MONOTONE PROBABILITY THEORY

TAKAHIRO HASEBE

ABSTRACT. This is an introduction to monotone probability theory, a kind of noncommuta-
tive probability based on the notion of monotone independence for noncommutative random
variables. The first part, Sections , introduces basic materials including noncommutative
probability spaces, monotone independence, sums and products of independent random vari-
ables, monotone cumulants, the central limit theorem, and Cauchy transform. The second part,
Section , focuses on more advanced topics including a detailed study of monotone convolu-
tion, noncommutative stochastic processes, connections to dynamics of holomorphic self-maps
of the upper half-plane (in particular, Loewner theory), and applications to outliers of random
matrices.
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PREFACE

Noncommutative probability theory is developing a kind of probability theory by regarding
operators as random variables. The mathematical basis of noncommutative probability theory
comes from quantum physics, where physical observables are modeled as self-adjoint operators
on a Hilbert space and the probability distribution of an observable is defined through the
spectral measure evaluated by a state.

An example of noncommutative random variable is a random matrix, i.e., a matrix that
has random variables as its entries. Two significant contributions have been made in an early
stage of research: Wishart in 1920’s applied random matrices as the estimator of the covari-
ance matrix of iid data of normally distributed random vectors; Wigner in 1950’s introduced
random matrices to model the energy levels of nucleons of nuclei. Since then random matrices
have discovered numerous connections and applications to other fields: connections to other
mathematics include the distribution of prime numbers, integrable systems (e.g. the Peinlevé

equations) [], and random Young diagrams [37, 97, |; applications beyond mathematics
include log-gas systems [64], wireless communications [62], quantum information [48] and deep
learning []

Significant progress in noncommutative probability has been made in the context of operator
algebras: Voiculescu initiated free probability theory in 1980’s motivated by free group factors.
The central idea of free probability is “free independence” for noncommutative random variables
[] A parallelism lies between probability theory and free probability theory, and various
concepts are defined accordingly, e.g., free entropy, free convolution, free central limit theorem,
freely infinitely divisible distributions and free cumulants. In addition to operator algebras,
free probability has found various connections and applications to other fields including random
matrices, representation theory, combinatorics, complex analysis, Hopf algebras and quantum
groups. In particular, through random matrices, free probability has been applied beyond
mathematics to other fields, see e.g. [48, , .
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Fock spaces form an important aspect of noncommutative probability from physical, prob-
abilistic, and operator-algebraic perspectives. Numerous generalized Fock spaces have been
proposed so far. In the 1990’s, De Giosa, Lu and Muraki introduced monotone Fock spaces,
creation and annihilation operators on them, and a monotone Brownian motion as the sum of
these operators [58; 110, 121]. Muraki identified the concept of “monotone probability theory”
as implicit in these operators [122, 123]. The building block is “monotone independence” for
noncommutative random variables. Again, a parallelism exists between monotone probability
and free or classical probability. Progress in this field has uncovered connections to various
fields as well. The monotone convolution of probability measures is characterized by the com-
position of holomorphic self-maps of the complex upper half-plane, thus finding a connection to
(holomorphic) dynamical systems. In particular, certain noncommutative stochastic processes
correspond to dynamics of holomorphic functions called Loewner chains. As for random ma-
trices, Cébron, Dahlqvist and Gabriel recently applied monotone independence to the analysis
of eigenvalues of large random matrices with perturbation [41]. Monotone independence also
appears in some graph product [l]. Given increasing new aspects of monotone independence,
it is now an appropriate time to offer a detailed expository article to these subjects.

Assuming the familiarity with graduate-level probability theory, functional analysis, com-
plex analysis, and ordinary differential equations, we have tried to make the presentation as
self-contained as possible, with minimal references to the literature. The exceptions include
the existence of a solution to Hamburger’s moment problem (Theorem |A.1)), Carleman’s condi-
tion (@) for the determinacy of moment sequences, the Lebesgue-Besicovitch differentiation
theorem (Lemma ), and Weingarten calculus on the unitary group (Section El])

The structure of this exposition is as follows. Section [l offers the definition of noncom-
mutative probability spaces with examples, the definition of monotone independence and the
calculation of the distribution of the sum and product of monotonically independent random
variables.

Section P} presents a canonical construction of monotonically independent subalgebras on the
free product algebra. Some properties of monotone independence, in particular, positivity and
associativity, are proved. We also offer a universal construction of monotone independence in
the context of graph theory. There are numerous binary operations on graphs, called graph
products. One of them is called the comb product and it gives rise to monotone independence.

Section B introduces the concept of monotone cumulants of random variables and demon-
strates how to calculate the monotone cumulants from the moments of random variables. The
monotone cumulants turn out to be useful for investigating the distribution of iid sums of ran-
dom variables. As applications, the central limit theorem and Poisson’s law of small numbers
for monotonically iid random variables are established. In particular, the arcsine distribution
appears in_the monotone CLT instead of the normal distribution in the classical CLT.

Section {| introduces tools from measure theory and complex analysis. First we establish an
integral formula for Nevanlinna functions, i.e., holomorphic functions on the upper half-plane
taking values with nonnegative imaginary part. Then the Cauchy transform and several other
transforms of probability measures on the real line are investigated. In general, when showing
convergence of a sequence of holomorphic functions or measures, we heavily use the technique
of “compactness argument”. This technique is explained in Sections and 4.2

Section B investigates additive and multiplicative monotone convolutions for arbitrary prob-
ability measures on the basis of complex-analytic methods. We then study various aspects of
additive monotone convolution, including the support and moments, convolution semigroups
and infinite divisibility.

Section [ discusses monotone convolution hemigroups that describe the marginal distri-
butions of noncommutative stochastic processes with monotonically independent increments,
called monotone additive processes. Their relation to Loewner theory is studied in details. We
derive an integral equation and an integro-differential equation satisfied by a Loewner chain.
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FIGURE 1. Connections of sections

Section H is devoted to constructions of monotone additive processes as operator processes
on Hilbert spaces. We present two constructions: one is the sum of three kinds of operators
on the monotone Fock space, which generalizes Lu and Muraki’s construction of monotone
Brownian motion. This congtruction heavily depends on the integral equation for Loewner
chains developed in Section . We also offer quite a different construction based on certain
classical Markov processes.

Lastly, Section B addresses applications of monotone independence to random matrices. For
a large square random matrix, a small number of eigenvalues located away from the other
eigenvalues are called outliers. Existence or non-existence of outliers for some random matrix
models are analyzed by using monotone independence.

Appendices include supplementary results that would be too heavy to place in the main text.
The materials here include determinacy of moment sequences, the relationship of convergence
of moments and weak convergence of measures, the compositional inverse of reciprocal Cauchy
transform, one-parameter semigroups of holomorphic self-maps, and Cauchy’s functional equa-
tion f(z +y) = f(x) + f(y).

The logical dependence of sections is summarized in Figure m Some of the dependence
is weak. In particular, Section ff studies a_connection of monotone convolution semigroups to
monotone cumulants developed in Section 3, but a considerable part of Section [ is independent
of Section B. Section § uses some results on monotone convolutions in Section H but results up
to Section suffice.

Some topics that are not included but deserve to be mentioned are: a Hopf-algebraic approach
to cumulants; refined limit theorems that lead to deep dynamics of iteration of holomorphic
self-maps; connections of monotone probability and free probability; C*-algebras related to
monotone probability. Some references to these subjects are provided in Notes B.4, B.6, and
7.3 respectively. Finally, it is worth noting that the monograph [92] and the expository article
[141] are also valuable sources on monotone and other notions of independence written from
different perspectives.

I am grateful to Dan Voiculescu who encouraged me to write an introductory exposition
of monotone probability theory. 1 greatly appreciate stimulating discussions with Guillaume
Cébron and Katsunori Fujie, and helpful information from Wojciech Mtotkowski, Janusz Wysocza-
nski, Franz Lehner and Takuya Murayama.

Sapporo, November 2025
Takahiro Hasebe
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NOTATION
N the set of positive integers {1,2,3,...}
Ny the set of nonnegative integers {0, 1,2,3,...}
[n] the set {1,2,...,n} for any n € N
1, the unit of a unital algebra A

Sp(a) the spectrum {z € C: 214 — a is not invertible} of an element a of a unital C*-algebra
(S) the subalgebra generated by a subset S of an algebra
C*(S) the C*-subalgebra generated by a subset S of a C*-algebra

H a; the ordered product a; ay, - - - a4, for a totally ordered set T'= {t; <ty < --- < t,}

and elements a; of an associative algebra A; the ordered product is 14 if T'= ()

B(H) the set of bounded linear operators on a Hilbert space H
My (C) the set of N x N matrices with complex entries
C(X) the set of C-valued continuous functions on a topological space X

X) the set of the Borel sets of a topological space X
D the complex unit disk {z € C: |z] < 1}
C*  the complex upper half-plane {z € C: §(z) > 0}

1o the analytic distribution of a real random variable a

1
G, the Cauchy transform / P p(dt)
R %~

F,, the reciprocal Cauchy transform 1/G,(z)

p(dt) = %Gu (1> —1

zt
Y, the moment generating function / ]
z

r 1l —2t
Yu(2) 1
77N the n—transform #M(Zj) =1- ZFN ;

arg the argument function defined on C \ [0, 400) so that argz € (0, 2)
the sector domain {z € C*: y|R(z)| < I(2)}, v >0
1, ze€B,

X the characteristic function of a subset B, i.e., xg(z) := .
0, otherwise

m, () the nth moment / t" u(dt) of a Borel measure p on R, if it exists
R

Var(u) the variance of a probability measure g on R
A the set {(s,t) eR?*:0< s <t < 400}

—V2 +vV2 ( ) d:l
2 X m v, m v T

S(m,v) the semicircle law with mean m and variance v > 0, i.e.,
1
2mv

\/4U o (l’ - m)2 X(m—2+/0,m+2/7) ('CE) dz
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1. MONOTONE INDEPENDENCE

The standard Kolmogorov’s formulation of probability theory builds upon a probability space
that is a triplet of a set 2, a o-field F C 2 and a probability measure P defined as a function
on F. The first step toward noncommutative probability theory is to shift the focus from
the probability space to a function space over it, say L>® := L*(Q, F,P). We can regard
the expectation E as a linear functional on L*°. The central idea is to generalize L*> to a
possibly noncommutative algebra and E to a linear functional on it, which leads to the concept
of noncommutative probability space. Elements of the algebra are called random variables.
In contrast, the usual probability theory is often called classical probability theory, just as
mechanics in physics before quantum theory is referred to as classical mechanics.

Numerous notions in probability theory can naturally be formulated in the noncommutative
setting. In this section, we will consider the distribution of a random variable, independence
of random variables, and the sum and product of independent random variables. A striking
feature is that the notion of independence is not unique. What we focus on is the one called
“monotone independence”.

1.1. Noncommutative probability spaces. We start by collecting basic materials from
functional analysis. Most of the facts on C*-algebras can be found in standard textbooks,
e.g. in [51].

Definition 1.1. Let A be an associative algebra over C, possibly not having a unit.

(i) A is called a *-algebra if there exists a map A 3 a — a* € A that satisfies (a*)* = a,
(ab)* = b*a* and (Aa + pb)* = Aa* + mb* for all A\, u € C and all a,b € A.

(ii) A is called a Banach algebra if A is a Banach space with respect to a norm || - || and the
inequality ||abl| < ||a||||b]| holds for all a,b € A.

iii is called a C*-algebra i is a x-algebra and also a Banach algebra such that ||a*a|l =
A lled a C*-algebra if A lgeb d al B h algeb h th *
lla]|? holds for all a € A.

For an algebra A, especially when it is non-unital, we define its unitization A := C @& A
with unit 1; := (1,0) and multiplication (\, a)(p, b) := (A, Ab + pa + ab). If A is a x-algebra
then A is a unital x-algebra with involution (X, a)* := (X, a*).

Definition 1.2. (i) A pair (A, ¢) of an associative algebra A over C and a linear functional
p: A — C is called a noncommutative probability space (nc-probability space for
short). If A is a unital algebra and ¢ is a unital linear functional, i.e., ¢(14) = 1, then
(A, ) is called a unital nc-probability space.

(ii) Let A be a unital x-algebra. A linear functional p: A — C is called a state if p(14) =1
and ¢ is positive, i.e., p(a*a) > 0 for all « € A. Such a pair (A4, ¢) is called a unital
x-probability space.

(iii) Let A be a (possibly non-unital) x-algebra. A linear functional ¢: A — C is called a
restricted state if the extended linear functional ¢: A — C with $(1;) := 1 is a state
in the sense of . A pair (A, p) of a x-algebra and a restricted state on it is called a
x-probability space.

(iv) Let A be a unital C*-algebra. If a linear functional ¢ on A is a state in the sense of
above, then the pair (A, ¢) is called a unital C*-probability space. It is known that ¢
automatically becomes continuous with norm 1.

In any setting above, an element a € A is called a random variable and ¢(a) is called the

expectation of a. In a x-probability space, an element a with a* = a is called a real random
variable.
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Remark 1.3. a) On a unital s-probability space (A, ), ¢ is self-adjoint, i.e., p(a*) = p(a)

d)

holds for all @ € A. Moreover, the Cauchy—Schwarz inequality

o(a*b)| < Vp(ara)\/o(bD)
holds for all a,b € A. These can be proved from the fact that the quadratic function
C > A= p((a+ Ab)*(a + Ab)) is nonnegative.

On a x-algebra A, the mere positivity ¢(a*a) > 0, a € A, does not imply that ¢ is a
restricted state. For example, let Cy[x] be the x-algebra of polynomials without constant
terms, equipped with the involution (ayz + s + - - a,x")* = ajr + ow? + - + apa”.
Let ¢: Cy[z] — C be defined linearly by ¢(z) := « and ¢(z™) := 0 for all n > 2. For any
« € C the positivity condition ¢(a*a) > 0 holds, but ¢ fails to be a restricted state as soon
as a # 0 because ((Al 4+ x)*(A1 + z)) = |A|* + 2aR()\), which fails to be nonnegative for
some A € C.

Let A be a unital x-algebra and ¢: A — C be a unital linear functional. Then ¢ is a state
if and only if ¢ is a restricted state. First, it is obvious that if ¢ is a restricted state then
it is a state. Conversely, suppose that ¢ is a state. Let 1; denote the unit of A and 1,4
denote that of A. For the unital extension ¢: A — C and a € A we have

P((ALi+a)" (A1 +a)) = [A” + Ap(a”) + Ap(a) + p(aa).
This is exactly the same as ¢((A14 + a)*(A\14 + a)), which is nonnegative.

We could also define non-unital C*-probability spaces by requiring ¢ to be a positive con-
tinuous linear functional with norm 1, but we will not need this general setting.

Fundamental examples of noncommutative probability spaces are provided below. The first
three correspond to classical probability theory.

Example 1.4. (a) Let (Q, F,P) be a probability space. Let E denote the expectation, i.e.,

the linear functional X — [, X (w)P(dw). Then the pair (L>(Q,F,P),E) is a unital C*-
probability space with unit xq, involution X +— X* defined by X*(w) := X(w), and the
L> norm || - ||. Alternatively, if we consider the larger space L™ := (., LP(Q, F,P),

then (L°°~,E) is a unital x-probability space.

Let Q be a compact topological space and P be a probability measure on (€2, B(2)). The
set C'(2) of the C-valued continuous functions on 2 is a unital C*-algebra equipped with
the same unit and involution as above and the supremum norm || - ||. The pair (C(2),E)
is a unital C*-probability space.

Let C|z] be the polynomial algebra containing the unit. Let (o,),>0 be any sequence of
complex numbers. The linear functional ¢: Clz] — C defined by ¢(z") := an, n € Ny,
provides a nc-probability space (Clz], ¢). Moreover, we introduce an involution on Clz] by
(z™)* := 2" and extending it by antilinearity. Let p be a probability measure on R that
has finite moments of all orders. Then the linear function ¢,: Clz] — C,

ou(P(z)) = / P(t) u(dt)

gives a unital *-probability space (C[z], ¢,).

Let H be a Hilbert space and £ € H be a unit vector, i.e., ||| = 1. Let B(H) be the
C*-algebra of bounded linear operators on H equipped with operator norm and involution
being the adjoint. Let @¢(a) := (£, af) called the vector state. Then (B(H), ¢¢) is a unital
C*-probability space.

Let My (C) be the unital x-algebra of N x N matrices of complex numbers with involution
being the conjugate transpose. Let Tr be the canonical trace, i.e., Tr(a) is the sum of the
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diagonal entries of a. Then (My(C), +Tr) is a unital *-probability space. We can also
make it a unital C*-probability space by naturally identifying My (C) with B(CY).

(f) We generalize example [e) to random matrices. Let My (L>7) be the unital *-algebra of
N x N matrices with entries in L*°~ defined in . With the unit 1y := (5i7j),~7je[N] and
involution a = (X ;)i jepv) — a* = (X,)i e, the pair (My (L"), +E o Tr) becomes a
unital x-probability space.

1.2. Distributions of random variables. In probability theory, for an R-valued random

variable X defined on a probability space (€2, F,P), the distribution of X is the probability
measure px on R defined by

ux(B) =P({we Q: X(w) € BY), BeBR), (1.1)

where B(R) is the set of the Borel subsets of R. By the change-of-variable formula, for any
bounded continuous function f: R — C, we have

E[f(X)] = / J (@) (o).

We take this formula as a starting point to define a distribution of a real random variable in
the noncommutative setting.

1.2.1. The case of C*-probability spaces. Let a be a real random variable in a unital C*-
probability space (A, ¢). Recall that the spectrum

Sp(a) :={z € C: 214 — a is not invertible}

is a compact subset of the interval [—||al|, ||a]|], and a admits continuous functional calculus,
i.e., there is an isometric unital *-homomorphism F,: C(Sp(a)) — A such that F,(P) = P(a)
for any polynomial P, where C'(Sp(a)) is the C*-algebra endowed with supremum norm. The

notation f(a) := F,(f) is used for all f € C(Sp(a)).

Proposition 1.5. Let (A, @) be a unital C*-probability space and a € A be a real random
variable. There exists a unique probability measure p, on Sp(a) such that

p(f(a) = (%) pta(d)

Sp(a)

for all continuous functions f: Sp(a) — C. The probability measure p, is called the distri-
bution of a. Sometimes we_call it the analytic distribution of a to distinguish it from the
algebraic one in Definition below.

Proof. This is a consequence of Riesz—Markov—Kakutani’s theorem applied to the continuous
positive linear functional f +— ¢(f(a)). O

Since p, is supported on the compact set Sp(a), j, is a unique probability measure on R
such that

p(a"™) = / " g (de), n €N, (1.2)
R
see Proposition @

Example 1.6. (a) Let a € My(C) be Hermitian. Then a = udu* for some unitary matrix u
and the real diagonal matrix d = diag(Ay, Ag, ..., Ay) of eigenvalues of a, so that

N
1 1 1

“Te(a") = CT(d) = - Y A= [ o

N r(a") N r(d") ]\[i:l)\z /Ra: pa(de), n e N,

where p, == + Zf\il Jy, is called the empirical eigenvalue distribution of a.
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(b) Let (€2, F,P) be a probability space. We consider the unital C*-probability space (B(H), ¢y,),
where H := L*(Q,F,P) and ¢,,, is the vector state. Let X be a bounded real random
variable. Let myx € B(H) denote the multiplication operator f + X f on H. Then

Pualm) = (vomixa) = [ X@)PAw) = [ ax(de), el
R
where px(-) :=P(X € -) is the distribution of X. Therefore, fi,,,, coincides with px.

(c) Suppose that (A, ¢) is a unital C*-probability space and a € A is a real random variable.
If ¢ is a homomorphism on (a) (the algebra generated by a), then the analytic distribution
e is the delta measure d,(q), as the nth moment of p, equals p(a)™.

1.2.2. The cases of *- and nc-probability spaces. We now turn to the setting of a *-probability
space (A, ). Let (A, ) be its unital extension. Let a € A be a real random variable. Then
the sequence s, := ¢(a™), n = 0,1,2,... is positive semi-definite, i.e., for every n € Ny and

Co,C1,---,Cn € R we have

i CiCjSitj = @ ((i ciai) <i cjaj>> > 0.
i,j=0 i=0 j=0

This ensures the existence of a probability measure j, on R having finite moments of all orders

such that () holds; see Theorem . In general, however, the probability measure p, is
not unique, see Example . For this reason, we will call the sequence (¢(a™))nen itself

the distribution of a instead of p,. More generally, we extend this term to elements of a
nc-probability space.

Definition 1.7. Let (A, ¢) be a nc-probability space. For any a € A, the sequence (¢(a™))nen
is called the distribution of a. Each number ¢(a") is called the nth moment of a.

Relying on this definition, we can say that a and b are identically distributed, or have an
identical distribution, if p(a™) = ¢(b") for all n € N. More generally, given two nc-probability
spaces (A, ) and (B,1), we may say that a € A and b € B are identically distributed if
e(a™) =(b") for all n € N,

Example 1.8. Let us consider the unital *-probability space (L™, E) introduced in Example
. Let X € L>*~ be a real random variable. Let ux be the probability measure defined
in ([L.1}). The change-of-variable formula yields

E[X"] = /Rx”ux(dx), n € N.

Therefore, the moment sequence of px is the distribution of X in the sense of Definition @
Note that there might be another probability measure on R that has the same moment sequence.

1.2.3. Spectral measures and analytic distributions. For bounded self-adjoint operators on com-
plex Hilbert spaces, we can show that the analytic distribution is the evaluation of the spectral
measure by a state. Although this fact is not essential in the following, this is a core idea of
noncommutative probability and of quantum physics, and so it is worth noting here. Let us
first recall the concept of spectral measure.

