Conversely, given a function A satisfying condition above, then equation with initial condition Fy = idc+ has a unique
solution (F})i>o which consists of the reciprocal Cauchy transforms of a monotone convolution semigroup (it)i>0-
The function A is called the infinitesimal generator of (F;) and also of (pu).

Proof. According to Proposition the weak continuity ¢t — p; ensures the continuity ¢t — F; with respect to the locally
uniform convergence. The existence of the limit , the holomorphicity of A, and the differential equation in will be
proven in Theorem [C.2} The inequality S[F},,(z)] > Sz, which follows by (4.17), implies A is a Nevanlinna function.

It remains to show <lim,_,, A(z)/z = 0. To begin with, integrating equation yields

Fi(z)=z+ /Ot A(Fs(2)) ds, zeCt. (5.13)

Let a := <lim, ;o A(z)/z. Since s — ps is weakly continuous, for a fixed ¢t > 0, the family {us : 0 < s < ¢} is tight. By
Proposition SUP,e(o,4] |Fs(iy) —iy| = o(y) as y — +oo. This in particular implies that for any v > 0, there is yg > 0 such
that F(iy) € V., for all y > yo and s € [0,t]. Therefore,

A(F(iy)) A(F(iy))  Fi(iy)

sup : - ‘— - - — —a|—0 as y— +4oo.
s€[0,1] iy sejo | Fs(iy) iy

Dividing (5.13]) by z = iy and using the obtained uniform convergence, we obtain
Fy(i b A(F(
dy) / (F:(iy))
1y 0 1y
Since F(iy)/(iy) — 1, a must be zero.
Conversely, if A is a function described in then Theorem [C.3| (note that A € % (C")) guarantees that the equation

in has a unique solution (F});>o that forms a one-parameter semigroup of holomorphic self-maps of C*. To show each
F; is the reciprocal Cauchy transform of a probability measure, it suffices to show Fi(iy)/(iy) — 1. Let us use the PDE

ds —>14+ta as y— 4oo.
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%};‘t(z) = A(z)%Ft(z) that arises by taking the derivative d/ds|s—o of the relation Fii4(z) = F;(Fs(z)). The integrated form
reads

F, A " OF,
(), AG) [ OF

z z Jo Oz
By the assumption on A we know that A(iy)/(iy) — 0 as y — +00. To estimate the integral part, let us write the Nevanlinna
formula

(2)ds. (5.14)

1+ xz

Fu() = asz — b, +/ r(dz).

R L—Z
Using the continuous function f(s) := S[Fs(i)] = as + 75(R) we obtain the bound

oF . 1+ a?
’ 82 (ly)‘ = |Gs +/l:3 (CE . 1y)2 Ts(dx)
1+ 22
S ag + ﬁTe(dx) S ag + TS(R) = f(S), S Z Oa y 2 1 (515)
RTTY

Combining this estimate and (5.14)) yields

F.(i Al +
t,(ly)—1’ < (11/)’/ f(s)ds =0 as y— +oo,
1y 1y 0
thereby F; = F),, for some probability measure p; on R. The continuity of ¢t — Fy(z), the semigroup relation Fyi; = F, o Fy,
and the initial condition Fy = idc+ imply that (u)i>0 is a monotone convolution semigroup. O

Remark 5.16. When proving a = 0 in the first part of the above proof, we could also use formula (5.14]) instead of ([5.13]).
The Nevanlinna formula for A(z) in Theorem is of the form

1
A(z):—w/ e
R

where v € R and o is a finite Borel measure on R. In this case we write A(z) = A0-7)(2). This integral formula is referred to
as the monotone Lévy—Khintchine representation of (;);>o.

Example 5.17. In the following examples of A, we can explicitly solve the complex ODE in Theorem The function
w”? below is defined on C \ [0, +-00) as |w|?e? 8™ in such a way that argw € (0, 27).
(a) Let A(z) = A%%(2) = —a with a € R. Then Fy(z) = z — at and p; = 0gs.
(b) Let A(z) = —a+ib with a € R and b > 0. Then Fi(z) = z — (a — ib)t and the measure u; is the Cauchy distribution
1 bt
dz) = -+ ——5—5d t>0
/U‘t( .’ﬂ) T ($— at)g + (bt)2 X, )
see Example Note that the measure o for A can be computed from the Stieltjes inversion (see Theorem [4.26)) and
we obtain o(dz) = b[r(1 + 2?)] 7! du.
(c) Let A(z) = A%%(z) = —1. Then Fy(z) = V22 — 2. The measure y, is the arcsine law A(0,1), i.e.,
1
pe(dr) = m X(7m7\/§)(z) dz,
see Example [£:49] This measure has appeared in the monotone CLT, see Theorem [3.18]
(d) Let A(z) = —— with a € R. Then Fy(z) = a+ /(2 — a)® — 2t. The corresponding measure /i, equals d_, > A(0, ) > d,.
From Example [5.5] we obtain

do) — |al 5 2t — (z — a)?
pe(dz) = ﬁ a—sign(a)vaZ2t T m(a® + 2t — (z — a)?) X(a—+/2t,a++/21)

o(dz), (5.16)

t>0.

(z) de, t>0.

This measure belongs to a so-called free Meizner family and appears in a limit theorem on a (weakly) monotone Fock
space, see [57].

(e) Let A(z) = el*?™21=2 where a € (0,2] and p € [0,1] N [1 — 1/a,1/a]. Then F; is given by Fy(z) = (2 + telorm)l/e,
The corresponding distribution u; is called a monotone stable distribution. This monotone convolution semigroup is
characterized by the condition D.(u:) = picey for all ¢,t > 0, where D.(v) is the push-forward of v by the map z — cz.
In the case a = 2, p; is the arcsine law A(0,t/2), and in the case a = 1, p; is a Cauchy distribution. This distribution
for o« # 2 appears in a generalization of the monotone CLT of the form (1 + z2 + -+ + 2x)/ay where ay > 0 is a
deterministic sequence going to +o00 and (z;)$2; is monotonically iid but x; has infinite second moment [152]. See [8§]
and references therein for further information.

In what follows, we characterize the monotone convolution semigroups having compact support and finite moments up to an
even order. We also clarify the connection between convolution semigroups and monotone cumulants defined in Remark

Proposition 5.18. Let (u;)i>0 be a monotone convolution semigroup with infinitesimal generator A9 The following are
equivalent:

(1) p¢ has compact support at every t > 0;
(2) e has compact support at some t > 0;

(3) o has compact support.
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If the above conditions are fulfilled then there are constants C1,Cy > 0 such that p is supported on [—Cy — Cat, Cy + Cat] for
all t > 0.

Proof. = is obvious.

= Suppose that p, is supported on a compact interval [—R, R] for some t3 > 0 and R > 0. For each t € (0,%g), s
is also compactly supported according to Proposition applied to py, = firy—t > p¢. Moreover, the same proposition shows
F, := F,,, has an analytic continuation to C\ [~ R, R] taking real values on R\ [-R, R], and the same holds for the Nevanlinna
function A;(z) := [Fi(z) — z]/t, t > 0. The latter means that the Nevanlinna formula of A, is of the form

1
Aylz) = = +/ * 2 dr),  zeCH
R

r—z

where oy is supported on [—R, R]. Accordlng to Theorem the function A, converges to A0?) on Ct as t — 0*. By
Proposmon 9 the extended measure o; on R with zero mass at oo converges weakly to a finite measure o on R. Since the
measure oy is umformly supported on the compact interval [—R, R], the original measure o also converges weakly to a finite
measure on R. The limit measure coincides with o as A; converges to A7), This implies that o is also supported on [-R, R].

= Suppose that o is supported on [—R, R]. Let p(dx) := (1 + 2?)o(dx). Then we can write
Az) = A9 (2) = —a +/
[_R7R]

where a := v+ [, 2 o(dz). Denote by A the analytic continuation of A to C\ [~R, R] given by the right-hand side of (5.17).
The idea is to solve the differential equation %ﬁ}(z) = A(Fy(2)), Fo(z) = z, by the usual Picard’s iteration, and show that the

solution is holomorphic on C\ [~ Ry, R;] for some R; > 0 with F}(Z) = Fi(z). Beware that the existence of a unique solution
(Fy(2))s>0 is already known for z € C\ R in Theorem but for z € R\ [~ R, R] a solution may not exist globally as F}(z)
might hit +R or —R in finite time.

Observe first that there exists C' > 0 such that

|A(2)] < C for all z € C with |2| > R+ 1. (5.18)
Let F{*(2), n=0,1,2,..., be recursively defined by

p(dz), (5.17)

r—z

z)=z +/O A(F"1(2)) ds, F2(2) == 2. (5.19)

All F{* are well defined holomorphic functions on |z| > R + Ct + 2. To see this, it suffices to show that |F{*(z)| > R + 2 for all
n €N, t>0and |z| > R+Ct+2. Indeed, supposing the claim is the case for F/*~*(z), we have for all t > 0 and |z| > R+Ct+2

t
FP) 2 - [ 1A @)lds 2 Rt Cev 2= Ot =R 42
0

as desired.

We can then easily show that |F{*(z)| < |z| 4+ Ct for all |z| > R+ Ct+2, t > 0, and n € N. Since (F}*(2))n>1 is known
to converge whenever z € C\ R (one can also show this directly by Picard’s iteration; a more general setting will be treated
in Theorem 7 by Vitali’s theorem, for each fixed ¢ > 0, the functions F}* converge locally uniformly to a holomorphic
function F; on |z| > R+ Ct + 2 with F,(Z) = Fy(z). By the dominated convergence theorem, passing to the limit in (5.19)
yields

A=+ ARG R =

for all t > 0 and |z| > R+ Ct + 2. Therefore, we have constructed an analytic continuation F; of F; on the domain
C\[-R - Ct—2,R+ Ct+2]. By Proposition every p; has compact support.

Moreover, the above proof of. — . shows that p; is supported on [-R — Ct — 2, R+ Ct + 2] because |Fy(z)| > R+ 2
holds for all |z| > R+ Ct + 2 and hence F; has no zeros on R\ [-R — Ct — 2, R + Ct + 2]; see Proposition O

Remark 5.19. The above proof — actually shows that if u; is supported on [—Ry, R¢] (t > 0) then o is supported on
mt>0[7Rt’ Rt}

Proposition 5.20. Let (1)t>0 be a monotone convolution semigroup with infinitesimal generator A9 If o is supported on
a compact interval [—R, R], then A has a convergent series expansion

oo

an
n=1

and the nth monotone cumulant of p; coincides with tay, for allt >0 and n € N.

Proof. Observe that

Alz) = fw/R <1;_‘f t) o(dz) = ar;zan/Rx"(lerQ)a(dx),

where a :=~ + [, zo(dz), so that the sequence (o )n>1 in (5.20) is given by

arima,an= [ baNolds),  nz2
R
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R+ 7i

- 0

FIGURE 5. The range Q = H(C™)

Taking the derivative of Fii4(z) = Fi(Fs(z)) with respect to s at 0 yields the first order PDE
0 0
i Lt(2) = AQzx) 5~ Fi(2),

which is equivalent to %Gt(z) = A(z)%Gt(z) and so its integrated form

Gi(z) = 1 + A(2) /t agGs(z) ds, t>0. (5.21)
z 0 0z

As a result of Lemma [4.31] the map (s, z) %Gs (z) is continuous, so that we may interchange the integral and 8% in (5.21]).
Let m,(t) be the nth moment of p;. In view of Proposition for each 7" > 0, the series

Gila) = 3 et

n>0

converges uniformly on [0,7] x {z : |z| > C1 + C>T}. This shows that the map ¢ — m, () = ;- f‘z‘:R 2"Gy(z) dz is continuous
on [0, 7], where R := C; + C3T + 1. The above arguments allow us to perform series expansions of functions in ((5.21)) to obtain

n>0 n=1 n=0

Comparing the coefficient of Z% and by Cauchy’s product formula, we obtain mg(¢) = 1, m,(0) = 0 for n € N, and

d n—1
() = ;(u Doy_eme(t), n>1,t>0. (5.22)

This is exactly the recursion for m? (¢) in Proposition so that m,,(t) = mF (¢) and «, is the nth monotone cumulant of y;.
The above argument around (5.22)) works for the rescaled monotone convolution semigroup fi; := pst, t > 0, where s > 0 is
fixed. Then m,(t) := m,(st) is the nth moment of fi; and the recursion (5.22)) implies

d ) n—1 )
() = > (U4 D)son_pig(t), n>1,t>0.
=0
showing that (sa;,)n>1 is the sequence of monotone cumulants of fi; = p,. O
Example 5.21 (Monotone Poisson distribution). Let A(z) = -1+ & = =" ., =t+. From Propositions and 5.2()|, the
corresponding monotone convolution semigroup (i)¢>o consists of compactly supported measures and x,(u;) = t. Therefore

p: has the same moment sequence as Poi” (¢) in Theorem Since p; has compact support, we conclude p; = Poi” (t) by

Proposition [A-4]
By a standard ODE technique, the solution (F});>o to the ODE in Theorem is given by the implicit formula
H(Fi(z)) = H(z) + t, where

? dw
H(z)—C’—i—/i m—logz—z,

where log z is the principal branch and the arbitrary constant C is suitably selected. Since H'(z) = 1/A(z) has negative
imaginary part on C*, according to Lemma H is injective. We determine the range H(C™). This is basically determined
by H(R) (see discussions below). By calculus, we see that

e H| (g is strictly increasing with range (—oo, —1J,
® H[[y 4o is strictly decreasing with the same range (—oo, —1],
® H[(_w,0) is injective with range R + mi.

This observation shows that H(C™) is the region Q := {z € C: J(z) < 7} \ (—o0, —1] (see Figure . Indeed, considering the
behavior H(w) = —w + o(w) as w — 00, every point z € ) has rotation number 1 with respect to the closed simple curve

(H(w)lwee,  Ci=[-R,~1/R|U{(1/R)e"®: —m <9 <0} U[1/R,R]U{R’:0<0 <}
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for sufficiently large R > 1, so that 2 € H(C") by the argument principle. We can easily see from Slogz < 7 that H(CT) C
{z € C:3(2) < 7}. We can also see that any € (—oo, —1] does not belong to H(C"); indeed, if z = re! € C* and H(z) € R
then the condition S[H(z)] = 0 implies r = 6/sin . Then the function

o N 0 6 cosf
J(0) := R H(re™)] = log sinf  sinf
has the positive derivative f’(6) = [(§ — sin cos 8)> + sin? 8] /[#sin” 6], so that f(0) > f(+0) = —

Note that 2 is invariant under the positive shifts z — z + ¢, which is actually a direct consequence of H(Fy(z)) = H(z) + t.
Then the formula Fy(z) = H*(H(z) +1t) is well defined. Since H is analytic and injective on (—o00,0), the function F; extends
to (—00,0), which is analytic and takes values in (—o00,0). This implies that u; is supported on [0, +00). This fact can also be
deduced from Theorem because the weak convergence limit of measures on [0, +00) is supported on [0, +o0) as well.

Since H~! has singularity at —1, let 3; be the unique solution x > 1 to H(x) +t = —1 and ay the unique solution 0 < z < 1
to H(z) +t = —1. Then F; has an analytic extension to (0, ;) U (B¢, +00) taking values in (0,+00) \ {1}. Therefore, p; is
supported on {0} U [, B;]. We can actually show that Fy extends to a continuous function on CT UR. For x € (ay, 3¢) we can
see that H(z) +t € Q, so that Fy(z) € C*T. If z = oy or © = 3; then F;(z) = 1. This implies by the Stieltjes inversion that
has a continuous density function p:(z) on [ay, B¢, positive on (ay, i) and vanishing at the edges.

Finally, let us study F; at 0. From F( ) = YH(z) +t) we see that lim,_,q- Fy(z) = 0. The exponential form of
H(Fy(2)) = H(2) + t reads Fy(z)e F1(*) = ze=#+t, ThlS has a unique analytic solution F(z) at 0 having a convergent power
series Fy(z) = e’z + O(2?), z — 0 with real coefficients. Therefore, F} is analytic at 0 and G, (2) = e~*/z + O(1/2%), 2 = 0,
showing that u;({0}) = e~t. Altogether, we have

i (dz) = Poi® (t)(dz) = e 6o(dx) +pt(:c))([a“5t](x) dzx,

where p; is continuous on [ay, 5], positive in the interior and vanishing at the edges. In fact, p;(z) can be expressed with the
Lambert W function as

1 1
= -S|
Pi(2) T {Wl(—xewﬂ)} ’
see the original article [121] and [26] for further information.
Theorem 5.22. Let (14:)1>0 be a monotone convolution semigroup, A = A9 be its infinitesimal generator, and n € N. The
following statements are equivalent:

(1) / 2" py(dz) < +oo for some t > 0;
R

(2) / z?" iy (dx) < +oo for all t > 0;
R

(3) /R 2 o(dz) < +o0.

Moreover, if the above conditions are satisfied then for all t > 0 the monotone cumulants of s up to order 2n are given by

() = 1 <~y +f w(dm) ,
Kp(pe) = t/Rxp_Q(l + %) o(dx), 2<p<2n.

Proof. Throughout the proof we use the simplified symbols F} := F),,, G; := G,,,, and m,(t) := fR aP py(da).

- = [(2)|is a direct consequence of Proposition and of the semigroup relation p; = pi—s > us, 0 < s < t; note that we
do not need the part [, *" (u > v)(dz) < +00 = fR ™ 1(dx) < 400, whose proof has been postponed to Appendix.

== —Step 1. We show that ¢ — m, () is locally integrable with respect to the Lebesgue measure. For this purpose, we
will show more strongly that m,(¢) is a polynomial in ¢. The starting point is the observation that ¢ — m,(¢) is measurable for
any 1 < p < 2n. Formula in Proposition [5.13] yields

m,,(t + s) = m,(t) + m, (s +Z > my(£)my, (s) - - my, (s) (5.23)
= kofzﬁﬁ’ +]l€€ee>(i)7 4

for 1 < p < 2n. As shown in (3.6), the polynomials m{ (¢), m¥ (¢),m5 (¢),. .., satisfy the same relation

p—1
my (t+5) = my (t) + mf (s) + ) > my (t)my (s) - my (s) (5.24)
e=1  ko,k1, ... ke>0
ko+ky -+t ke=p—
for p € N. Here we select (A, ) and z; € A in Proposition so that ¢(z¥) = m,(1), 0 < p < 2n. We will show that
m,,(t) = mp (¢) for all > 0 and 1 < p < 2n by induction on p.
For p = 1, formula (5.23)) is just my (t+s) = m;(¢)+my(s), i.e., Cauchy’s functional equation Since t — my (t) is measurable,
due to Proposition [D.1| we have my (t) = m; (1)t = (1)t = m7 (¢). Assume that m;(t) = m? (¢) forallt > 0and 1 <i<p-—1.

Subtracting (5.24) from (5.23)) yields

m,(t 4+ s) —my (t + s) = [my(t) — my (¢)] + [my(s) —m (s)],
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which is again Cauchy’s functional equation. Therefore my(t) — m} (t) = (m, (1) — mb (1))t. Since my,(1) = my (1) = @(a}) =

mg (1), we conclude m,(t) = mp (¢) as desired.