Definition 1.9. Let a be a bounded self-adjoint operator on a complex Hilbert space H.
The spectral measure of « is a function £, defined on B(Sp(a)) taking values in the set of
orthogonal projections on H, such that

(i) Ea(Sp(a)) = idu,
(ii) for disjoint sets B,, € B(Sp(a)), n € N, the identity

E, (G Bn> = iEa(Bn)
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holds, where the infinite sum converges in the sense of strong operator topology,
(iii) it holds for all £ € H that

(6,a€) = /S | 6 B,

where the right-hand side is the integral against the Borel measure B — (¢, E,(B)¢).
This formula is often written more simply as

a= / x E,(dr)
Sp(a)

and is called the spectral decomposition of a.

It is known that a spectral measure exists; the reader is referred to e.g. [142, Theorem 5.1 and
Proposition 5.10] or [51, Theorem IX, 2.2].

The spectral measure offers Borel functional calculus: for any bounded (Borel) measurable
function f: Sp(a) — C we can define f(a) by the spectral integral

fa):= [ f(x) Buda). (1.3)
Sp(a)

This satisfies several properties e.g., xsp@)(a) = idx, (fg)(a) = f(a)g(a), and

(€, fla)§) = )f@:)d(g, Ea(x)§), &€ H. (1.4)

Sp(a

One can also interpret that (@) is the definition of the spectral integral, i.e., the spectral
integral f(a) in ( is a unique bounded operator such that (|l.4) holds; recall the well known
fact that (£,b€) = 0 for all £ € H implies b = 0 if H is a complex Hilbert space.

Proposition 1.10. Let a be a bounded self-adjoint operator on a Hilbert space H and & € H
be a unit vector. Let E, be the spectral measure of a. Then the analytic distribution of a in the
C*-probability space (B(H), p¢) is given by p1q, = @e 0 E,.

Proof. The definition of spectral measure implies that ;1 := ¢ o E, is a probability measure on
R. By Borel functional calculus we have

ce(a”) = (€, a"¢) = / e, Ba(2)E) = / o u(dz),  neN,
Sp(a) Sp(a)

which shows p = . U

Remark 1.11. The spectral measure exists also for unbounded self-adjoint operators on Hilbert

spaces. Then we can define the distribution of the operator to be the evaluation of the spectral

measure by a state. This is a standard method in noncommutative probability to handle
arbitrary probability measures on the real line.

The analytic distributions in Example can be understood via spectral measures.

Example 1.12. In the setting of Example , we identify My (C) with B(CY). Let
AN AL, N, (1< M < N) be the eigenvalues of a without counting multiplicities. The
spectrum of a equals the finite set

Sp(a) = {\},..., Ny }-

Let E; be the orthogonal projection from C" onto the eigenspace of the eigenvalue \,, i.e.,

Ezf = i(ui,ja 5>ui7j7

Jj=1
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where {u;1,u;2,...,Uim,} is an orthonormal basis of the eigenspace. We show that
= Z E;, B C Sp(a)
i A;GB

is the spectral measure of a. First, as is well known in linear algebra, the vectors {u;; : 1 <
j < my, 1 <i< M} form a basis of CV. Since every vector £ € CV can be expressed as the

linear combination
M my

5 = Z Z(ui,ja 5>ui7j7

i=1 j=1
one can easily see that

M
- Z El - id(cN.
i=1

Second, observing (§, E(B)§) = Y. yep iy (€5 wij) > we see that the Borel measure (€, E(-)¢)
can be expressed as (&, E(-)§) = Zf‘il(z] L [(€, wij)[?)dx. We thus obtain

/S (a) <£ E Z (Z’ §, U” ) )‘; = Zi(f,aui,ﬂ(ui’j,g)
= Zi(a*é,ui,j><ui,j,§> = (a*§, &) = (§, a&),

where we used the basic relations au; ; = N, ; and (€,7) = 320 (€, i) (vg, ) for any orthonor-
mal basis (vx)ken]. Therefore we have verified that E is the spectral measure.
Finally, the analytic distribution p, in the C*-probability space (My(C), +Tr) can be recov-

ered as
lB) = FTEB) = 3 DE) = 3 mi= 3o (B

i:\,eB i:\,eB

Example 1.13. In the setting of Example @ observe first that the spectrum of my is
exactly the support S of pux (see Section for the definition of support). We show that the
spectral measure of the multiplication operator my is given by

E(B) = My p(X)s B e B(S)
First, it is obvious that E(S) = idy as P(X € S) = 1. Second, E(B) is an orthogonal projection

as one can easily check E(B) = E(B)? = E(B)*. Third, for disjoint Borel subsets B, € B(S)
and £ € H we have

E (U Bn) €= XUy 8n (X)E=D x5, (X)E=) E(B

where the second equality holds (in the L? sense) by the dominated convergence theorem.
Finally, for ¢ € H, the measure B — (£, E(B)§) is given by E[xz(X)[¢|?] = E[dx(B)|¢?]. If
f = xp with B € B(S), then by the definition of integral

/S f(2) d(E, E(x)€) = Elxs(X) €] = E[F(X)IE[F] = (€, F(X)€).

For a nonnegative bounded Borel measurable function f, we approximate it by simple functions
from below. By the monotone convergence theorem, the same formula [, f(z) d(¢, E(x)f) =
(€, f(X)E) still holds. By linearity, the same holds for any bounded Borel measurable function
f. In particular, selecting f(x) = = we conclude that F is indeed the spectral measure of my.
Note that the above arguments actually show that f(mx) = myx).
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Using the spectral measure, we recover the analytic distribution of mx in Example @ @

fimx (B) = oxo (E(B)) = (xe, x8(X)xa) = P(X € B),

so that p,,, coincides with the distribution of X in the sense of classical probability.

1.3. Independence of two subalgebras. On a probability space (€2, F,P), the independence
of two sub-o-fields G, H C F is defined by the condition

P(AN B) =P(A)P(B), AegG, BeH.
This is also equivalent to the condition that
E[XY] =E[X|E[Y], X e L*®(Q,G,P), Y € L(Q,H,P). (1.5)

The latter condition can be regarded as a certain relation between the subalgebras L>(Q2, G, P)
and L>®(Q,H,P) of L>(Q, F,P).

Let us generalize the independence of the form ([L.5) to a nc-probability space (A, ¢). From
the above observation, it is natural that subalgebras of A should play the role of sub-o-fields
in probability theory. Let B, C' be subalgebras of A. Because random variables are allowed to
be noncommuting, focusing only on the expectation p(bc), b € B, ¢ € C, is not sufficient; it is
natural to discuss the more general quantities

90(510152 T Cn—1bn), 90(510152 T Cn—lbncn>7
@(Coblclbg R Cnflbn), QD(CoblCle L cn,lbncn), bz € B, C; € C,

which we call mixed moments of B and C. To discuss the above four kinds of alternating
words in a unified way, we consider p(cobicy - - ¢h—1b,c,) allowing ¢g = 15 or ¢, = 1; in the
unitized algebra A (if A is unital then we can just take ¢g = 14 or ¢, = 14). Inspired by (@),
we consider a “universal rule” for calculating the mixed moments of B and C, and call it an
independence of B and C' in noncommutative probability theory.

A direct generalization of the classical stochastic independence () to a nc-probability space
is as follows.

Definition 1.14. Let (A, ) be a nc-probability space. Subalgebras B,C C A are called
tensor independent if

w(cobrerbaca - - - bycy) = @(biby - - - by)p(cocica - - - )

holds for all n > 1, by, ba,...,b, € B, ¢1,¢2,...,¢h—1 € C and ¢, ¢, € CU{1;}. In case n =1
and ¢y = ¢, = 1; we understand ¢(coc,) = 1.

Two subsets S,7 C A are said to be tensor independent if the subalgebras B := (S) and
C := (T') are tensor independent. If (A, ) is a x-probability space, then two subsets S,T C A
are called *-tensor independent if the x-subalgebras B := (b,b* : b € S) and C' := (¢,c* : c € T)
are tensor independent.

Example 1.15 (A canonical model for the tensor independence). Let (A4;, ;), i = 1,2, be two
nc-probability spaces. Let A := A; ® Ay and ¢ := ¢ ® 2. Then the subalgebras B 1= A;®14,
and C' := 14, ® A,y are tensor independent in (A, ). To see this, for example for b; = z; ® 1 4,,
1=1,2,and ¢; = 14, ®y;, ©t = 1,2, 3, we have

cobicibaca = (2172) ® (Yoy1y2)
and hence

@(cobicibacz) = p1(2172)02(Youry2) = @ (bibz)p(cocica).

Here we introduce monotone independence as another factorization formula for mixed mo-
ments.



MONOTONE PROBABILITY THEORY 13

Definition 1.16. Let (A, ) be a nc-probability space. Subalgebras B,C C A are called
monotonically independent if

p(cobierbacy -+ - bucy) = @(biby - - by)p(co)p(er)p(ca) - - - plcn) (1.6)

for all n > 1, by,by,....b, € B and ¢1,¢9,...,¢,—1 € C and ¢y, ¢, € CU{1l;}. Here we
understand ¢(1;) = 1.

Two subsets S,T" C A are called monotonically independent if the subalgebras B := (S)
and C := (T') are monotonically independent. If (A, ) is a x-probability space, then subsets
S, T C A are called #-monotonically independent if the x-subalgebras B := (b,b* : b € S) and
C :=(c,c" : ¢ € T) are monotonically independent.

Remark 1.17. a) Monotone independence has an “asymmetric” nature: B and C' being mono-
tonically independent does not imply that C' and B are monotonically independent.

b) If B,C are monotonically independent and (A, ¢) is unital, then one can show that B and
(14,C) are also monotonically independent, i.e., () holds for co,c1,...,¢c, € CU{14}
too. However, if one takes b; = 14 for some ¢ then () holds only in trivial cases. Suppose
for example that ¢(cobic1) = @(b1)p(co)p(c1) were the case for by = 14. Then we would
have p(cocr) = w(co)e(cr) for all ¢y, c; € C, i.e., p would be a homomorphism on C. In the
setting of C*-probability spaces, this would imply that any real random variable ¢ € C' has
the trivial distribution d,(), see Example .

c¢) The above B suggests that the role of the unit 14 is rather different from classical prob-
ability theory. Here are two more remarks on the unit. In probability theory, a constant
random variable is independent of any other random variable. In monotone probability, it
is easy to see that a and 1, are monotonically independent for any a € A; however, typi-
cally 14 and a are not monotonically independent. Also we can observe that the monotone
independence of b and ¢ does not imply that of b+ A14 and ¢ for A € C\ {0}.

d) Suppose (A, ¢) is a unital C*-probability space. If B,C are s-subalgebras of A that are
monotonically independent, then we can prove ([L.G) foralln > 1, by,bs,...,b, € C*(B) =B

and cg, 1, ..., ch_1 € C*(14,C). Moreover, when ¢y = ¢, = 14, the left- and right-most
letters b; and b,, are allowed to be the unit, i.e., the formula
@(bicibaca -+ cuo1bn) = @(bibz -+ by)p(cr)p(ca) - - - p(cn-1) (1.7)

holds for alln > 2, by, b, € C*(14, B), by, ..., b,—1 € C(B)and ¢1,¢9,...,¢,1 € C*(14,C).

Example 1.18 (A canonical model for monotone independence). Let Hy, Hy be Hilbert spaces.
We fix arbitrary unit vectors & in H;, i = 1,2. Let H := H; ® H» be the tensor product Hilbert
space, £ 1= & ® &, and p € B(Hs) be the orthogonal projection onto the one-dimensional
subspace C&. We consider the unital C*-probability space (A, ), where A = B(H) and
ola) == (£,a€), a € A, and the x-subalgebras B := B(H;) ® p and C := idy, ® B(H,) of
A. Note that B is a x-subalgebra because of p?> = p = p*, and moreover, B, C are both C*-
subalgebras (i.e., closed with respect to the operator norm) because ||z ® y|| = ||=||ly|| holds
for all x € B(H;) and y € B(H>).

We show that B and C' are monotonically independent in (A, ). To see this, for example
for b; = Z;Z ®p,i=1,2,and ¢; =idy, ® ¢, 1 =1,2,3, we have

cobicibacy = (5152) ® (CopCipea)
and hence, with notation ¢;(-) = (&, - &) u,,
@(0051015202) = 901(5152)@2@027511052)-
Note here that, since p&; = p*&; = &, we have

a(CopC1pla) = pa(pCopCipiap).
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Straightforward calculations yield pép = ¢o(¢)p for any ¢ € B(H,). Hence, we arrive at

2 (Copl1pts) = 902(50)902(51)902(52) = 90(00)90(01)90(02)
and finally
p(cobierbaca) = p(biba)p(co)p(cr)p(ca).

Example 1.19. A simpler example can be constructed on a single Hilbert space H equipped

with a unit vector £ € H. Let p be the orthogonal projection onto C£ and let ¢(-) := (&,-§).

We show that the sets {p} and B(H) are monotonically independent in (B(H), ¢). Since the *-

algebra generated by p is just Cp, it suffices to compute ¢(aipasp - - - pa,,), where ay, as, ..., a, €

B(H). Using the relations pap = ¢(a)p, p§ = € and ¢(p™) = 1, n € N, we can see that
p(arpasp - - - pan) = o(parpas - - - anp) = @(a1)p(az) - - - ©(an)p(p)

as desired.

1.4. Independence of several subalgebras. We extend the definition of tensor and mono-
tone independence to the case of several subalgebras. For the tensor case, the definition comes
from the following natural extension of Example .

Example 1.20. Let (A;, ¢;), i € [N], be unital nc-probability spaces. Let

A:A1®A2®®AN7
PI=P1 QP& Q PN.

We consider the subalgebras

Bi =14, ®14® Q1 A1, @ - ®1y, (1.8)
for ¢ € [N]. Then for any i1,1s,...,i, € [N] and by € B;,, by € B;,, ..., b, € B;, we have
— — —
pabe-b) = | T b |el IT o] ¢ 11
prip=1 prip=2 prip=N

The above example can be abstracted to any family of subalgebras of any nc-probability
space as follows.

Definition 1.21. Let (A, ¢) be a nc-probability space. A family of subalgebras (A;);er of A is

called tensor independent if for any i,%s,...,%, € I and ay € A;;, as € Ay, ..., a, € A;,
we have
=
plaray---an) = [[e | 1] @
jel piip=j

Moreover, a family (5;);c; of subsets of A is said to be tensor independent if so is (A;);es, where
A; = (S;) is the subalgebra generated by S;. Independence of random variables (z;);e; can be
defined by regarding each x; as the set of single element.

Example can also be extended to an arbitrary number of subalgebras. Given Hilbert
spaces H; with unit vectors & (1 <7 < N), we set

H=H ®H,®- - ® Hy,
§ =606 - Q&N,
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and A = B(H), ¢(a) := (£,a&)g, which form a unital C*-probability space (A,¢p). Let
p; € B(H;) be the orthogonal projection onto C¢;. Then we consider the x-subalgebras

A =B(H) ®p @ps® -+ @ py,
A2 = ld[{l ®B(H2) ®p3 ® ®pN7
Ag = idH1 & ldH2 ®B(H3> K- ®pN7 (19)

AN = ldH1 X ldH2 [ idHN71 & B(HN)
This operator model leads to the following definition; see also Example .

Definition 1.22. Let (A, ¢) be a nc-probability space and I be a totally ordered set. A family
of subalgebras (A;);c; of A is called monotonically independent if for any iy,4s,...,4, € I
and a; € A, as € A;,, ..., a, € A;,, we have

olag)p(arag - - ag_1ap1---a,) f2<k<n-—1andir; <ig > ix1,
p(aray---an) = § (ar)p(azas - - - ay) if 47 > io,
gp(an)go(alag tU an—l) if 1 < Up.

Moreover, a family (.S;);e; of subsets of A is called monotonically independent if so is (A4;);er,
where A; = (S;) is the subalgebra generated by S;. If (A, ) is a *-probability space, then a
family (S;);er of subsets of A is said to be x-monotonically independent if the x-subalgebras A;
generated by S; are monotonically independent.

Remark 1.23. This is a recursive definition of monotone independence. Applying the definition
repeatedly, the mixed moment ¢(ajas - - - a,) will eventually be of the form

m

1 elaryarni) - ary )

Jj=1

where k1(j) < kao(j) < -+ < ki(j)(i lf:)r each j and ag,(j), Gr,(j), ... belong to a common
1.2

subalgebra A,;); see also Example Although writing down the general expression is
complicated, we will later do so for I = {1,2,3} in the proof of Proposition R.1l.

Example 1.24. The sequence (A4;)Y, of x-subalgebras of B(H ) defined in () is monotonically
independent. To see this, let 4y,4s,...,7, € [N] and a; € A;;, j € [n]. Let 2 <k <n —1 be
such that ;1 < i > ipr1. We can see ap_jarars1 = @(ag)ar_1ax11 because of p;xp; = wi()p;
for any « € B(H;), and hence

o(aras - - an) = @(%)SO(%@ CrQp—1Qp41 0t Cln)-

The cases i, > 1o and 7, 1 < 1, are handled with a trick: if ¢y > iy then we may insert the
projection p =p; @ pa @ -+ @ py as

plarag -+ a,) = (§, a1a - - - a,&) = (p§, arag - - - ap§) = (§, parag - - - ax§),

where the last equality holds because of p = p*. Then we can use the operator identity
paias = p(aq)pas to show

plarag -+~ a,) = p(ar)plag - - - ay).

The case 7,,_1 < 1,, is similar.
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Example 1.25. Suppose that subsets {a,a’}, {b,0'},{c, ¢} are monotonically independent in
(A, ¢). Then

plab) = p(ba) = p(a)p(b),

p(aba’) = p(aa’)p(b),
p(bab’) = p(b)p(a)p(b),
plabel’da’) = p(abel’a’)p(¢) = p(abt'a’)p(c)p(c) = p(aa’)p(Bb)p(c)p ().

The formula for ¢(bal’) is already different from the case of tensor independence.

Proposition 1.26. Let (A, ) be a nc-probability space and I be a totally ordered set. Suppose
that a family of subalgebras (A;)icr of A is monotonically independent. Then the restriction of
@ to the subalgebra (A; : i € I) is determined by o[, , 1 € 1.

Proof. This is a consequence of Remark . ]

Remark 1.27. In free probability, unital %- or C*-probability spaces (A, ) often satisfy the
conditions that

e o is faithful, i.e., ¢(a*a) = 0 implies a = 0,
e ¢ is tracial, i.e., p(ab) = p(ba) for a,b € A.

In monotone probability, however, these conditions hold only in trivial cases. Let a,b be
monotonically independent real random variables in a unital C*-probability space (A, ¢).

a) If ¢ is tracial then either y1, = 0p O 1y, = 0yp(q). Suppose that p, # . We first observe that
o((ba?)b) = p(a?)p(b)?, while p(b(ba?)) = p(a?)p(b?). The traciality of ¢ therefore implies
o(b?) = ©(b)? as p(a?) > 0. This means that the analytic distribution u; has vanishing
variance, so that p, = d, )

b) If ¢ is faithful then again either p, = &y or p, = dyp). Since a and b — ¢(b)1,4 are
monotonically independent, we may and do assume that ¢(b) = 0 from the beginning.
Because ¢((ab)*(ab)) = p(ba*b) = p(a?)p(b)? = 0, the faithfulness of ¢ implies ab = 0. If
o 7 0o then p(a?) > 0 and so 0 = ¢(a?b™) = p(a?)p(b"), i.e., p(b") = 0 for all n € N. This
implies pp = do.

1.5. Additive monotone convolution. For classically independent R-valued random vari-
ables X, Y, the distribution of X 4+ Y is called the convolution of ux and py and is given
by
(i ) (B) = pxar(B) = [ xas+ Dux(@s)v(dt), B e B®).
RQ
It is well known that the exponential moment generating function (essentially equivalent to the

characteristic function) is useful to calculate the convolution. For simplicity, assuming X € L,
let

EX"
Ex(z) := Ele*X] = Z %z”, z € C.
n>0 )

Due to the independence we have Ex,y(z) = E[e*Xe*Y] = El[e*X|E[e*Y] = Ex(2)Ey(2).

Here we consider the distribution of x 4+ y when x and y are monotonically independent real
random variables in a unital C*-probability space (A4, ¢). Instead of the exponential moment
generating function, a more useful function is the shifted moment generating function

My(2) = 2p((1a — 22)7") = Y _o@")z"",  z€C, |2 <1/,

n>0

where 1/0 is to be interpreted as +oo.
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Theorem 1.28. Let (A, ) be a unital C*-probability space. Suppose that x,y € A are mono-
tonically independent. Then for all z € C with |z| < 1/(||z]| + |lyll) we have |My(2)| < 1/||z||
and

My (2) = Mo (M, (2). (1.10)

Proof. First we check that the functions M,,(z) and M,(M,(z)) make sense. The assumption
2| < 1/(llzll + [lyl]) implies |2] < 1/]|z +y|| and |z < 1/[ly[| so that M,,(2) and M,(z) are
well defined. Moreover, one can check |M,(z)| < 1/||z| by using the estimate

n n ||
|<Z|90 |!|“<Zl|y|| 2" =

lyllf=]

1
[ 1

IR

< 1
U= [yl e

Because x, y are noncommuting in general, the expansion of (x +y)" contains 2" terms. The
following expression is useful for us:

(x4 y)" Z Z ykol‘ykll‘"'$ykf.

=0  ko,k1,....k; >0,
ko+ki+:+ke=n—{L

Evaluating_this by ¢ and applying the definition of monotone independence together with
Remark [1.1 yields

(z+y)" Z > e@)e)ew™) o). (1.11)

=0  ko,k1,....,ke>0,
ko+ki+-+ke=n—¢L

Then we can proceed as follows. First we perform formal calculations and later discuss analytic
issues:

Myiy(z) =) 2" Z > e@e )W) - e(y™) (1.12)

n>0 /=0 ko,k1,...,ke>0,
ko+ki+-+ki=n—~

=33 > e ey () (113)

£>0 n=¢ ko,k1,...,ke>0,
ko+ki+-+ky=n—~

=Y > e oy p(y) 2R (1.14)
>0 ko,k1,...,k¢>0

=3 ()M, () (1.15)

>0
= M, (My(2)). (1.16)
Calculations ()7() can be justified with Fubini’s theorem because the sum ([l.14)) is

absolutely convergent:

Z Z ‘g&(xe)cp(yko)zk”lgo(ykl)zle o go(yk‘)zk’f+1|

£20 ko,k1,...,k¢>0

<D D Tl eyttt

£2>0 ko,k1,...,ke=>0

|2 l|]] )Z
< 4o00. ]
Tl |Z|Hy|| 2 (1 — |2yl

>0
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Suppose that x is a real random variable in a unital C*-probability space. Since the moment
sequence @(z"), n = 1,2,3,..., is encoded in M,(z) as the Taylor coefficients, the analytic
distribution p, can be determined from M, (later we show a more straightforward formula that
recovers fi, from M, called the Stieltjes inversion, see Proposition §.33). Conversely, M, can
be computed from p, by the formula

z
M,(z) = — u(dt).
@)= [

Thus, we can identify M, with u,. Therefore, formula () gives a binary operation on the
set of compactly supported probability measures, which is called additive monotone convo-
lution. Later we extend additive monotone convolution to arbitrary probability measures on
R, see Theorem p.1|.

1.6. Multiplicative monotone convolution. In probability theory, multiplication of inde-
pendent random variables is another natural operation. If X, Y are R-valued random variables
defined on a probability space, then the law pxy is called the multiplicative convolution of i x
and py and is given by

per(B) = [ xa(stux(@pr(dn. B e BR)

In the particular case where X, Y are both positive, the use of log(XY') = log X +log Y allows
us to reduce the calculation of multiplicative convolution to the additive convolution.

Here we will consider the multiplication of monotonically independent random variables. In
the setting of unital C*-probability space, for real random variables x, y, the product zy is not
self-adjoint in general. To recover the self-adjointness, we consider \/zy+/x or |/yx,/y assuming
x or y are positive. However, the result turns out to be rather trivial.

Proposition 1.29. Let (A, @) be a unital C*-probability space. Let x,y € A be monotonically
independent real random variables. Let o := ¢(y).
(i) If >0 then i /zy/z = Moz
(i) If y > 0 and o > 0 then p o 5 = (1 — 5)d0 + Bllaw, where B = o(\/y)?*/a. If a =0
then ,u\/gx\/g = (50.
Proof. (i) First note that C*(x) and C*(y) are monotonically independent, and that /z € C*(z).

We can therefore obtain

o(Vayva)") = p(Vryzyz - - yvz) = (Ve 'Vr)e(y)" = ((ax)").

If a = p(y) > 0 then for n > 1 we have
P((Vyzvy)") = e(Vyayz - 23/y) = o(a")p(vy) e(y)" " = Bo((az)").

Note that § < 1 holds by the Cauchy—Schwarz inequality. Moreover, because the analytic

distribution of y is supported on [0, +00) and not equal to dy, we have o(\/y) = [~ V't p, (dt) >
0 and so 8 > 0. The conclusion follows by the fact

/R (1= B)do + Brian)(dt) = Bp((az)"),  n > 1.

If o = ¢(y) = 0 then the Cauchy-Schwarz inequality implies ¢(,/y) = 0, and so ¢((/yz/y)") =
p(x")p(yy)e(y) ! =0 forn > 1. O

A more nontrivial distribution of \/zy./x can be obtained by assuming the monotone in-
dependence of x — 14 and y — 14; recall from Remark [1.17 that this assumption is different
from the monotone independence of x and y. Currently, in the literature, this is taken as the
standard definition of multiplicative monotone convolution although the definition might look
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strange. There are reasons why we assume the independence of x — 1,4 and y — 14; one prac-
tical reason is that this is useful in a later application to random matrices, see Theorem B
Another reason is that this multiplicative monotone convolution appears in free probability
theory in the form of “subordination functions”, see Notes p.4.

To describe the multiplicative monotone convolution, useful transforms are the following

y-transform (also called the moment generating function) and the n-transform

Yul(2) = M) — 1 = p(ea(La — 20) ™) = 3 la)",

L n) _
TIx(Z) = m7

which are holomorphic in a neighborhood of zero.

Theorem 1.30. Let (A, p) be a unital C*-probability space. Let x,y € A be real random
variables such that x > 0 and that x — 14,y — 14 are monotonically independent. Then for all
z € C sufficiently close to zero we have

Mey(2) = Nya (2) = Nyayya(2) = 12(0y(2))-

Proof. Let xy := x — 14. Recall from Remark @ that C*(zo) and C*(y) are monotonically
independent. We first expand (y/xy+/z)" as

(Vayvz)" = Vay(zo + 1a)y(zo + 1a) - - - (w0 + La)yve
=3 D VayteeyPao -zt Ve,

k=0 j1.j2,-Jk+121
Jiti2+Fik+1=n

where k stands for the number of x(’s selected from (xy + 14)’s and j; — 1 is the number of
consecutive 14’s between the (i — 1)th xy and ith zo. Evaluating the above by ¢ yields

n—1

p(Vaypvn)") => " > eWarbva)e )ew?) - ey)  (117)

k=0 ji,j2,Jk4121
Jit+j2+FJk41=n

: Yo plah)e ey - ey (1.18)

k=0 j1,52,.sJk4121
Jit+je++Jk41=n

3

When obtaining line ([1.17), we have applied monotone independence of the form () thanks
to the fact \/z € C*(14,x0). Note also that formula (E) holds because o and y/r commute.
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Formula () leads to the following:

Yympva(2) = e(eVayva(la — 2/ayyz) ™) = Y 2o((Vayva)")

=> > D Zelaap)ey)ey?) - ey

Jitjet+tik41=n

=3 > ela)e((zy)e((zy)) - ol(zy) ) (1.19)

k=0 j1,52,sJk+1>1

= Z @(xxlg)wy(z)kﬂ =¥ <5U Z(¢y(2)x0>k> @Dy(z)

= ¢ (2(La = ty(2)20) ") ty(2) = (wmy(2)(1a — 1y (2)2) )
= 1 (ny(2)).

The expression in ([1.19) is absolutely convergent for sufficiently small |z|, so that the above
calculations can be justified by Fubini’s theorem. The obtained formula ¥ s, /z(2) = 1. (1,(2))
is equivalent to the desired 7, 7, /z(2) = 7.(1y(2)) for small |z]. A slight modification of the

above calculations of p((v/xyy/x)™) shows ¢((v/zy/z)") = ¢((xy)™) = ©((yx)™). For example,
(xy)" = xy(zo+ 1a)y(xo + 1a) -+ (2o + 1a)y
can be used to show o((v/zy/r)") = ((zy)"). O

Remark 1.31. a) The attentive reader might have noticed that the assumption x > 0 is un-
necessary to show the formulas 7,,(2) = 1y, (2) = 1.(1,(2)).

b) One could also consider ,/yz,/y by assuming y > 0, which, however, would result in a more
complicated formula; see [69, Section 9] and [70, Theorem 3.18].

Analogously to additive monotone convolution, Theorem gives rise to a binary operation
on probability measures with compact support (one is required to be supported on [0, +00) as it
comes from nonnegative elements x > 0). This operation is called multiplicative monotone
convolution and it can also be generalized to probability measures with unbounded support,
see Theorem p.5.

1.7. Notes. Our definition of *-probability space in Definition [L.2 is used e.g. by Muraki [126],
Gerhold [[74], Gerhold, Hasebe and Ulrich [75] and Lachs [103]. The term “restricted state” is
used in [[74, [77]. Tt is called “strongly positive linear functional” in [103] and simply “state” in
[75]. Unital C*-probability spaces and WW*-probability spaces are widely used in free probability
[127, 152]. Hora and Obata’s book [92] uses the setup of unital x-probability spaces and calls
them algebraic probability spaces.

Muraki gave an abstract definition of monotone independence in [122] that had been implicit
in_earlier works on creation and annihilation operators on monotone Fock spaces [58, 110, [120,
121]. The original definition was slightly different from Definition [1.29. A definition equivalent
to ours was given e.g. by Franz [66]. The operator model () for monotone independence is
equivalent to the model given by Muraki [122] but the original model appeared more analogous
to the operator model for free independence on the free product Hilbert space.

Rank-one perturbations of operators are intensively studied in mathematical physics, see
e.g. [65, 145, 146]. Example Epls connected to such works; the reader is referred to [81], Section
9] for further information. In general, higher-rank perturbations are not directly connected to
monotone independence, but higher-rank perturbations and unitarily invariant random matrices
show monotone independence asymptotically in the large size limit. This will be discussed in
Section {.
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The formula for additive monotone convolution in Theorem was given by Muraki [[122].
Our proof is different and is adopted from [134, Theorem 3.2] and [89, Proposition 4.1]. The
formula for multiplicative monotone convolution in Theorem was given by Bercovici [31,
Theorem 2.2] and Franz [69, Corollary 4.3]. One can also consider the multiplication of unitary
elements that is omitted in this article; the interested reader is referred to [31, 69]. Commutators
i(zy — yx) and anticommutators xy + yx of monotonically independent random variables z, y
were studied by Banna and Tseng [1§].

Attempts are being made to unify or establish connections between different notions of in-
dependence. An incomplete list of those related to monotone independence is the following:
Arizmendi, Mendoza and Vazquez-Becerra introduced “BMT independence” by naturally gen-
eralizing the operator models in Examples [1.2(] and [14]; Cébron, Dahlqvist, Gabriel and
Gilliers found that monotone independence arises naturally from “cyclic-monotone indepen-
dence” [41] and more generally from “cyclic-conditional freeness” [43]; Cébron, Dahlqvist and
Male observed monotone independence in the context of “traffic independence” that captures
asymptotic features of permutation-invariant random matrices [42]; Franz observed that “con-
ditional freeness” of Bozejko, Leinert and Speicher contains monotone independence as a special
case [69]; Hasebe constructed “conditionally monotone independence” with respect to two states
[84] and a further generalization with respect to three states [83]; Jekel and Liu defined “tree in-
dependence” building upon the structure of trees [95]; Mingo and Tseng showed a construction
of monotone independence within the framework of “infinitesimal freeness” [116]; Skoufranis
derived monotone independence from “bi-free independence” of Voiculescu [147]: Wysochanski
considered “bm-independence” for subalgebras indexed by partially ordered sets [[159, 160, 161].

2. UNIVERSAL CONSTRUCTION OF MONOTONE INDEPENDENCE

In probability theory, there is a canonical way to construct independent random variables.
Let (%, Fi,P;), i € I, be a family of probability spaces. We set € := [],_,; € be the product
set, F = @),c; Fi be the product o-field and P := ), ., P; be the product measure. Given
random variables X;: Q; — C (i € I), we define Y;: Q — C by

}/7;((,()1,(,02, .. ) = Xz(wz)

Then (Y;);er is an independent family of random variables defined in (2, F,P) and the distri-
bution of Y; coincides with the distribution of given X;.

A natural generalization of the above construction can be given for nc-probability spaces using
the tensor product of algebras, which yields tensor independence. This is exactly Example @7,
in which the index set was a finite set [ = {1,2,..., N}.

For monotone independence, a much bigger algebra, called the coproduct or the free product
(without identification of units), is useful to define a canonical model of independent subalge-
bras. An advantage of free product algebra is that it has a universality property that allows us
to construct other types of independence on the same algebra just by selecting different linear
functionals, see Notes R.5.

Notions of independence are also known to have universal realizations from the perspective
of graph theory. Roughly speaking, the idea is to find a graph product whose adjacency matrix
consists of operators of the form (g@) in the tensor case, or (@) in the monotone case.

2.1. Free product of algebras. Let (A;);c; be a family of algebras. Let A be the vector
space over C defined by the algebraic direct sum

A= ) Ao

neN, i,iz,...,in€l,
11712, 12713, .oy In—1FIn
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where A; i, 4, = A ® Ay @---® A;,. In this vector space, we define a multiplication called
the concatenation: for a1 ® aa ® -+~ ®@ a,, € Ajy 45,0, a0d by @by @ -+~ @ by, € Ajy 4y s

(1 ®ay® - @ay) (b1 @by @+ ®by,) 1=

A QA @ Qa, @by @by @ -+ R by, it i, # Ju,
A QA @ @ ap_1 @ (b)) @by ® -+~ @by, it i, =

and then extend this definition to A by bilinearity. With this multiplication, simple tensors
can be interpreted just as the multiplication of letters, so that, for example, we may simply
write ajas - -+ a, for a;y ® as ® --- ® a,,. This multiplication is associative and A becomes an
algebra, which is denoted by | |,.; A; and is called the free product or coproduct (see below).
The algebra A contains each A; as a direct summand, so that we can naturally interpret each
A; as a subalgebra of A.

The free product has a universality. Consider a family of algebras (A;);c;. An algebra
A together with a family of homomorphisms f;: A; — A, ¢ € I, is called a coproduct of
(A;)ies if for any family of homomorphisms g; from A; into an algebra B, i € I, there exists
a unique homomorphism h: A — B such that ho f; = ¢;, i € I. A coproduct is unique
up to isomorphisms. In fact, the free product | |, ; A; together with the natural embeddings

L A — |_|Z.e ; A;, satisfies the universality and hence is a coproduct.

2.2. Monotone product of nc-probability spaces. Given a family of nc-probability spaces
(Ai, i)ier, where I is a totally ordered set, we set A := | |,.; A;. We aim to define a linear

functional ¢ on A such that the subalgebras (A4;);c; are monotonically independent in (A, ¢).
We start from the case I = {1,2}. The free product is then simpler:

AU, = [(511®A2®A1®--;)69(A2®A1®A2®";) :
n=1 len;hn len;hn

An advantage of the free product is that we can simply define ¢ to be the right-hand side
of (Le), ie., for any i1, is,....0n € {1,2} with i # i, G2 # i3, ..., in1 7 in and any
a1ag -y € Ay iy in, We set

N
olarag -+ ay) == 1 ( H ak> H walay). (2.1)

k:ap€A; k:ap€Asg

Since the right-hand side of (@) is a multilinear functional on A;, x A;, x --- x A; , it makes
sense as a definition by the universality of tensor product of vector spaces. We denote the
above construction as

(A, 0) = (A1, 1) > (A2, 02) = (A1 U Az, 01 > )

and call it the monotone product of (A, p1) and (As, p9).
The monotone product has certain associativity. For three nc-probability spaces (A;, ¢;),
t = 1,2, 3, there is a natural isomorphism, called the associator,

(US (A1|_|A2)|_|A3 L)AIU(AQHAP,)

This is defined by the natural rearrangement of the tensor components so that the resulting
element belongs to the target space. For example, if ajasasasas € Ass213, then a1 ® ay ®
(agas) ® as is an element of (A; U Ay) U A3, where azay stands for the multiplication in Ay L A,
while ® is the multiplication in (A; U Ay) LI A3. Then

\Il(al X as @ (a3a4) &® a5) = (al&gag) ®ayg @ as € A1 L (A2 L Ag),
where ajasaz in the right side is the multiplication in As L A3 and ® is the multiplication in
A; U (Ag U Ag). Omitting parentheses and W, we simply write ajas---a, € (A; U Ag) U As
or ajas---a, € A; U (As U A;z), which does not cause any confusion because the appropriate
arrangement of parentheses is uniquely determined.
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Proposition 2.1. For three nc-probability spaces (A;, p;), i = 1,2, 3, we have
(1 D> p2) B> 3 = (01 > (p2 > p3)) o 0.

PT’OOf. Let il,ig, e ,in € [3] with il % ig, ’iQ # ’ig, ey ’in,1 7é ?:n and a1ag -Gy € Ai1,’ig,...,in'
For a subset J C [3], let S; C [n] be defined by S; := {p : i, € J}. Furthermore, we decom-
pose Sp3 into maximal intervals 11, Ty, ..., T, of [n]. For example, if (i1, 2,13, 14, 15,16, i7) =

(1,3,2,3,1,3,2), then S = {1,5} and Sy3 = {2,3,4,6,7}, and Sy3 is decomposed into
T, ={2,3,4} and T, = {6,7}. By the definition of > we have

(01 > (2 > p3))(araz - - - an)

= ¥ (ﬁ ap> (2 > ¢3) (ﬁ ap) -+ (2 > p3) (ﬁ ap)

pES] peT1 peT;
— — —
= ¥1 H Qp | P2 H Qp | - P2 H ap H 903((11?)7
PEST p€ET, ip=2 pET,, ip=2 pES3
where ©g (ﬁpeTj 12 ap> is set to be 1 if the product range for p is empty. On the other hand,
we have
_>
((1 > @2) > @3)(araz -+ - an) = (1 > ¢2) H ap H ©3(ap)-
pES12 PES3

To compute the factor (@1 > @) (ﬁp651 ) ap>, we decompose S 2 into Sy and S’ = {pe Sio:

i, = 2}. Further, we decompose S’ into maximal intervals of S” (not of [n]), which are exactly
TN Sy, ToN Sy, ..., T, NS,y so we are done. OJ

With associativity in hand, we generalize the definition of the monotone product to an
arbitrary totally ordered finite set 1. We may assume that I = [N]. Let (A4;, ¢;)icr be a family
of nc-probability spaces. We can identify

|i|Aiz(---(((A1|_|A2)|_|A3)u--~)|_|AN, (2.2)

where the isomorphism is defined similarly to W; it is just a suitable rearrangement of letters
of words. On the right-hand side of (2.2) we can define the linear function

(- (1> 2) > p3) >+ -+ ) > on, (2.3)

which induces a linear functional ¢ on |_|£i1 A; via the isomorphism. The associativity guar-
antees that the definition of ¢ does not change if we select another way of adding parentheses
in (2.2). This definition of ¢ means that, when we compute p(ajas---a,) for ajas---a, €
Ay igoins U100, - oy iy € [N] With 4y # i, i9 # 43, ..., in_1 # i, we first factor out

H en(ap).

piip=

Then we apply the same procedure to the rest ¢ (ﬁp: ie[N—1] ap), i.e., factor out the expecta-
tions of a,’s in Ay_;, regarding consecutive a,’s in Ay_; as single elements. We repeat this
procedure to the remaining algebras Ay_o, Ay_3, ..., Ao, and then the factor ¢, (ﬁp: - ap>

appears in the end.
Finally, we extend the definition of the monotone product to a possibly infinite totally ordered
set I. For this purpose, it suffices to define ¢ on each direct summand A;, ;, . ;.; then the

definition can be extended by linearity to A :=||._; A;. This can be done since A can

il 11,825+ 0yfn
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be regarded as a subspace of the free product I—ljeJ A;, where J := {iy,i9,...,1,} C I is a finite
totally ordered set. We denote this construction as

i€l

(A,0) = [>(Ai>90i) = <|_| Au%%)
iel

and call it the monotone product of (A4;,¢;)icr. We also call ¢ the monotone product of

(i )ier-

The associativity of the monotone product can be stated in a more general way as follows.
First, for a family of algebras (A;);c; and a disjoint decomposition I = J U K, we denote the
natural isomorphism as

Oypcc | A <|_|Aj> L <|_| Ak) .

iel jeJ keK

The definition of ®; x is similar to ¥ and is omitted.

Proposition 2.2. Suppose that a totally ordered set I decomposes as I = JU K, where J, K
are nonempty disjoint subsets of I such that 7 <k for all j € J and k € K. For any family of
ne-probability spaces (A;, @;)ier we have

ZZ%‘ = [(J%%) > (kz(@c)] °od;k.

Proof. This is a direct consequence of Proposition El! More precisely, it suffices to consider
the case of finite totally ordered set I because the definition of the infinite case is based on
the finite case. Then the desired identity is just a rearrangement of parentheses, which can be
justified by iterative use of Proposition @ O

In our definition (@) of the monotone product, we first factored out ¢;, (a,) for all p for
which 4, has the largest value among i1, s, ..., %,. Actually, we can factor out ¢(a,)’s when i,
is just a local maximum.

Proposition 2.3. Let (A;, pi)ier be a family of nc-probability spaces where I is a totally
ordered set. Let (A, p) be the monotone product of (A;, i)icr. For any iy,is,...,1, € I and
(a1, a9,...,a,) € Aj] X Ay X -+ X A, , we have
i (ag)plar - ap_rap1---a,)  if2<C<n—1 and ig—y <ig > g4,
<p(a1a2 s an) =19 i (al)w(agag s CLn> Zf 11 > ?;2,
Pin(an)plarag - an_1) if in—1 <in.
Proof. We fix 1 < ¢ < nsuch that i, ; < iy > isy1 (when ¢ = 1 or n only one of the inequalities is

considered) and set m := i,. We decompose [ into subsets J and K, where J :={i € I : i < m}
and K :={i € [ : i > m}. There is a natural isomorphism

()= (1)

The linear functional ¢ on A induces a linear functional on the right-hand side, which is exactly

<[> %‘) U ([> SOk)
jeJ keK

by the associativity of the monotone product. This means that

plaras---an) = ¢ ﬁap @(ﬁap>so<ﬁap>---so<ﬁap>,

prip€J peTh peTh pET;
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where T are the maximal intervals of [n] such that min 7; > 1 implies iyin7,—1 € J and max T <
n implies ima7,41 € J. By the assumption i,y < iy > igy1, some T} is the singleton {(}.
Factoring out this ¢(a,) does not affect the other factorizations, so we get the conclusion. [J

Comparing Proposition @ and Definition , together with the fact that ¢ and ¢; coincide
on A;, yields the following.

Corollary 2.4. Let (A;, ;)icr be a family of ne-probability spaces with I a totally ordered set.
Let (A, ) be the monotone product of (A;,¢;i)icr- Then the family of subalgebras (A;)ier is
monotonically independent in (A, ).