= —Step 2. We fix an arbitrary T > 0. From equality (5.21)) and the asymptotic expansion (4.35)), we get as z = iy,
Yy — +00,

_ Grp(z)—z!
T 2G(z)dt
_ — [my(7) + ml(T)»f1 + o mg, (T)272" ! 4 0|22
14220 [Ty () et 4 (204 12720 [, (6) dt — 22 [ R(2)dt
where R}(z) is the z-derivative of the remainder term in ({.35)), i.e.,
2n 1 2n+1
R = =2 [T a0 - o [ o)

Since may, (t) is a polynomial in ¢, we have fOT ( Jg *" pe(dw)) dt < +oo, which readily implies that fOT R (iy) dt = o(y~2+2))

A(z)

(5.25)

by the dominated convergence theorem. Therefore, using the geometric series expansion 1/(1+¢) =1—(+¢?+--- to the
denominator of ((5.25) and recollecting terms, we find reals aq, v, . .., ag, such that
(6%} (6%}
A= —aq -2 o+ QL) (5.26)

where Q(iy) = o(y~(?*~1) as y — +oo. By Proposition we have mzn(U) < +o0.
- = (( . Since my, (o) < 400, again Proposition |4.46 “ yields the expansion (5.26) in each sector domain, i.e., Q(z) =
o(]z|~@7=1) holds as z — oo within V., for each fixed v > 0. The integral equation (5.13)) reads

2n—1

F()fzfalthagH/ ds+/Q (5.27)

As discussed in the proof of Theorem [5.22] thanks to the tightness of {y; : t € [0,T]} for each fixed T > 0 and v > 0, there is
Yo > 0 such that {F;(iy) : 0<t <T, y >y} C V,, and also the asymptotic behavior F(iy) = iy(1 + o(1)) holds uniformly on
t € [0,T]. From this observation, we can deduce the following uniform estimates over 0 < ¢ < T":

t
[ i) s = ofy =), (5.25)
0
t
/ Fy(iy)~ ds = t(iy) (1 + o(1). (5.29)
Plugging (5.28)) and ( - ) for £ =1 into ((5.27)) yields
ot
Ft(iy) Z—Oélt— %+ ( 1)7

which is again uniform, i.e., the modulus of the remainder term o(y~") is bounded by a function f(y) independent of ¢ € [0, T
such that yf(y) — 0 as y — +oo. Plugging this improved estimate into ([5.27) then gives

OéQt Oégt —+ (a1a2t2)/2

F(iy iy —ayt — — — - o(y~?).
i) = iy (iy)? &™)
Repeating these arguments amounts to
. . ba(t) ban (t) —(on—
F — iy — b (1) — =22 L 2\ (2n-1) N )
t(ly) 1y 1( ) ly (iy)2n_l + O(y )a Yy +00

for some polynomials by (t), ba(t), ..., ba,(t) with real coefficients. From Proposition we conclude [, 22" py(dz) < +oo for
all0 <t <T.

Formulas for monotone cumulants. In the proof of Step 2 above, we have used

G- L= a¢) [ Lee)a

z)——=A(z —Gy(z)ds.

! z o 0z °

Substituting the truncated Laurent series for G;(z) and A(z) and comparing the coefficients yields exactly the relations (5.22)
up to the order 2n. Then the remaining proof is identical to the proof of Proposition [5.20 g

5.3. Infinitely divisible distributions. The concept of infinitely divisible distribution is closely related to convolution semi-
groups. In probability theory, infinitely divisible distributions naturally appear as the limit distributions of sums of independent
random variables that are “uniformly” small [76]. We consider the monotone analogue.

Definition 5.23. A probability measure p on R is said to be monotonically infinitely divisible if for every N € N there
exists a probability measure p;,y such that p is the N-fold monotone convolution of iy, i.e.,

B= (:ul/N)DN =py N gD BN

N times

It is obvious that each member of a monotone convolution semigroup (f)¢>0 is monotonically infinitely divisible, as p; is
the N-fold monotone convolution of y;/x. This observation can be enhanced to the following.
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Theorem 5.24. Let p be a probability measure on R with determinate moment sequence. The following are equivalent.
(1) u is monotonically infinitely divisible.
(2) There is a monotone convolution semigroup (pt)i>o0 such that pq = p.

(3) The sequence (kn(1t))n>2 of monotone cumulants from order two is positive semi-definite: for every p € N and
€1,C2,...,¢p € R one has

P
Y cicjring(p) 2 0.
ij=1

(4) There exist a sequence of probability measures (Vn)n>1 with finite moments of all orders and a sequence of positive

integers ({n)n>1 such that imy_,o0 {n = 00 and

fim [ 27 ()P (de) = / o u(dz),  neN
N—o00 R R

Proof. = is obvious from p = p; = (u1/N)'>N for all N € N.
= is also obvious as one can select vy := uy/n and £ := N.

- We show that

Kn(p) = J\}gnoo Inymy (vN), n € N. (5.30)

To see this first we observe that

K (UN)ZN) = Enkn(vn).

The left-hand side converges to s, (u) since r,((vn)>*Y) is a polynomial in the moments m,((vx)>*) (1 < p < n) that
converge to m,(u) by the assumption. In particular, imy_,00 £n(¥n) = 0. On the other hand, recall that

m, (vn) = kn(vn) + Q (K1(UN), -, Kne1(VN)),
where the universal polynomial Q% has no constant or linear term. Therefore, we obtain
lim /ym,(vy) = lim ykn(vy) + lim QY (k1(vN), ..., kn_1(VN))
N—o0 N—oc0 N—o0
= lim ¢nkn(vN) = £n(p)
N —o0

as desired. From ([5.30) we obtain

P P
E CiCiRit (1) = J\PECIX/N E cicj/xzﬂ vy (dz)
ij=1 ij=1 R

p
E c;x’
=1

= Jim e [ ]

= By the assumption and by Theorem |A.1] there exists a finite Borel measure p on R with finite moments of all
orders such that

2
vy (dz) > 0.

Kn(p) = /]Rx”_g p(dz), n>2.

We set

A(2) == —r1(p) +/ p(dz), zeCt.

RLT—2Z
Since this is a Nevanlinna function with <tlim, ., A(z)/z = 0, by Theorem there corresponds a monotone convolution
semigroup (p¢)¢>0. Theorem ensures that every p; has finite moments of all orders. By the last statement of Theorem
the monotone cumulant ., (p:) coincides with ¢, (p) for all ¢ > 0 and n € N; in particular, 5, (1) = £, (x). This means
that py and p have the same moment sequence. Since p has a determinate moment sequence, we conclude that p; = p. ]

Example 5.25. Condition means that the symmetric matrix (k;y; (,u))ﬁ7 j—1 18 positive semi-definite for all p € N. This
condition can be used as a test for monotonically infinite divisibility.

(a) One can check that the determinant of the matrix (r;4;(S(0,1)))? ._; is negative; the recurrence relation in Example

i,j=1

would be helpful for the calculation. This implies that the standard semicircle distribution is not monotonically infinitely
divisible.

(b) The matrix (k;4;(N(0,1)))7 =, is surprisingly positive semi-definite up to p = 200 according to simulations. However,

whether N(0, 1) is monotonically infinitely divisible or not is still unknown. In terms of holomorphic dynamics, the
question is whether one can find a compositional semigroup (F;);>o of reciprocal Cauchy transforms such that Fy = idc+
and F1 = Fy(o,1). This kind of question is natural in complex analysis but known to be hard.

Example 5.26. Condition and Proposition imply that the sequence of probability measures ((vy)>¥)y>; weakly
converges to . Thus monotonically infinitely divisible distributions are obtained as the limits of the distribution of the sum of
monotonically iid random variables. Special cases include the monotone CLT and Poisson’s law of small numbers as follows.
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a) Let v be a probability measure with mean 0, second moment 1 and finite moments of higher orders. Let vy be the
y g
pushforward of v by the map x + x/v/N. Then the monotone CLT (Theorem [3.18) says that (vy)>" converges weakly
to the arcsine law A(0, 1).

b) Let A > 0 and vy := (1 — )6y + 26; for N > X. Then monotone Poisson’s law of small numbers (Theorem [3.19) says
N N
that the measure (vx)>" converges weakly to the monotone Poisson distribution Poi” ()).

Remark 5.27. As a further generalization of the limit theorem in condition one could also consider the monotone convolution
of non-identical distributions of the form vy ; > vy 2 > -+ > vnyy. Then the limit distribution would not necessarily be
monotonically infinitely divisible, see [70] for further details.

5.4. Notes. The definition of additive monotone convolution of probability measures in Theorem is due to Muraki [120]
Definition 3.2]. Example is a special case of examples in [II7, Section 8]. Mlotkowski introduced “Fuss-Catalan distri-
butions”, which behave nicely with respect to monotone convolution [116, Proposition 4.5]. The definition of multiplicative
monotone convolution in Theorem appeared in Arizmendi and Hasebe [I0, Proposition 3.2] but its weak continuity in
Proposition is a new result. Both convolutions have unbounded operator models constructed by Franz [69]. Note that for
multiplicative monotone convolution, Franz’s model was restricted to the case where both measures are supported on [0, +00),
but the same technique is applicable to the general case of Theorem [5.5

Theorem was due to Muraki [120]. Our proof heavily depends on Berkson—Porta’s work while the original proof was
more straightforward. The exposition of Theorem followed [80, Theorem 4.8]. Theorem is based on [82, Theorem
8.5]. Theorem for compactly supported p was due to Muraki [120, Section 5] except condition Belinschi proved
the equivalence and in Theorem for arbitrary probability measures, as well as the uniqueness of the monotone
convolution semigroup into which p embeds [23]. The aspect of limit theorems, i.e., condition [(4)] of Theorem was further
studied by Anshelevich and Williams without assuming the existence of moments [7].

An analogue of Theorem in free probability is known [125, Theorem 13.16]; however, the proof of Theorem is more
complicated even if u has compact support. The main difficulty is the absence of a priori bounds for monotone cumulants of
the form |k, (u)| < C™ for compactly supported measures u; compare with the bounds for free cumulants [I125, Lemma 13.13].
In the case of monotonically infinitely divisible distributions with compact support, this bound comes a posteriori as a result
of Propositions [5.18] [5:20] and Theorem [5.24] For general probability measures p with compact support, it is still unknown
whether an exponential bound |s, ()| < C™ holds for some C' > 0 or not.

Monotone convolution semigroups for multiplicative convolutions are also studied in the literature; see e.g. [31} [68]. There
is a certain parallelism between additive and multiplicative cases, which was systematically studied in [6].

A remarkable feature of additive and multiplicative monotone convolutions is a connection to additive free convolution H
and multiplicative free convolution X: for probability measures A on [0,4+00) and p, v on R there exist probability measures
p = puy and o = oy, on R such that

pBy=pep, (5.31)
AR p=A0Oo; (5.32)

see [21], [35] for additive convolution and [I1] for multiplicative convolution. These relations have been used for the study of
regularity properties of free convolutions, see e.g. [I1l, 24, [04]. Formulas and have an elegant interpretation in
terms of graph products; see Accardi, Lenczewski and Salapata [2] (additive case) and Lenczewski [I03] (multiplicative case).
Jekel and Liu’s tree independence also allows an interpretation. In the context of Loewner theory, the monotone convolution
hemigroups associated with free convolution hemigroups are studied e.g. in [70} 84 [92] [T40]. Other notable connections between
free probability and monotone probability can be found in Franz [68], Skoufranis [I44], Cébron, Dahlqvist, Gabriel and Gilliers
[411, [43], and Mingo and Tseng [114].

6. MONOTONE CONVOLUTION HEMIGROUPS AND LOEWNER THEORY

As already mentioned, convolution semigroups correspond to Lévy processes that are continuous-time analogues of random
walk of identically distributed increments. We turn our attention to random walk whose increments are still independent but not
necessarily identically distributed. Let (X;)$2; be independent, R-valued random variables. We denote by v; the distribution
of X;. Let us consider the random walk

Sn:X1+X2++Xn, S()Z:O.
The distribution of S, is given by u, := v1 * Vg % --- % 1,. For n > m we have the relation p, = pm, * Vpmy1 * - - - * vy, which
involves v;’s. To obtain a closed relation of distributions, it is more convenient to consider the increments

Smmn = Sn — Sm, 0<m<n.

Let fiy,,n be the law of S, ,,. The obvious identity S¢ m 4 Sm,n = Se,n gives rise to the distributional relation

Hem * bmn = Hen, 0<f<m<n, (61)

Hn,n = do, n € Np.
The law of X; can be recovered from the two parameter family (tim n)o<m<n as i—1,;. Conversely, given a family (fim n)o<m<n
of probability measures on R with relations (6.1) and (6.2)), it comes from a random walk.
The above discrete-time setup can be well extended to the continuous-time case. A family (us ) of probability measures,

index by real numbers 0 < s <t < 00, is called a convolution hemigroup if p1; 4 = 6o and pug ¢ * e o = prs forall0 < s <t <w
and (s,t) — ps, is weakly continuous. A convolution hemigroup corresponds to a stochastic process called an additive process

or a process with independent increments. The reader is referred to [136] for further information. Replacing the convolution x*
with monotone convolution, we are lead to the following.
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Definition 6.1. Let A := {(s,2) € R? : 0 < s <t < +oo}. A family (pus)(s,)en of probability measures on R is called a
monotone convolution hemigroup if

(1) A > (s,t) — sy is weakly continuous, i.e., for every bounded continuous function f on R, the function (s,t)
Jg f(@)ps ¢ (dz) is continuous.

(i) prsu = pst D> pey forall 0 < s <t <u < 400,
(ill) ps,s = o for all s > 0.

If a monotone convolution hemigroup satisfies ft5; = f10+—s for all 0 < s < ¢, then it is reduced to the convolution semigroup:
Ho.s D pot = Hos+¢ holds. Conversely, given a monotone convolution semigroup (u;), the measures ps; = pi—s form a
convolution hemigroup. Thus monotone convolution hemigroups generalize semigroups.

A monotone convolution hemigroup (us+) can be described by its reciprocal Cauchy transforms.

Definition 6.2. A family of holomorphic self-maps (Fj;)(syea on C* is called a #-reverse evolution family (#-REF for
short)ﬁ if

(R1) <lim, o0 Fs¢(2)/2z =1 for all (s,t) € A,

(R2) A > (s,t) + Fy, is continuous with respect to the locally uniform convergence on C¥,

(R3) Fs1oF;=F,forall 0 <s<t<wu<+4o0,

(R4) Fss(z) =z foralls>0and z € C".
We often impose the additional condition that

(R5) for each (s,t) € A there exist ms; € R and v, € [0, 400) such that
U;’t +o(z7h), z =1y, y — +oo, (6.3)
and the maps (s,t) — ms and (s,t) — vs, are continuous.

We call (F ;) satisfying [R1)H{(R5)|a 22-REF. Moreover, if ms, = 0 for all (s,t), we call (Fs;) a Z9-REF.

Remark 6.3. a) The continuity (s,t) — Fj; is equivalent to the weaker condition that the map A > (s,t) = Fy4(z) € CT is
continuous for all z € C*, thanks to Proposition m

Foi(2) =2—mss +

b) In fact, the continuities of (s,t) — ms, and (s,t) +— vy in condition follow from the other conditions. This fact,
however, requires rather long arguments and we refer the interested reader to [84].

¢) There is a one-to-one correspondence between the set of the monotone convolution hemigroups and the set of the -
REFs. From Proposition the #5-REFs exactly correspond to the monotone convolution hemigroups with finite first
and second moments continuous with respect to (s,t). Let (Fs¢)(s,nea be a Po-REF and (s,1)(s,1)ea be the associated
monotone convolution hemigroup. Formulas and together with and show that, with notation in
©3).

Mg = 1My (M&u) = my (,U/s7t) + my (/”‘t,u) = Myt + Mt u,

Vs, = Var(ps,,) = Var(ps) + Var(pe o) = vsy + Ve, 0<s<t<u.
d) If (Fi.) is a &>-REF, then from (4.36]) each F;; has an integral formula

1
Fs,t(z) =2 Mgy + /R m ps7t(dx),

where ps, is a finite Borel measure such that p, (R) = vs ;. We can see that the map (s,t) — ps¢ is weakly continuous.
Let (sp,tn), (s,t) € A and (sp,t,) — (s,t). Let py := ps, 1, and p := ps,. If p =0 then p,(R) = vy, 4, = vs¢ =0, s0O
that p, — 0 weakly. If p # 0 then vy > 0 and we set p := p/vs; and p,, := p/vs, 1, As G, (2) =2 —mg, 1, — Fs, 1, (2)
converges to G,(z), the Cauchy transform of the normalized measure G5 (z) also converges to G5(z) for each z € CT.
Therefore, by Proposition P, converges weakly to p, which in turn implies that p, converges weakly to p.

e) A family (Fs)(s,ea of holomorphic self-maps of C* satisfying [(R2)H(R4)| is called a reverse evolution family. Such a
family of holomorphic self-maps is well developed in Loewner theory, e.g. in [39]. The reason of the term “reverse” is that
from the viewpoint of dynamics on C*, the alternative condition F},, o F,; = F;, has a more natural interpretation that
a point z at time s arrives at the point F; ;(z) at time ¢ and then F ;(z) arrives at the point F} ,(Fs ;(2)) at time u, which
coincides with Fj ,(z). Such a family is called an evolution family.

Moreover, we consider a one-parameter family of holomorphic functions, which turns out to have a one-to-one correspondence
with the #-REFs.

Definition 6.4. A family (F});>o of holomorphic self-maps of C* is called a #-decreasing Loewner chain (#-DLC for
short) if the following conditions (L5)| are satisfied:

(L1) <tlim,_ oo Fi(2)/z =1 for every t > 0,
(L2) ¢+ F} is continuous with respect to the locally uniform convergence,
)

(L3) F; is injective on CT for each ¢ > 0,

8 stands for the fact that each function F ¢ corresponds to a probability measure.
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(L4) the range F;(C™") is non-increasing with respect to ¢ > 0,
(L5) Fy(z) =z for all z € C*.
We also consider the condition that

(L6) for every t > 0 there exist m; € R, v; € [0, +00) such that
Fi(z) :z—mt—l—ﬂ—i—o(z_l), z =1y, y = +oo, (6.4)
z

and also the functions t — m; and ¢t — v; are continuous.

We call (F;) a #,-DLC if |(L1)| are satisfied. Moreover, if m; = 0 for all ¢ > 0 then we call (F;) a 28-DLC.

Example 6.5. (a) Let (u)¢>0 be a monotone convolution semigroup and f: [0,400) — R be a continuous nondecreasing
function. Then pus ¢ := puf(4)—(s) form a monotone convolution hemigroup.

(b) Recall from (4.40) that the semicircle distribution S(0,t) has the reciprocal Cauchy transform

z 4+ V22 — 4t
5 .

One can check that (Fy)>o is a 29-DLC. First of all, F; is of the form with m; = 0 and v; = ¢t. It remains to
check conditions and since the others are easy. Condition can be directly confirmed: assuming z,w € C*
and Fy(z) = Fi(w), we obtain z = w after algebraic calculations. In fact, we can show more strongly that F; extends
to a continuous injective function F;: C* UR — C+ UR. Regarding condition from the previous consideration
and Carathéodory’s theorem for Jordan domains, the boundary of the domain Fy(C*) is F(R). For = > 2v/%, the point
Fy(z) = (x + V2% — 4t)/2 moves over the half-line [2v/%,+00). For x < —2v/f, note that the point \/(z + 0i)2 — 4¢
has argument 7 by the definition of square root, so that F,(z) = (z — /2 — 4t)/2 and its trajectory is the half-line
(=00, —2v/1). For || < 2v/f by the Stieltjes inversion we have Fy(x) = (x +1iv/4t — 22)/2, which moves over the semi-circle
{u+iv:u? +v? = 4t, v > 0}. In conclusion,

Fi(z) =

F(CH) = {u+iveCt:u?+0? > 4t},
which is decreasing with respect to t > 0.

This section establishes a correspondence between &25-REFs and &25-DLCs, and an integro-differential /integral equation for
them, which generalizes the differential equation known in case the time-dependence is absolutely continuous.

6.1. Reverse evolution families and Loewner chains. We establish a bijection between the #>-REFs and £25-DLCs.

Lemma 6.6. Let (C,é|r :={2€ CT:3(2) > B} for B> 0. Let u be a probability measure with finite second moment. Then for
any B > 0 one has

F.(2) =2+ 0(1), z — 00, zE(Cg. (6.5)

Moreover, F), is injective on C}, where o := /Var(u), and the range F,,(C}) contains Cy, .

Proof. Recall from (4.36]) that we have a Nevanlinna formula of the form

Fu(z):z—m—i—/R';(d_xZ), (6.6)

where m = mj (1), p is a finite Borel measure and p(R) = Var(u) = 2. For z € (C?g, the function 1/|z — z| is bounded by 1/8,
so that the dominated convergence theorem yields that the integral term in goes to zero, and hence (6.5)) holds true.
For every z,w € CI with z # w we have

|F;L<Z>F,L<w>|zw|‘1+/m pldz) ‘

(= 2)(z —w)

> ‘Z — w| {1 — p(dx)}

R |7 =zl —w
p(R)
>r—w| |1 - Ll
>1e -l - 5] >
thereby verifying the injectivity.
For all z with $(z) = o we have
3(2) o?
S = 3(z) + dz) < 3(z) + = 20.

Combining this estimate and (6.5)) yields that for every w € Cj_ the curve {F,(z) : 2 € C}, where C is the boundary of a
large square D in C} that has horizontal edges [~ R, R] +ic and [—R, R] +i(o + 2R), surrounds the point w. By the argument
principle, the equation F},(z) = w has a solution z € D. O

Proposition 6.7. Let (Fs;) be a P2-REF. Then each map Fs; is injective on C*.
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Proof. Let z,w € C* with z # w and 0 < s < t. We select € > 0 so that z,w € CI and take s = s9 < 81 < s2 < -+ < 8, =1
such that ming<;<n—1 [Vs; 5,4, ] < g2, which is possible by the continuity of (r,u) — v,.,, and the fact v,.,, = 0. Let

2y = Fj ook, s, (2)

k75k+lo...oFSn—175n(w)7 0<k<n-1

Note that Fs.(z) = zo and Fs ;(w) = wg. By the inequality S[Fs, , s, (2)] > S(2) (see (4.18)) and by Lemma the points
Zn—1 and w,_1 are distinct and lie in (Cj; recall that v, is the variance of the probability measure associated with F; ;. By
induction on k in the decreasing direction, we can prove zj,wy, are distinct and lie in CT for all k =n —1,n—2,...,0, so that

Fy 1 (2) = 20 # wo = Fy 4 (w). O

ksSk+1

wy = Fy

Theorem 6.8. There is a one-to-one correspondence between Po-REFs and &P5-DLCs given by the maps
(Fs,t)(s,t)eA = (Fo,¢)e>0,
(F)i0 = (F ' o Fy) (s pyen-

Proof. Given (Fj,), let F; := Fy,. Conditions |[(L1), |(L2)| and |(L6)| are obvious. By Proposition each Fy is injective on
C*. Moreover, F; o F;,, = F, holds for 0 < ¢t < u, which implies that F,(C") = F;(F};,(C")) C F,(C"), i.e., t = F;(CT) is
non-increasing. Thus (F})¢>o is a &?5-DLC.

Conversely, given a %5-DLC (F});>0, the assumption Fs(CT) D Fy(Ct),s < ¢ allows us to define the composed map
Fy1:=F; ' o F; as a self-map of C*. It is well known that the inverse map of a holomorphic function is also holomorphic, so

that F+ is holomorphic. Conditions and are obvious.

Condition |(R1), For each s > 0, recall from Lemma that the subdomain F,(C}) for the inverse map F, ! contains Cj,

20>
where 02 := v, is the variance of the underlying probability measure. From (6.5, w — oo implies z = F, ! (w) — oo, so that

S

we have .
lim L(w) = lim —— =1.
wees, ey Fa(2)
Then
s F 7 (F F,
STt O T e € 1C0) B 1C) B
Z—00 z z—00 Ft(Z) z

which verifies condition [(R1)]

Condition . It suffices to show the continuity of (s,t) — Fs(z) at each zp € C*, see Remark We use the Lagrange
inversion formula. Let (so,t9) € A. Since Fy,(20) € Fs,(C"), there exists an open disk D such that D C C* and F, (z) €
F,,(D). By the continuity of ¢ — F; and since Fs,(D) is open, we can find open intervals I 3 so and J > ¢ such that for
all s € I and t € J, the closed curve F5(9D) surrounds Fi(zgp) and so Fy(zg) € Fs(D). Therefore, by the Lagrange inversion
formula,
-1 1 wF{(w)
Fs(20) = Fy " (Fy(20)) = 51 /SD Folw) = Fu(z0) dw, sel, ted s<t.
The continuity (s,t) — Fs(z0) at (so,t0) is now a consequence of the dominated convergence theorem.

Condition . If we denote by p; and us ¢ the underlying probability measures for F; and Fj ¢, respectively, then pisD> s ¢ = piq.
Since p; has finite second moment due to (6.4)), ps,¢ also has finite second moment from Proposition Therefore, formula
(6.3) holds and from Remark the numbers m; ; and v, ; satisfy

My =My (fs,e) = my () — my(ps) = my — ms,

Vst = Var(ps ) = Var(p,) — Var(ps) = vy — vs.
This implies the continuity of (s,t) — (M, s,t), SO that holds true. O

Example 6.9. Let F; be the reciprocal Cauchy transform of the semicircle distribution S(0,¢) for ¢ > 0 and Fp := idc+. The
family (F})i>o is a 29-DLC, see Example This can be more easily shown from Theorem by finding the corresponding
REF. First, a formal algebraic calculation yields a formal inverse function F;!(z) = z + s/z. Therefore, the corresponding
REF should be F; ! o F}, which is
Fs’t(z)::%(l—i—%)z—l—%(l—;) 22 —4¢, 0<s<t.

We can check this is a Nevanlinna function with F +(iy)/(iy) — 1, so that it is the reciprocal Cauchy transform of a probability
measure 15 ;. We can also check that Fs,(2) =2 — (t —5)/2+O0(272), z = oo and Fs ;0 F;, = Fs4, 0 < s <t < u. Therefore
(Fs.) is a 29-REF, and so F; = Fy; form a 229-DLC.

6.2. Integral/Integro-differential equations. Infinitesimal descriptions are helpful to better understand reverse evolution
families; later we will see in Section that an infinitesimal description is useful for constructing an operator model for
monotone additive processes. For example, suppose that the limit

. Feps(z)—2
A = iy SRS
exists. Then taking the derivative of F , = F§ ;o F}, with respect to s at s =t yields the non-autonomous ODE
OF, 4
ot

= A(t, F; . (2)).
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In the following, we establish a refined description of 229-REFs. In general, Fs; need not be differentiable in time, but still
an integral /integro-differential equation holds. As a key lemma we use the following version of Radon-Nikodym’s theorem that
generalizes Lebesgue’s differentiation theorem. The reader is referred to [62, Theorem 2, Section 1.6] or [I10, Theorem 5.8] for
a proof. In the latter reference, the result is called the Lebesgue—Besicovitch differentiation theorem.

Lemma 6.10. Let p and v be locally finite Borel measures on R. Suppose that p is absolutely continuous with respect to v.

Then the limit q ( L B
M . HT — N, T +
— =1
dv () Hos0+ v((z —h,z + h)) € [0, +o0)

exists at v-a.e. x, and it serves as a Radon-Nikodym derivative, i.e.,

u(B) = / Yy uds),  BeB®).

Bdl/

Theorem 6.11. Let (Fyt)(s.4)en be a PY-REF having the asymptotic behavior (6.3). Let T be the Lebesque-Stieltjes measure
on [0,+00) associated with the non-decreasing continuous function t — vo . There exists a probability kernel p from [0, 400)
to R such that for all 0 < s <t

Foi(z) =2+ / t { /R ﬁ Aa, dx)] #(da), (6.9)

Fore) =2t [ 65;” (2) [ /R

S

r—z

o(b, dx)] 7(db). (6.10)

FEither of and (6.10) implies the uniqueness of p in the sense that if another probability kernel & exists, then we must
have p(t, ) = &(t,-) for T-a.e. t > 0.

Proof. From Remark @ each Fj; is of the form

dz
Fsi(z) = Z+/ psilde)
R T—X
and vs; = pst(R). We set vy := vg;. The fact Fy o = idc+ implies vg = 0. From Remark we have vg + vs¢ = v in
particular, t — v; is non-decreasing. Note that the measure 7 is atomless as t +— v; is continuous.
Let us consider the finite Borel measure p,. ;, on R defined by

Prs - if v g > 0,

pr,s({oo}) =0, ﬁhS FR .= {UT,S’

0, otherwise.

~

Since 7, ((R) < 1, for each s > 0 we can find a sequence h,, — 0% such that 5, ; .., converges weakly to a Borel measure p
on R with ﬁs(f&) < 1; be aware that h,, depends on s. The following convergence holds whenever vgyp, > vs_p,, for all n € N:
Fohysth, (2) =2 / Pohnstha (42) / ps(dz)

Usthn, =~ Us—hy R Tr—=z R *—2Z

Proof of (6.10). Observe that

= —Gp.1,(2), n — 00. (6.11)

Fri(2) = Frs(2) = Frs(Fs1(2) — Fros(2)

= z)— z pr,s(dx)
and
a1 =| [ 80 < S

Therefore, for any fixed r > 0 and z € C*, the function f(s) := F, s(z) satisfies

f(t) = f() < Cralve—ws),  r<s<t,

where C;, := 1/3(2) + v;/S(2)%. In particular, for any fixed 7' > 0, f is of bounded variations on [r, T], and so there exists a
complex Borel measure v on (r,T] such that v((s,t]) = f(¢t) — f(s) for r < s <t < T. The inequality |v((s,t])| < Cr7((s,t])
extends to

|v(B)| < Cr.7(B), B e B((r,T]). (6.13)
To show (6.13), we consider the set M := {B € B((r,T]) : |[v(B)| < Cr.7(B)}, which is a monotone class. We also consider
the algebra A consisting of the empty set and finite unions of disjoint intervals of the form (s,t] (r < s <t < T). It is easy to
check that M contains A. By the monotone class theorem (Theorem [1.3)), M contains o(A) = B((r, T7).

Because of the arbitrariness of T, we can extend v to a complex measure on [r, +00) with domain the set of bounded Borel
subsets. Inequality (6.13]) implies that v is absolutely continuous with respect to 7. By Lemma [6.10] the limit
—h h F, —F
DY, () = fim AEZPSTR) o Freen(2) = Freen®) o (6.14)
' h—0+ T((s — h,s + h))  h—oot Vsah — Us—h
exists at 7-a.e. s € (r,+00). Let J,, be the set of all s € (r,+00) such that this limit exists. Dividing (6.12]) by v; — vs,
replacing (s, t) with (s — h, s+ h) and passing to the limit & — 0T yields
i Fo pnstn(z) — 2 D”(S)Fns(z) D”(S)Fns(z)
11m prnd prg 3
R0+ Vsih — Us_h 14 fR(:C —2)72 p,s(dx) %Fr,s 2)

S€Jy . 2€CT. (6.15)

Note here that the weak convergence p, s—n, — pr s shown in Remark @ was used in the first equality above.
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On the other hand, at every s € J, ., the inequality vs4p > vs—p, holds for all h > 0, and so we can deduce from (6.11)) that

Fs— s - 79_ s d o.(d
i Dehern(D) 22 /p‘ st (42) :/ Pa(dz) s€J,.., z€CT. (6.16)
h—0t  VUsyth — VUs—h h—0t Jr r—z R T—Z
Combining (6.15)) and (6.16) yields
) OF; ¢ 1 _
DY, () = 2 (2) /R S p.de), s EJp. mECT (6.17)

Applying Lemma to the measure v and B = [r,t] and using (6.17)), we get

t
Fri(z) — 2= / DY) F, ,(2) 7(ds)

= i 8523( ) [/Rxlzps(dx)} 7(ds), zeCH, 0<r<t. (6.18)
Here we take any countable subset C' C C* having an accumulation point in C*, e.g. C = {i+ 1/n : n € N}, and set
J :=\,ec Jo,.- For any s € J and z € C the convergence in holds. Therefore, by Proposition the convergence in
holds for all z € C* and s € J. This implies that J 3 s — G5_},(2) is measurable for each z € C*, so that Lemma
implies that J 3 s — p,(B) is measurable for each B € B(R).
By the dominated convergence theorem applied to (the estimates in are helpful), we can see that

t
v = lim [Fo(iy) — iy = /0 5.(R)7(ds).

Since p,(R) < 1 and 7([0,¢t]) = v, we must have p,(R) = 1 for 7-a.e. s > 0. We can then define p(s,-) := p,[g whenever
ps(R) =1 and s € J, and otherwise define p(s,-) := dp. This is a probability kernel. Now formula (6.18) yields the desired

formula (6.10]).
Proof of . Observe that for 0 <r <s <t

pr,s(dz)
F — F. =F — F, s(Fs = | =—— 1
2) = Frale) = Fuale) = Fra(Fue)) = [ oo (6.19)
and so |Fs (2) — Fru(2)] < (vs — v,-)/S(2). As before, for any (t, z) there exists a complex Borel measure p on [0,¢] such that
p((r,s]) = Fs(2) — Fri(z) for 0 <r < s <tand
7(B)

B)| < . BeB(0,1). 6.20
() < 50 (©0.1) (6.20)

Inequality (6.20) implies that p is absolutely continuous with respect to 7. By Lemma the limit

F —F,_

Dy(a)Far(2) = lim sent®) = Foonae(2) o (6.21)

h—0t VUs+h — Us—h
exists at T-a.e. s € (0,t). At any s € J where this limit exists, and ( - yield
psfh s+h(d‘r) / ps (dlL’) / ﬁs (dl’)
Do) Fs = 1li = = . 6.22
o) Fot(2) ot Ja R Fsint(2) =2 JaFsi(z)—x  Jgp Fsi(2)— = (6:22)

The last equality holds because the integrand vanishes at x = co. The second equality holds because of the continuity of
r— Fp.4, ie., in the triangular inequality

/ Ps—n,sn(dz) 7/ P, (dz)
R Fs+h7t(z) - R FS,t(Z) -
Ps—n,stn(dz) / Po—h,stn(dr) n / Ps—n,stn(dz) / p,(dz)
& Fsini(z) —x g Fsu(z)—x g Fsi(z)—x & Fsi(z) —

—. 71 —. 72
_ Ih 7.Ih

the second term I? tends to zero due to (6.16]) that holds for s € J and z € C*, and the first term I} also converges to zero
because

|Fs+ht — st(Z)| _ |Fs+h,t(z) - Fs,t(z)l
Ih / ‘Fg psfh,erh(dx) S .

e Mﬂd)fﬂ Pk
By Lemma and (6.22), we have

which is nothing but .

Uniqueness of p. For example, we assume that holds for p and 6. We fix T > 0 and z € CT for some time. The complex
measure

a8y = [ | [ o itsan)| @, B e
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is absolutely continuous with respect to 7, so by Lemma [6.10] and uniqueness of Radon-Nikodym derivative, we obtain

1 - F_ - F.
/ — p(s,dz) = lim M —hs+h) . Fsnr(z) = Fsenr(2)
r T — Fysr(2) h—0+ T((s —h,s+h)) n—oot  7((s—h,s+h))
at 7-a.e. s. The same formula holds for &, so we obtain G;(s.) = Gs(s,.) on Fyp(CT) for 7-a.e. s € [0,7]. By the identity

theorem, the equality G;(s,.) = G4(s,.) holds on C* and then we have (s, ) = (s, -) for 7-a.e. s € [0,T]. A similar idea works
for the case when we assume (6.10]) instead. O

We also verify the converse direction: given 7 and p, solving these equations gives a unique Z8-REF. The uniqueness is
formulated in a stronger form.

Theorem 6.12. Let 7 be an atomless locally finite Borel measure on [0,400), p be a probability kernel from [0, +00) to R, and

Alt, z) == /R - i . p(t,dx).

(i) For each fized t > 0 and z € CT, the integral equation

fls)==z +/ A(r, f(r)) 7(dr), s € 10,1, (6.23)

has a unique solution f(s) = f(s;t,z) € Ct, s € [0,t], such that [0,t] 2 s — f(s) € Ct is continuous.
(ii) For each fized s > 0, the integro-differential equation

h(t,z) =z + /t %(r, 2)A(r, z) T(dr), t € [s,+0), 2 € CT, (6.24)

has a unique solution h(t,z) = h(t,z;s) € CT, t € [s,+00), 2 € CT, such that t — h(t, z) is continuous for each fized z
and z — h(t, z) is holomorphic for each fized t.

Moreover, f(s;t,z) = h(t,z;s) holds for all (s,t) € A\, z € C*, and Fs(2) := f(s;t,2) forms a P3-REF.

Proof. Uniqueness of a solution to (6.23]). Let t > 0 and z € C* be fixed. Suppose that continuous functions fi, fo: [0,¢] — CT
satisfy (6.23). We easily obtain for F(s) := f1(s) — f2(s)

! |f1(7")—f2(7’)\ .
/ kkx—ﬁvnx—ﬁvn“““°7“”
1

< %(Z)Q/S |E(r)| 7(dr), s € [0,1].

[F'(s)]

IN

Iterating this inequality yields

1
F(s)| < / F(s,)| 7% (ds1dss - - - ds
|F'(s)] S0 ssslgms---s%g‘ (sn)] 75" (ds1ds2 n)
7([s, )™
< F 0,t N 6.25
< ISt S [FL - se0d, nen, (6.25)
where we used the fact
t n
T®n({(51;527"-75n):5§51S52§"'§5n§t}):M-
n!

Since the right-hand side of (6.25)) tends to zero as n — oo, we conclude F' = 0.

Ezistence of a solution to (6.23). The proof is based on Picard’s iteration. We recursively define F°, F', F?,... by F? (z) = z
and

¢
Fl'i(z) =2 +/ A(r, Fl'7 N (2)) 7(dr), (s,t) €N, 2€CH, neN. (6.26)
Inductive arguments easily show that F7'; is holomorphic in C* and satisfies S[F7,;(2)] > S(z). We then obtain from (6.26)
n 7([s, t])
P < 1o+ T,
7([s, t1A[s", ')

F(2) = Fp )] < TRl
where AAB is the symmetric difference (A \ B) U (B \ A). In particular, for each fixed z € C*, the sequence of functions
fio A — C*F, fi(s,t) := F7(2) is uniformly bounded and equicontinuous on each compact subset of A; note that the latter
follows from the (uniform) continuity of the function ¢ — 7([0,¢]). We can therefore use Arzéla-Ascoli’s theorem to find a
subsequence ( ffl(k))kzl that converges to a function f?: A — CV locally uniformly. Passing to the limit in , the limit
function Fj.(z) := f*(s,t) satisfies equation and hence f(s) := F; (=) satisfies (6.23]).

The solution to (6.23)) forms a 29-REF. As already proved, F', is a Nevanlinna function for each (s, t), so that its pointwise limit
F; is also a Nevanlinna function; see Proposition Moreover, the integral equation and the dominated convergence
theorem, together with the bound 1/|z — F, ;(2)| < 1/S(2), yield limy_, o Fs ¢ (iy)/(iy) = 1 and

lim iy[Fy . (iy) — iy] = 7([s, ]).

Yy—r+00
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It remains to show Fs ;0 F} ,, = Fj . For each fixed z € C* and 0 < ¢ < u, let Fy, Fp: [0,u] — C* be defined by Fy(s) := F; ,(2)
and

L Fs,t(Ft,’u,(Z))y s € [O,t],
Fy(s) := {F&u(z), oc (tal,

which is continuous. Recalling the equation
t
Fo(2) == —I—/ A(r, Fpy(2)) T(dr), zeC*, 0<s<t,

we have, for s € [0, 1],
Fy(s) = Fyu(2) +/ A(r, Fy(r)) 7(dr)
=2+ /t“ A(r, Fy o (2)) 7(dr) + / A(r, Fa(r)) 7(dr)

- / " Al Fa(r)) (),

and for s € (t,u],

Fy(s) = Fou(2) =2+ /“ A(r, Fru(2)) 7(dr) = 2z + /“ A(r, Fo(r)) 7(dr).

Therefore, F5 satisfies exactly the same equation satisfied by Fi. By the trajectory-wise uniqueness, we conclude that F; = F5
on [0, u].

Ezistence of a solution to . We already constructed a 29-REF (Fj ;) that solves . On the other hand, by Theorem
there exists a probabihty kernel ¢ for which . ) and (| - hold, where p is replaced by ¢. In the same theorem the
uniqueness of p is verified, so that p(t,-) = (¢, ) for 7-a.e. ¢ > 0. Thus, (Fs’t) is also a solution to (6.10)), so that h(t, z) 1= Fs(2)

satisfies (6.24]).