The associativity of monotone product will be later used in the following form.

Corollary 2.5. Let I be a totally ordered set and J, K be its nonempty disjoint subsets such
that I = JUK and j < k whenever j € J and k € K. Let (A, ) be a nc-probability space
and (A;)ier be a family of monotonically independent subalgebras of A. Then the two subsets
Ujes 4 and Ui Ax are monotonically independent.

Proof. We want to show that By := (A, : j € J) and By := (A; : k € K) are monotonically

A

independent. For this, we refer_to a universal space. Let (A,¢) be the monotone product
of (A, ¢l 4,)icr- By Proposition @, the subalgebras |_|j€J Ay and | |, ., A; are monotonically

~

independent in (A, ¢). With a slight abuse of notation, we have o[, = @[ 4, forall 7 € I. Since

(A;)ics is monotonically independent in both (A, ) and (A, ¢), by Proposition , we have
©(biby - - - by) = @(b1by - - - by,) for b, € By U By. Therefore,

©(b1by -+ by) = @(biby -+ - by)

— —
o H by H ¢(bp) = H by H @(bp),

p:bpeBy p:bpEB2 p:bpEBy p:bpEB>

showing that B;, By are monotonically independent. 0

2.3. Monotone product of x-probability spaces. If (4;);c; is a family of x-algebras, the
free product | |,.; A; also becomes a *-algebra with involution defined by

*

(ala? DY an)* :: a;‘;an—l DY aT

and extended by antilinearity to the whole algebra. The following proposition shows that
the monotone product preserves restricted states. Only in this section we say that a linear

operator a on a pre-Hilbert space H is adjointable if there is a linear operator a* on H such
that (a&,n) = (£, a*n) for all £,n € H. We introduce the notation

L(H) :={a: H — H | linear and adjointable},
which forms a unital x-algebra.

Proposition 2.6. Let (A;, p;)icr be a family of x-probability spaces where I is a totally ordered
set. Then [>,c1(A;, i) is also a x-probability space.

Proof. Let (A, @) = D>ici(A;, ;) and @ be the unital extension of >;c;¢; to A == C@® A.
What has to be shown is the positivity ¢(a*a) > 0 for each a € A. As a is a (finite) linear
combination of elements of C and A;, ;, . ;,, only finitely many A;’s are involved. Therefore,
we may and do assume below that I is the finite set [NV].

Let fli be the unitization of A; and ¢; : fll- — C be the unital extension of ¢;, which is positive.
We take a triplet (m;, H;, &;) consisting of a x-representation m;: A; — L(H,), a pre-Hilbert space
H;, and a unit vector & € H; such that ¢;(a) = (&, m(a)&;) for all a € A;. Note that such a
triplet exists by restricting the (algebraic) GNS-construction for A; onto A;, see [92, Theorem
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1.19] for further details. Let p;: H; — C&; be the rank-one projection, H := Hi@ Hy®---® Hy,
E=®E&E® - ®E&y as in Example [1.24, and \;: L(H;) — L(H) be defined by

i) =idg, ® - ®@idy,_, @2 @ i1 @ -+ @ pw,

which is a s-homomorphism. Then we define a *-representation 7: A — L(H) by
T(arag -+ - an) = Aiy (i, (01)) Aip (Tip (a2)) - - Ai (Wi, (@), anag - an € Ay -

We show the formula 3

pla) = (& 7(a)s)n,  acA (2.4)
This is easy for a = 1; and for a € A;. For a = ajas---a,, when computing ¢(ajas---ay)
we can use the monotone independence of (A4;);cr with respect to ¢. On the other hand,
when computing (£, w(ajas - - - a,)&) = (€, biby - - - b,€) where by := A, (m;, (a)), we can also use
monotone independence of B; := X\;(L(H;)) C L(H) shown in Example [1.24. This fact and
Proposition [1.2¢ yield (@) on A. Finally, formula (R.4) implies the positivity of ¢ because

¢la*a) = (& 7(a*a)€) = ({, 7(a)*7(a)é) = (F(a), 7(a)é) >0,  a€ A O

2.4. Graph products and independence. A universal construction of tensor and monotone
independence can be given from the perspective of graphs. A (directed) graph is a pair
G = (V,E), where V is a set and E C V x V. Each element v € V is called a vertex
and (u,v) € E is called an edge (from u to v). In particular, an edge (v,v) € E is called
a loop at v € V. Two graphs G; = (V4, E1) and Gy = (V4, Ey) are called isomorphic if
there is a bijection ®: V; — V5 such that for all w,v € Vi, one has (u,v) € E; if and only if
(®(u), ®(v)) € Ey. The map & is called a graph isomorphism.

For simplicity, let us assume that G = (V, E) is a finite graph, i.e., V is a finite set. Let
?*(V') be the finite-dimensional Hilbert space of the functions f: V — C equipped with inner

product (f,g) := > . f(v)g(v). The adjacency matrix of G is a linear operator Ag on
(*(V) defined by

(AcH)w) = > flu).

u€eV, (u,v)eE

If we assume V = {1,2,..., N} and identify f with the row vector (f(1), f(2),..., f(N)) € CV,
then Ag can be identified with the N x N matrix whose (i, j) entry is 1 if (¢,j) € E and zero
otherwise, acting on the row vector f from the right.® The adjacency matrix contains all
information about G.

2.4.1. Cartesian product and tensor independence.

Definition 2.7. Let G; = (V;, E;), i = 1,2, be two graphs. The Cartesian product of G,
and Gy, denoted as G x G, is the graph with vertex set V :=V; x V;, and edge set E C V xV
defined as follows: for (u1,us), (v1,v2) € V,

((U1 'LL2) (’Ul 'U2>) c E — {(u:bvl) S El and Uy = Vg, OT

uy = vy and (ug, vq) € Es.
See Figure E for an example.
Proposition 2.8. Let G; = (V;, E;), i = 1,2, be two finite graphs. Under the natural identifi-
cation (2(Vi x Vy) = 2(V}) @ (2(V3), we have
Ag xa, = Ag, ®@idpey) +idew) @ Ag,.
Proof. The proof is analogous to Proposition below and is omitted. 0

*Multiplying a row vector by a matrix from the right is a common convention in some fields, e.g. in the
theory of Markov chains.
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R ===

F1GURE 2. Cartesian product.

e N VAN R AVAWA

F1GURE 3. Comb product. The roots of the graphs are denoted as ©.

Y

From the above formula and Example , given any linear functionals p; on B((?*(V;)),
1 = 1,2, the adjacency matrix Ag,«q, is the sum of tensor independent matrices with respect
to the state ¢1 ® @s.

The Cartesian product is associative in the following sense.

Proposition 2.9. Let G; = (V;, E;), i = 1,2, 3, be graphs. The natural bijection Vi x (Vo x V3) ~
(Vi x Vo) x V3 induces the isomorphism

G1 X (G2 X Gg) ~ (Gl X GQ) X Gg.
Proof. The proof is straightforward and is omitted. O

2.4.2. Comb product and monotone independence. Monotone independence can be realized by
another graph product for rooted graphs. A rooted graph is a pair R = (G,0) of a graph
G and a vertex o of G. The specified vertex o is called the root of R. We denote by Agr
the adjacency matrix Ag of the underlying graph. Two rooted graphs R; = (Gy,01) and
Ry = (Gg, 09) are called isomorphic if there is a graph isomorphism ®: G; — Gy such that
(I)(Ol) = 09.

Definition 2.10. Let R; = (V}, E;,0;), i = 1,2, be two rooted graphs. The comb product[H
of Ry and Ry, denoted as Ry > Rs, is the rooted graph with vertex set V := Vi x V5, root
0:= (01,07), and edge set £ C V x V defined as follows: for (u,us), (vi,v2) € V,

Uy = v and (UQ,UQ) S EQ.

The comb product is the graph made by gluing copies of Ry to each vertex of Ry at o9, see
Figure B.

For a rooted graph R = (V| E,0), let §,: V' — C be the function defined by
1, v=o0
60 — 9 )
() {0, v # o.

We set the vector state p,: B(€2(V)) — C by p,(a) := (0, ad,). The nth moment ,(A%) is
exactly the number of paths of length n on R started from o and terminated at o.

Proposition 2.11. Let R; = (V;, E;,0;), i = 1,2, be finite rooted graphs. Under the natural
identification (*(Vy x V) = (2(V}) @ (3(Vs), we have

Ag,ory = Ar, @ p2 +1dey) ® Ag,,
where py is the orthogonal projection from (*(Vy) onto C4,,.

talso called the rooted product
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Proof. 1t suffices to check the formula on simple tensors, i.e., functions of separated variables
f(vr,v2) = g(v1)h(v2):

(ARleQf) (Ula U2) - Z g(ul)h(u2)
(u1,u2)€VI X Va
((u1,u2),(v1,02))EE

— Z g(up)h(us) + Z g(ur)h(uz)

(ul,u2)€V1><V2 (ul,UQ)€V1><V2
(u1,v1)€EET, up=v2=02 u1=v1, (u2,v2)€E>

=1 D glw) | ho2)0(v2) +gwr) | Y h(uz)

u1 €V1 uz€Va
(u1,v1)EEL (u2,v2)EES

= (Ar,9)(v1)(p2h)(v2) + g(v1)(Ar,h)(v2)
= [(Ar, @ p2 +idegy) ® Ag,) fl(01, 02). 0
Observe from Example and Proposition that Ag,~gr, is the sum of monotonically

independent random variables with respect to the state ¢, ,0,)(*) = (0(01,00)s * O(01,00))-
The comb product satisfies the following associativity.

Proposition 2.12. Let R; = (V;, E;,0;), @ = 1,2,3, be rooted graphs. The natural bijection
Vi x (Vo x V) =~ (V] x Va) x Vi gives the isomorphism

Ri > (Ry > R3) ~ (R; > Ry) > Ra.
Proof. The proof is straightforward from the definition of the comb product. Here we give an
alternative proof for finite rooted graphs based on the adjacency matrices. Since the roots are
clearly preserved by the bijection, it remains to show that the bijection induces a bijection of
the edge sets. For this purpose, it suffices to show that the two adjacency matrices coincide

on 2(V1) @ £*(Vy) ® £%(V3) under the natural identification of Hilbert spaces. On one hand we
have

AR, > (RosRs) = AR, @ D23 +1de(v) @ ARyers
= Ag, ® (p2 ® p3) +ide2(yy) ® (AR, ® ps + ide,) ® Ag,)
~ AR, ® p2 ® p3 +idp;) ® Ar, @ p3 +idey;) @ ideas) ® Ag;, (2.5)
where ps 3 is the orthogonal projection from ¢*(Vz x V3) onto C0(0y,05), Which is py ® ps under
the identification ¢(Va x Va) = £2(V3) ® £*(V3). A similar calculation shows that Ag,sr,)srs
has the same expression (R.5)
ARipRo)Rs = (AR, @ P2 +idpev) ® Ag,) @ ps3 + (ideay) ® idey)) ® Ag,
~ AR, @ pa @ p3 +1idpey;) ® Agr, ® p3 + idey) @ 1dey,) @ AR, O

Let R = (V, E, 0) be a finite rooted undirected graph, where “undirected” means that (u,v) €
E implies (v,u) € E, or equivalently, Ag is a self-adjoint operator. Assume further that

(0,0) ¢ E and

deg(o) :==#{v eV :(v,0) € E} > 1.
Let Ry := R®Y be the N-fold comb product of R and oy denote the root of Ry. Having no
loop at o implies that Ar has mean 0 with respect to ¢,. We can actually show

k (k=11
v2 —, ifk

lim gy | (2] | = / " 75 I Y

N—o0 deg(o)N vz T2 —a? 0

, otherwise.

This is a direct consequence of the fact that the adjacency matrix of Ry is the sum of mono-
tonically independent, identically distributed random variables of the form (]l.9) with mean 0
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moment of Ag with respect to ¢,. The convergence ) means that the number of paths of
length k£ on Ry started from oy and terminated at oy is asymptotically

V2 e dz
——=to(l
/_\/ix T2 — x? o(l)

2.5. Notes. The associativity of monotone independence is addressed in [66] in the setting of
x-probability spaces, in which the proof was based on the operator model in Example [1.24. In
order to handle the monotone product of nc-probability spaces, we adopted a more combina-
torial proof of Proposition R.1|. The proof of positivity in Proposition @)is similar to the case
of free product of states, see e.g. [152, Definition 1.5.4].

Besides the monotone product, there are other universal ways to construct a nc-probability
space (A; U A, ¢1p2) from two nc-probability spaces (Aj, 1) and (Ag, ¢2). Of particular
interest is the following four as all of them satisfy the associativity.

and of the monotone CLT shown later in Theorem %Note that deg(o) is exactly the second
(

(deg(0)N)2, N — .

a) The antimonotone product

N
(o1 < 2)(aray -~ ay) := [ H <P1(ak)] P2 ( H ak) )

k:ar€Aq k:ap€As

which is just the flip of the monotone product and is essentially the same.

b) The tensor product

— —
(01 @ po)(araz -+ - ay) = ¢ ( H ak) P2 ( H ak> .

k:ap€AL k:ap€As

¢) The Boolean product

(proga)(amas---a) == [ wila) [] wolan).

k:ap€A1 k:ap€As

d) The last one is called the free product and its definition is of different flavour. First we
consider the unitization A; := C @ A, that naturally embed into A := C @ (A4; U A;). We
define ¢ on A by requiring that o(aras - - a,) = 0 whenever (ay,as,...,a,) € 1212-1 X 1211-2 X
oo X Ay iy F oy, dy # s, o, ino1 # in and @(ag) = 0 for all k € [n]. The free product
@1 * g on Ay LI Ay is defined as the restriction o[ 4,4,

The idea of identifying notions of independence as products of linear functionals on the free
product algebra provides an appropriate framework for a classification program of independence.
Speicher [149], and then Ben Ghorbal and Schiirmann [28], showed that the associative products
of linear functionals on the free product algebra with some conditions are only tensor, free and
Boolean products. Muraki dropped one assumption of Ben Ghorbal and Schiirmann, and as a
result, the classification list contained two more products: monotone and antimonotone [125].
Muraki [126], Gerhold and Lachs [[76] gave further results in this direction. As a closely related
problem, Gerhold, Hasebe and Ulrich _axiomatized and classified “universal operator models”
that contain the ones in Examples [1.15 and [L.1§ [75].  Gerhold and Varso introduced and
classified “admissible” classes of set partitions and applied them to classification of independence
[77]. Tt is noteworthy that Franz gave a definition of independence of random variables using
tensor categories with inclusions [68].

The relation between the comb product of graphs and monotone independence appeared
in Accardi, Ben Ghorbal and Obata’s work [l]. Arizmendi, Hasebe and Lehner studied the
empirical eigenvalue distribution of the adjacency matrix of R®" in the large N limit [12]. The
limit distribution is not universal and depends heavily on the original rooted graph R. There are
other graph products that correspond to other independences in noncommutative probability.
Among all, the adjacency matrix of the “free product of graphs” is the sum of freely independent
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operators. Accardi, Lenczewski and Satapata decomposed the free product graph into the
comb product of two subgraphs related to subordination of free convolution [2]. Lenczewski
constructed a graph product that corresponds to conditionally monotone independence [10§].
Garza-Vargas and Kulkarni constructed an amalgamated free product of graphs and applied it
to the spectral analysis of Jacobi matrices of graphs [73]. Obata’s monograph [129] contains
other notable examples of graph products and references to earlier works.

3. MONOTONE CUMULANTS

Cumulants are equivalents of moments and sometimes provide a clearcut description of ran-
dom variables. In particular, (normalized) cumulants up to order four are called mean, vari-
ance, skewness and kurtosis, and are used in statistics. In probability theory, the characteristic
function (or the Fourier transform) is often more powerful than cumulants because cumulants
require that random variables have finite moments, while the characteristic function does not.
However, in noncommutative probability theory, cumulants are more useful because the theory
substantially builds upon moments. In free probability theory, Voiculescu introduced single-
variate free cumulants [153] and then Speicher defined multivariate free cumulants [148] that
have discovered a wide range of applications so far.

In classical probability theory, (single-variate) cumulants are numbers K,,(X), n > 1, defined
for random variables X with finite moments, that satisfy the following axioms.

(C1) There are universal polynomials P®(t;,ts,...,t,_1), n > 2, with convention P = 0,
such that for all X € L>*~(Q, F,P),

K,(X) = E[X"] + P?(E[X],E[X?],...,E[X"" 1)), n € N. (Polynomiality)
(C2) For any X € L>~(Q2, F,P),
K,(AX) = \"K,,(X), neN, AeC. (Homogeneity)
(C3) If X,Y € L~ (Q, F,P) are independent then
K, (X +Y) =K, (X) +K,(Y), n € N. (Additivity)

Remark 3.1. In , by “universal” we emphasize that P® does not depend on X or the prob-
ability space (2, F,P). Axiom is equivalent to the followmg reverted form of moments in

terms of cumulants: there are unlversal polynomials Q% (tq,ta, ..., tn—1), n > 2, with convention
¥ =0, such that for all n > 1 and X € L>~(Q, F,P)

E[Xn] = KH(X) + Q%(Kl(X)vKQ(X)> te 7Kn—1(X))'

We can give a construction of K,, as the coefficients of the logarithm of exponential moment
generating function:

log E[e**] = log (Z E[niln]z”> = Z %z” (3.1)

n=0 n=1
Note that under the assumption X € L*~ (), F,P), the above series might have convergence
radius zero; then the above equalities are to be interpreted as formal power series.
Example 3.2. From the defining formula (@), the cumulants K;, Ks, K3 are computed as
Ky (X) = E[X],
Ko (X) = E[X?] - E[X],
K3(X) = E[X?] — 3E[X?|E[X] + 2E[X]*.
Our objective is to discover a monotone counterpart of cumulants, which we denote by
Kn. The most natural definition would be to replace the pair (L“_(Q,liI]P’),E) with a nc-
.C

probability space (A, ), and replace the independence assumption in [C3) with monotone
independence. However, the third condition would contradict the asymmetry of monotone
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independence. More precisely, suppose that z,y are monotonically independent real random
variables in a unital C*-probability space. Then x,(x + y) = k,(z) + k,(y) does not depend
on whether we assume x,y are monotonically independent or y,x are. However, monotone
independence of =,y implies M, ,(z) = M,(M,(z)) and monotone independence of y, x implies
Myiy(2) = Myio(2) = My(M,(2)), and therefore, the distribution of x +y is typically different
if we switch the independence assumption.

Here we propose a weaker version of additivity, which we call extensivity because of its
resemblance to the corresponding notion in thermodynamics.

Definition 3.3. A rule that associates with each nc-probability space (A, ) and random
variable x € A a sequence of complex numbers (k,(x)),>; is called monotone cumulants if
the following conditions hold.

(M1) There are universal polynomials P> (t1,ts,...,t,—1), n > 2, with convention P = 0,
such that for any nc-probability space (A, ) and z € A, we have

(1) = 9(™) + P2 (@), 0(@%), - p(@™ ), meN.  (Polynomiality)
(M2) For any nc-probability space (A, ) and any z € A, we have
Kn(Az) = X'k (2), neN, AeC. (Homogeneity)

(M3) If N € N and 24,29, ...,xy are monotonically independent and identically distributed
(monotonically iid for short) random variables in a nc-probability space (A, ¢), then

Fn(T1+ 22+ -+ 2n5) = NRp(27), n € N. (Extensivity)
Remark 3.4. Analogously to Remark @, a recursive argument shows that condition is

equivalent to that there are universal polynomials Q% (¢1,ta,...,t,—1), n > 2, with convention
Q7T := 0, such that

p(a") = rn(z) + Qp (k1(x), K2(2), . .. K1 ()) (3.2)
foralln > 1, x € A and (A, p).

3.1. Cumulants from moments of random walk. We begin with showing the uniqueness
of monotone cumulants, which also indicates how to show the existence. Note that the same
reasoning below also applies to showing that classical cumulants (K,,),,>1 are unique. For that
purpose an elementary lemma on polynomials is needed.

Lemma 3.5. Let P(N) = ag+a;N+ayN*+- - -+apy N* and Q(N) = by+by N +byN2+- - -+ b, N*
be two polynomial functions on N with complez coefficients a;, b;. If P(N) = Q(N) for allN € N
then a; = b; for all 0 < i < k.

Remark 3.6. This lemma allows us to naturally extend a polynomial P(N) defined for N € N
to a polynomial P(t) defined for t € R.

The result easily extends to polynomials in several variables. For the case of two variables,
if P(N,M) = 3% ai;N'MI and Q(N, M) = 3% b;;N'M/ are polynomials with complex
coeflicients a; j, b; j and P(N, M) = Q(N, M) for all N, M € N then a; ; = b; ; for all i,j € [k].
The proof is just to fix one variable, say M, and apply the lemma to P(-, M) and Q(-, M),
which yields Z;?:l a; ;M7 = Zle b; ;M7 for all M € N and i. Then again applying the lemma
gives the conclusion a; ; = b; ;.

Proof. In fact, a weaker assumption is enough; suppose P(N) = Q(N) holds at distinct positive
integers Ny < Ny < --+ < Ngyq1. Then, by setting ¢; := a; — b;, we have

1 N, N ... NF 20 8

1 N, N -~ N} Cl 0
2 —

1 Neyr N2y oo NEy c 0
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Since the coefficient matrix has nonzero determinant (called the Vandermonde determinant),
the numbers ¢; must be zero. O

Proposition 3.7. Monotone cumulants are unique.