Uniqueness of a solution to (6.24). Let s > 0 be fixed. Let hy, ho: [s,+00) x CT — C* be solutions to (6.24) with prescribed
assumptions Note then that h;,d,h; are continuous on [s,+00) X CT thanks to Lemma in particular, the integral in
is well defined. Since |A(t, z)| < 1/3(z), the function H (¢, z) := hy(t, z) — ha(t, 2) satisfies

1 0H
H < — . 2
A < 55 [ |G| (6.27)
By Cauchy’s integral formula we obtain
ea|=g|f A au)s s / H(t,w)) [dul, (6.28)
0z 27 [Je(z,e) (W= 2) 2me? Jo(z0)

where C(z,¢) is the circle centered at z with radius € € (0,3z). Combining (6.27) and (6.28) gives

|H(t, = |H (r1,wy)| 7(dry)|dws|. (6.29)

1
)l < 7/
27T€2C5(Z) [8,t]xC(z,¢)

Choosing € = 3z/(2n), n € N, and iterating this inequality n times yields

1 \" |H (1, wy)]
H < > ®@n
6,91 < (572 /[s,t]zan SEIS(wn) S,y il

where [s7t]7§ = {(r1,re,...,rn) €[8,t]" i1y > 19 > -+ > rpt and Wy, = {(whwg,.. wy) € (CH)™ 1wy € C(z,e), wy €
C(wy,e), ..., wy € C(wp—1,¢)}. Since wy,ws,...,w, belong to the compact subset K, := {w € CT : |w — z| < J(z)/2}, by
setting M, 1= Sup,.¢(s 4, wek. [H(r, w)| we obtain
M . 7([s,t])™ M n™ (47([s, ) \"
Hit < ’ . 2 .
A s oamomr — a FE 3(2)2

By Stirling’s formula, for sufficiently large n we have n! > ¥ 2”” (n/e)™, so that
2M; . [ 4et([s,t]) > "
H(t, z)| < Z
() < 2 (ST
=: (o, 2)"

If we take ¢ close enough to s such that oy , < 1, say for s <t < s+ 6, then letting n — oo we obtain H(t, z) = 0. Then (6.29)
reads

1
H(t,z)| < / H(ry,wy)| 7(dry)|dwy|.
HOAN S g [ )l

Repeating the above calculations, we can prove H(t,z) =0 for all s+ <t < s+ 4+ ¢§'. Actually, we can take ¢’ = § up to
a fixed time T > s, so this procedure shows H(t,z) = 0 for all ¢ > s. The reason we can choose §' = § is that ¢ — 7([0,1])
is uniformly continuous on any fixed interval [0, 7], so that for any n > 0 there exists 6 > 0 such that 7([a,b]) < n whenever
a,b € [s,T] and |a — b| < 6. O
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Corollary 6.13. Let 7 be an atomless locally finite Borel measure on [0,+00) and p be a probability kernel from [0,400) to R.
Then there exists a unique P3-DLC (Fy)i>o such that

Ft(z):z+/()t%};s(z) UR L p(s,d:v)]T(ds).

r—z

Overall, there is a one-to-one correspondence between the following four kinds of sets:

e monotone convolution hemigroups (is,¢)(s,s)ea such that each js; has vanishing mean and finite second moment that is
continuous with respect to (s, t);

o Z0-REFs;
o #9-DLCs;
e pairs (p, 7) of a probability kernel p from [0, +00) to R and an atomless locally finite Borel measure 7 on [0, +00).

We call (p,7) the generator of the other three objects. Actually, the generators can also be defined for &5-REFs, %5-DLCs
and monotone convolution hemigroups with finite second moments; see [84].

In light of the generator, we offer a sufficient condition for a monotone convolution hemigroup to have locally uniform
compact support.

Proposition 6.14. Let p be a probability kernel from [0, +00) to R and T be an atomless locally finite Borel measure on [0, 4+00).
Let (ps,) be the corresponding monotone convolution hemigroup. Suppose that for every T > 0 there exists Ry > 0 such that
p(t,-) is supported on [—Ry, Ry| for all t € [0,T]. Then for every T > 0 there ezists Rl > 0 such that ps, is supported on
[—Rp, Ry for all0<s<t<T.

Proof. The proof is analogous to the proof of Proposition |5.18] part — For example, one can replace (5.18) with
|A(t,2)| < C, |z| > Rp 4+ 1, t €[0,T).
The details are omitted. O

6.3. Notes. C. Loewner introduced Loewner chains in 1923 to attack the Bieberbach conjecture, which lead to the positive
solution by de Branges in 1985; the reader interested in the history is referred to the monograph [16] and the survey article [98].
Loewner theory has also found applications to other fields; in particular, applications to SLE (Stochastic Loewner Evolution)
made a significant success in physics and probability theory [102].

The results in Section |§| are adopted from Hasebe, Hotta and Murayama [84]. Proposition and Theorem [6.8 hold for more
general REFs and DLCs, but we restricted the results to the &5-ones to simplify the proof. Lemma was proved by Maassen
[109, Lemma 2.4]. Example of the REF associated with the semicircle distributions was give by Biane [35]. The original
proof of Theorem given in [84] was a reduction of time-continuous Loewner chains to the absolutely continuous ones that
are already well studied by Goryainov and Ba [77] and Bauer [19]. Our proof is rather different and is more self-contained. Our
proof of the uniqueness of a solution to equation is different from Bauer’s short proof in the absolutely continuous case.
Actually, we could give a similar proof to Bauer’s but that would require a “D,,()- (D”(S)—)calculus”7 e.g., the Leibniz formula
and the derivative of composite functions, which also require proofs. To avoid such an argument, we gave a tricky proof based
on Picard’s iteration.

In the absolutely continuous case, a more general Loewner theory has been established by Bracci, Contreras, Diaz-Madrigal
and Gumenyuk [39] [50]. Schleiflinger [140], Franz, Hasebe and Schleilinger [70], and Jekel [92] also proved results analogous to
Theorems [6.11] and [6.12] in different but absolutely continuous setups.

At present, for a technical reason, we need the assumption of finite second moment to establish the integral /integro-differential
equations. On the other hand, similar and more complete results were established for multiplicative monotone convolution
hemigroups on the unit circle by Hasebe and Hotta [83].

SchleiBfinger studied comb products of non-identical rooted graphs and obtained an approximation of (continuous-time)
monotone convolution hemigroups by discrete-time ones [I37].

7. MONOTONE ADDITIVE PROCESSES

In probability theory, an additive process is a continuous-time stochastic process whose increments are independent but may
have time-dependent distributions. We define and construct a monotone additive process.

Definition 7.1. Let (A,¢) be a unital C*-probability space. A family of real random variables (z;);>0 in A is called a
monotone additive process, or a process of monotonically independent increments, if the following conditions are satisfied.

(i) o = 0.
(il) A > (s,t) = pig, -z, is weakly continuous.
(iii) for every m € N and reals 0 =tp < t1 < --- < ty, the elements (called increments)
Tty — Tty Tty — Tty oo, Tt, — Tt,_,
are monotonically independent.

Proposition 7.2. Let (x:)1>0 be a monotone additive process in a unital C*-probability space. Let pis 1 = pg,—s,, the analytic
distribution of xy — xs, for 0 < s <t. Then (Ms,t)(s,t)eA 18 a monotone convolution hemigroup.
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Proof. Tt is obvious that us+ = dg. The weak continuity holds by definition. From the decomposition z,—xs = (xi—xs)+(zy—2¢)
and since x; — x5 and x,, — x4 are monotonically independent, we have

Hsu = Pay—z, = Hay—a, B Uoy,—z, = Hs,it B [t ou, 0<s<t<u. O

A question is given a monotone convolution hemigroup, does there exist a monotone additive process that realizes the
hemigroup? If the given hemigroup contains probability measures with unbounded support, the process cannot be realized in
a unital C*-probability space. We will therefore consider monotone convolution hemigroups consisting of probability measures
with compact support. Then we can indeed construct a monotone additive process on a unital C*-probability space. In fact,
several constructions are known. Two of them are presented below.

7.1. A construction on monotone Fock spaces. Here we define a continuous monotone Fock space on which a monotone
additive process can be canonically constructed. Suppose that (us,t)(&t)e A 1s a monotone convolution hemigroup of mean zero
and finite second moment with generator (p,7) such that p is supported on compact subsets locally uniformly, i.e., for every
T > 0 there exists Ry > 0 such that p(t,-) is supported on [—Rp, Ry] for all ¢ € [0,7]. From Proposition (ts,e) s
compactly supported locally uniformly. Let (Fy ;) be the associated 29-REF. Recall that equation holds.

For notational convenience, let Ry := [0, 4+00) and © be the Borel measure on Ry x R defined by ©(dtdz) := p(t, dx)7(dt),
ie.,

o(B) :/ U xu(t,2) p'(t,dm)] ~(dt), BeB(R, xR).
[0,400) L/R
Let (R4)2 = {(t1,t2,...,tn) € Ry)™ 1ty >ty > -+ > t, > 0}. We restrict the measure @™ on (R} x R)™ >~ (Ry)™ x R" to
the subset (R1)Z x R™ and define

H, := L*((Ry)2 x R",0%™)
= {f (Ry)I xR" = C ’ / If(t,z)? %" (dtdx) < +oo}
(R4)Z xR™
equipped with the inner product
()= [ TlEw(t.e) 0" (dtd).

(R)% xR™
The algebraic monotone Fock space associated to © is the pre-Hilbert space

FY(0) :=CQa @D H,,

n=1

where () is a unit vector and the direct sum is the algebraic one, i.e., each element of F g(@) is a finite sum of elements of H;’s
and CQ2. We also write Hy = CS). The monotone Fock space is the completion of Fg(@) that can be defined as

F.(0©) := ¢ (hn)nen, : hn € Hy, (n € No), Z ”hnH%{ﬂ < +00

n>0

We consider the C*-probability space (B(F~(©)), ¢), where ¢ = (€, - Q). The identity operator on F (0) is denoted as 1. Let
us first introduce three kinds of operators on the algebraic monotone Fock space, and then extend them to the monotone Fock
space.

Definition 7.3. The symbols t = (t1,t2,...,ts) € (R4)2 and @ = (21, 22,...,2,) € R are employed below.
(i) Creation operator a*(f), f € H;y: its restriction to H,, is a map to H,41 defined by
[a*(f)R)((t, 1), (x,x)) :== f(t,2)h(t,x), t>t, x€R, he Hy, neN,
()0 = .
(ii) Annihilation operator a(f), f € H;: its restriction to H,41 is a map into H,, defined by

[a(f)R](t, x) = / ft,z2)h((t,t), (x,x)) O(dtdz), he€ Hyp, neN,
(t1,+00) xR
a(f)h: <fah>H1Qa hEHl,
a(f)Q:=0.

(iii) Gauge operator A(g), g € L*°(0): its restriction to H,, is a map into itself given by
[A(g)h](t, x) := g(t1, z1)h(t, x), he H,, neN,
Ag)Q2:=0.
Note that f+— a*(f) is linear while f — a(f) is antilinear.

Proposition 7.4. For any f € Hy and g € L>=(0), we have
la™ (DI = 1l NalHE =1l M = llgllzes-
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Proof. On Hy, we have [la*(f)Q ro o) = [Ifllro @) = I flla, 12 ro (o). For h € Hy, n > 1, we have by Fubini’s theorem

o (Dileer = |

(R4)L xR™

|h(t, z)|? (/oo |f(t,a:)2@(dtdz:)> 0% (dtdx)

t1
<112 /(R) Ih(t.@)P 67" (dtda)
+)% xR™

= I£1I7, 11150 )-

Therefore, by linearity we have [[a*(f)h[ o @) < [If|l#, |2l Fo o) for all h € F9(©). The equality holds for h € Hy and hence
la” (AN = 11£1l#,-

The formula ||a(f)|| = || f||#, can also be shown by similar estimates. This is also a consequence of the following Proposition

For the gauge operator, we can easily show
A9l ro (o) < llglle=llPllro @),  h € Hn, n€No,

and so || A(g)|| < |lgllre- It is a standard result in functional analysis that the equality holds because A(g) is a multiplication
operator on each H,, n € N. ]

The previous boundedness allows us to extend these operators to bounded operators on F (©), which we still denote by the
same symbols.

Proposition 7.5. The creation operator a*(f) is the adjoint of the annihilation operator a(f) for all f € H;.

Proof. By linearity and continuity it suffices to show (a*(f)g,h) = (g,a(f)h) for all g € H,, h € H,,, m,n € Ny. We may
assume m = n + 1 since otherwise these inner products are all zero. For n > 1 we have

(a*(f)g,h) = /(]R S f(t, x)g(t, )h((t,t), (x,2)) OPHD (dtdtdzda)

:/ g(t,x) [/ f(t,2)h((t,t), (x,x)) O(dtdz) | ©F"(dtdx)
(Ry)2 xR™ (t1,00) xR

= (g,a(f)h).
For n = 0 we have
(a@* ()2, h) = (f, h) = (Qa(f)h). .
Proposition 7.6. The following formulas hold for f,k € Hy and g,h € L*°(0©):
a(f)A(g) = a(f9), (7.1)
Ag)a™(k) = a™(gk), (7.2)
AMg)A(h) = A(gh), (7.3)
a(f)a*(k) = (f, k)pa + AIe(fk)), (7.4)

where pq is the orthogonal projection onto CQY and Ie: L*(©) — L*°(0) is defined by

To()](t,2) = /( sy

which is constant on the second variable x.

Proof. These formulas can be checked by straightforward calculations. Here we only show the last formula. On Hy = CS, we
have

a(f)a*(k)Q = a(f)k = (f, k) = [{f, k)pa + AMIe(fK))]Q,
and for [ € H,, n € N, we have

[a(f)a*(k)|(t,x) = [/(t . Rf(t,x)k(tm) O(dtdx) | (¢, x)

— Lo (FR)](L)I(t, @)
= [(f.k)pa + Ao (fE))]U(t, ). 0
We will show that the family of operators (z;);>0 defined by
Ty := a(X[o,xr) + @ (X[0,)xr) + AX[0,] ® idR) (7.5)
is an additive monotone process that has the generator (p, 7). For notational conciseness we set
Qs t = a(X(s,t]X]R)v a:,t = a*(X(s,t]XR)> As,t 1= )‘(X(s,t] ® idR).

As a first step, we calculate the resolvent of z; — xs. The following lemma is substantially based on the integral equation
developed in Section [6.2
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Lemma 7.7. Let (Foy)(spen be the 29-REF associated with (p, 7). We fiz 0 < s <t and z € C\ R and define a function
F e L>®(0) by

and the operator
A= )\(Fsyt(z) —F®xr+ X(s,t] ® ldR)

Then we have for sufficiently large |z|
(21 — (2 — 20)] 7" = [ = (Fuu(2)1 = V)7 hal ] 7 (Fa(2)1 = A7 = ag i (Foe(2)1 = M) 717

Proof. We can directly compute the inverse operator

- 1 1
Fo ()1 =Xt = ———pao+ 2\ | = ) 7.6
(Fsu(z) ) For(2) <F®XR e @idR> (7.6)

Using the relations in Proposition [7.6] and pqa}; = 0 we obtain

I\—1 % * X(s,t]
st (Fs(2)1 = A) 1(15 = U540 = -
! F®xr — X(s,) @ idr

O(drdx) X(s.4]
= — | patA|le| = : 5 : [
[/(s,t]x]R Fr,t(z) - < <F O XR — X(s,4] ® idr ( )

This can be simplified more because, thanks to the integral equation in , it holds that

o)
/(s,t]xR Fri(z)—z Fi(2). (7.8)

Similarly, we have

X(s,t] ~
Io | = - (r)=z—F(r). (7.9)
(F ® XR — X(s,] ® 1d]R>

Indeed, for r < s we have

To|=——2 ) )= / _ Xed® g4z
F® xR — X(s,4) ®idr (ro0) xR F'(u) — X(s,4(u)T

_ /( . { /R Fut(i)_x p(u, da) | 7(du)
= —Fo(2)+2=2—F(r).

The other cases s < r < ¢t and r > ¢ can be computed analogously, and consequently, formula ([7.9) holds. Combining (7.7)—(7.9)
together, we obtain

Got(Fua(2)1 = 27", = [ = Fua(2)lpa + Az — F @ xa)
= [z = Fo (2)]1 + A = Ao (7.10)
Formula allows us to obtain
21— (s —xs) =21 —ag, —asp — At
= (Foa(2)1 = X) —al, — ass + (21 — Fyu(2)1+ X — Ayy)
= (Fs.4(2)1 — 5\) —agy — st + a5 (Fsi(2)1 X)fla:,t
= [1 = ase(Fo(2)1 = N)7(Fs ()1 = N)[1 — (Fou(2)1 — x)_la:,t]'

Taking the inverse of the above formula yields the desired formula. Note here that F, ;(z) = z + o(z) and the norm of X is

uniformly bounded as z — oo, so that all the inverses exist as bounded operators. O
Proposition 7.8. The distribution of x¢ — x5 is psy for all 0 < s < t. Moreover, let Ap, o = {a”(f),a(f), A(g) : [ €
L2([0,5) x R,©), g € L*°([0,s) x R,0)} and n € N. For any y,y’' € Af ), we have
y(we — )"y = pl(we — 25)"|yy’, (7.11)
ylae — x5)"Q = p[(ze — x5)" |y (7.12)

Proof. Lemma implies for z with large |z|

21— (w —2)] 7 = Y [(Foal(2)1 = N7l P (Faa(2)1 = A Hase(Fae(2)1 = X) 71, (7.13)
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and so

p([21 = (2 —2s)] )

= D {asa(Fou(2)1 = X) TP (Fe(2)1 = N as(Fua(2)1 = X)),
§,k=0
Here from we deduce that
st (Fot(2)1 = X)) Q =0, (7.14)
Therefore, only j = k = 0 gives a nonzero contribution, i.e.,
o([21 = (z — )] 7Y) = (Q, (Fo1(2)1 = N)71Q) = T i(z) =: G5 (%), (7.15)

showing that the analytic distribution of x; — x5 equals fis .
We turn to the proof of (7.11). Using (7.6) we can check
(Fs¢(2)1 — 5‘)_19/ = GS,t(Z)y/

for any y’ that is either creation, annihilation or gauge operators supported on [0,s). The point is that when multiplying a
function h in H, by 1y, the resulting function y’h vanishes when the first variable ¢; is larger than s. Then the next operator
(Fst(2)1 — A)~! acts as

@PQ + A (F:(z)> =Gs(2)1

because (s, ® idr is always zero on the support of the function y’h. From a similar consideration of support, we can further
obtain

ast(Fot(2)1 = N4 = Goi(2)asy = 0. (7.16)
Taking the adjoint and complex conjugate yields
Y(Fs(2)1—N)"tal, = 0. (7.17)
Combining (7.13)), (7.16) and (7.17) we obtain
ylel — (2 — 20)] 71y = Gaal2)yy'-
Expanding the formula into Laurent series and comparing the coefficients of 2"~ we obtain the desired . The last
formula can be obtained by similar calculations, combining (7.13)), (7.14) and (7.17). O

Theorem 7.9. The family of operators (x1)i>0 defined by (7.5)) is a monotone additive process such that the analytic distribu-
tions of the increments x; — x5 (0 < s <t) form a monotone convolution hemigroup associated with the generator (p, 7).

Proof. Tt remains to prove the independent increment property. A fully general description requires heavy notation, so let us
consider 0 =ty < t; < to < t3, m,n,p,q € N and calculate the example
(P[(-th - xtl)m<xt3 - xtz)n(xtl - xt0>p(xt2 - xt1)q]' (718)

Observe that x4, — 2y, and x;, — x4, are linear combinations of elements in AF(L t2) in Proposition Then (|7.11)) implies

(@t = 00,)" (@13 — @4,)" (T2, — 3)" = @l(W1y — @0)" W@, — @4,)™ (@0, — 21,)",
which obviously implies (7.18) equals
90[(33:&5 - Itz)n]go[(xtz - xtl)m(ajtl - xto)p(gjtz - xt1)q]' (719)
Recall here that ¢ = (Q,-Q). We in turn use (7.12)) to obtain
(‘rh - xto)p(xb - mtl)qQ = @[(xtz - xtl)q](xtl - xto)pQ7
which implies (|7.19)) equals
@[(xtB - ‘rtz)n]w[($t2 — Tty )q]@[(xtz - xtl)m(‘xtl - xto)p]'

To compute the last factor ¢[(zs, — x4, )™ (x4, — x4,)?], we can move the operators to the left side of the inner product as

adjoints, and then we apply .

The general case can be shown analogously. For the interested reader, we note what has to be shown: Let n € N and
0=ty <ty <--- <ty Foreach interval I(k) := (tx—1,tx] we denote x() := 2, — x4,_, for notational conciseness. Let
J1,J2s - Jm € [n] with j1 # jo, J2 # J3, -+ Jm—1 7 Jm and P; € Cy[z], i € [m], be polynomials without a constant term. In
the setting above, if £ € [m] is such that j,—; < jy > jet1 then

PLPL (1)) Pa(®1(5)) - Pon (@15,
= elPe(z1o)lelPr(rGn) - Pe-1(@1Ge1) Per1(@1Ges1) - P (1) )]- O
Example 7.10. In the case j(t,dz) = do(dx) and 7(dt) = dt, the Hilbert space H, is isomorphic to L2((Ry)2, dt;dts - - - dt,,).

The function idg is zero and hence A\s; = 0 and z; = a*(x[0,4) + a(X[0,4)- This is called a monotone Brownian motion.
The distribution of x; — x is the arcsine law A(0, ¢ — s) that appeared in the monotone CLT.

The above proof has heavily relied on the resolvent of the increment x; —x;. We can show monotone independence for bigger
subalgebras by combinatorial methods. For an interval I C [0,400), let A be the (x-)subalgebra of B(F% (©)) generated by
the set of operators

Ay = {a*(f),a(f),\g): f € L*(I xR,0), g€ L=(I x R,0)}.
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Lemma 7.11. Let I := [s,+00) be a half-azis for some s > 0. The x-subalgebra A; + C1 coincides with the linear span of the
elements of the form

w=a*(f1)a"(f2) - a"(fm)[A(h) + alla(gi)a(gz) - - a(gn), (7.20)
where f;,g; € L*(I xR,0), h € L=¥(I xR,0), m,n € Ny, a € C.