Proof. Suppose that (kp),>1 are monotone cumulants determined by universal polynomials
(P”)n>1. We can see that P> for n > 2 contains no linear terms or a constant term. Indeed, if

we write
Pr(tita, i tac) = D Chykank B Rt
k1 kg ,enrin 1 >0
where ¢y, k,...k,_, are complex constants independent of (A, ¢) and the tuple (ky, k2, ..., ky,—1)
runs over a finite subset of Ny ', then the homogeneity condition reads

N (2) = AN"p(2™) + Z Ckhk%’knil)\k1+2k2+--~+(n—1)kn71gp(x)klso(gg)kz (g
k1,k2,....,kn—1>0

Since this holds for all A € C, comparing the coefficients of AP (p # n) yields

2. Chreon 1 (@)1 (7)o@t =0, pn,
ki k2, kn—1>0
k1+2ko+-+(n—1)kn_1=p

Because of the arbitrariness of (A, ) and = € A, the tuple (p(x), p(z?),...,p(x"1)) can take
arbitrary vectors in C"~!. Therefore, we conclude ¢, g, .k, , = 0 unless k1 + 2ko + -+ + (n —
1)kn,—1 = n. In particular, the constant term and linear terms of P> are all zero. This also
implies that the constant and linear terms of Q)7 in (@) are all zero.

Let us take monotonically iid random variables x1,xs,...,xy in some nc-probability space.
Then the extensivity condition yields, with notation z = xq,

o((x1+ 22+ +28)") = Niy(2) + Q (Nk1(x), Nko(x), ..., NEp_1(2)).

The right-hand side is a polynomial in positive integers N and hence, by Lemma @, their
coefficients are uniquely determined. In particular, since the & part has no linear term, x,(z)
is uniquely determined as the coefficient of N of p((z1 + z2 4+ -+ zn)"). O

The above proof also indicates how we can find monotone cumulants: &, (z) should be the
coefficient of N of the nth moment of monotone random walk ¢((x1+x2+---+xx5)"). In order
for this definition to make sense, we need to show ¢((z1 + 22 + -+ + xy)") is a polynomial in

N.

Proposition 3.8. There are universal polynomials UZ (s, ty,ts,...,t,—1), n € N, such that
Ur(s) =0, U>(0,ty,ta,...,th—1) =0 (n>2) and

(@1 425+ +n)") = Np(a™) + U (N, 0(), 0(a%), ..., p(a" ), n>1

for any monotonically iid random variables xy,xa,...,xN in any nc-probability space (A, )
with notation x = x1.

Proof. The proof is based on induction on n. For n = 1 we have
o1+ o+ +2xy5) = No(x).

Suppose that n > 2 and the statement is the case up ton — 1. We set s ;=21 + 22+ -+ + 21
and sy := 0. By Corallar @, sy—1 and xx are monotonically independent. According to the
moment calculation ([L.1 l ), there exists a universal polynomial T~ of 2n — 2 variables such that

p(sy) = p((sy-1 +2n)")

= (st )+ @) +T5 ((sn_1), p(sa_1)s -, (s ), o(an), o(x%), - - -, ez )
P(sh_1) + (@) + T (p(sy-1), (1), - 9(shh), (@), (@), pl@ ™).

J/

-~

=Ty
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By the induction hypothesis, for each 1 < k < n — 1, o(sk,_,) is a polynomial in N — 1 and
(), 0(x?), ..., 0(z"), so that T,, is a polynomial in N, p(x), p(z?),...,p(x" ). Consequently,
there are polynomials T;k(tl, to, ... tn—1), 0 < k <d,, such that

p(siy) = @(sioy) = (@) + ) Tr(p(@) p(@?), ... p(a"))N".

Taking the sum over N we obtain

o) = No(e™) + 3 To (@), o), o) S M,

By Faulharbor’s formula, Fy(N) := Zﬁzl M¥ is a polynomial in N of degree k + 1 without a
constant term. U

Remark 3.9. A more straightforward proof will be provided in Example .
We are now ready to prove the existence part of monotone cumulants.

Theorem 3.10. Let (A, ) be a nc-probability space and x € A. We take a sequence (z;)52, of
monotonically iid random variables with the same distribution as x in a possibly different nc-
probability space (121, ). Let k,(x) be the coefficient of N of the polynomial o((x1+xz2+- - -+xN)™)
in N. Then k,, n € N, are monotone cumulants, i.e., conditions (M1} M3) hold. Moreover,

the polynomials P> (n > 2) have no constant or linear terms.

Remark 3.11. The above definition of k,(z) does not depend on how to select (A, $) and (x;)
as the nth moment $((xq + 22 + -+ + xx)") is determined only by the distribution of z and
N € N. In general, we cannot take (z;) in the same space (A, ). A canonical construction of

~

(A, @) is as follows: we set A; := A, p; := ¢ and
(1217 @) =D (Ai, ).
€N

Then we consider the natural embeddings of A into Aas i A — A C A, 1 € N. For each
x € A, the random variables x; := 1;(x), i € N, are by construction monotonically independent
and have the same distribution as z, see Section P.

Proof of Theorem . For notational simplicity we denote ¢ as . Condition is clear
from Proposition B.§. Condition [(M2) holds because O((Azy +Azg+ -+ Aan)") = No((2q +

Ty + -+ xn)"). In order to show condition (M3), we fix N € N and set

Yi = TN(i—1)+1 T TN(i—1)42 T -+ Tni, i€ N.

By Corollary @, the sequence (y;)$2, is monotonically independent. Also, (y;):2, is identically
distributed. For each n € N, the coefficient of M of

Py +y2+-- +yu)")
equals x,(y1), which is K, (21 + 22 + - - - + 2x). On the other hand,

o +y2+ - +ym)") =o((z1 + 22+ - +2Mn)")

is a polynomial in M N whose coefficient of M N is k,(x1), and therefore the coefficient of M
is Nky(z1). Combining the above arguments we conclude (M3). The last assertion on P~ is
already proved in Proposition B.1. O

Example 3.12. From condition , we have k1 (z) = ¢(z). We compute monotone cumu-
lants kg, k3 by finding the polynomials US, UY_in Proposition @ The method here is more
straightforward than the proof of Proposition:@
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Formula for Uy . It should be kept in mind that ¢(2') = ¢(2™) does not depend on i because

xr = x1,%2,T3,... have an identical distribution. We first compute
N
p(sx) = Z (i) ZSO Tit5) + ZSO
ij=1 i#]
= p(@)e(z;) + Y elaf) = Z p(r)p(r) + Y o(a?)
i#] @ 1#] i

= N(N = Dp()p(r) + No(z?),
so that U} (s, t) = s(s — 1)t%

Formula for US. We begin with

N

p(3) = > plwiwmy)

i7j7k:1

= Y ez + D e@in) + D elwmim) + > elwd) + Y pad)

ijk distinct i=j#k i=k£j i#k=j i=j=k
= > plmam) + Y e@)el@) + > elmmz) + Y ela)e@d) + > elad).
ijk distinct i=j#k i=k#j i#k=j i=j=k
In the above, ¢(x;z;z) for distinct integers i, j, k always factorizes into p(z;)e(x;)¢(zx); for
example, if i < j > k and ¢ # k then ¢(z;x;0r) = o(xizr)e(x;) = @(x:)p(z;)e(xy) and if
i < j <k then ¢(z;x;zr) = @(zix;)p(xr) = @(x:)p(z;)e(xr). On the other hand, the sum
over i = k # j is more delicate. In order to use monotone independence, we need to further
specify the inequality between ¢ and j. If i < j then p(zz;2;) = ¢(x;)p(2?). If i > j then
o(zixjx;) = o(z;)p(xjx;) = o(z;)e(x;)p(x;). Therefore,

Z (wiz;z;) Z o(xiz;m;) + Z o(ziT;77) Z @(mf)SO(xj) + Z @(xi>2¥7(%)

i=k#j 1<J i>7 1<j 1>]

Overall, we arrive at

Pls) = NN = DN = D))’ + NN — Depla?)pl@) + =D o(a)ofa)
+ YDy 4 NV = D)) + No(a?)
=N =) (8= ) ol + T paipte) + et

This means

3 os(s —1
U3l>(8,t1,t2> == S(S — ].) (8 - 5) t? + %tltg.

The above method can be generalized to any U, , which provides an alternative proof of Propo-
sition

Formulas for ks, k3. The monotone cumulants ko(x) and k3(x) are identified with the coeffi-
cients of N of ¢(s%) and of p(s%;) respectively:

o(z) = ola?) — (o)’ (3
a() = (%) — Jpla?)p(a) + Sp(a)’ (3.4

A recursive formula for computing x,(x) will be provided in Proposition m A combinatorial
formula for p(z™) in terms of ky(x), 1 < ¢ < n, will be given in Theorem
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Remark 3.13. The nth monotone cumulant x, () is determined by the moments of the random
variable z up to order n. Therefore, for any probability measure x4 having finite moments up to
order n, we can define k,(u) := /{n( ) by taking a random variable z in a nc-probability space
(A, ¢) such that p(z?) = [, " p(dt), 1 < p <n. We call k(1) the nth monotone cumulant
of p.

Example 3.14. Generally, monotone cumulants k, () are hard to calculate unless the proba-
bility measure 1 embeds into a monotone convolution semigroup, see Section p.2. Although the
semicircle distribution S(0,1) = (2r)'v4 — ¢ x[_2,2)(t) d¢ does not admit such an embedding
(see Example p.25), a remarkable recurrence relation is given in [b6]. Let d,(N) denote the
expectation ¢((z1 + o + - - - + xx)?") where z; has the analytic distribution S(0, 1); note that
odd moments are all zero. Then the following recurrence relation holds:

szn (V) di—1(7)-

k=1 j=1

This yields e.g. di(N) = N, do(N) = 3N? + ;N and d3(N) = 3N3 + 2N? + N, so that the
monotone cumulants up to order six are given by (0,1,0,1/2,0,1/2).

3.2. Differential recursion for monotone cumulants. To compute monotone cumulants,
differential recursion is helpful.

Proposition 3.15. Let x be a random variable in a nc-probability space (A, ). Let (x;)32, be
a sequence of monotonically iid random variables_with the same distribution as x in a possibly
different nc-probability space (121, $), see Remark . As we have seen above, for each n € N
the evaluation $((x1+xo+---+xN)") is a polynomial in N, so it can be extended to a polynomial
in real variable t € R, which we denote by mt (t) = m? (t;x). Then we have m (t) = 1 and for
necN

n—

1
(0 + 1) kp_e(x)my (t),

— (3.5)

m; (0) = 0.
Proof. For simplicity we denote ¢ as p. Let sy := 21 + 29+ -+ + xn, So := 0. Note first
that m>(0) = 0 for n > 1 comes from Proposition B.§ in which it is shown that ¢(s’;) has no
constant term in N. Let sy, := on11 +2ni2 + -+ + yia. By Corollary R.5, sy and s, are

monotonically independent. Note that s}, also depends on N as an element of A; however its
distribution only depends on the number M of the summands x;’s, so that we omit explicitly
mentioning the dependence on N. In the obvious formula

m, (N + M) = o((v1 + 22+ +2nem)") = o((sn + 83)"),

the right-hand side is exactly the nth moment of additive monotone convolution, so we can use
the calculation in ([L.11)):

(s + sy Z S elshe(elst) - (k). (3.6)
(=0 ko,k1,...,ke>0,
ko+ki1+-- +kg n—~¢

Since each p(sk,) is a pol@)mial in M without a constant term, the contributions to the

monomial M?! in the sum (B.6) only come from the tuples (ko, k1, ..., k¢), 0 < £ <n —1, such
that exactly one of k;’s is nonzero:
n—1
(5 + b)) = (€ + D)) + Ba (M)
E Onfl
= MY (C+1)p(sy)kne(z) + Ro(M),

=0
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where Ri(M) and Ry(M) are polynomials in M without a constant or linear term. Since all
the terms are polynomials, we can extend the variables N and M to real numbers ¢ and s, so
that

n—1

wy (¢ +s) =5 Y (£+ Drg(2)mf (1) + Ra(s).

The desired formula follows by taking the derivative % ‘s:O'
The differential recursion gives an efficient method for computing x, ().
Example 3.16. We set n =1 in (@) to obtain (m7)'(¢) = k1(x), which integrates to
m{ (t) = k1(x)t.
Setting ¢t = 1, we obtain
Fa(x) = my (1) = o(z),
which is already known. Formula (@) for n = 2 reads
(m5)'(t) = ka(z)mf (t) + 2k (2)m7 () = ko) + 281 (7)1,

and hence

m} () = ro(2)t + ky ()12

Setting ¢ = 1 and using k;(z) = ¢(z) we obtain formula (@) for ko. In a similar manner we
obtain

mﬂﬂz@@ﬁ+§@@%ﬂ@ﬂ+m@fﬁ

and so k3(x) is given by formula (@) If n becomes larger and larger, this method of differential
recursion for computing k,, seems more efficient than the one in Example .

Corollary 3.17. As a polynomial in t, we have deg(m? (t)) < n for alln € Ny.
Proof. Integrating the differential recursion in Proposition yields

n—1

¢
m, (t) = Z(ﬁ + 1)r<cng(:c)/ my (s)ds, n > 1.
=0 0
Starting from m{ (t) = 1, we can show the bound deg(m’ (¢)) < n by induction. O

3.3. Monotone central limit theorem. In probability theory, a basic form of the central
limit theorem says if (X;);>1 is real-valued iid random variables such that E[X;] = 0 and
E[X?] = 02 > 0, then the distribution of

Xi+Xp 4+ Xy
VN

converges weakly to N(0,02%) as N — oo. We consider a similar problem for monotonically
independent random variables. Our proof is based on monotone cumulants, but later we also
give a stronger result without using monotone cumulants; see Theorem .

Theorem 3.18. Let (A, ¢) be a unital C*-probability space and (x;);>1 be a sequence of mono-
tonically iid real random variables in A. Suppose that p(x1) = 0 and o(2?) = 0® > 0. Then,

for anyn € N
lim <($r+xr+“-+xN)n>_l/%h U g
N ? VN V2e TV 202 — 12

In particular, the analytic distribution of (x1 + xo + -+ + xn)/V N converges weakly to the
arcsine law A(0, ?).
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Proof. We first prove the convergence of monotone cumulants of ay := (x1 + z9 + -+ +
zn)/V No?. By using conditions |(M1)| and |(M2)| we have

knlan) = (N(TQ)_%K)n(QZl +axy+ - Fay) = (N02)_%N/<&n(]}1).

Recall here that xi(z1) = ¢(x1) = 0 and k(1) = @(22) — p(x1)? = 0. Passing to the limit
yields

1, ifn=2,

N—o00 0, otherwise.

Kp = lim k,(ay) = {

By the polynomiality p(a},) = kn(an)+Q% (ki(an), ke(an), - . ., kn—1(an)) and taking the limit,
we obtain the convergence

lim p(ay) = kn + Q) (K1, K2y -+ oy K1), n>1.
N—r00

To compute this limit, we use the differential recursion. Let m%(¢;ay) be the polynomial
constructed for x := ay as in Proposition B.15. From Example , we have my (¢;ay) =
¢(an)t = 0. Since m% (¢; ay) is a polynomial in ¢ and ¢(a%;), 1 < k < n, the limit

m,(t) = A}l_rgo m, (t;ay)

exists. Since deg(m®(t;ayn)) < n and the coefficient of each monomial t* (1 < k < n) of
m’ (t;ayn) converges, the limit function m,(¢) is also a polynomial with degree < n and the
convergence is uniform on each finite interval of R. By taking the limit in the integrated form
of Proposition , we obtain

n—1 t t
m,(t) = lim m (t;ay) = lim Z(€+ 1)/1,14(@]\;)/ m, (s;ay)ds = / (n—1)m,_o(s)ds.
N—o0 N—o0 =0 0 0
Since mp(t) = 1 and m;(¢) = 0 for all ¢ € R, this can be easily solved by iterated integrals as
2k — )N
ka(t) - %tk, mgk_l(t) = 0, k Z 1.

As mP (1;ay) = p(ak), we have thus obtained

— 1!
u if n is even,

lim ¢(ay) =m,(1)=<¢ (n/2)!° (3.7)
N—o00
0, if n is odd.

This limit is exactly the moment sequence of the standard arcsine law A(Q, 1), which has
compact support and hence its moment sequence is determinate (Proposition ). The weak
convergence is a consequence of Proposition : [l

3.4. Poisson’s law of small numbers. The second limit theorem to be discussed is an ana-
logue of Poisson’s law of small numbers. In probability theory, the simplest formulation is
as follows. Let A > 0 be a fixed parameter. For each N € N with N > ), suppose that

Xn1,XN2,..., XNy are independent random variables that have the identical Bernoulli dis-
tribution
A A .
PXyi=0)=1-%, PXyi=1)=5  1<i<N (3.8)

Then the distribution of Xy 1+ Xn g2+ -+ Xy n converges weakly to the Poisson distribution
with rate A

o0 An
Poi®(\) = e Z mén.
n=0

Replacing the notion of independence with monotone independence, we formulate and obtain
the following limit theorem.
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Theorem 3.19. Let A > 0. For each N € N with N > X, let (zn;)X., be monotonically iid
real random variables in a unital C*-probability space (A, p) such that

A A .
MIN,i:(l_N)(sO—i_Nél’ 1§Z§N

Then there exists a probability measure Poi” (\) whose monotone cumulants are all equal to X
such that

lim QO((ZL'NJ + IN2 + -+ ZEN’N)TL) = / t" POiD()\)(dt), n € N.
R

N—o0

Remark 3.20. We will study Poi” () further in Example , where Poi” (\) turns out to have
compact support. Therefore, the analytic distribution of xn1 + zn2 + -+ + oy converges
weakly to Poi”()\). The measure Poi”(\) will be called the monotone Poisson distribution
with parameter A\ > 0.

Proof of Theorem . Let ay :=xn1+2xn2+- - +2NN. Since (le)f\Ll is monotonically iid,
we have

kn(an) = Nkg (TN 7).
Observe here that ¢(x% ;) = A/N. From condition , since P~ has no constant or linear

terms,

Ntn(wn1) = No(ah,) + NP (p(rna), e(axa), - o(@y)) = A+ of1).

Therefore we conclude that

lim k,(ay) = A

N—oo
This in turn implies
lim o(ai) = A+ Q. (A A, ... A). (3.9)
N—o0
Because for each N the sequence @(a%), n = 0.1,2,... is positive semi-definite, the limit
sequence is also positive semi-definite. Theorem @ ensures that the limit (B.9) is the moment
sequence of some probability measure on R. O

3.5. Monotone set partitions and monotone cumulants. Cumulants are known to be
intimately connected to set partitions. Let S be a finite set. A decomposition of S into
nonempty disjoint subsets is called a set partition of S. A set partition is denoted as p =
{By, Bs, ..., By}, where B;’s are the nonempty disjoint subsets of S such that S = ByU---UBy.
Each B; is called a block of the set partition p. The number k of the blocks of p is denoted
by |p|. Let P(S) stand for the set of all set partitions of S. For the special case S = [n], we
denote P(n) := P([n]). For example P(2) has two elements {{1,2}} and {{1},{2}} and P(3)
has five elements {{1,2,3}}, {{1,2}, {3}},{{1,3},{2}}, {{1}, {2, 3}}, {{1}, {2}, {3} }.

Let (a,)n>1 be a sequence of complex numbers. For each set partition p = { By, B, ..., By}
of S, we define

Qp -= B, |Q|By| " " A|By|-

With this notation, the following formula holds.

Proposition 3.21. For a random variable X € L~ (Q, F,P), we have
EX" = ) K/(X), neN (3.10)
pEP(n)

Proof. Although we do not need this formula later, the proof is sketched for the reader’s conve-
nience. We can see that, given a sequence of positive integers (i1, is, .. ., i) With iy +2ig+-- -+
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ki = n, the number of p € P(n) that has i; blocks of cardinality one, iy blocks of cardinality
two, ..., i blocks of cardinality k, equals

(n) <n - il) (n — iy — 22‘2) (n iy = 2y — e — (k— 1)2',“) ﬁ (pi,)!
WANA 3is ki, o (1) ()
n!
= . , . A1
dglig!e - il (1) (212 - oo (R (3:11)
so that the coefficient of K (X)1Ky(X)®2 - Ki(X)* in () is exactly () On the other

hand, recall that the definition of cumulants is given by E[e*X] = exp (Zn21 K’;S!X) z”), so that

Z _IE[X”] 2" = eKl(X)Ze%%e%ZS e (3.12)
n!
n>0
in the sense of formal power series. The coefficient of Ky (X))@ Ky(X)® .- K (X)%*2" in ()
is easily seen to be the number () divided by n!, as desired. O
Example 3.22. For n = 1,2, 3, formula () reads
E[X] = Ky (X),

E[X?] = Ky(X) + Ky (X)?,
E[X?] = K3(X) + 3Ka(X)Kq (X) + Ky (X)?,
which are equivalent to the formulas in Example @

Our goal is to discover a similar formula for monotone cumulants. It turns out that an ordered
set partition provides a suitable framework. An ordered set partition of a finite set S is
a sequence ™ = (By, By, ..., By), where { By, Bs, ..., By} is a set partition, i.e., By, By, ..., By
are nonempty disjoint subsets of S such that S is the union of them. We can also consider
that 7 is the set partition { B, B, ..., By} equipped with the linear order on its blocks By <
By < .-+ < Bg. In this way, an equivalent definition is that an ordered set partition is a pair
T = (p,<) of a set partition p € P(S) and a linear (or total) order on p. We set the notation
|7| :=|p| that is the length of the sequence 7, and 7 := p. Let OP(S) be the set of the ordered
set partitions of S, and in particular, let OP(n) := OP([n]). With a slight abuse of notation,
we will write B; € m, which more precisely means B; € 7.

Let T be a totally ordered finite set. A set partition p € P(7T') is said to have a crossing if
there are two blocks By, By € p and elements a,b € B; and b, c € B, such that a < c < b < d.
A set partition that has no crossings is called a noncrossing set partition.