Proof. Let By denote the linear span of the elements . Obviously, By C Ay + C1. To show the opposite inclusion, since
B; contains the generator set A§ for Ay, it suffices to show that B is a s-subalgebra. Moreover, for this it suffices to show
that By, Brxz C By for any z € A}. In addition, since By and A are closed under *, only showing By C B; suffices. We
check this case-by-case.

The inclusion By C By is obvious for x = a*(f) and for z = A(g); the latter is because of and (7.3). Therefore, it
remains to check that a(f)w € By, where w is the operator .

Case m > 2. Using Proposition [7.6| and poa*(f2) = 0 we get
a(fla*(fr)a*(f2) = [(f; fr)pa + A(K)la”(f2) = AMk)a™(f2) = a*(kf2),
where k := Ig(ff1). Since kfs is supported on I x R, it follows that a(f)w € Bj.

Case m = 1. Combining the decomposition 1 = pg + A(xr, xr) and the previous calculations yields
a(f)a*(f1) = [{f; fi)pa + AK)] = (f, f1)1 + Ak — (f, f1) xR, xR)-
Observe that k := k — (f, f1)xr, xr is supported on I x R. Setting 3 := (f, f1), the first three letters of the word a(f)w equals
a(f)a*(f1)A(h) + al] = [Mk) + B1][A(h) + al] = M(kh + ok + Bh) + /31,
so that a(f)w € By.
Case m = 0. From Proposition the first two letters of the word a(f)w are computed as
a(f)IA(R) + 1] = a(fh+af),

so that a(f)w € By. O
Proposition 7.12. Let s > 0. For any x,2" € A5y and y € Afs 1o0) + C1, we have
xyr’ = p(y)za’, (7.21)
2yl = p(y)x. (7.22)

Proof. The second formula follows from the first one because (7.4) shows po € A ) unless L?([0,s) x R, ©) = {0}, in which
(@)

case the second formula is obvious. It suffices to show (7.21)) for y = w in the form (7.20) and z,2’ € A‘[’O o)

Case m > 1. Then y§2 = 0 and hence p(y) = 0. Since z is one of a*(f),a(f), A(g) where f, g are supported on [0,s) x R and

f1 is supported on [s, +00) x R, we can conclude za*(f1) = 0, so that xy = 0.

Case m =0 and n > 1. We have yQ = 0 and hence ¢(y) = 0. On the other hand, the argument symmetric with the previous
case m > 1 shows zyx’ = 0.

Case m =0 and n = 0. Then y = A(h) + a1 and p(y) = @. One can show that zA(h)z’ = 0 from Proposition and the fact
that the support of h is contained in [s,+0c0) x R. Thus we obtain zyx’ = azz’ = p(y)zz’. a

Theorem 7.13. Letn € N and 0 =tg < t; < --- <t,. The x-subalgebras
Afto,t)r Aftasta)s - 5 Altu1,tn)

are monotonically independent.

Proof. Almost the same as the proof of Theorem (7.9 g
Note that this theorem implies the monotone independence of the increments of (x;), which was already proved in Theorem

.Y

7.2. A construction from Markov processes. The second construction of monotone additive processes is based on classical
Markov processes. Basic facts on Markov processes are reviewed briefly here. For further information on Markov processes, the
reader is referred to e.g., |96, [134].

Recall from Lemma that the composition of two probability kernels k,l on R

(kl)(z, B) := /Rk(x,dy)l(y,B), z € R, B e B(R),

is also a probability kernel.

Definition 7.14. A family (K ¢)(sea of probability kernels on R is called transition kernels if &, (z,-) = 0, for all z € R,
s > 0 and the following Chapman—Kolmogorov equation holds:

ks,tkt,u = ks,u; 0<s<t<u. (723)

Definition 7.15. Let (kst)(s,r)en be transition kernels on R. A family of R-valued measurable functions (X¢)i>o on a
measurable space (2, F), together with a family of sub-o-fields F; C F indexed by the closed intervals I of [0,400) and a
family of probability measures P(5*) on (2, Fls,00)) (s > 0, x € R), is called a Markov process having the transition
kernels (ks ¢)(s,)en if the following conditions hold:
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o F; C F; whenever I C J;

e for every bounded Borel measurable function f: R - R, 0 < s <t <wand z € R,
ECD[£(X,)|Flug] = /Rﬂy)kt,u(Xudy), PO, (7.24)

e P2 (X, =x) =1 forall s >0 and = € R.
The following is a rather standard result.

Proposition 7.16. Let (kst)(sen be transition kernels on R. Then there exists a Markov process that has the transition
kernels (ks.t)(s,tyen -

Proof. A standard construction is called the coordinate process that we present below. Let Q = RI%t%) be the set of all
functions w: [0, +00) — R. Let C C 2% be the set of the cylinder sets {w € Q : w(t1) € Ay, w(tz) € A, ..., w(ty) € A,},
0<t <ty <- <ty A1, As,..., A, € B(R), n € N. Let F C 2 be the o-field generated by C. The coordinate process
X;: Q — Ris defined by X;(w) := w(t). The sub-o-field F; is the o-field generated by {X; *(A):t € I, A € B(R)}.

We fix (s,z) and consider the family of probability measures uﬁff,jtn on R”, indexed by s <1 <ty <---<t, (n €N),

defined by the iterated integrals

,ugff;tn(A) = /Rksﬁtl(gc, day) /]R ki, 1y (21, dzg) - - - /]R ke, oot (1, dzn)xa(@n, o, ..., 20).
By the Chapman—Kolmogorov equation, these probability measures satisfy the consistency
ugfo)t(Al XX Aimg X RX Ajpg X -0 X Ay)
= pgff?)ti_l’ml ’’’’’ o (AL X o X Ay X Ay X XA, 1<i<n,

and so Kolmogorov’s extension theorem (see, e.g. [59]) guarantees the existence of a probability measure P(**) on Fls,00) such
that

P (Xy, € A, Xy, € Ao,y ooy Xy € Ag) = pV5) L (A1 X Ag - x Ay)

forall s <t; <tg <---<t, and Ay, As,..., A, € B(R).
All the requirements for a Markov process are obvious except ([7.24]). To show this, by the well known characterization of
the conditional expectation, it suffices to show

ECO[f(X,)xr] = B { /R F()keu( X, dy)xF] . FeFy. (7.25)
It further suffices to show that the above holds for all F' in the class
G:= {er_Ll(Az) nmeN, s<r; <t, A GB(R)}.
i=1
Indeed, as soon as the set F' := {F' € Fj; 4 : (7.25) holds} contains G, since G is a m-system and F' is a A-system, by the 7-A
theorem (Theorem , F' contains 0(G) = Fis 4.

To finish the proof, let F = _, X;il(Ai) e G withs<ri <ry <---<r, <t. To avoid heavy notation we only consider
n = 2; the general case is similar. We then have

E(s:) [/ f(y)kt,u(Xtvdy)XF:|
R
= E(®) [/ Tkt (Xe, dy)xa, (X, ) XA, (sz)}
R
:/ uiﬁ:il}t(dl’ld,fzdl'g)/kt,u(x?ndy)XAl(‘rl)XAz(xz)f(y)
R2 R

=/Rks,n(%dxl)/Rk?n,rz(xl,dwz)/erz,t(xzvd%)/Rkt,u(ﬂﬂ?ndy)XAl(xl)XAz(ﬂﬁz)f(y) (7.26)

= [ hen@dmn) [ o aonden) [ (o dp xa @) f) (7.27)
= E(S)m) [XA1 (X""I)XAQ (XT2)f(XU)] = E(S)$) [XFf(Xu)]a
where the Chapman—Kolmogorov equation was used from (|7.26]) to ((7.27)). a

Remark 7.17. The above construction of a Markov process does not tell us how the sample path ¢ — X;(w) behaves for each
w € Q. To have samples paths with some kind of continuity, one has to “modify” the above Markov process. For our purpose,
sample paths do not matter and the above construction is enough.

We introduce a suitable Markov process for constructing a monotone additive process. Let (fis,¢)(s)en be a monotone
convolution hemigroup. Let ks .(z,-) := (0z > ps,)(-). Recall from Proposition that ks is a probability kernel and that
for every probability measure p we have

(11> 1) () = / (g (. ).
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Selecting p = 0, > ps s = ks (2, -) yields

(62 5 1) () = / o2, Ak (4, ).

which reads ks ., = ks 1kt v, i.€., the Chapman-Kolmogorov equation. By Proposition there exists a Markov process (X¢):>o0
that has the constructed transition kernels (k). We then set Hy := L?(Q, F,P(0:9) and work on the C*-probability space
(B(Hy),v), where ¢(a) := (xa,axq). The identity operator on Hy is denoted as 1. For notational simplicity we denote
P := PO E := EO0 and F; := Fj . Also for analytic transforms, we set the shorthand symbols F,(z) := F},_,(2) and
Gsu(2) = G, , (2).

For the sake of simplicity, we assume that each p,, has compact support. Let p, € B(H) be the conditional expectation
piZ = E[Z|Fi], Z € Hs. It is known that conditional expectations onto sub-o-fields are orthogonal projections on the L?
space, so each p; is an orthogonal projection. The multiplication operator on Hy by the random variable X; is denoted by my,
ie., my(Z):= X, Z. Since po, has compact support, X; € L* and so the operator m; is bounded.

We introduce a family of bounded self-adjoint operators on H.

Y¢ 1= Py, t>0. (7.28)
Note that p,m; = m;p; because
prmy(Z) = B[ X Z|F) = XiE[Z|F] = mupi(Z), Z € Hy.
We will show that (y;):>0 is a monotone additive process. Again we analyze the resolvents of the increments y; — ys.
Lemma 7.18. For z € Ct and 0 < s < t it holds that
ps(21 —my) " ps = (Fsi(2)1 —my) 'ps.
Proof. For Z € H, keeping in mind that ps(Z) is Fs-measurable, we have

Pt m) n2) =8 | )| 7] < | Ly

]:s:| ps(Z)

1
- / Far (Xo,dy)pa(Z) = Gr., (x. (2)0s(2)

zZ—Y
= 5 D) = (Fala)t - m) (2), 0
Proposition 7.19. For z € Ct and 0 < s < t it holds that
ps[21 = (yr — ys)] " 'ps = Goi(2)ps- (7.29)
In particular, the distribution of y, — ys with respect to o(-) = (xa,- XQ)H. €equals ps, and
ps(ye = ys)"ps = @l(ye —ys)"lps,  neN (7.30)
Proof. By analytic continuation, it suffices to show the formula for z € C* with large |z|. We first observe
pslzl = (Y — ys)] ™ 'ps = pslzl — (me — mps)] ™' ps. (7.31)

Indeed, by series expansion

_ Ds(Mupy — msps)"p
pele1 (g — )] Hpy = 30 PP P )
n>0

In the expansion of (mip; — msps)"psZ (Z € Hy), the operator p; always acts on Fz-measurable random variables, so that p;
can be replaced with the identity operator. This verifies ([7.31)).
We continue the calculation ([7.31)) as follows:

ps[Zl - (mt - msps)]_lps = ps[l + (Z]' - mt)_lmsps]_l(zl B mt)_lps
=Y (=1 "ps[(21 = my) " mgpy]" (21 —my) ' ps

= ;:(1)"pstLps(zl —mg) " pt (7.32)
= éps(—ms)”m,t(zn —mg) " p] " (7.33)
=2 (—ms)"(Fst(2)1 —myg) ™" ',

 (For(e)1 = e — (o)1

= Gy,¢(2)ps-

Here, (7.32) holds because m, commutes with both p, and (21 —m;)~1, and (7.33)) is obtained from Lemma
For the last statement, observe that

Gy (2) = @([21 = (g = ys)| ) = (ps[zl = (% — ys)] ')
= @(Gs,t(z)ps) = Gs,t(z)a
so that iy, —,. = ps+ The relation (7.30) follows by comparing the coefficients of 2~"~! in the series expansion of (7.29). O
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Theorem 7.20. The process (y)i>0 defined in (7.28)) is a monotone additive process such that each increment y, — ys has the
given distribution pg ;.

Proof. Let us consider 0 =ty < t; < ta < t3, m,n,p,q,r € N and calculate the example

(P[(yt2 - ytl)m(yts - ytz)n(yh — Yto )p(ytz — Yty >q<yt1 - yto)T]' (734)

Observe that (ye, — Yt,)"Pts = (Yo — Y,)™ and pe, (ye, — Yt )? = (y¢, — Yt )P because of the tower property of conditional
expectations pg,ps, = py, for i = 0,1,2. Hence, we are allowed to replace the factor (ye, — yi,)"™ with pe, (Yt, — Yty )" Pt,, Which

is equal to ¢[(yt, — Yt,)"]pt, by Proposition This implies that (7.34) equals
Pl(ys — ye2)"10lWee = y0)™ Wty = Yt )" (Y2 — y6.)* (e — 410)"]-

The general case can be shown analogously. (|

Remark 7.21. The above construction of monotone additive processes is independent of the integral or integro-differential
equation developed in Section @ In the case of monotone convolution semigroup, i.e., jis: = po—s for all 0 < s < ¢, the
Markov process (X¢)i>0 is a Feller process and its generator can be expressed in terms of the parameter (v, o) in ; see
[70] for further details.

7.3. Notes. The study of Fock spaces in noncommutative probability can be traced back to Boson and Fermion Fock spaces in
quantum physics. Hudson and Parthasarathy developed a quantum version of It6 calculus on the Boson Fock space [91], [129].
In free probability, the corresponding space is the full (or free) Fock space [149], on which free stochastic calculus was initiated
by Kiimmerer and Speicher [I00]. The Boson, Fermion and full Fock spaces are interpolated by the g-Fock space of Bozejko
and Speicher [38]. Fock spaces have provided a canonical construction of independent random variables and continuous-time
processes of independent increments. In particular, the ¢-Fock space and its relatives have offered remarkable von Neumann
algebras that are still actively studied [99, [115]. Concerning monotone probability, there seems to be no notable von Neumann
algebras building upon monotonically independent random variables so far. On the other hand, C*-algebras related to the
monotone Fock space have been investigated in the literature, see e.g. [53] 54, B5].

The construction of additive processes on the monotone Fock space followed Jekel [92], who developed Loewner theory and
monotone convolution hemigroups in a more general operator-valued setting, where ¢ is an algebra-valued functional called a
conditional expectation. Here we have presented the results in the simplified setting of C-valued functional. Our results also
contain advancements because we only assume the continuity (not absolute continuity) about the time parameter. The special
case of monotone Brownian motion x; = a*(x[0,q) + a(x[o,q) first appeared in Lu [108] and Muraki [IT9]. Muraki considered a
discrete monotone Fock space in [T18, [121]. In free probability, a parallel construction of free additive processes on the full Fock
space is known, see [125, Exercise 13.19] that assumes the stationarity of the distributions. The term “gauge operator” appears
in [125] for an analogous operator on the full Fock space; note that the terms “gauge process” and “conservation process” are
used in [91] and [129] respectively for the operator on the Boson Fock space corresponding to our A(x[o,s) @ idr). The operator
A(g) is called the multiplication operator in [92]. Concerning notation, it is common to denote £(f) for the creation operator
and ¢*(f) for the annihilation operator on the full Fock space [125, [149]. On the other hand, the symbol a*(f) or af(f) is
commonly used for the creation operator on the Boson Fock space and a(f) for the annihilation, which we have followed.

The construction of monotone additive processes from the Markov processes (X;);>o is due to [70]. The book [I38] by
Schleissinger also discusses the construction. The original paper treated more general unbounded operator processes. Our
construction is limited to the bounded case, which greatly simplifies the proofs and formulations; already the definition of
monotone additive processes is more involved in the unbounded operator setting. The Markov process (Xi);>0 was first
considered by Biane [35] in connection to free additive processes and subordination functions.

There are other constructions of monotone additive processes as solutions to quantum stochastic differential equations, see
[25, [67 [70). Hamdi constructed a multiplicative monotone unitary Brownian motion as a solution to a quantum SDE [78].

Classical stochastic processes related to monotone independence are studied in the literature: a discrete-time analogue of
the Markov process (X;), i.e., Markov chains, can be similarly defined and is studied by Letac and Malouche [107], Wang
and Wendler [I54]; Biane mentions that the Markov process (X;);>o associated with Fy(z) = V22 — 2t (the reciprocal Cauchy
transform of the arcsine law A(0,t)) is the Azéma martingale [35]; Belton studied a semimartingale having the monotone
Poisson distribution [26], 27].

8. MONOTONE INDEPENDENCE IN RANDOM MATRIX THEORY

So far we have studied monotone independence from the viewpoint of analogy to probability theory. Here we discuss different
aspects of monotone independence in the context of large random matrices.

For a square matrix Xy of size N, recall from Example @ that the empirical eigenvalue distribution is the
probability measure

1 N
XN = N ZéA'L(XN)’
=1

where \;(Xn), ¢ = 1,2,..., N, are the eigenvalues of Xy counting multiplicities. For many random matrix models X, the
empirical eigenvalue distributions converge weakly to a nonrandom compactly supported probability measure pon C as N — oo.
In addition, the largest modulus of eigenvalues often converge to the largest modulus of the support of u. For example, the
normalized Gaussian Unitary Ensemble (GUE) is a random matrix Gy = (g(i, j)) je[n] that satisfies the following
conditions:

e g(i,7) = g(j,7) for all 4, j € [N], i.e., G is Hermitian;
e the random variables {Rg(i, 7), Sg(i,7), g(4,%) : i,5 € [N], ¢ > j} are independent;
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FIGURE 6. A histogram for the eigenvalues of G with N = 5000 and bin size 0.05. One can observe that
the graph of the histogram looks like the probability density function of the semicircle distribution. In fact,
one can show that when the bin size 65y — 07 (N — oo) is appropriately selected, then the graph of the
normalized histogram (so that the area equals one) converges to (2m)~!'v/4 — 2. A remarkable sufficient
condition N=%/3log N < dy < 1 is given in [61}, Corollary 4.2].

e Rg(i,7) and X (i,7) are distributed as N(0,1/(2N)) if ¢ # j, and ¢(i,4) is distributed as N(0,1/N).

It is known that the empirical eigenvalue distribution of G converges weakly to the semicircle distribution S(0,1) a.s., see
g. [T48, Theorem 2.4.2]. Moreover, the largest eigenvalue converges to 2 a.s., see e.g. [148], Section 2.3]. A simulation is shown
in Figure [6]

In general, the weak convergence of the empirical eigenvalue distributions does not guarantee that the largest modulus of
eigenvalues converges to the largest modulus of the support of the limiting measure. This is because, in the convergence of
empirical eigenvalue distributions, a relatively small number of eigenvalues, e.g. of order o(N), will disappear in the large N
limit. For example, suppose that X, N € N, are Hermitian matrices and px, converges weakly to a probability measure .
Then for any sequence of subsets Iy C [N], N € N, with #Iy = o(N), and a bounded continuous function f on R, we have

/f Py () = = 30 FON) - 3 T
zEIN i€[N\In

The first sum goes to zero as N — oo since

#iy
< ”fHLOOT — 0,

Zf

ZGIN

and therefore, the eigenvalues \;(Xy), ¢ € Iy, do not contribute to the limit p.
Eigenvalues located outside the support of the limiting measure in the large N limit are called outliers. As an application
of monotone independence, we will analyze some random matrix models that have outliers in the large N limit.