We consider a partial order on each p € P(T) defined by a covering relation. For nonempty
subsets B, By C T, we say B; covers By, denoted as B; < Bs, if min B; < i < max B; for all
i € By. On a set partition of T, the relation < becomes a partial order.

Definition 3.23. Let T be a totally ordered finite set. An ordered set partition m = (p, <) of
T is called a monotone set partition if

e p is a noncrossing set partition,
e if B, B’ € p satisfies B < B’ then B < B'.

The set of monotone set partitions of 7" is denoted by M(7T'). For notational simplicity, we set

M(n) := M([n])
The monotone set partitions M(T') can be generated from the following recursion.

Proposition 3.24. Let T be a totally ordered finite set. There exists a canonical bijection

B: M(T) — | M(T\ 1),
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6 3

]

1 2 3 4 5 6 7 8 9 10 11 12

FIGURE 4. The diagram of m = (By, By, ..., Bs) € OP(12) where By = {6,9},
B, = {2,3}, By = {11,12}, B, = {7,8}, Bs = {4}, and Bs = {1,5,10}. This

is not a monotone set partition because e.g. Bg covers By. For example, the
permuted one T = (Bg, By, By, By, By, Bs) is a monotone set partition.

where I runs over the set of nonempty intervals of T, the complement T'\ I is endowed with the
linear order induced by T, and M(Q) := {0}. The bijection is given by B: (p, <) > p\{Bmax} €
M(T' \ Buax), where By 1S the largest block of p with respect to <.

Proof. Observe first that B, is a nonempty interval of T" since By,., does not cover any other
element and p is noncrossing. It is straightforward that p \ { Bpax} is @ monotone set partition
of T'\ Bpax. Conversely, the map |J, M(T'\ I) > (I,7") = (I,(p', <)) — (p' U{I}, <) where
< is the extension of <’ such that I is larger than any block of p/, also gives a monotone set
partition of 1", and this is the inverse map. O

Proposition 3.25. Let T be a totally ordered finite set. The cardinality of M(T') is w

Proof. We may assume that T = [n]. Let t, := |M(n)|, n € N, and ¢y, := 1. The previous
bijection yields t,, = >, t,_. For each 1 < k < n, there are n — k + 1 intervals I such that
|I| = k. This yields

n n—1
th=Y (n—k+Dtyp=> (p+1)t,, n>1  to=L
k=1 p=0
Computing t,, —t,_; yields t,, = (n+1)t,_1, so an induction argument shows the desired formula
t, = (n+1)!/2 for n € N. O
Given a sequence (ay,),>1 of complex numbers and 7 = (B, B, ..., Bx) € OP(S), we define

Qr 2= QB |Y[By| " " | By
Equivalently, we set o, := «, for 7 = (p, <).
Theorem 3.26. On any nc-probability space (A, ) and for any x € A, we have
" 1
p(a") = Z W/ﬁﬂ(z), n € N. (3.13)
TeEM(n) '
Remark 3.27. For the classical cumulants (K,,),>1, the moment-cumulant formula () can
be written in the equivalent form
n 1 o0—
EX" = > WK,T(X), neN, X eL*, (3.14)
T€OP(n)

since for each p € P(n) there are |p|! number of 7 € OP(n) such that ™ = p, corresponding to
the permutations of the blocks. Comparing with formula (B.14) somehow justifies the naturality
of the factor 1/|x|! in ()

Proof of Theorem . Let m% (¢) = m (¢; z) be the polynomial in ¢t € R defined in Proposition
3.15. We prove a generalized formula

mi ()= > me), neN, (3.15)
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which coincides with () for t = 1. We extend formula () to n = 0 by interpreting
M(0) := {0}, |@|:= 0, 0! := 1 and kg¢(z) := 1, so that the following calculations make sense.
Then formula ( ) is obviously the case for n = 0. Suppose that the formula holds up to
n — 1. Then, using the differential recursion in Proposition , we proceed as

m,, (t) = Z(€+ )En—e(T /mé

=S+ Vg ila) Y ﬁﬂﬂ(x)/o Sl g

(\
|—\O

£=0 neM(Y)
n—l tlﬂ'l—‘rl
= Z(g + 1) Z m/ﬂn_g(.fﬂ)/ﬁﬂ(w)
(=0 TEM(L) ’
So-prt) ¥ @) (3.16)
= n—p+ KT )Rk (T). .
p=1 T€EM(n—p) (’ﬂ-| T 1)' ’

Since there are n — p + 1 intervals I C [n] of size p, () can be written in the form

t\ﬂ|+1

Z Z mﬁul(ﬂf)f%(x)- (3.17)

@#IC[TLI} reM([n)\I)

interva.

The last formula can be well described by the bijection § in Proposition : the ordered
set partition o := f(L,x) runs over all elements of M(n) exactly once as (I, 7) runs over the
summation range of (B.17), and it holds that || +1 = |o| and k|1 |(z)kx(x) = ks (). Therefore,
the last expression () is exactly the desired (B.15). O

The monotone CLT says that the monotone cumulant sequence (0, 1,0,0.0,. ..) corresponds
to the moment sequence (B.1) of the arcsine law. This fact and Theorem B.24 yield the cardi-
nality of the set of monotone pair partitions

M,(2n) := {m € M(2n) : every block of 7 has cardinality two}.
Corollary 3.28. The cardinality of My(2n) is (2n — 1)!L.

The above proof of the moment-cumulant formula in Theorem does not clarify well why
the monotone set partitions appear. In fact, monotone set partitions have a more intrinsic
meaning: they naturally appear when characterizing a “tensor-like” factorization of mixed
moments.

Definition 3.29. Let I be a totally ordered set and 41,149, ...,4, € I. Let ker(iq, s, ...,i,) be
the ordered set partition of [n], called the kernel, defined as follows: let A; := {p € [n] : i, = j},

J € I, and we collect all the nonempty sets A;, Aj, ..., A;., j1 < j2 < --- < jr, and define
ker(zl,z2,.. in) = (A, A; A;).

IR I
Example 3.30. Let I = N. Then ker(3,5,2,1,5,3,5) is given by ({4}, {3}, {1,6},{2,5,7}).

J19

Proposition 3.31. Let I be a totally ordered set and iy, s, ..., 1, € I. Thenker(iy,is, ... i,) €
M(n) if and only if the factorization

%
olarag -+ ay) = H © (H ap> (3.18)
in)

Beker(i1,i2,...,i pEB

holds for any random wvariables a; € A;, as € Ay, ..., a, € A;, and any monotonically
independent subalgebras (A;)icr in any nc-probability space (A, p).
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Remark 3.32. The factorization (B.1§) is exactly the formula that always holds irrespective of
ker(iy,dg, ... ,4,) provided (A;);e; were tensor independent. This proposition therefore charac-
terizes the arrangements of random variables such that the factorization coincides with the case
of tensor independence.

Proof. Let us check the statement through examples. In the following, (A4;)5°; are monotonically
independent subalgebras in a nc-probability space (A, ), ¢ = (i1, 12, ...,4,) € N* and a; € A;,
CLQGAZ‘Q, o, Qp GAZ‘”.

Case 1: 1 = (iy,19,...,18) = (2,4,4,4,3,2,1,1). Then the kernel
m = ker(¢) = ({7,8},{1,6},{5},{2,3,4})

is a monotone set partition. We first focus on the largest block {2, 3,4} and obtain
plaray - - - ag) = p(a(agazas)asasarag) = p(azazas)p(arasasaras)

because i; < iy = i3 = iy > i5 and asazay € A;,. The remaining sequence (iy, is, i, i7,i3)
associates the kernel ordered set partition ({7,8},{1,6},{5}), which is also a monotone set
partition. Since now #; < i5 > ig we have

go(ala5a6a7a8) = go(a5)<p(a1a6a7a8),

and finally we arrive at

—
plaras - - as) = (asazas)p(as)p(arag)p(aras) = H ¥ (H ap) :

Bem pEB

In general, when the kernel is a monotone set partition, we can first factor out the expectation
of elements corresponding to the largest block of the kernel, and then by Proposition @ the
remaining blocks still form a monotone set partition. Then we can repeat the same procedure
to get the tensor-like factorization.

Case 2: 1 = (2,1,2,1). The associated kernel 7y := ker(z) = ({2,4}, {1, 3}) is not a monotone
set partition because 75 has a crossing. By the definition of monotone independence we get

o(ajazazas) = p(ar)p(azasay),

so that the block {1,3} “splits” into the singletons {1} and {3}. This shows the tensor-like
factorization does not hold.

Case 3: 1= (2,1,1,2). Then 73 := ker(¢) = ({2,3},{1,4}). In this case 73 is noncrossing but
the total order on 73 is not compatible with the covering relation, so that 73 is not a monotone
set partition. It holds that

p(arazazas) = p(ar)p(azaszas),
so that the block {1,4} again splits.

In general, as soon as ker(#) is not a monotone set partition, there always exists a block that
splits, so that the tensor-like factorization fails. 0

Using Proposition we can provide a stronger version of monotone CLT that allows non-
identical distributions of random variables. Moreover, the proof does not rely on monotone
cumulants.

Theorem 3.33. Let (A, p) be a unital C*-probability space and (x;);>1 be a sequence of mono-
tonically independent real random variables in A. Suppose that p(x;) = 0 and p(z?) = 02 > 0
for alli € N, and sup;ey |@(2)| < 400 for alln > 3. Then, for any n € N

lim ((xﬁ“ﬁ'”*”)n)_/ﬁaLdt
Novoa ¥ VN Voo TV 202 — 12
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Proof. By switching to z; /0, we may assume that ¢ = 1. We start by expanding the moments
of the sum 1 + 29 +---+2x as

m,y:=¢(r1+x2+--+2an)")

= Z p(ai ai, - -~ ai,)

1::(2'1,7;2,...71'”)6[]\[}”

= > > elagay--a,). (3.19)

T€OP(n) t€[N]™
ker(4)=m

One easily sees that the assumption implies

sup |@(a;, ai, - - - a;, )| < 00
€N

7]

for all n € N, and also
||
#{i € [N]" : ker(d) = 7} — (N) ]|V|,( L O(NY).

In the sum (), if 7 has a block of cardinality one, then the expectation ¢(a; a;, ---a;,)

vanishes as it contains a factor ¢(a;). Therefore, only 7 whose all blocks have cardinality larger

than one contribute to the sum. If such a 7 has a block of cardinality larger than two, then

the number of blocks is less than n,/2; therefore these partitions contribute o( N™/2) to the sum

(@) In particular, we have m,, y = o(N™/?) if n is odd, and so limy_,o, N~"?m,, x = 0.
Assume that n is even, n = 2k. The above arguments now yield

Mok, N = Z Z SO(CLilaiz e aizk) + O(Nk)v
7€0P2(2k) ic[N]2k
ker(2)=m
where OP5(2k) := {m € OP(2k) : #B = 2 for all B € ©}. Moreover, whenever m ¢ My (2k),
we see that ¢(a; aq, - a;, ) contains a factor ¢(a;) and therefore vanishes; see Proposition
m and its proof. On the other hand, the same proposition shows that ¢(a;a;, - - a;,, ) =1
whenever m € My (2k). Altogether, we have

Moy, v = #Ma(2K) (]D +o(N*F) =

(2k —1)! kg k

TN o(N"). O
Remark 3.34. The above proof used Corollary 3 - which relied on the (iid version of) monotone
CLT and hence on monotone cumulants. Actually, it is not difficult to directly show the
recurrence relation #Ms(2k) = (2k — 1)#My(2k — 2), and thus our proof of Theorem ‘ ] is
self-contained, i.e., does not rely on the notion of monotone cumulants.

3.6. Notes. The monotone cumulants were defined by Hasebe and Saigo [89], and we basically
followed this original paper, providing more detailed arguments. More general multivariate
monotone cumulants are introduced in [88]. The proof of Theorem B.26 followed [88]. The
original definition of monotone cumulants was inspired by “umbral calculus” in combinatorics, in
which “umbrae” correspond to iid copies of random variables, and a “dot operation” corresponds
to the sum of iid random variables. The definition of monotone cumulants builds upon a Lie-
theoretic approach, which was already exploited by Voiculescu in the definition of free cumulants
[153]. Combined with Hopf algebras, the Lie-theoretic aspect of cumulants has been further
pursued in the literature, see e.g. [9, 60, 87, [113].

The proof of Theorem 3.18 (the monotone CLT) and Theorem - monotone Poisson’s
law of small numbers) more or less followed the lines of [89], being dlfferent from the proof
of the original article [[123]. The proof of Theorem , the monotone CLT allowing non-
identically distributed random variables, is somewhat similar to the original article [[123], see
also Hora and Obata [92, Theorem 8.23]; in fact, our proof closely follows Saigo’s [138]. Wang
analytically proved the monotone CLT only by assuming the existence of finite second moment
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[156]. Arizmendi, Salazar and Wang provided a Berry-Esseen type result [15]. Other limit
theorems are studied in the literature: Wang and Wendler showed a law of large numbers [[157]
using a martingale technique; Wang obtained a limit theorem of stable type [155]; Anshelevich
and Williams established a rather general limit theorem converging to monotonically infinitely
divisible distributions [[7]; Franz, Hasebe and Schleiflinger studied monotone convolutions of
infinitesimal triangular arrays that allow non-identical probability measures [71]. These results
can be seen as nontrivial limit theorems for iterated compositions of holomorphic self-maps and
some of them have connections to ergodic theory.

The monotone set partitions first appeared in [124] in the form of Proposition . Lie-
theoretic approaches can make it clearer how Proposition B.31| leads_to the appearance of
monotone set partitions in the moment-cumulant formula in Theorem , see [87, 113].

4. CAUCHY TRANSFORM

In this section we collect results on the Cauchy transform of probability measures and its
relatives. Using these results we extend monotone convolutions to probability measures with
unbounded support and analyze them in later sections.

4.1. Measures. As different sources use different terminology in measure theory, we start by
specifying our conventions. Let X be a topological space and B(X) be the set of Borel subsets
of X, ie., B(X) C 2% is the smallest o-field that contains all open subsets of X. A Borel
measure is a function pu: B(X) — [0, +0o0] such that

e 1(0) =0,

o/ <U Bn> = Z,LL(Bn) whenever By, By, Bs, ... are disjoint Borel subsets of X.
n=1

n=1

A Borel measure p on X is called
- a probability measure if the total mass p(X) is one;
- finite if the total mass is finite;
- locally finite if every point of X has an open neighborhood with finite mass; and
- atomless if py({z}) =0 for all z € X.

Related to the last condition above, an element z € X is called an atom of p if u({z}) €
(0, 4o00].

We say that a Borel measure u is supported on B if u(X \ B) = 0. The support of u
is the smallest closed subset B of X such that p(X \ B) = 0, and the support is denoted as
supp(p) if it exists. The support of a Borel measure always exists if X is a separable metric
space [p9, Problem 3, Section 7.1].

A complex Borel measure on X is a function p: B(X) — C such that

(U) - Sz )

for all disjoint Borel subsets By, Bs, ... of X. Note that this definition includes the convergence
of the series in (4.1)) unlike the case of Borel measures. In particular, the definition implies
pu(@) = 0. By the Jordan decomposition, a complex Borel measure p decomposes as ju =
p1 — o +1i(ps — pg) for some finite Borel measures py, k € {1,2,3,4}; see e.g. [137, Chapter 6].

4.1.1. Handling o-fields. The definition of B(X) is implicit in that no necessary and sufficient
condition is given for subsets of X to be Borel. In measure theory and probability theory,
one often sees such sets, e.g. Lebesgue measurable sets or sets in product o-fields. To handle
such sets, a standard technique is to consider classes of sets rather than individual sets. The
following classes are widely used.
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Definition 4.1. Let Q be a set and F C 2.
(i) F is called a m-system if AN B € F for all A, B € F.
(i) F is called a A-system if the following conditions hold:
o) e F,
eif A Be Fand AC B then B\ A € F;
eif A, e F(neN)and A C Ay C A3 C--- then |
(iii) F is called an algebra if the following conditions hold:
o) e F,
oif A/ B € F then AUB € F;
oif Ac Fthen Q\ AecF.
(iv) F is called a monotone class if the following conditions hold:
oif A, € F(neN)and A; C Ay C A3 C--- then |J A4, € F;
eif A, € F(neN)and A; D Ay D A3 D --- then [ A4, € F.

Note that any algebra is a m-system and any A-system is a monotone class.

A, e F.

neN

neN

neN

The following -\ theorem and monotone class theorem are standard methods to extend a
statement about a class C of sets to a statement about the o-field o(C) generated by the class C;
the reader is referred to [99, Theorem 1.19] and [59, Theorem 4.4.2] for the proofs, respectively.

Theorem 4.2 (7-\ theoremﬂ). Let Q2 be a set. Let P be a m-system and L be a \-system of
subsets of Q@ such that P C L. Then o(P) C L.

Theorem 4.3 (Monotone class theorem). Let Q be a set. Let A be an algebra and M be a
monotone class of subsets of 2 such that A C M. Then o(A) C M.

A typical application of these theorems is the following.

Proposition 4.4. Let 11,15 be locally finite Borel measures on R such that (1) = 1o(I) for
all open intervals I of finite length. Then 7 = T5.

Proof. The goal is to show 7(B) = 7o(B) for all B € B(R). Since
7;(B) = lim 7;(BN (=N, N)), i=1,2,
N—o00

it suffices to show 71(B) = 72(B) for bounded Borel subsets B. We therefore fix N € N. Let us
consider the set P C 2=V consisting of the empty set and the open subintervals of (—N, N),
and

L:={Be€B(—N,N)):n(B) =1(B)}.
We can see that P is a m-system, L is a A-system and, by assumption, P is contained in L.
By the 7\ theorem, o(P) is contained in L, the former of which is known to be equal to

B((—N, N)). O

Remark 4.5. One could also use the monotone class theorem. Observe first that the above L is
also a monotone class. Instead of P one could consider the algebra A C 2(-V:N) consisting of the
empty set and finite disjoint unions of the intervals of the forms (a;,b;] (=N < a; < b; < N);
note that (a;, N| is to be interpreted as (a;, N). By taking limits one would see that each
(ai, b;] belongs to L, and therefore A C £. By the monotone class theorem, £ would contain

o(A) = B((=N,N)).

im probability theory, sometimes m-\ theorem is called monotone class theorem! However, it does not seem
that one theorem easily implies the other.
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Sometimes, finding an appropriate algebra is_harder than finding a m-system, and therefore
-\ theorem is more useful. Later in Theorem [6.11] we also see the opposite situation where the
second condition of the A-system is hard to check, and thus monotone class theorem is more
useful.

4.1.2. Weak convergence of measures. There are several notions of conyergence for measures.
Here we consider weak convergence and its properties. In Appendix [Al, a relation of weak
convergence to convergence of moments is discussed.

Definition 4.6. Let X be a topological space. The set of the finite Borel measures on X
is denoted by #;,(X). A sequence (7,)n>1 in #5,(X) is said to converge weakly to 7 €
Men(X) if for any bounded continuous function f: X — R one has

lim [ f(2)m(dz) = / F@)r(da). (4.2)
Sometimes, it is convenient to take a smaller set of test functions. For the proof of the
following result, the reader is referred to [99, Theorem 13.16].

Proposition 4.7. Let X be a locally compact, complete separable metric space and T,,T_€
Msn(X), n € N. Then 1, converges weakly to 7 if and only if lim, o 7,(X) = 7(X) and ()
holds for all continuous functions f with compact support.

The following is a somewhat trivial reformulation of weak convergence. This is, however,
useful when combined with relative compactness, see Remark .

Lemma 4.8. Let X be a topological space. Let 1,7, € Man(X) (n € N). Then the weak
convergence T = lim, oo 7, holds if and only if any subsequence of (7,)n>1 has a further
subsequence that converges weakly to 7.

Proof. The “only if” part is obvious. For the “if” part, suppose to the contrary that 7, does
not converge to 7; then there exist a bounded continuous function f: X — R, ¢ > 0 and
a subsequence (7,(j));>1 such that | [ fdr,;) — [ fdr] > e for all j. This contradicts the
assumption that (7,(;)) has a further subsequence that converges to 7. U

Definition 4.9. Let X be a topological space and .# C #,(X).

(i) A is said to be tight if for any € > 0 there exists a compact subset K C X such that
(X \K)<eforall pe .

(ii) .# is said to be relatively compact (with respect to the weak convergence) if any
sequence in .# has a subsequence that is weakly convergent in .#,(X).

Remark 4.10. The above definition of relative compactness coincides with the standard defini-
tion in topology when ., (X) is metrizable, which is the case if X is separable; see e.g. [36,
Theorem 5, Appendix IIT].

Theorem 4.11 (Prokhorov). Let X be a complete separable metric space and 4 be a subset
of Mun(X). Then A is relatively compact if and only if A is tight and {7(X):7 € A} C
[0, +00) is bounded.

Proof. For the case of probability measures, the reader is referred to [36, Theorems 6.1 and 6.2].
For finite Borel measures, dividing the measures by their total masses reduces the problem to
probability measures. ]

Remark 4.12. Actually we will use Theorem only for X = R or circles in the Riemann
sphere C U {oo}. Then this theorem is a direct consequence of Helly’s selection theorem, see
e.g. [99, Theorem 13.33]. If X is a compact space, the whole set .#,(X) is automatically tight
and so relative compactness is equivalent to the uniform boundedness of total masses.
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Remark 4.13 (Compactness argument). To show the weak convergence of a sequence of finite
Borel measures (7,,),>1, a useful method is a compactness argument. One first shows that
(Tn)n>1 is tight and uniformly bounded (i.e., relatively compact); this is of course easier when
the underlying space X is compact. Then any subsequence (7,(j));>1 of (7)n>1 has a further
subsequence (T,(;(k)))r>1 Weakly converging to a finite Borel measure 7. If one can somehow
show that the limit 7 does not depend on the choice of (7,;));>1 or (Tu(jk)))k>1, Lemma
implies that the whole sequence (7,,),>1 converges to 7.

4.2. Holomorphic functions. In this section, we collect technical but preparatory results in
complex analysis. Let D denote the unit disk {z € C : |z| < 1} and C* the complex upper
half-plane {z € C : $(z) > 0}. We consider R := RU{oo} as a compact subset of the Riemann
sphere C U {o0}.

4.2.1. Interchange of integration and differentiation. Here we note a useful criterion that allows
us to differentiate a holomorphic function under the integral sign. This fact will be used below
without being mentioned.

Proposition 4.14. Let (T, F,pu) be a measure space. Let D be an open subset of C. Let
f: D xT — C be a function such that

e for a.e. t € T the function f(-,t) is holomorphic on D,
e for each z € D the function f(z,-) is u-integrable,

e there is a p-integrable function g: T — [0, +00) such that |f(z,t)| < g(t) for all z € D
andt eT.

Then the function F(2) := [, f(z,t) p(dt) is holomorphic on D and F™(z) = [, o7 w(dt)

foralln € N. Note that the assumptzons above imply that O f(z,-) is - mtegmble for cmy z E D
and n € Ny.

Proof. Let C be the circle centered at zy € D with radius r» > 0, sufficiently small so that C'
and its interior are contained in D. By Cauchy’s integral formula, for p-a.e. t, we have

0.5:ut) = 5 [ T

27i w— z)
This yields the estimate

0. f(2,1)] < /|w -l < :), 2zl < 5. (4.3)

Writing f(z,t) = u(z,y,t) + w(m,y, t) and F(z) = U(z,y) +iV(x,y) with notation z = = + iy,
the above estimate implies that the four functions |0,u|, |Oyu|, |0,v|, |0yv| are all bounded by
4g(t)/r. Therefore, the usual criterion for the interchange of differentiation and integration
yields that U(z,y), V (z,y) are differentiable under the integral sign with respect to both z and
y. Also we can check that U,V are C* functions by the dominated convergence theorem. This
argument implies that the C! functions U,V satisfy the Cauchy—Riemann equations, and hence
F' is holomorphic and the desired formula F'(z) = [,,0.f(z,t) u(dt) holds.

As we have established (@), the function 8 f also Satlsﬁes the assumptions of the proposition
in a neighborhood of zy, so that we can obtain the result for the second derivative. Repeating
the above arguments, we obtain the desired formula for higher-order derivatives. 0

4.2.2. Boundary behavior. The study of boundary behavior of holomorphic functions is an
important theme below. A basic notion in this respect is the following.

Definition 4.15. For a function f: C* — C we say that f has a nontangential limit
¢ € CU{o0} at oo if for any v > 0 we have
lim f(z) = ¢, (4.4)

z2€V~y
|z]—o0
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where V,Y is the sector domain
V., ={zeC":~|R(2)| < 3(2)}.

The nontangential limit of f at co is written as <lim, ., f(z) if it exists.
There is a conformal bijection of C* that maps oo to a € R. This allows us to define a
nontangential limit at a: f has a nontangential limit ( € CU {oco} at a € R if for any v > 0
lim f(z) = ¢,

z€a+Vy
z—a

and we write ( = <lim,_,, f(2).

In general, even if (@) exists for some v > 0, the limit might not exist for smaller v’s. A
remarkable fact is that such never happens for a large class of holomorphic functions: if (4.4)
exists for some v > 0, the limit exists for any v > 0. This is a consequence of Lindelof’s theorem.
Although this theorem is not essential below, we quote it here as it helps to better understand
some results. For the proof we refer the reader to [40, Theorem 1.5.7] or [45, Theorem 2.3]. A
stronger version can be found in [45, Theorem 2.20].

Theorem 4.16 (Lindelof). Let N: Ct — CT UR be a holomorphic function. If there exists a
continuous map v: [0,1) — C* such that lim;_,1 y(t) = oo and ¢ := lim;_,; N(y(t)) € CtUR
exists, then the nontangential limit of N at co exists and equals C.

4.2.3. Convergence of holomorphic functions. We will consider the locally uniform convergence
for holomorphic functions. There are two equivalent formulations that could be different for
general continuous functions in topological spaces.

Definition 4.17. Let X be a topological space and f, f,, € C(X), n € N.

(i) (fn)n>1issaid to converge to f locally uniformly if each point of X has a neighborhood
on which f, converges to f uniformly.

(ii) (fn)n>1 is said to converge to f uniformly on compacta if f,, converges to f uniformly
on each compact subset of X.

If every point of X has a compact neighborhood then these two notions coincide.
The idea of Lemma @ also works for the uniform convergence on compacta.

Lemma 4.18. Let X be a topological space and let f, f, € C(X), n € N. Then f, converges to
[ uniformly on compacta if and only if any subsequence of (fn)n>1 has a further subsequence
that converges to f uniformly on compacta.

The relative compactness for functions is defined similarly to measures.

Definition 4.19. Let X be a topological space. A family % C C(X) is called relatively
compact (with respect to uniform convergence on compacta), or normal, if any sequence in #
has a subsequence that converges uniformly on compacta to a continuous function on X. Note
that the limit function is not required to belong to .%.

Remark 4.20 (cf. Remark ) The definition of relative compactness above coincides with
the notion in topology if convergence on compacta is induced by a metric on the space C(X).
This is the case e.g. if X is of the form X = (J, .y Kn, where K, are compact subsets such that
any compact subset of X is contained in some K,,. Indeed, in this case

ptf0) = 22 (18 sup 11(o) ~ g(0)])
n=1 xEKn
provides a distance on C(X) such that p(f,, f) — 0 if and only if f, — f uniformly on
compacta. For example, if X is an open subset of C then K, := {z € X : d(z,C\ X) >
1/n, |z| < n} meets this condition, where d is the Euclidean distance.
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In the compactness argument, a characterization of relative compactness is a key ingredient.
For holomorphic functions, this is given by Montel’s theorem. The reader is referred to [135]
for the proof.

Theorem 4.21 (Montel). Let D C C be a domain. Let .F be a family of holomorphic functions
from D to C. Then F is relatively compact if and only if sup,cx ez |f(2)] < +00 for each
compact subset K C D. Note that a locally uniform limit of holomorphic functions is always
holomorphic by Weierstrass’ theorem.

On the other hand, the identity theorem provides a sufficient condition for the uniqueness
of limit points. Combining Montel’s theorem, the identity theorem and Lemma §.1§ yields the
following useful criterion for the locally uniform convergence.

Theorem 4.22 (Vitali). Let D C C be a domain. Let f,: D — C (n = 1,2,3,...) be
holomorphic functions that are uniformly bounded on each compact subset of D. Suppose that
there is a sequence of distinct points (zi)g>1 C D such that limg_,o0 2, € D and limy, o0 fr(2k)
exists in C for all k € N. Then f,, converges to a holomorphic function locally uniformly on D.

Proof. By Montel’s theorem, (f,) has a subsequence that converges locally uniformly to a
holomorphic function f on D). This is a candidate for the limit.

Let us apply Lemma . Take any subsequence (f,x))r>1. Again by Montel’s theorem,
it has a further subsequence (f,(x(j)));>1 that converges to a holomorphic function g locally
uniformly on D. By the assumption that lim, ., f,(2x) € C exists, we conclude that f(z;) =
g(2) for all k& € N. The identity theorem forces f and g to coincide. Therefore, (fy(k(j)));>1
converges to f locally uniformly. Lemma M yields that the whole sequence (f,,),>1 converges
to fon D. O

4.3. Nevanlinna functions. A holomorphic function
N:C" - C"uUR

is called a Nevanlinna function. Nevanlinna functions play central roles below because many
transforms of probability measures are holomorphic functions taking values in half-planes. We
collect various properties of Nevanlinna functions. We first demonstrate an integral formula for
Nevanlinna functions.

Upon fixing a conformal bijection L: C* — D, the function —iN o L~! is a holomorphic func-
tion on D taking values with nonnegative real part, called a Herglotz function. Sometimes
Herglotz functions make arguments clearer so we work with them instead.

Lemma 4.23 (Poisson integral formula). Let f : D — C be a holomorphic function. For every
R € (0,1) it holds that

Fz) = - / R (w) f(R®)dg, |2 < R. (4.5)

Tom ) Rel¢ — 2

Proof. Let z = re'? with 0 < r < R. By Cauchy’s integral formula

z) = L f(w) dw. 4.6
fz) = = /| (4.6)

271 Jyyl=p W — 2

Let z* := RTQeie called the reflection of z with respect to the circle {w : |w| = R}. Since |2*| > R,
Cauchy’s integral theorem yields
1 f(w)

0=—
271 Jjyj=p w — 2*

dw. (4.7)

Combining (@) and (@) gives
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With notation w = Re'® we obtain
1 Lo g Rel? + 2
w—2z w—2z" Rel® Relv — 2 )~

The conclusion follows by observing dw = iRe'? dé. U

Proposition 4.24. For a Herglotz function f, there exist b € R and a finite Borel measure o
on 0D such that
(+z

am s — %

f(z)=ib+ o(dQ), z € D. (4.8)

Proof. Let 0 < R < 1 and g be a holomorphic function defined by

1 [T Re'+ 2 :
= — ——— " R[f(Re)] dg, <R.
02) =5 | o RURE) Ao, I
Since f has a representation in Lemma we have R[g(z)] = R[f(2)] for |z| < R. It is a well
known consequence of the Cauchy—Riemann relations that a holomorphic function on a domain
with a constant real part must be constant, which implies in our situation that f(z) = g(z)+1b
for some constant b € R. Therefore,

1 [Te?+2

f(Rz) = 1b+% T

(+z
op G — 2

where o is the finite Borel measure on the unit circle 9D defined by og(d(¢) := %?R[ f(Re¥)] do,
¢ = €. Selecting z = 0 in (@) we obtain oz (0D) = R[f(0)], which implies that the family
{or(0D) | 0 < R < 1} C [0, 4+00) is bounded. Since D is compact, the family {or | 0 < R < 1}
is tight. By Theorem K.11|, there exists a sequence R, 1 1 and a finite Borel measure o such
that ¢ =_lim,,_,,, og, weakly. Setting R = R, in (@) and letting n — oo amounts to the
desired (@) O

R[f(Re?)) d¢ = ib + or(dC), zeD, (4.9)

Remark 4.25. The number b € R and the finite Borel measure ¢ are unique. We will prove this
in the next theorem for the equivalent setting of Nevanlinna functions.

Theorem 4.26 (Nevanlinna formula). For a Nevanlinna function N, there exist a > 0, b € R
and a finite Borel measure T on R such that

1+1¢ 1+1¢
N(z):az—b+/ 12 an) :—b+/ 12~ an), (4.10)
rRt—2 R t—2
where 7 is the finite Borel measure on R defined by T|g = 7 and 7({oo}) = a, and (1
o0z)/(00 — 2) := z. The triplet (a,b,T) is uniquely determined as follows.
N
(i) a= < lim 2.
z—00  Z

(i) b= —R[N(1)].
(iii) The Borel measure p(dt) = (1 + t*)7(dt) satisfies for each —0o < a < § < 00
B
p((a, B)) + ( ({a}) +p({B})) = - lm [ SIN(z+iy)]dz, (4.11)

—0t

p({a}) = hm ( iy)N (o + iy), (4.12)

which will be referred to as the Stieltjes inversion formula.

Remark 4.27. A further study of the behavior of I[N (z + iy)] as y — 07 would provide more
information about p, e.g., supporting sets for the absolutely continuous part and singular part
of p, see [142, Appendix F].
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Proof. The conformal bijection L: C* — D defined by

i 1
L(z) = 1z —i—.
Z+1
has the compositional inverse
—iz+1
L7Y(z) =
(2) = ——

and extends to a homeomorphism from C* U R onto D. By Proposition the function
—iN o L~! has a representation

T el 4w L(t)+w
2

_4N@1m»:w+/ w_wa@@:w+ézatz<“% weD,  (4.13)

—T

where 7 = o o (L[3) is the measure pushforwarded by the map L'[,p. With the notation
w = L(z), z € C*, it holds that

L(t)+ L(z) (1l +tz)
Lit)—L(z)  t—z '

which transforms (4.13) into the desired ()
is immediate.

It suffices to show <lim, ,o R(z)/z = 0, where R(z) = [p = 7(dt). Let t € R, v > 0,
z=z+1iy € V., with y > 1. Then

1412 1 z 1 z
= 1] <1 14— ) <1+2 .
2(t — z) z(t—z)+t—z+ ‘_ +‘t—z ( +|z|2)_ * ‘t—z
Since
$2+y2 7—2y2+y2
=7 < )Lz 7 /] —2 4.14
-t (T —t)2+42 = Y2 77 (4.14)

the function |(1 +tz)/[z(t — 2)]| can be uniformly bounded by a constant independent of (¢, z).
By the dominated convergence theorem, lim,_, v, R(2)/z = 0.

First observe that

t— 2 t—z 1+

which is sometimes useful. Now this formula immediately implies

1+m:( ! ! >u+ﬂ) (4.15)

. Y
% Nz +1 =ay + / — dt
[N(x +iy)] = ay R@_W+wm )
capr [ pan s | R
(a—1,8+1) (33 - t) +y Y (—o00,a—1]U[B+1,00) ('T - t) +y .
::IIZa:,y) :51;@51?/)

Since I, is continuous on [, 5] %[0, +00) and vanishes on y = 0, we have lim,,_,o+ f(a g L2z, y) de =
0. Concerning [;, we use Tonelli’s theorem to interchange the integrals

S I
TR

—1 —t
= lim / (arctan P — arctan & ) p(dt).
y=0" J(a—1,8+1) Y Yy

lim Li(z,y)dx = lim p(dt)/
(a=1,5+1) (a

y—0t (a,B) y—07t
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Since
O, t 6 - 9 U 9 Y
| o (~00,0) U (4, 00)
lim [ arctan — arctan =q7, te(a,p),

y—07t Yy Yy -
99 t:&7ﬁ7

the desired (4.11)) follows by the dominated convergence theorem.
As for ({1.12), due to the calculations

iyN(a + iy) = iya(a + iy) — iyb + iy/]R [t — (o}+ 1 _ﬁ tz} p(dt)
B  ia . (t—a)+iy ¢t
—o)—pltep+ [ | ) e
=k(t,y)

it remains to show that the integral converges to zero as y — 0. We split the integral region
R\{a}into J; :={t e R:0< [t —a|] <1} and Jo := {t € R: |t — a] > 1}. The integral
over J; tends to zero by the dominated convergence theorem because p(J;) < +o0o and for all
y € (0,1) and ¢t € J; we have

t— 2 t 2 t* + y?
|k(t’y)|§y\ al+y*  Jtly S[y +(t—a)’]/2+y° Y
(t—a)?2+y> 1+t (t—a)?+y? 2(1+1t2)
The integral over J, also converges to zero by the dominated convergence because 7(.J;) < 400
and

[t —a+iyl(1 +#°) —t[(t — ) + ]
sup (1 +t3)|k(t,y)| = sup ‘ < +00
teh( )IE(t, ) Sup y =T
ye(0,1) ye(0,1)
Finally, we verify the uniqueness of 7. Suppose that (a,b,7’) is another triplet. By the
Stieltjes inversion formula, the measure p (d@ (1 + t2)7/(dt) satisfies p/(I) = p(I) for all

open intervals I of finite length. Proposition yields p' = p, and therefore, 7/ = 7. O

In many examples the Stieltjes inversion formula is used in the following form.

Corollary 4.28. Let N be a Nevanlinna function with triplet (a,b,7). If N extends to a
continuous function N: Ct U [a, 5] = CTUR for some —oo < a < § < 00, then the measure
Tliag @5 Lebesque absolutely continuous and its density is given by

L telos)

Here we characterize the convergence of Nevanlinna functions.

Proposition 4.29. Let N,, n=1,2,3,..., be Nevanlinna functions with representations

1
Ni(z) = —by +/]1§ titz 7, (dt).

z

The following statements are equivalent.
(1) N, converges to a function N locally uniformly on C*.
(2) There is a sequence of distinct points (zx)k>1 that converges to a point zo, € C*, and
nh—glo N, (z) exists in C for all k € N.
(3) bn converges to some b € R and (7y)n>1 converges weakly to some finite Borel measure 7
on R.
Moreover, if the above equivalent conditions hold, then the limit function N is the Nevanlinna

function given by
141
N(z)——b+/ 12 ).
R t—=z
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Proof. - is obvious.

- . By performing an affine transformation z — pz+¢ (p > 0, ¢ € R), we may assume
that z; = i. Since N, (i) = —b, + i?n(ﬂ/é), the sequence (b,,),>1 converges to b € R and the total
mass (/T\n(@ ,>1 converges to a finite nonnegative number. By the compactness of R and by
Theorem , the sequence (7,,),>1 has a weakly convergent subsequence (7,/), whose limit is
denoted by 7. Let N be the Nevanlinna function determined by the pair (b, 7). The definition

of weak convergence implies that for each z € C*

Ny (2) = =by —I—/ Ltz T (dt) — —b+/ Ltz 7(dt) = N(z) as n'—oo. (4.16)
Rlt—=z Rt—2
We now take any subsequence (7,(jy)j>1 of (7n)nen. By the same reasoning as above, it has a
further subsequence (7,(j(x)))r>1 that converges to a finite Borel measure 7. Denoting by N the
Nevanlinna function corresponding to (b,7), we obtain Ny (2) — N(z) in the same way as
() Therefore, for any k£ € N, we have N(z) = lim, o Np(2k) = N(zk) By the identity
theorem we have N = N on C* and hence, by the uniqueness of the Nevanlinna formula, 7 = 7.
Lemma implies the convergence of the whole sequence 7,, — 7 as n — oo.

= . The pointwise convergence N,(z) — N(z) follows by the definition of weak

convergence as R 3 ¢t — lt%t; € C* is bounded and continuous. Moreover, for each compact

subset K C C*, the function (¢,z) — (1 + t2)/(t — 2z) is_bounded on R x K, and so N, is
uniformly bounded on K. By Vitali’s theorem (Theorem ), the convergence N,, — N holds
locally uniformly. dJ

Remark 4.30. Be aware that even if a sequence of Nevanlinna functions converges, the triplets
in () might fail to converge to that of the limit function. Take for example the triplet
(0,0,9,), n € N. Then
14 2n
N,(z) = — N(z) :=
() = =0 5 N(z) = 2
while the limit function has triplet (1,0,0). By contrast, the pair (b,7) works perfectly with

respect to the convergence. In the above example, as finite Borel measures on R, the convergence
0, — 0 holds.

Here is a technical lemma on Nevanlinna functions to be used in later sections.
Lemma 4.31. Let T be a metric space and N: T x Ct — CT UR be a function such that
e for each z € CT, the map t — N(t, z) is continuous,
e for eacht € T, the map z — N(t, z) is a Nevanlinna function.

kN .
Then %7],:[ is continuous on T x C* for every k € Ny.

Proof. For each t € T' we have the formula
1
N(t, 2) :atz—bt—i-/ T

R L—Z

Tt<dx), S (CJr.

We fix a point (t,,2,) € T x CT and a sequence (t,, z,), n € N, converging to (t., z.). Since
—by + i[a; + 7(R)] = R[N(¢,1)] is a continuous function of ¢ € T, the sequences a;,, by, ,
7, (R) (n € N) are all bounded. This implies that N(¢,,z), n € N, z € C, is uniformly
bounded for any compact C' C C*. In parituclar, let C' be a smooth simple closed curve
surrounding the points z,, z, (n € N). By Cauchy’s integral formula, we have

9" N K[ Nt w)
b (tn; 2n) = Q_m/c (w — z,)kt1 dw.

As N(t,,w) is uniformly bounded, the dominated convergence theorem allows us to conclude
OEN (tn, 2n) — OFN(t., 2.). O
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4.4. Cauchy transform and its relatives. Let x be a real random variable in a unital
C*-probability space (A, ). In Theorem [1.2§ we encountered the shifted moment generating
function M, (z) that can be written as

Malz) = S pta)e = [ )

1— 2zt

Replacing the variable z with 1/z gives a function called the Cauchy transform, which is widely
used in noncommutative probability. In this section we also introduce some other related
functions.

Definition 4.32. Let p be a finite Borel measure on R. The function

1
Gu(z) = /R po— w(dt), zeC*t

is called the Cauchy transform of p; sometimes it is called the Stieltjes transform or Borel
transform. The function F,(z) := 1/G,(2) is called the reciprocal Cauchy transform of .

Proposition 4.33. For a finite Borel measure i on R and —oo < o < 8 < 00, one has
1 I :
plla, B)) + 5 (u({a}) + u({B})) = —— lim [ S[Gyu(z +iy)] d,

™ y—=0t J,

p({a}) = lim iyG, (o + iy).
y—0t
In particular, the map p— G, is injective.

Proof. The formula

B 1+tz  p(dt) .__/ t
Gu(z) = b—l—/R b= T p(dt),

t—z 142
gives a Nevanlinna formula for —G/, and allows us to apply Theorem . The injectivity
follows from the uniqueness part of the measure 7 in Theorem .26. 0

The following is a consequence of Corollary .

Corollary 4.34. For a finite Borel measure p on R and —oo < a < 8 < 00, suppose that
G, extends to a continuous function G,: C* Ula, 8] — (=CT)UR. Then puly, 4 is Lebesgue

absolutely continuous and its density is given by _%%[éu(t)]: t€la,pl.
The Cauchy transform is characterized as follows.

Proposition 4.35. Let G: Ct — (—C") UR be a holomorphic function. Then the following
statements are equivalent.

(1) G =G, for some probability measure fi.
(2) limy 1o 1yG(iy) = 1.
(3) <lim, ;o 2G(2) = 1.

Proof. - . By () and the dominated convergence theorem

zGu(z):/RZit,u(dt)ﬁl as z — 00, 2 € V,.