8.1. Weingarten calculus on the unitary group. Let U be a Haar unitary random matrix of size NV, i.e., it is a
random variable taking values in the group Uy of unitary matrices of size N such that the distribution on Uy induced by U
is the normalized Haar measure. We use several known results on expectations of moments of entries of U. Let & denote the
symmetric group on [k] with unit denoted as ej. For each 0 € & and matrices Ay, As, ..., A € My (C), let Tr,(Ay, A, ..., Ak)
denote the product of traces according to the cycle decomposition of ¢: if 0 = ¢i¢a...¢p where ¢; = (ki (1), k:(2), ..., ki(p:))

are cyclic permutations, then
¢

Tro(Ar, Az, Ag) = HTr(Aki(l)Aki(Q) o Apip))-
i=1
The number ¢ is determined uniquely by o and is denoted ¢(¢). As an example, for o = (1,4,6)(2)(3,5) the above definition
reads
TI'U(Al, A27 N ,A(;) = TY(A1A4A6)TF(AQ)TY(A3A5).
There exists a function Wg: (UkEN Gk) x N — R, called the Weingarten function, such that
E[Tro (A UBU", AsUBU™, ..., AyUBLU™)]

= Y Tre, (A1, As,. .. Ap)Tre,(Br, Bs, ..., Bi)Wg(os, N) (8.1)

01,02,03€6
010203=0

for any k, N € N and nonrandom square matrices A4;, B; € My (C), see [49].
Let C, be the Catalan number

(2p)!
C,i=——"—, eN.
P e+ P
For o € & let |o| be the minimal number of transpositions such that o can be expressed as the product of them. The relation

{(o) = k — |o] holds true. Let o = cic2 -+ - ¢y(») be the cycle decomposition of o € &, and then let

£(o)

M(o) := [[(-1)“IC,. (8.2)

i=1
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The Weingarten function satisfies
Weg(o,N) = N"*lelM(0) + O(N72)], o€ &y, (8.3)
see [49, Corollary 2.7].

8.2. Asymptotic monotone independence of large random matrices. Since Voiculescu’s pioneering work on asymptotic
free independence of large random matrices [I51], the method of noncommutative probability has been applied to a wide range
of theoretical and practical problems on random matrices. One of results in this direction is asymptotic monotone independence
for large random matrices.

In this section, we use noncommutative *-polynomials P(x; : i € I), e.g., P(x1,22) = =14+ 25+ 2129+ 22927. Formally,
these are defined as elements of the unital free associative algebra over C on a set {z; : i € I} U {zf : ¢« € I}. One can
substitute any family (a;);cr in a unital *-algebra A into the noncommutative *-polynomial; in the above example, one has
P(ay,az2) = =14 + ab + aras + 2a2a} € A.

A noncommutative *-polynomial whose coefficient of the unit is zero is called a noncommutative *-polynomial without
constant term. For any subset S = {a; : ¢ € I} of a -algebra A, the x-subalgebra (S, S*) generated by S is exactly the set
of all P(a; :4 € I)’s where P(xz; : ¢ € I) runs over the noncommutative *-polynomials without constant term.

Proposition 8.1. Let U(N) be an N x N Haar unitary random matriz and (A(i,N) :i € I), (B(j,N) : j € J) be families of
N x N nonrandom matrices for N € N. Suppose that the limits

Jim Tr(A(ir, N)* Aia, N)2 - Aig, N)*) € C, (8.4)
—00
1
lim —Tr(B(j1, N) B(ja, N)® - - B(jp, N)*) € C (8.5)
N—oco N

exist for any k € N, i1,49,...,ix €I, j1,j2,...,Jx € J and e1,a,...,& € {1, x}.

Let P.(z; : i € I), r € [k], be noncommutative *-polynomials without constant terms and Qs(y; : j € J), s €
noncommutative *-polynomials. Then the matrices A.(N) := P.(A(i,N) : i € I) and Bs(N) := Qs,(U(N)B(j, N)U(N)* : j €
J) satisfy the estimates

k

E[Tr(AB1AsBy -+ ApBy)] = Tr(A1 As - - - Ap) H H[Tr(Bp)] +O(N™Y), (8.6)
p=1

E|: Tr(A1B1A2B2 e Ak‘Bk) — IE[TI'(AlBlAQBQ cee AkBk)]‘4:| = O(N72) (87)

with shorthand notation A, = A, (N) and Bs = Bs(N).
Proof. Let 7, be the circular permutation v, = (1,2,...,k) € & and &g be the permutation group on a set S.

Proof of . The left-hand side of the desired formula is exactly (8.1)) for o = ;. By the assumptions on the convergence
of traces, the following estimates hold:

Try, (A1, Agy ..., A) = O(1),
Tr,, (B1, Bs, ..., By) = O(NF-lo2ly,

Since Wg(o3, N) = O(N—*-193l) for a triple 01, 02, 03 such that oy 0903 = 7, the contribution of the summand is O(N ~lo2I=leal),
Therefore, the leading term of (8.1) is of order O(1) and it appears when |oa| = |o3| = 0, i.e., only when oy = 03 = ¢; and
o1 = Yx. Since M(y;) = 1 and so Wg(yx, N) = N=%(1 + O(N %)), we obtain the desired formula (8.6).

Proof of (8.7)—Step 1: reduction of the problem. We prove a slightly stronger result: taking additional *-polynomials of
matrices A, = P.(A(i,N):i€I)and B, = Q. (UN)B(j, NYUN)*:j € J), k+1 <r <4k, and setting

Xi = Tr(AG—1e+1Bi-1r+1 - Al—1)k+r Bli—1)k+) » i=1,2,3,4,

X; = X; — E[X}],
we prove

E[X1X5X3Xy] = O(N~2). (8.8)
This implies the desired in the special case X; = X3 = X9 = X4. Note that the last condition Xs = X; can be satisfied
by selecting Ap41 := A}, By := Bj_4, Apyo = Aj_1, Bryo = B}_o, ..., Bog—1 := B}, Aoy, := A}, By, := Bj, which yields
71 = Tr((AlBlAQBQ R AkBk)*) = TI‘,L(AZBZ_I Z—l R A;BTATBZ) = X2.

Let I; be the interval {(i—1)k+1, (i—1)k+2,...,(i—1)k+k}, ’y,(:) the cyclic permutation ((i—1)k+1, (i—1)k+2,...,(i—1)k+k)
of &y, and 4 == 715;1)715:2)7]5:3)7]&4) € Gyy;. Let us consider the expansion

EX;XoX3Xy]= Y Ej;,  where E;:= (—1)#JIElHXi] II Ex..
JC[4] icJ ie[4]\J

For each J C [4], from the Weingarten formulas applied to E []]
fs(o1,092,N) such that

ey Xi] and E[X;] (i € [4]\ J), there exists a function

E;= Z Try, (A1, Az, ..., Aag)Tro, (B, B, ..., Ba) fs (01,02, N).

01,02,03€6
_ud
010203="
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The function f; is either a product of Weingarten functions with signs or zero. Take J = {1, 3,4} for example. The product of
Weingarten formulas (8.1]) for o = fy,(f) and for o = 721)7123)7124) gives permutations of &1, xSy, ur,ur,, and so, for o1, 02,03 € Gy
with o10903 = 74,

—Wgl(oslr,, N)We(osl,ur,ur,, V), if 01,02 preserve I and Iy U I3 U Iy,
0, otherwise.

fJ(U1702,N):{

The function f; has a similar expression for general J.
We have the expression

EX1XoX3Xy] = Y Tro, (A1, Ag,..., Agp)Tro,(By, By, .., Bay) (01,02, N),

01,02,03€6 41
U
010203="},

where
f(o1,09,N) := Z filo1,02,N). (8.9)
JC[4]
From the assumption of convergence of traces, we have the estimates Tr,, (41, Aa, ..., Agx) = O(1) and Tr,, (B, Ba, ..., By) =

O(N*@2)y = O(N**=lo21) Combined with (8.3) these estimates yield
Tro,(B1, Ba,. .., Bu) f(o1,02,N) = O(N~Io2I=los]y,

We show the estimates
Try, (B, Ba, ..., Bai) f (01,02, N) = O(N~?), (8.10)
which suffice to finish the proof of (8.8), and hence of (8.7]).

Proof of —Step 2: proof of (8.10). Given o1,02,03 € G4 with 010205 = 74, we introduce an equivalence relation ~
on [4k]: i ~ j if there exists 7 € Grp(o1, 02, 03) such that 7(i) = j. Since this group contains v, every interval I; must be a
subset of some equivalence class. Then the permutations o1, 09, 03 associate the set partition 7 (o1, 02,03) = {P1, Pa,..., Py}

of [4] such that the subsets of [4k]
UIiv UIia"'v Ull

i€EP; 1€ P 1€ P,

are exactly the equivalence classes.

On the other hand, a subset J C [4] also associates the set partition w(J) = {J,{p} : p € [4] \ J} of [4]. Since f;(o1,02,N)
vanishes if o1 or o, do not preserve one of the subsets | J;. ; I; and I, (p € [4] \ J), the only f;’s satisfying n(J) > 7(01, 02, 03)
contribute to f in the sum and the other f;’s are zero. We discuss several cases according to 7(o1,02,03).

Case 1: ©(0o1,09,03) = {[4]}, or equivalently, the group Grp{o1, 02, 03) acts on [4k] transitively. In this case, f; vanishes unless
J =14], and so f = f4) = Wg(o3, N). The case |oz| + o3| = 0 is irrelevant because the condition 010203 = 7;/* contradicts
transitivity. The case |o2| + |o3] = 1 is also irrelevant because then one would be the identity and the other would be a
transposition, and again the condition 010903 = 7?* would contradict the transitivity. Therefore, only the case |oa| + o3| > 2
occurs, and so Tr,,(B1, Ba, ..., Ba)f(01,02, N) = O(N~2).

Case 2: m(01,02,03) is a pair partition, i.e., its each block has cardinality two. In this case again we have f = fiu; = Wg(o3, N),
and from a similar reasoning we must have |o3| + |o3| > 2 and hence Tr,,(B1, Ba, ..., Ba) f(01,02, N) = O(N~2).

In the other cases, a cancellation occurs between Wg functions.

Case 3: (01,02, 03) has two blocks with cardinality 1 and 3. For example, let us consider the case m(01, 02, 03) = {{1, 3,4}, {2}}.
The equivalence classes are Iy U I3 U Iy and I. The only indices J’s for which f; is non-zero are J = {1,3,4},{1,2,3,4}. In
these cases we have

f{1,3,4} = —Wg(03 f]zvN)Wg(U?; f11u13U14,N)’
f{1,2,3,4} = Wg(o3, N).

By (8.3) and the multiplicativity (8.2]) of M, we obtain

J=Ffr34) + fli2,34)
= NIl [ M(og11, )M (@317, 01,01,) + M(03) +O(N~2)

=0

_ O(N74k7‘03‘72).

Thus Try,(B1, Ba, ..., Ba) f(01,02, N) = O(N~l721=1931=2) = O(N~2). The other cases of (o1, 02, 03) are similar.
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Case 4: m(o1,02,03) has three blocks. Let us consider the example 7 (o1, 02,03) = {{1}, {2}, {3,4}}. The indices J’s for which
fs is non-zero are J = {3,4},{1, 3,4},{2,3,4},{1,2,3,4}. We see that

[ = Ffaay + frasay + flesay + fi23.4
= Wg(o3 fh, N)Wg(os3 r12’ N)Wg(o3 [[3U147 N) — Wg(o3 f[zvN)Wg(US [11u13U[4a N)
- Weg(osly,, N)We(oslr,ur,ur,, V) + Weg(os, V)

= N (M (031, )M(0s 11, M (03 1,08,) = M(os 1) M(03 11, 01,08,)
= M(0311,)M(03] 1,01,01,) + M(o3) + O(N~2)]
_ O(N74k:7\<73\72)'
The other 7(o1, 02, 03)’s can be handled in the same way.

Case 5: m(o1,09,03) = {{1},{2},{3},{4}}, i-e., every interval I; is preserved by o1, 03, 03. In this case f; for all the 16 subsets
J C [4] contribute to f. By the multiplicativity (8.2), the dominant contribution to f is the sum of 16 terms

N IM (o517, )M (03] 1, )M(03 17, )M(0317,).
Exactly half of them have the minus sign, so their sum cancel and we obtain f = O(N~4k~losl=2),
The above arguments finish the proof of (8.10)). O

Theorem 8.2. Under the assumptions and notation of Proposition we have

k
1
lim Tr(A;BiAsBs - AyBy) = { lim Tr(AlAg---Ak)} I1 [ lim Tr(Bp)} a@.s.

N —o0 N —o0 el N—o0
Proof. The assumptions (8.4) and (8.5) imply that the limits
. . 1
1\}51100 Tr(A1As - - Ag), ]\;glloo NTr(Bp)
exist, and then the proven estimate further implies
k
Jim E[Te(41B1Az Bz -+ Ay By)] = []Vlgnw Tr(A; Ay - } H1 [ngnoo —Tx( ,,)] . (8.11)
p:
On the other hand, taking the sum ) % _, of the estimate (8.7) yields
© 4
Z ’Tr(AlBlAQBQ ce AkBk) - ]E[TI‘(AlBlAQBQ s AkBk)]‘ < +00 a.s.,
N=1
so that the summand converges to zero a.s. in the limit N — co. Combining this fact and (8.11) finishes the proof. |

Remark 8.3. To show the almost sure convergence, we have computed the L*-norm in Proposition Of course, the L2-norm
is easier to calculate, but it only gives the estimate O(N 1), which is insufficient to deduce the almost sure convergence. One
can confirm this through a simple example: for a rank-one projection P = diag(1,0V 1), a deterministic matrix B € My (C)
and a Haar unitary U of size IV, we can see

E[|Tr(PUBU*) - lE[Tr(PUBU*)HZ}

—E[|Te(PUBU")

)[*] = [E[Te(PUBU) |

— E[Tx(PUBU")Tr(PUB*U*)] — |[E[Tx(PUBU")]||*

— TH(P)*[Tx(B) *We(ea, N) + Te(PY*Te(BB*)Wa((1,2), N)
+Te(P?)[Te(B)[*We((1,2), N) + Tr(P*) Tr(BB*)Weg(ez, N)
— Te(P)?|Tr(B)|*Wg(e1, N)*.

Applying formula (8.3) to the above expressions, we can see that the first and fifth terms contain a cancellation and yield
O(N~2) and the second term is O(N~2); however, the third and fourth terms do not cancel and contribute O(N~1).

Let us consider the partial trace
¢
Z v X =(Xi )ijen), 1<E<N. (8.12)
Corollary 8.4 (Asymptotic monotone independence). Let £ € N be fized, A(i,N) (i € I, N € N) be deterministic { x { matrices
such that limy_ oo A(i, N) exists in My(C). Let
A(i, N) = (A(ZéN) g) €eMy(C), N>t

Let (B(j,N))jes be a family of N x N matrices that satisfy assumption (8.5). Let U(N) be a Haar unitary random matriz of
size N. Let k > 2 and P.(x; : i € I), r € [k—1], be noncommutative x-polynomials without constant terms, and Qs(y; : j € J),
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s € [k], be noncommutative *-polynomials. Then the matrices A, = P.(A(i,N) :i € I) and By := Q4(U(N)B(j, N)U(N)* :
j € J) satisfy

. . 1
]\;gnoo we(Bp) = ]\;gnoo NTr(Bp) a.s., p € [k], (8.13)
k
]\}gnoo gOg(BlAlBQAQ s Ak—lBk) = ngnoo (pg(AlAQ s Ak—l) 1_[1 [Z&gnoo SDZ(Bp):| a.s. (814)
p=

Proof. To show , we apply Theorem to the rank-¢ projection Py(N) = diag(1¢,0V~*) regarded as a family of single
matrix, and the family (B(j,N) : j € J). Then Theorem [8.2] for k = 1 and A; = P,(N) is exactly the desired (8.13).

To show (8.14), we again apply Theorem [8.2 now to the families (P;(N), A(i,N) : i € I) and (B(j, N) : j € J), the former of
which satisfies assumption . Then Theorem by selecting Ay := Pp(N), together with the proven formula , yields
the desired . ]

Remark 8.5. For £ = 1, the factorization (8.14) holds without taking the limit N — oo; see Example

Remark 8.6. Results of this section can be extended to the case when (B(j,N) : j € J) is a family of random matrices
independent of the Haar unitary U (V) with the additional assumption that for any k € N, j1,jo,...,jx € J and 1,9, ...,6 €

{1, %},

lim JbTr(B(jl)slmB(jk)s’f):]\}iinmE{;Tr(B(jl)EhuB(jk)sk)} €C as. (8.15)

N—o0

with shorthand symbol B(j) := B(j, N). Then we modify Proposition as follows.
e We only take the expectation in for the Haar unitary part:

k

1

Ey[Tr(Ai By --- AyBy)] = Tr(Ar - Ap) T ] [NTr(Bp)] +O(N""f(By,...,Bg,N). (8.16)
p=1

Here the term f(Bi,..., By, N) is a polynomial in N~! and the normalized traces of B;’s that are bounded a.s. by

assumption (8.15)).
e Instead of (8.7) we can show

IEUTr(AlBlA2BQ - AyBy) — Ey[Te(A, B1 A3 Bs - - AkBk)H‘*] = O(N72). (8.17)

For this first we show ({8.7) only by taking the expectation concerning the Haar unitary U and fixing the B(j, N)’s.
Then the term O(N~?) in (8.7) would include random variables of the form +Tr(B(j1)! - - B(jix)®*). Further taking
the expectation with respect to B(j, N)’s and using the condition (8.15) we can deduce (8.17). The modified formulas

(8.16) and (8.17) yield the same conclusions Theorem and Corollary

If (B(j,N) :j € J) is an independent family of normalized GUEs, then the above requirements are satisfied because a
GUE has the same law as UDU* where D is a random diagonal matrix and U is a Haar unitary matrix such that D,U are
independent. Condition is satisfied because the convergence of the expected traces is a consequence of Voiculescu’s
asymptotic freeness [I51]], and the almost sure convergence is known in Hiai and Petz [89, Corollary 4.3.6].

8.3. Outliers of additive and multiplicative perturbations. We consider finite-rank perturbations of random matrices.
In this section we always assume that the eigenvalues \;(X), i € [N], of a Hermitian matrix X € My(C) are arranged in the
way

A(X) 2 Ag(X) = -+ 2 An(X).
Let pux be the empirical eigenvalue distribution of X and z/ﬁ( the analytic distribution of X with respect to the partial trace

¢¢ defined in (8.12). As being an analytic distribution, v% is supported on Sp(X) that is the set of the eigenvalues of X. By

means of the spectral measure Fx of X, fo can be explicitly expressed as V§( = yy o Ex along the same idea as Proposition

3

We will use Weyl’s inequalities. These can be proved from the min-max theorem and the reader is referred to [34, Chapter
II1.2] for the proofs.

Lemma 8.7. Let X,Y be N x N Hermitian matrices.
(i) Nigj—1(X +Y) < XN(X)+ X;(Y) holds for alli,j € [N] withi+j—1<N.
(ii) If X <Y then \(X) < N(Y) for all i € [N], where X <Y means that Y — X is a positive semi-definite matric.
(iii) [XN(X) = XN(Y)| < || X = Y| for all t € [N], where || - || is the operator norm.
Theorem 8.8. Let { € N and m € Ny be fized, 01 > 603> --->0;,>0>60p41 >+ > 0p1, and
P = P(N) := diag(61,0s, ... ,001m,0,0,...,0) € My(C), N >{+m.

Let U = U(N) be a Haar unitary random matriz of size N defined on a common probability space (0, F,P) and B = B(N) be
an N x N Hermitian deterministic matrixz. We consider the random matri

XN:XN(Gl,QQ,...,Qg) =UBU" + P.

TWe will consider 01,02, ...,0, as variables in the proof, while the negative parameters 0y 1,...,0,4,, are always fixed.
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Suppose that there exists a probability measure p on R such that 8 := maxsupp(u) < 400, p has finite moments of all orders
that satisfy Carleman’s condition (A.2), and

: 1 ky _ k
1\}1_1{(1)0 NTr(B )_/Rm p(dz), ke N, (8.18)
lim A\ (B) = 5. (8.19)
N—o00

Let v := F,(8+0) that lies in [0, +00). For each i € [{] the following hold.
(i) The empirical eigenvalue distribution of X converges weakly to p a.s.
(ii) If 6; > v, then the equation F,(x) = 0; has a unique solution x = x; € (8,+00) and imy_,00 Ai(Xn) = 25 a.s.
(iil) If 6; <~ then imy_00 Mi(XnN) = 5 a.s.

Remark 8.9. The result also holds when B is a random matrix independent of U and satisfying conditions (8.15)), (8.18) and
(8-19) almost surely.

Proof. Before going into the details, it would be helpful for the reader to have the key idea. Let us use the simplified notation
Vg = V?_m By Corollary the matrices P and UBU™ are asymptotically monotonically independent with respect to the
state @ri+m. Then we can identify the limit distribution of vx, as the monotone convolution of vp and p. If this distribution
has an atom in (8, +00), then the matrix Xy must have an eigenvalue near the point, which becomes an outlier. This point is
exactly the solution x to the equation F,(x) = ;. However, this argument only shows the existence of an outlier and does not
tell us the number or multiplicities of them. Fortunately, Weyl’s inequalities provide sufficiently sharp estimates of the number

of outliers. The details are as follows.

Weak convergence of up and px,. Assumption and the determinacy of the moment sequence of p imply that the
empirical eigenvalue distribution pp converges weakly to u. Concerning jix,, we expand X% into monomials in UBU* and
P. Each monomial except (UBU*)* has at least one factor P, so that by Theorem its evaluation by Tr converges almost
surely to a finite value. Therefore, the evaluation by the normalized trace converges to zero. The above arguments yield

1 . 1 &
J\;gnoo NTT(XN) = hm NTI"((UBU k) = 1\}5{1)0 NTT(B ) as., keN. (8.20)
This implies the weak convergence px, — p a.s.

General estimates on eigenvalues. As a preparation for proving and we derive some facts from Weyl’s inequalities.
First, the weak convergence pup — p and (8.19) imply

lim \(B)=8, i€N, (8.21)

N—o00

because otherwise p would be supported on a smaller interval (—oo, 8 — €).
Next, by Lemma we have

Aipj—1(Xn) S M(B)+A5(P),  i+j—-1<N.
Since P has ¢ positive eigenvalues, we conclude \;¢(Xn) < \(B ) for all 1 < < N — ¢. Combining this and (8.2I) yields
limsup A;¢(Xn) < ieN. (8.22)

N—o00

Since the weak convergence limit of px, is also p, we must have
liminf \;(Xn) > as., 1€N; (8.23)
N—o00

otherwise the measure p would be supported on (—oo, 3 — €) for some & > 0, which would be a contradiction. The previous

two inequalities imply
th )\H—Z(XN) =3 a.s., i € N. (824)
—00

Asymptotic monotone independence. Corollary [8.4] can be applied to the families of single matrices { P(N)} and {B(N)}, which
yields with notation B := UBU*

1
Py — il
A}gn Oopm(BP) = 1\}13(1)0 NTr(B) a.s., pée€Ny, (8.25)
k
i B P 8%) = i (P T [ i3] 520
N—o0 N—o0

for all k € N, ¢; € N and p; € Ny. A technical issue to note here is that the almost sure convergence above holds on an event
Qg, of probability one depending on 8 = (01,0,...,0;). Because we will change the parameter 6 later, let us consider the
countable set

S = {(01,09,...,00) €Q*: 0, >0y > - >0, >0}
and an event ' € F with probability one defined by
Q= {we: ([{20), 822, (823), (8:25) and (8.26) hold
for all i,k € N, p,p; € Ny, ¢; € Nand 0, € S}.
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FIGURE 7. A histogram for the eigenvalues of G + P, where G is the normalized GUE of matrix size 2000,
P = diag(3,2,2,2,1,0,0,...,0) and the bin size is selected to be 1/10.

For any sample w € €' it follows from (8.26) and Proposition that

lim [ 2Fvx,(dz) = lim @pim((P+ B)F) = / 2*(vp > p)(dx), keN,
N—oo Jr N—oo R

where

1
:75 6 e 5 .
vp “m( 9, + 09, + -+ d9,,..)

By Proposition vp > u has a determinate moment sequence, and hence by Proposition vx, converges weakly to
vp > p. According to Theorem the limit distribution vp > p has the Cauchy transform

1 1 1 1
Gur(Ful2) = 70 <Fu<z> T S BN W)

Since 1 is supported on (—o0, 5], the reciprocal Cauchy transform F), has an analytic continuation to C\ (—oo, 3], strictly
increasing and taking positive values on (3, +00), and lim,_, ;o F,(x) = +00; see Proposition This implies v = F,(5+0) €
[0, +00) and, if 6; > v, the existence of a unique solution z; to F,,(z) = 6; as stated in

Completing the proof. Now we are ready to finish the proofs of and

Case 1: 6, € S, 6, > --- > 0, > ~. Since for each i € [{] the equation F,(z) = 6; has a solution z = z; > § with
x> xo > .- > x¢ > 3, the function G,,(F),(z)) has a pole at z;, so that the monotone convolution vp > p has an atom
at each z;. We take € > 0 so that zy > § 4 €. This implies that for sufficiently large IV, the matrix Xy has at least one
eigenvalue close to x; for each i, so that altogether at least ¢ eigenvalues on the interval (8+ ¢, 400). On the other hand,
implies that Xy has at most ¢ eigenvalues greater than § + ¢, so that has exactly ¢ eigenvalues on (8 + ¢,+00). This shows
Hmpy 00 Xi(Xn) = x; for all i € [¢{] and w € Q.

Case 2: 0, € S, 61 > -+ >0y 1 >~ > 0,. We again fix a sample w € Q. We consider 6, as a variable. In Case 1, the
function (v,6,—1) N Q 2 0 — x4(6,) € (B,400) is continuous and limg, | ¢,cq z¢(6¢) = B. By Lemma the function
Q 3 0, — M\(Xn) is non-decreasing, so that for each 6, € (0,~] we obtain limsup_, ., Ae(Xn) < 5. Combined with (8.23) this
yields

lim A(Xn) = 8.
N—oc0

Hence, for each £ > 0, Xy has at most £ — 1 eigenvalues on (5 + €, +00) for all large N. On the other hand, vp > p has an
atom at x; > 4 ¢ for i € [¢ — 1]. Therefore, for large N, X must have exactly ¢ — 1 eigenvalues on (5 + ¢, +0o0). The weak
convergence vy, — Vp > p implies the convergence \;(Xy) — z; for each ¢ € [¢ — 1], finishing the proof of Case 2. Repeating
similar arguments yields the statement in the case 8, € S, 0; > v > 0;41.

Case 8: 0, € R, 0, > --->0,_1 >0 (the most general case). We take a sequence 0&") € S that converges to ;. By Lemma
8.7)|(iii), we have the uniform estimate |A\;(Xn(04)) — )\i(XN(Hsrn))ﬂ < max;epq |05 — (92(”)|, which finishes the proof. O
Example 8.10. Let p be the standard semicircle distribution S(0,1). From (4.40) we have

z+Vz22 -4
Fu(z):f-

We see that F,(2+ 0) = 1 and for each 6 > 1 the solution to F),(z) = 6 is given by « = § 4+ 1/6 > 2. Therefore,
1
0 N
lim X\ (UBU* 4 P) = 0;
N—00

See Figure [7] for a simulation.

A similar result holds for the multiplicative perturbation. Let us denote the identity matrix of size N as 1. We use the
following additional lemmas.

Lemma 8.11. Let A, B be N x N matrices. Then, counting multiplicities, AB and BA have the same eigenvalues.
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Proof. Suppose first that A is invertible. Then, for all A € C,

det(A\y — AB) = det Adet(AA™" — B) = det(AA™! — B)det A = det(\1y — BA).
If A is not invertible, then the matrix A, := A+ (1/n)1y is invertible for all sufficiently large n € N, and so det(A\ly — A4, B) =
det(A1y — BA,) holds. Passing to the limit n — oo yields the desired formula det(A1y — AB) = det(Aly — BA). O

Lemma 8.12. Let X be an N x N Hermitian matriz and A be an N x N matriz. Then, counting multiplicities, the number
of positive eigenvalues of A*X A is not greater than that of X.

Proof. By the min-max theorem, we have

Ai(A*XA)= max  min (z, A" X Ax).
wcelN  zeW
dim(W) =1 lzll=1
We first assume that A is invertible. Then for each subspace W of dimensions i and a unit vector z € W we have
(2, A*X Az) = (Az, X Aw) = || Az|*(y, Xy),
where y := Az/||Az| is a unit vector in AW. Note that Az # 0 as ||z|| = 1 and A is invertible. Since ||Az|| < ||A||, we have
(w, A" X Az) < max{||A|*(y, Xy), 0}.

As the subspace AW moves over all the subspaces of CV of dimensions i, we have max miv% = max HlivIIl/ and hence
TEe ye

A(A*X A) < max{]| A2\ (X), 0}.

This yields the desired claim.
If A is not invertible, then we take a sequence A,, of invertible matrices that converges to A. By Lemma Ni(Ar X Ay)
converges to A;(A* X A) for each ¢, so that the conclusion follows. O

Theorem 8.13. Let £,m,P and U be as defined in Theorem (8.8, where we further assume that the negative diagonal entries
of P, i.e., 0414, i € [m], are not smaller than —1. Let B = B(N) be an N x N positive semi-definite deterministic matriz and

Yy = (1y + P)2UBU*(1y + P)=.

We assume that the empirical eigenvalue distribution pp converges weakly to a probability measure u # o9 supported on an
interval [0, 8] with 0 < f < 400, and that \1(B) converges to 8 as N — oo. The function n, has analytic continuation to
C\ [1/8,400), still denoted as n,. The limit 6 :=n,(1/8 —0) € (0,1] exists and the following holds for each i € [{].

(i) The empirical eigenvalue distribution of Yy converges weakly to p a.s.

(i) If 146; > 1/4, then the equation n,(1/y) = 1/(1+6;) has a unique solution y =y; € (f,+00) and imy_,o0 Ai(Yn) = v
a.s.

(iil) If 1 +6; < 1/5 then imy_00 Mi(YN) =3 a.s.

Proof. The proof is quite analogous to that of Theorem B8] We omit the details and only mention the main differences. Let
us use the same notation B := UBU™* as before.

e Under our assumptions, we have the moment convergence

1
lim —Tr(B*) = / zF p(dx), ke N.
N—oo N [0,8]

e According to Lemma the matrix Yy = Yy (6,) := \/E(IN + P)\/E has the same eigenvalues as Y. We then use

the decomposition Yy =B+ \/EP\/E According to Lemma the number of positive eigenvalues of \/EP\/E is
at most £. Therefore, as in the proof of Theorem we can deduce A\iy¢(Yn) = Aire(Yn) — B a.s. for each ¢ € N.

e The almost sure limit of vy, is the multiplicative monotone convolution v ,4+p O u, where

1 +m
Viy+P = m Z d140;-
i=1

The relation ¢y, ., pop = Yu,,(p (Mu(2)) reads
1 £+m (1 +91)7lu(z)

Yoanron) = o X T 1% By ()

The function v, has an analytic continuation to C\ [1/3,400), still denoted as 1, such that v, (Z) = ¢,(z). We can
check that ¢,,(0) = 0 and %/, > 0 on (0,1/8), and so 0 < 7, = ¢, /(1 4+ ¢,) < 1 and 7, = ¢/, /(1 +1,)*> > 0 on (0,1/8).
Therefore, ¢ := 1,(1/8 — 0) exists in (0,1]. The equation 7,(1/y) = 1/(1 + ;) has a solution y = y; € (5, +o0) if and
only if 14 6; > 1/4, in which case Yo+ pop has a pole at 1/y;, and so the measure vq,+p O p has an atom at y;.

e Using the matrix Yy above, we can deduce the monotonicity of the map 6; — )\i(f/N (6+)) and the estimate |)\i()~fN(0+)) _
XY (00))] < Bmaxicig 0; — 0. -
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FIGURE 8. A histogram for the eigenvalues of (1y 4+ P)2G*G(1y + P)2, where G is the normalized GUE of
size N = 1000 and P = diag(4,3,3,3,1,0,0,...,0) and the bin size is selected to be 1/10. There are three
eigenvalues near the theoretical limit 16/3 = 5.333... and one eigenvalue near 6.25.
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FIGURE 9. A histogram for the eigenvalues of (1y + P)2G(1x + P)2, where @ is the normalized GUE of
size N = 2000 and P = diag(5,5,3,3,1/2,0,0,...,0) and the bin size is selected to be 1/10. This simulation
suggests that the number of eigenvalues in (2 + €, +00) in the large N limit is exactly the number of 6;’s larger
than one.

Remark 8.14. We can also consider the more general case when B is just Hermitian. For simplicity, assume that pp converges
to p supported on a compact interval [, 8] with @ < 0 < . In this case the above method to estimate the number of outliers
does not work because Yy = \/E(IN + P)\/E cannot be defined. However, we can still prove that if 7, (1/y) = 1/(1 + 6;) has
a solution y = y; € (8, 400) then for any € > 0 there exists Ny € N such that min{|\;(Yn) — vi| : j € [V]} < € a.s. for all
N > Ny. This is because, as soon as the measure v1,+p O p has an atom at y;, there exists at least one eigenvalue of Yy close
to y;. Note that 7, still has an analytic continuation to (0,1//5) but it might not be increasing on (0,1/8) anymore.

Example 8.15. Suppose that p is the Marchenko—Pastur distribution

1 4—x

plde) = oy —

The Cauchy transform of y is known in Example as G(z) = (z — V2% — 42)/(22), which implies

z4+ V22 —4z 1—+1—4z
F,(2) = —F——— and nu(z) = ————.
" 2 " 2

We see that 7,(1/4 — 0) = 1/2 and hence for each § > 1 the solution to 7,(1/y) = 1/(1+ ) is given by y = (6 + 1)%/0 > 4.
Therefore, for each i € N,

X(0,4) (z) d.

1
N N 01+*+2, 92 > 17
lim A\((Ly + P)RUBU*(1y + P)}) =4 0
N—oo
4, 0<6;, <L

See Figure [§] for a simulation where UBU™* is selected to be a Wishart matrix.

Example 8.16. Suppose that u is the standard semicircle distribution S(0,1). The n-transform is given by

1 -V1- 422

= 5 .

We see that 7,(1/2 —0) = 1/2 and hence for each 6 > 1 the solution to 1, (1/y) = 1/(1+6) is given by y = V0 + 1/v/8 > 2. If

0; > 1, from Remark 8.14] we know that there is an eigenvalue of (1y + P)2UBU*(1y + P)z converging to v/8; + 1/+/0;. See
Figure [9] for a simulation where UBU* is selected to be the normalized GUE.

une:

8.4. Notes. The change of the location of the largest eigenvalue of random matrices depending on perturbation is often called
the BBP phase transition, named after the work of Baik, Ben Arous and Péché [I7]. Forrester gives an excellent survey on
rank-one perturbations including earlier works [65].

The application of monotone independence to outliers is due to Cébron, Dahlqvist and Gabriel [4I]. Our Corollary is
pointed out in [4I] and Theorem is an extension of a result stated in [41l Section 1.4]. Theorems and are close
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to the results of Benaych-Georges and Nadakuditi [30, Theorems 2.1 and 2.6]. The difference is that our result for additive
perturbation model allows the limit distribution to have unbounded support, while if the matrices B(j, N) are random then
we need a stronger assumption than [30] even if the limit distribution is compactly supported; see Remark The reader is
referred to e.g. [22] [I30] for further results on outliers.

Formula is a slight extension of a result of Shlyakhtenko [I41]; note that a stronger statement is given in [46, Theorem
4.1] but it contains an error: the result would be correct if the matrices A;(n), B;(n) are deterministic just as in our result
(8.6). The almost sure version (Theorem is proved by Collins, Hasebe and Sakuma [46]. The factorization formula
(8.6) or Theorem is abstracted to the notion of “cyclic monotone independence” in [46] and is further developed e.g. in
[8, 02, (411, [47, [71]. Another random matrix model that satisfies asymptotic monotone independence is constructed and studied
by Lenczewski [104], [T05] and by Banna, Mingo and Tseng [I8| [114].

APPENDIX A. MOMENTS AND WEAK CONVERGENCE

In noncommutative probability, moments of random variables are fundamental concepts. We collect here supplementary
results on moments.

A characterization of when a sequence of real numbers is the moment sequence of a finite Borel measure (Hamburger’s
moment problem) is known as follows. The reader is referred to [3, Theorem 2.1.1] or [140, Theorem 3.8] for the proof.

Theorem A.1. Let (a,)n>0 be a sequence of real numbers. The following are equivalent.

(1) There exists a finite Borel measure T on R with finite moments of all orders such that

o, = / " 7(dz), n € Np.
R
(2) The sequence (ou)n>0 is positive semi-definite, i.e., for any n € Ny and cg,c1,...,¢, € R it holds that
n
Z CiCj it g Z 0.
i,j=0
In the theorem above, the measure 7 is in general not unique. This leads to the following definition.

Definition A.2. Let 7 be a finite Borel measure on R having finite moments of all orders. We say that 7 has a determinate
moment sequence if no other finite Borel measures have the same moment sequence.

Example A.3. Let —1 < e < 1. The probability measure

1 2
e (dx) = ﬁafle*(log“") [1 —esin(27mlog )] X(0,400) (7) dz

has an indeterminate moment sequence because the moments are independent of €. The measure p is the distribution of the
random variable e® where X has the distribution N(0,1/2) and is called a lognormal distribution. See [3, p. 88] and [140),
pp. 88-90] for more examples of indeterminate moment sequences.

We show a simple criterion for the determinacy of the moment problem.
Proposition A.4. Let p be a probability measure on R with compact support. Then the moment sequence of u is determinate.

Proof. Suppose that u is supported on the compact interval [—R, R]. Suppose that v is a probability measure on R having the
same moment sequence.

Step 1: v is also supported on [—R, R]. For this, let us observe the obvious bound
ma() = [ @ ulde) < R
[_R7R]
Suppose to the contrary that v is not supported on [—R, R]. Then there would exist Re > R such that v(|z| > Rg) > 0. Then
R%t > myy(v) > / 2?*u(dz) > R%*v(|z| > Ry),
‘(E|>R2
which would yield the contradiction

R 2k
2

Step 2: 1 = v. We have now
/ f(x) p(da) = / f(z) v(da) (A1)
[-R,R] [-R,R]

for any polynomial f. By Weierstrass’s theorem, the above holds for any continuous function f on [—R, R]. Then a standard
technique in probability theory shows p = v; for example, we first approximate every indicator function y over a closed interval
I C [-R, R] by an increasing sequence of nonnegative continuous functions, and then by the monotone convergence theorem,
implies u(I) = v(I). By the closed interval version of Proposition we conclude p = v. O
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A more general criterion is Carleman’s condition
L
> Mg ()7 = +00. (A.2)
n>1

If a probability measure y satisfies Carleman’s condition then the moment sequence of p is determinate; see [3, p. 85] or [140]
Theorem 4.3]. It is easy to see that if x4 has compact support then p satisfies Carleman’s condition. The normal distribution
N(m,c?) and the exponential distribution Ae =/ x (o .00y () dz, A > 0, satisfy Carleman’s condition.

Proposition A.5. Let u,v be probability measures on R. If u has compact support and v satisfies Carleman’s condition, then
w > v also satisfies Carleman’s condition.

Proof. From the moment formula (5.8]) for monotone convolution and inequality (4.20)), we have

2n
mon (i >v) <) > [ ()| [, ()] g, (#)] - - - [mg, (v)]
£=0 ko,k1,...,k¢>0,

ko+k1+-+ke=2n—f

£ kotkit +ky
< Z Z Moy, (1) 27 Moy (V) 2

2n
=0 ko,ki1,..,ke>0,
ko+ki+--+ke=2n—2

n 2n Y4 2n—4¢
= Z ( / )mgn(u)%m2n(z/) 2n
£=0

2n
= [mza () + ()]

Let a, := my,(p) 2+ and b, := my,(r)2=. Suppose that x is supported on [~ R, R]. Then a,, < R. Note that due to (#.20) the
sequence (by,)n>1 is nondecreasing. If by = 0 then v = §y and the statement is obvious. If b; > 0 is then we can find ¢ > 0 such
that

o)y F> b > 1 5 eN

moy, v)"m > > > —, n € N.

et n+by = R+b, ~ by

Since 37 o1 1/b, = 400 we have 3, o, my, (1> )~ 27 = +o0. O

Next we discuss the relation between convergence of moments and weak convergence.

Lemma A.6. Let & be a family of probability measures on R. Let f: R — [0,400) be a measurable function such that
lim ;|00 f(7) = +00 and

sup /Rf(a:) p(dz) < 4o0. (A.3)

neP
Then & is tight.

Proof. Let C'> 0 be the finite value in (A.3)). For any ¢ > 0 there exists R > 0 such that inf|, |~ f(z) > % For all p € &
we have

W@\ R ) = [

|z|>R

p(dz) < /sz Ci 7 /(@) u(dz)

€ eC
< — < < e. [}
_C+1Afummm_c+l_e

Proposition A.7. Let p, u, (n € N) be probability measures on R. Suppose that p, pu,, all have finite moments of all orders,
and

li_>m my (pn) = myg (), keN.

If the moment sequence of u is determinate, then p, converges weakly to p.

Proof. Since mo(p,) converges to mo(p), it is a bounded sequence, and hence the assumption of Lemma is satisfied for
P = (fn)nen and f(x) = x2. Consequently, the sequence (un)n,>1 is tight. Let (Kn(j))j>1 be a subsequence that converges
weakly to a probability measure p’.

Step 1: p' has finite moments of all orders. For this we take a sequence of continuous functions fx: R — [0,1], N =1,2,3,...,
such that

e fn is supported on [-2N,2N],
e fy =1on [-N,NJ,
e fy(x) T 1as N — oo at every x € R.
In the obvious inequality
[ i@y (da) < [ (@) = ma o)
passing to the limit j — oo yields

Aﬁmmmwmmmm
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Further passing to the limit NV — oo, together with the monotone convergence theorem, shows
/Rx%;/(dm) < moy(p) < +oo.
Thus #’ has finite moments of all orders.

Step 2: my(p') = my(u) for all k& € N. To show this we first observe that

k
x 1 _
/I >N |x|kun(dw) = /I >N <|N|> |x|kun(dx) = Wm%(un) < G,
x|> x|>

where Cj, 1= sup,,cy Mok (1n) < +o0o. With this inequality we obtain
o) = 1) < | [ () [ oy o)

::6(N7j)

[t o
R

- -

/ 2" (1= fn(2)) ) (d)
R

<e(N,j) —|—/ |z|* ! (dz) + CLN~*.

lz[>N
As lim;_, (N, j) = 0, taking N large enough and then j large enough, we obtain
myg () = lim mg () = me(p').
j—o0
Step 3. Since the moment sequence of y is determinate, we have p = u/. The whole above argument shows that any subsequence

of () n>1 has a further subsequence that converges weakly to u. By Lemma we conclude that the original sequence (p,)n>1
converges weakly to p. a

A.1. Notes. Proposition is a new result. It is also natural to ask whether monotone convolution preserves Carleman’s
condition or determinacy of moment sequences, but the answer is unknown. Proposition [A77]is well known and can be found
in the literature, e.g. in [44, Theorem 4.5.5].

APPENDIX B. INVERSE MAP OF CAUCHY TRANSFORM

We study the inverse map of (reciprocal) Cauchy transform to complete the proof of Proposition

Lemma B.1. Let E C C be a convez subset and f: E — C be the restriction of a holomorphic function defined on an open set
containing E such that 3[e®f'(2)] > 0 holds on E for some constant « € [0,27). Then f is injective on E.

Proof. By considering g(z) := €' f(z), we may assume from the beginning that a = 0. For any 29, 21 € D, the following identity
holds:

1
f(Zl) — f(Zo) = /O %f((l — t)ZO -+ tZl) dt

— (21— 20) /01 P = t)z20 + t21) di.
Since the number C(zp, z1) = Inf{S[f'((1 — t)zo + tz1)] : t € [0, 1]} is positive, the inequality
|f(z1) = f(20)| = C(20, 21)|21 — 20
implies the injectivity of f. O
For a concise statement, we consider the domain
V,s:=Y,N{z:9(2) >0} = {2z € C" : S(2) > max{y|R(2)],6}}, ~,6 > 0.

Proposition B.2. Let p be a probability measures on R. For every 0 < e < v < 1 there exists g = do(7y,€) > 0 such that, for
all 6 > 6o, the function F), is injective in V., 5 and V.1 14y € Fu(Vo5) € Vo_o (1-e)s-

Proof. Injectivity. We first establish
|F(2) = 1] = o(1), z—00, 2EV,,. (B.1)

Using Proposition we get
FAE) = ~FueP G = (o) | s

as z — oo within V. Therefore, it suffices to show that

lim sup
Z—> 00
ZEV

/}R("‘”Q2 p(dz) — 1‘ —0. (B.2)

z—x)
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To see this, we use the inequalities |2?/(z — 2)?| <1472 and |z] < \/1 47723z for z € V., to proceed as, for each R > 0,

J

22

(z—a2 1‘ p(dr) < /[R’R]
= /[—R,R] (S2)2 p(dz) + (24977 )R\ [-R, R])

R 2R(%\/FSZ + (247 H)u(R\ [-R, R)),

2

o 1| wlao) + @+ RN R R)

and then

2
li ——— — 1] p(dz) < 2+ 2)u®R\ [~ :
mew [ |25 () < 2+ (R\ [-R )
Letting R tend to infinity here yields (B.2]), and hence (B.1).
By (B.1]) we can find § > 0 so large that

§R[F;/L<Z)] 2 z € v'y,év

N =

and by Lemma F,, is injective on V5.

The inclusion V4. (1425 € Flu(V,5). For z € 0V, 5 with 7[Rz| = 3z, one can see that
elz|

AT O o)

Here d denotes the Euclidean distance. For z € V., 5 with 3z = J, we have

=: ¢1]z|.

d(za \Y +6,(1+5)6) >
! V(

eylzl
d(2, Ve (14e)5) = €6 2 St =: calz].
Therefore, if one takes §p > 0 so that sup.cq_ [Fl(2) — z|/|z| < min{cy, ¢z}, then the simple closed curve { Fj,(z) : z €
OV, 5 U{oc}} € CU{oo} surrounds each point of V.. 1.5 exactly once as soon as § > dp, and hence by the argument
principle we obtain F,(V., s5) 2 V., +e,(14¢)s as desired. The other inclusion can be proved analogously. ]

The previous proposition allows us to define an injective function F),~ L Vote(14e)5 — C* which satisfies F), o Fr ! =id on
Vte,(14¢)s- Fixing any 0 < e < < 1 and large § > 0, we set 7' := v+ ¢ and ¢’ := (1 + ¢)d for notational simplicity.

Proposition B.3. Let u be a probability measures on R and n € N. Let Fﬂ_lz Vs — C* be defined as above. Then the
following are equivalent.

(1) /xQ” pu(dz) < 4o0.
R
(2) There exist c1,ca, ..., Con € R such that

_ C2 C2 —(2n—
Pl =zta+ 2+ s to(d 7" )), 200, 2€ Vg (B.3)

Proof. = We only consider the case n = 2, which should be enough to see how to handle the general n. Recall that,
by definition, £~ 1(V7/75/) is contained in some V., 5. By Proposition for some real constants by, by, bz, by we have

by b3 s
F,(w)=w—b — — — = — = 4+ o(|lw|™3), w— 00, weE V, ;. B.4
M( ) 1 w w? w3 + (| | ) ¥,8 ( )
We set the notation w := F,;!(z) for each z € V. 5. By the construction of the inverse function and the fact Fj,(w) = w+o(w)
we can see that w — oo whenever z — co. Putting w into (B.4]) we get

z=F,'(2)+0(1),

where O(1) is a function bounded on V. 5. In particular we get

w = Flfl(z) = z+o0(z). (B.5)
Next we substitute (B.5|) into (B.4]) to obtain
- bo _
Z:FM 1(2) — by — TO(Z)-‘FO(,Z 1)’
which amounts to b
w=F (z)=z+b + ;2 +o(z7h). (B.6)
Finally, we substitute into (B.4)) to obtain
_ bo b3 by 3
2=F1(2) = b — — — + o(]z|°).
) A T a e GihteE  Grop )
Using the geometric series expansion 1/(1 —¢) =1+ ¢+ ¢% + -+ and recollecting terms, we obtain

by by —biby by — 2bibs — b+ b3b
FM(2) =2 tbt 2 b g g 2 ()

as desired.
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(2)|=|[(1)|is very similar to the proof of = In this case we use the formula F,;'(F,(w)) = w instead, which holds
on a subdomain V5 C V, 5 selected so that F,(V55) C V5, e.g. 7 =17"+¢ and 6 =¢'/(1 — ). The remaining argument
is exactly the same. O

Completing the proof of Proposition[5.13 It remains to prove [ %" pu(dt) < +oo, assuming that [ ¢*" A(dt) < +oo and
Jpt*"v(dt) < +oo, where X\ := p > v. Take a domain V. s on which F, ! can be defined, and set w = F,'(iy) for
each y > §’. Then Fy(w) = F,(F,(w)) yields F,(iy) = Fx(F, *(iy)). By Propositions and we can expand Fy(¢)
and F) !(iy) into truncated Laurent series. Following the lines for computing , we obtain a truncated Laurent series of
F,(iy) = FA(F, '(iy)), from which we can conclude that [, *" pu(dt) < +oc. O

B.1. Notes. Lemma was proved by Noshiro and Warschawski [126] [155]. Proposition was proved by Bercovici and
Voiculescu [32]. Proposition is due to Benaych-Georges [29, Theorem 1.3]. The coeflicients ¢, cg, ¢, ... in Proposition
are called the free cumulants of y. There are combinatorial formulas relating (cy,)n>1, the moment sequence (m,(u))n>1 and
the Boolean cumulants (b,,),>1 and monotone cumulants (k,(1)),>1; see [13] and references therein.

APPENDIX C. ONE-PARAMETER SEMIGROUPS OF HOLOMORPHIC SELF-MAPS
This section collects results that have been used in the proof of Theorem [5.15

Definition C.1. Let D be an open subset of C. A one-parameter semigroup of holomorphic self-maps of D is a family
(ft)t>0 consisting of holomorphic functions f;: D — D such that

(i) t — f; is continuous with respect to locally uniform convergence, i.e., for any sequence (t,)n>1 C [0,400) converging
to t, the function f;  converges to f; locally uniformly on D,

(ll) fs+t = fso f for all s,t >0,
(ifi) fo = idp.
If D is a simply connected domain of C and is not equal to C, then D is conformally equivalent to C™ by the Riemann mapping

theorem. Then, according to Proposition condition is equivalent to the weaker condition that the map t — fi(z) € D
is continuous for every z € D.

It turns out that any one-parameter semigroup is differentiable with respect to t.

Theorem C.2. Let D be an open subset of C and (f)i>0 be a one-parameter semigroup of holomorphic self-maps of D. Then
the limit )
Jt —idp

o= i c1

exists locally uniformly, g is holomorphic on D, and (d/dt) f:(z) = g(fi(2)) holds for (t,z) € [0,4+00) x D, where d/dt att =0
is to be interpreted as the right-derivative. The function g is called the infinitesimal generator of (fi)>o.

Proof. Let B C D be a compact ball of positive radius. By conditions [(1)] and of Definition there exist 0 < o < 1 and
a compact ball B’ C D with the same center as B and a larger radius such that

{fe(2) : (t,2) € [0,a] x B} C B'.
Let us consider the identity

fi(2)
for(2) = 2f(2) + 2z = / %(ft(w) —w) dw, (t,z) € [0,a] x B, (C.2)

where the integration is performed over the line segment connecting z and f;(z), which is contained in B’. By Cauchy’s integral
formula,

Ui —w)| < G sup 1A =0l (tw) € ol x B (€3)
(eoB”

where B” is a compact ball in D with the same center as B’ and a larger radius, and C; > 0 is a constant depending on the
distance of B’ and dB”. Selecting sufficiently small 8 € (0, «], we can bound the right side of (C.3]) by 1/10 for all 0 <t < g,
and hence

a2 = 20E) + 2 < S lfe) =2l (62) € 10,6 % B

By the triangular inequality, this implies (19/10)|f:(2) — 2| < |f2:(2) — 2| and so |fi(2) — 2| < 27%/3| fos(2) — 2|. This further
yields

1fe(2) — 2| < ot (t,2) €[0,1] x B (C.4)
for some constant Co > 0. Indeed, for ¢ € (3, 1] this is obvious by selecting Cs large enough. For each t € (0, 5] and z € B we
pick n € N such that t € (327", 327" +1] to get

fe(2) — 2 <2723 for(2) — 2| < -+ <2723 fony(2) — 2| < Cot?/?,

where Cy := 8~ sup{| f,(¢) — (| : € B, s € [5,20]}.
Inequality (C.4) also holds on [0, 1] x B” with a constant C3 possibly larger than Cy, as the ball B was arbitrary. Combining
this fact and (C.2)) and (C.3]) yields

|far(2) — 2fe(2) + 2| < CLCst* 3| fi(2) — 2| < CLCLCtY3, (t,z) € [0,a] x B.
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Selecting ¢ = ¢, := 27" and setting ng(a) := |logy(1/a) ], we obtain
Jtni(2) — 2 _ Jin(2) — 2

tn—l tn

< CiCaCo s

5 n > no(a), z € B.

Combined with Weierstrass’ M-test, this estimate implies that

ful) o _Z+§ <ftk(j]2 -z fu_.(2) —z>

tn tk—1

converges uniformly to a function g on B. Since B was arbitrary, we conclude that [f;, (2) — z]/t, converges to a function g
locally uniformly on D. By Weierstrass’ theorem, g is holomorphic. In addition, for each fixed z € D and ¢t > 0 the convergence
frats(2) = fs(2) _ fon(fs(2)) = fs(2)
tn tn
holds uniformly on s € [0,t] since {fs(z) : s € [0,¢]} is a compact subset of D. Combining this and Riemann sums yields, as
n — 0o,

—9(fs(2)), n—o0

t |27t —-1
/ 9(fs(2)) ds = Z 2%9(]%2—” (2)) +o(1)
0 k=0
[27¢] —1
= Z [fk1)2-7(2) = fra—n(2)] +0(1)

k=0
= flamijan(2) — 2+ 0(1) = filz) —

Therefore, we have obtained
t
fe) ==+ [ glfle)ds t20,z€D,
0

which readily yields the desired statements. Indeed, (d/dt)fi(z) = g(f:(2)) for t > 0 is obvious. As for (C.1)), for any compact
subset K C D and t > 0, we have

in —Z 42

sup
zeEK

which converges to 0 as t — 07 due to condition (|

The next problem is to characterize the possible functions g that appear as the infinitesimal generator of a one-parameter
semigroup. We only prove the sufficiency part in the case of D = C*, see also Notes

Theorem C.3. Let 4,(C") be the set of Nevanlinna functions and % (C*) the set of the functions of the form G(z) =
N()(z + &)(z + &), where N is a Nevanlinna function and & € CT UR. Then any function G € 4 (CT) U %(C") is the
infinitesimal generator of a one-parameter semigroup of holomorphic self-maps of Ct, i.e., the equation

d
ZF(2) = G(F(2), zeCH 120, s
Fy(z) = z, zeCt

has a (unique) solution (F})i>o that forms a one-parameter semigroup of holomorphic self-maps of C*.

Proof. The local existence of a unique solution follows from the standard ODE argument, i.e., for each z € CT there exists
e, > 0 and a function (—¢,,¢,) 3 t — Fy(z) € C* such that (C.5) holds for ¢ € (—¢,,e,). We show the global existence.

Case 1: G € %(C") and £ € C*. Let Lg: Ct — D be the conformal bijection
z+ E
2+ &

Le(z) =

Setting f; := L¢ o Fy o Lgl transforms ((C.5|) into

%ft(w) = —fr(w)h(fi(w)), t>0, weD,
fo(w) =w, w e D,

where h(w) := 721%(§)N(L€_1(w)). As h has nonnegative real part, we see that

SR = 25, PR ()] <0,

and hence the map ¢ — |fi(w)]| is non-increasing as long as the solution exists. This ensures that the solution does not blow
up in finite time, so that a solution f;(w) exists in D for all ¢ > 0. For each ¢t > 0 the map f; is holomorphic because of its
iterative construction. Finally, F; := Lgl o fy o L¢ gives the desired solution.
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Case 2: G € %(CT) and € € R. Let us take a sequence " € CT that converges to £ € R. According to case 1, for each n € N

there is a one-parameter semigroup (F}*);>¢ corresponding to the infinitesimal generator G"(z) := N(z)(z + £")(z + £"). Let
B:={z€C:|z—1i] <1/2}. There is a constant M > 0 such that |G™(z)| < M for all z € B and n € N. We see that

FR() i < / G (Fr(i))| ds < Mt

as long as F{*(i) € B. A standard ODE argument indeed shows that F*(i) € B for alln € Nand 0 < ¢t < «, where o := 1/(2M).
This further implies that for any compact subset K C CT, there is a compact subset K’ C C* such that

{F/'(z):neN, te0,a], ze K} CK'. (C.7)
Indeed, let v;' := L_gmpy o Fi' o (Li)~!, where L,, is the map defined in (C.6]). This is a holomorphic self-map of D fixing 0.

By the Schwarz lemma, the inequality |v}*(z)| < |z| holds on D. From this inequality and the fact that F;*(i) € B, the desired
claim can be deduced. Alternatively, one could also use the fact that applying a holomorphic self-map decreases the
hyperbolic distance of two points, see e.g. [40, Theorem 1.3.7]. Yet alternatively, one could use the Nevanlinna formula
for F}*, together with the fact that F[*(i) € B, to estimate |F{*(z)| uniformly from above and S[F}*(z)] from below, though it
would require some additional work.

There are constants C7, Co, C3 > 0 such that

IG"(O)] < Cy, (€K', neN, (C.8)
IG"(¢G) = GM(Q) < ColGi = CGf, G G eK', neN, (C.9)
[F(C) = FPH (@) < G5l =Gl GG eK, neN, tel0,a], (C.10)

where (C.9) and (C.10) hold due to Cauchy’s integral formula and the uniform boundedness of G™ and F{*. Combining
(C.7—(C.10) and the integrated form of (d/dt)F;*(z) = G™(F]*(z)), for all 0 < s <t < « and z,w € K, we have

B2 (2) — F )] < [FP(2) — B )]+ 1F7(w) - F2(w)
<le—ul+ [ 16" -G E ) ar+ [ 16N )] dr

t

<lz=ul+Ca [ IFG) - Fr(w)ldr + Gl o
0

< Cl‘t — S| + (1 + 040203)‘2 — w|

Therefore, the functions (¢, z) — F;*(z), n € N, are uniformly bounded and equicontinuous on [0, ] x K. By Arzéla-Ascoli’s
theorem, there is a subsequence (F}" (k) (2))k>1 that converges locally uniformly to a function F;(z) on [0, o] x C*. By Weierstrass’
theorem, each F; is holomorphic on C*. By the maximum principle for the harmonic function z — J[F}(z)] and the fact that
F,(i) € B, we have F;(C") C C*. In the integrated form of (d/d¢)F*(z) = G"™(F;*(z)), passing to the limit along the
subsequence n = n(k) yields

t
Fi(2) = ZJr/ G(Fs(2))ds, 0<t<a, zcC . (C.11)
0

Since a = 1/(2M) > 0 is independent of z, we can define Fy(z) := F;_o(Fa(2)) for « <t < 2 and z € C*. Straightforward
reasoning shows that (F};)o<;<2o is continuous in ¢ and satisfies (C.11]) for 0 < ¢ < 2a.. Repeating this procedure, we obtain a
global solution F(z) defined on [0,+00) x CT that satisfies r all t > 0. A standard ODE argument shows that the
tamily (F})¢>o satisfies Fyqy = Fs 0 Fy, s,t > 0.

Case 3: G € 4 (CT). The function G(2) := —G(1/2)2% belongs to %(CT), where G(1/2) := G(1/Z). From case 2 there
exists a one-parameter semigroup (F})y>o associated with G. Then we can see that Fj(z) := 1/F;(1/z) forms a one-parameter
semigroup associated with G. Alternatively, one could approximate G by G"(z) := G(z)(z + ni)(z — ni)/n?, n € N; then the
arguments in case 2 would work without changes. O

C.1. Notes. Theorems and are due to Berkson and Porta [33, Theorems 1.1 and 2.6]. In the original paper, it is
also shown that % (CT) N%(CT) = {0} and the set of the infinitesimal generators of one-parameter semigroups is exactly
4 (CT) U%(CT). Another proof is given in [40, Theorems 10.1.4 and 10.1.10] in the setting of the unit disk.

APPENDIX D. CAUCHY’S FUNCTIONAL EQUATION

We give a short proof of the well known fact that a measurable solution to Cauchy’s functional equation is linear. The
following proof is due to Alexiewicz and Orlicz [5].

Proposition D.1. Let f: [0,4+00) — R be Borel measurable such that f(x +vy) = f(x) + f(y) holds for all z,y > 0. Then
f(x) = f(D)x for all x > 0.

Proof. Since f(0) = f(0) + f(0), we have f(0) = 0. We fix > 0 and define

g(t) == f(t) @t, h(t) == m >0,



88

TAKAHIRO HASEBE

We see that g(s +t) = g(s) + g(t) for all s,t > 0, and g(x) = 0. This implies g(¢t + =) = g(t), so that g and hence h has period
x. Then we get

and
t, €

oz/o h(t)dtf/o h(2t) dt
z 1 z 1
:/o 1+|g<t>|dt‘/o 12l ¢

I () N

o (L+lg®NA+2g@))
so g(t) = 0 a.e. on [0,z]. For x = 1 this means f(t) = f(1)t a.e. on [0,1]. Therefore, for any = > 0 there exists
(0,z] N (0, 1] such that f(t;) = f(1)t; and g(t;) = 0. This implies f(z) = [f(tz)/tz]z = f(1)z. O
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