- is obvious.

- . From the Nevanlinna formula for —G we have

G(2) = —az +b+/ ! ”f (dt),
R

z —
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where a > 0, b € R and 7 is a finite Borel measure on R. Moreover,
2

RliyG(iy)] = ay* + /R yzz:_ " (1 + %) 7(dt).

From assumption it must hold that ¢ = 0, and from y;’—jtz 11 (y T +o0) the monotone
convergence theorem yields

1= lim R[iyG(iy)] = /R (1 + %) 7(dt).

Yy—r+o0

Therefore, the measure pu(dt) = (1 + ¢*)7(d¢) is a probability measure on R. The function G
can be expressed in the form

G@):H/Aiﬁﬁ) M(dt):GM(z)+b+/RﬁM(dt),

which, together with assumption , implies b + fR 1%2 p(dt) = 0 and hence G = G,,. U

Proposition 4.36. Let pu, i, (n € N) be probability measures on R. The following are equiva-
lent.

(1) pn — 1 weakly.

(2) G, converges to G,, locally uniformly on C*.

(3) There exists a sequence of distinct points (zx)32; C CT such that klim 2y, exists in CT,
—00

and lim G, (zx) = G(zx) for every k € N.
n—oo

Proof. — follows from Proposition and .

— is obvious from the definition of weak convergence.

— . We extend p,, to a probability measure fi,, on R by setting i, ({cc}) := 0. Since
{ﬁn(@) = 1},,>1 is bounded, by Theorem 1.11), there is a subsequence (fin(;));>1 that converges
weakly to a probability measure i on R. Since R3¢+ 1 /(z —t) can be regarded as a bounded
continuous function on R vanishing at infinity, we have

1 1 1 .
G = [ > [t = [ a0 = G, secr
R R R

z —

By assumption , the limit function G, must be G, (2). Since the Cauchy_transform de-
termines the underlying finite Borel measure on R uniquely (see Proposition ), we have

ilg = p- Recalling that p is a probability measure on R and i is a probability measure on R,
we must have fi({oo}) = 0. The weak convergence [i,,(jy — ji implies

/R F(@)tingsy(dz) — / £(2) u(de) (4.17)

for any continuous function f on R with compact support since such an f can be regarded
as a continuous function on R. By Proposition §.7, the convergence () implies that pi,;
converges weakly to p on R. By Lemma #.8, the weak convergence of the whole sequence

tn, — 1 holds as one can apply the above arguments to any subsequence of (i, ) instead of (u,,)
itself. O

Proposition 4.37. Let N be a Nevanlinna function. The following are equivalent.

(1) N = F,, for some probability measure j1 on R.

(2) lim Niy) _

y—+oo 1Y
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(3) < lim N(z)

z—o0 2z

=1.

(4) There are b € R and a finite Borel measure 7 on R such that

N(Z):z—b+/1+t2

R —2%

(dt). (4.18)

The probability measure p is unique.

Proof. The equivalence [(1) <= (2) <=3 follows from Proposition applied to G := 1/N.
Theorem implies the equivalence <= |(4). The uniqueness is a consequence of the
injectivity of u — G, addressed in Proposition @.33. 0

Remark 4.38. For a probability measure p the following inequality holds:
S[FL(2)] > (=), z € CT, (4.19)

and the equality holds at some z € C* if and only if p is a delta measure. The latter statement
holds because the equality holds if and only if 7 = 0.

A uniform version of Proposition or for a family of probability measures charac-
terizes the tightness.

Proposition 4.39. Let &2 be a family of probability measures on R. Then the following are
equivalent.

(1) & is tight.

(2) < lim sup “(Z)—l =0
Z2—00 WEP A
P

(3) lim sup ”-(13/) - 1' = 0.
Yy—r—+00 UEDP 1y

Proof. Observe first that conditions and are respectively equivalent to
(2') < lim sup |2G,(2) — 1| =0,
Z—00 WEP

(3) lim sup |iyG,(y) — 1] = 0.
HeF

y—r+00

== is obvious.

- follows from the estimates for y > 0:

RiyGuli) 1) = [ Glmn@nz [ Gl utan 2 @ )

== . We fix v > 0 for the nontangential domain. By the tightness assumption, for
every € > () there is T' > 0 such that

WR\ [-T, T pep.

g
)€ —F——,
14+ +/14~72

Combining the above inequality and (), for all 4 € & and z € V., we have

J(Z 1)

ngﬂ pu(dt) + (VT2 + Du(R\ [T, T))
T

g/ Jiu(dt)%—ego +e.
[-T,T] S(2) S(2)

2Gu(z) — 1] =

=
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Therefore, we obtain sup |2Gu(2) — 1] < 2e. O
€
zevﬂ,,ui‘s(z)>T/€

Finally we introduce and characterize transforms useful to study multiplicative monotone
convolution.

Definition 4.40. Let p be a probability measure on R. The function
t
Oul2) = / @y,  sect

r1l—2zt

is called the Y-transform of ;i (or the moment generating function of ) and

S L1 C) R

1+ Yu(2)’
is called the n-transform of p.

We can check by straightforward calculations that v, (2) = 2G,(1/2) —1, where G, is defined
H

on the lower half-plane —C* by the same formula in Definition .32, i.e., G,(z) := G,(Z), and
also

Mu(z) =1—zF), <1) , (4.20)

z
where F), :=1/G, on —C*,
Proposition 4.41. For any probability measure pn on R such that p # g, the following hold.

(i) nu is a holomorphic map from C* into C\ [0, +00).

(ii) argz < argn,(z) < argz +m, i.e., n,(z)/z € CPUR, forall z € C .

(ili) <tlim,_7n,(2) = 0.
Conversely, if a holomorphic map n: Ct — C\ [0, +00) satisfies argz < argn(z) < argz + 7
and <lim,_,on(z) = 0, then there is a unique probability measure p on R such that p # &y and
n="y-
Proof. The holomorphicity is immediate from () Inequality () implies 1/2—F,(1/%
(C* UR) \ {0}, which in turn yields 7,(C*) C C\ [0, +00) and condition (ii). Condition [iii
is equivalent to Proposition for N = F,,.

For the last converse statement, we can see that the function N(z) := z[1 — n(1/Z)] is_a
Nevanlinna function and satisfies lim, ,. N(iy)/(iy) = 1. Therefore, by Proposition Y.37

there is a unique probability measure 1 on R such that N(z) = F},(2). Since 7 is assumed not
to take 0, the value N(z) never equals z and so p # dp. We thus obtain

() = 1—Z@=n(2)- O

4.5. Support and moments of probability measures. From the Cauchy transform one
can extract information about support and moments of the underlying probability measures.
As a general symbol, for a finite Borel measure 7 on R and n € Ny, if [, [¢|" 7(dt) < 400 we
set

m, (1) := /t"T(dt)
R
and call it the nth moment of 7. Note that Holder’s inequality implies
k
7
/ 2lbr(dz) < (R)—S [/ |x]£7'(dx)}  0<k<l< oo, (4.21)
R R

so if the absolute /th moment is finite, then the lower order moments all exist.
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Proposition 4.42. Let p be a probability measure on R, C a closed subset of R, and —oo <
a < f < oo.

(i) u(C) = 1 holds if and only if G, has an analytic continuation G, on C\ C such that

éu(z) = Gu(2).
(it) If u([er, B]) = 1 then G, on C\ |, 8] considered above has the Laurent series expansion

G2y =3 2 e el > max{jal, 13]).

Zn—l—l ’
n>0
(iii) If u([ev, B]) = 1 then F, has an analytic continuation E, on C\ [, 8] such that F,(Z) =
F,(z) and there exist real numbers by, by, ... such that
8 b,
FM(Z):Z_ZFa ZE(C7 |Z|>H1&X{|O[|,|B|}.
n>1

(iv) Suppose that F, has an analytic continuation F, on C\ [a, 8] such that E,(Z) = F,(z).
Then supp(p) N (B, +00) contains at most one point. An atom exists in (B,+00) if
and only if I, has a zero on (B,+00), in which case v has an atom at the zero of F.
Similarly, supp(u) N (=00, &) contains at most one point and an atom exists in (—oo, )

if and only if F, has a zero on (—o0, ).

Proof. Suppose that u(C') = 1. Then the integral formula
~ 1

Gule) = [ = utct) (4.22)

c

z—1

gives an analytic continuation of G, to C \ C' with G,(Z) = G,(z). Conversely, if G, has an

analytic continuation G, on C\ C with G,(Z) = G,,(2), then the latter condition implies G, (z)
takes real values for z_ € R\ C. For each interval [a,b] C R\ C, by the Stieltjes inversion
formula in Corollary we have pu([a,b]) = 0. This implies (R \ C) = 0.

The Laurent series expansion can be obtained from formula (4.22) and the fact that the

series
1 t"

z— 1 - Zn—i—l
n>0

converges uniformly over t € [o, 5] and z € {w € C : |w| > ¢ + max{|«|,|B|}} for each ¢ > 0.

Since G, in (4.29) has no zeros in C \ [a, 3], its reciprocal F, := G, is the desired analytic
continuation. For the series expansion, we take a Nevanlinna formula for F),

1+1¢
F#(z):z—b—l—/ Tz

R E—2%

r(dt), 2eC. (4.23)

Since the extension F), takes real values on R\ [, ], the Stieltjes inversion (see Corollary )
implies 7 is supported on [«, 5]. Hence, the analytic continuation is given by

t—z
0]
The remaining argument is similar to thanks to formula (), the coefficients b,, are given
by by = b+ f[a g t7(dt) and b, = f[a g t" 21+ t*) 7(dt), n > 2.

E,(2) :z—b—l—/[ Ltz 7(dt), z € C\ [a, f]. (4.24)

As discussed in , the assumption implies that F), has an analytic extension F . of the
form (4.24)). One can see that

~ 1+ ¢
Fl(z)=1 +/
: a8 (t —)?

T(dt) > 1, r € R\ [a, B, (4.25)
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so that F), is strictly increasing on R\ [a, 8] and lim,_,+o F,,(z) = +00. In particular, F,, has
at most one zero in each interval (—oo, ) and (B, +o0). If F, has a zero v € (3,+00) then
G, = 1/F, is analytic in (8, 400) \ {7} taking real values there, and

1
q = limiyG,(y +1iy) = lim Y € (0,1].
y—0

v By +iy) = Fu(y) - F()
Therefore, p assigns the mass ¢ to the point v and u((5,+00) \ {7}) = 0. By contrast, if Fu
has no zeros on (3, +00) then G, = 1/F),, is analytic in C\ (—o0, 3] taking real values, so that
p is supported on (—oo, 5]. A similar analysis is valid on the interval (—oo, a). O

A particular class is the set of probability measures on the nonnegative real line. This class
admits characterizations by means of the reciprocal Cauchy transform and n-transform.

Proposition 4.43. Let p be a probability measure on R. Let (b,T) be the pair appearing for
N =F, in () The following are equivalent.

(1) p is supported on [0, +00).

(2) Fy has an analytic continuation F, defined on C\ [0, +00) such that F,(Z) = F,(z) and
limg4o F,(x) € (—00,0].

(3) 7 is supported on (0,+00) and [;°t~ 7(dt) < b.
Proof. — . The existence of analytic continuation F, » can be proved in a similar way

to the proof of Proposition ; it is given by E, = 1/G,,, where

Gu(z) = /[0,+oo) . i . w(dt), z € C\ [0,400).

Obviously, G,(z) < 0 for all # < 0, so that F,(v) < 0. Since F}, is (strictly) increasing on
(—00,0) we obtain F),(0—) € (—o0,0].

= . Let (b, 7) be the pair in () for N = Fwﬁ the Stieltjes inversion formula, 7 is

supported on [0, +00). Then the Nevanlinna formula ({.18) naturally gives the expression for

F,. We write
~ 14 2t 1+ 2t
Fz)=z—-b+ 7(dt) + 7(dt), z € C\ [0,400). (4.26)
Joy t=2 T S £ 2
::Z(z) ::;(z)

Since the function (—1,0) 3 x — (1 +xt)/(t — x) is increasing and positive for all ¢ € [0,1), we
can use the monotone convergence theorem to conclude that I, (z) 1 f[o N t~17(dt) asz — 0.

On the other hand, for I; we can use the dominated convergence theorem to deduce Io(z) —
f[1 oo) t=t7(dt) as  — 0~ because |(1 +tx)/(t —x)| < (1 +t)/tforallt > 1 and —1 <z < 0.
By the assumption £,(0—) < 0, we must have Joay t71 7(dt) < +oo; in particular, 7({0}) = 0.
The condition F},(0—) < 0 now reads J T r(de) <b.

— . Repeating the above arguments we have that F, in (4.26) satisfies F,(0—) =
—b+ [;C ¢~ 7(dt) < 0. Since F), is increasing on (—o0,0), it is negative and so the holomorphic
function G, :=1/F, on C\ [0, 400) satisfies the condition of Proposition . O

The n-transform of a probability measure on [0, +00) analytically extends to C\ [0, +00) due
to (@) The following proposition gives a useful characterization of n-transforms.

Proposition 4.44. Let n: C\ [0,400) — C be a holomorphic function. There is a probability
measure p # d on [0, +00) such that n =, on C* if and only if the following conditions hold.

(i) n(z) = n(z) on C\ [0, +00).
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(ii) n is a self-map of C\ [0, +00) and argz < argn,(z) <m on C*.
(iii) For any 6 € (0,7) we have
lim  n(z)=0.
z—0
0<arg z<2m—0
Moreover, if the above conditions hold then n has the following formula

142
n(z)="bz+ /(0 I —ztz g 7(dt), z€ C\ [0, 400), (4.27)
“+o0o

where b >0 and 7 is a finite Borel measure on (0,400) such that [;° ¢! 7(dt) < +ooc.

81t10n and 7 is given by

0(z) =1 zE, G) |

This implies condition . Before proving condition we first establish () combining
formula () and Proposition .43 (3) we have

n(z) = (b - /Ooo %T(dt)) o~ /OOO (Zl(zfz? + ;) ~(db),

which is formula (1.27) with &' := — [, t7'7(dt). As one of ¥ and 7 is nonzero, formula
(@) obviously yields that n(z) < 0 for all z < O In addition, as z/(1 — tz) € C* for all
z € Ct and ¢t > 0, we have n(z) € C*. Combining the fact n(z) € C* and the inequalit
argz < n(z) < arg z + 7 known in Proposition §.41 we conclude condition . Condition @
is equivalent to

Proof. S ise that ? a+ = 1), for some probability measure y # &y on [0, 400). From Propo-

F
im 2B g (4.28)
|z|—o0 zZ
O<arg z<2m—0

which can be shown as in Theorem . More precisely, the bound () actually holds
for all z € C with § < argz < 2r — 6 and ¢ > 0 with 0 := arctan% because |z/(z —t)| <1 for
$(z) < 0. The remaining proof is the same as Theorem Y
For the converse, suppose that n satisfies conditions i) m Let F(z):=z[1 —n(1/2)],2

C\ [0, +00), which is expected to be the reciprocal Cauchy transform of the desired p. Condition
implies F is holomorphic with F(Z) = F(z). Condition implies F'[¢+ is a Nevanlinna
function. Condition m[pimplies F(z)/z — 1 as z = oo within V,, for any v > 0. Therefore,
by Proposition {1.37 there is a probability measure p on R such that F' = F,, on C*. Moreover,
condition implies n_takes negative values on (—o00,0), so that F' takes also negative values
there. By Proposition §.43, i is supported on [0, +00). O

Remark 4.45. The limit of a function f: C\ [0, +0c) — C as z — 0 satisfying arg z € (0,27 — )
could be called the nontangential limit of f at 0. This is because the domain C \ [0, +00) is
conformally equivalent to C* by the map z +— /2, and then the domain {z : arg z € (0,27 —0)}
is mapped exactly onto the sector Vi, /2. Accordingly, one could give an alternative proof

of () based on Lindel6f’s theorem: observing that the function F},(2)/zmaps C \ [0, +00)
into C\ (—o0, 0] that is also conformally equivalent to C* (see Proposition {.4 ), one could

use Lindelof’s theorem to extend the known nontangential limit from the upper half-plane in
Theorem @ to (@)

We turn our attention to the existence of finite moments.

Proposition 4.46. Let p be a probability measure on R and let n € N. Let T be the finite Borel
measure in () for N = F,. Then the following conditions are equivalent.
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(1) /Rtgn p(dt) < +oo.
(2) There exist ai,as,...,as, € R such that
Go(2) :1+ﬂ+§+m+“i+o(|z|<2"+1>) (4.29)
for z =1y as y — +o0.
(3) /thnT(dt) < +00.

(4) There exist by, by, ..., by, € R such that

b2 b2n
Fz)=2z—b — P po

+ of]z|~@D) (4.30)

for z =1y as y — +o0.

If the above equivalent conditions are satisfied then the expansions (ELQ&) and () hold as
z — oo nontangentially, i.e., the remainder term o(|z|~"*V)) in (4.29) is a function r(z) that
satisfies <lim,_,o, 22" T1r(2) = 0, and similar for (@) Moreover, it holds that

ap = my(p), 1 </¢<2n, (4.31)

by = /#2(1 +t3)7(dt), 2 <0< 2n, (4.32)
R

b1 = a; = ml(u), (433)

by = ay — a; = Var(u). (4.34)

Proof. — . The assumption implies that [, [t 4(dt) < oo for 1 < ¢ < 2n. Observe
that the identity

2n £2n+1

1 tt
_ 4.35
.t ;ZZ—H +22n+1(2_t) ( )
holds, which integrates to

2n

mé(ﬂ) 1 z52714-1
Gulz) =) T +22n+1/R p(dt) . (4.36)

z—1
=0

=: R‘;n (=)

—2n—1>

By the dominated convergence theorem we can show Ra,(iy) = o(y as y — +00.

— . We only consider the case n = 2 which should well clarify how the general n can
be handled. Keeping in mind that a;/(iy)? is real, we observe that

aq 2t2

73 i - - | = s et - £ ) = [ ),

where () for n = 0 is used in the second equality. By assumption, the left-hand side above
is bounded as y — +o00. By the monotone convergence theorem we get

/t2u(dt) < +00.
R

This implies that [; [¢| (dt) is also finite; see () By the established implication =
for n = 1, we have

. 1 my(p) | mo(p)
Guliy) = —+ — + —

8 iy (iy)?  (iy)?

Since the asymptotic expansion is unique, we have a; = m;(¢) and as = ma(p).

+o(y™?).
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Next, formula () with n = 1 yields
: 1 my(p)  mo(p)  as . / y*t!
o { «9) iy (w2 P Gt SLx(iy) RN (d)
The left side is bounded as y — +oco since we have assumed the expansion G, (iy) = (iy) ™" +

ar(iy) % +_as(iy) ™ + as(iy)™* + O(y~°). By the monotone convergence theorem, we obtain
condition , ie.,

/t4u(dt) < 400
R

as desired. The previous reasoning for showing a; = mj(u) and a; = ma(p) now also works to
show that a3 = m3(u) and ay = my(p), and thus (@) holds.

— . T}@roof is very similar to the equivalence of and . In the course of the
1 H

proof, formula (4.32) naturally appears. Note that formula (4.15) is helpful.

= is an easy consequence of the relation G, (2) = 1/F},(z) and the geometric series

expansion 1/(1 —¢) = ¢+ ¢*+ ---. For example, in case n = 1, assuming G,(z) = 27! +
my ()27 + my ()23 + 0(273), we have
1 z
Fu(z) =

2 ()= F ()2 4 o(z) T (p)z !+ ma(p)z + o(=77)

— [1 - (ml(“) + (1) +0(z_2)> + (mlz(“) + 0<Z_1))2 +o0(z7?)

z 22

my () — my (p)?

— 2~y () — To(z"),  z=iy, y— +oo.

This also verifies ({£.33) and ()
(M) and (M) as the nontangential limits. As for (), assuming and fixing v > 0, let

us prove z*"*' Ry, (z) — 0 as z — oo within V. In order to use the dominated convergence, it
suffices to find a bound of the form 1/|z —t| < C/(1 + |t|) with a constant C' independent of
z € V,N{Sz > 1}. Fort € [~1,1] we can simply find an upper bound 1/|z —t[ < 1/3(z) <
1 <2/(1+[t]). For [t| > 1 we consider z = x +iy € V., with y > 1, and proceed as

|z —t]* = (z —t)* +y* > 2® — 22t + 1t + 4222

:(1~|—72)<x— ! )2+ L po 1 p
1_|_72 14_7—2 —1_,_7—2 ’
so that
L _ I
|z —t| ~ |t] 14t
Of course () can be similarly proved. O

Remark 4.47. a) The coefficients b, are called the Boolean cumulants of p that are central
notions in “Boolean probability theory”, another tvpe of noncommutative probability. For
this reason the minus signs are put in formula (@)) The interested reader is referred to
[150].

b) The assumption that the coefficients ay, as, ... are real is crucial. Indeed, as for the Cauchy
distribution (), its Cauchy transform (4.3§) has a convergent series expansion

Guz) =Y @=L et with o] > VET .

Zn—l—l
n>0

However, the second moment is infinity.
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c) Alternatively, one could also prove <tlim, ;o 22" Ry,(z) = 0 using Lindel6f’s theorem.
Indeed, one could decompose 2*"*1 Ry, = S5 + S, | where

t2n+l t2n+l
sher= [ T se= p(dr).
0 _

Ho0) £ T 00,0) # t

Because 53, (2) are holomorphic maps from C* into CTUR and the convergence S5 (iy) —
0 holds by the dominated convergence, Lindeléf’s theorem would imply <tlim,_,, S5, (2) =
0.

d) In the special case n = 1, condition |(3) means that the measure p(dt) := (1 + t?)7(dt) is a
finite measure. Then the Nevanlinna formula for F), can be reduced to

F(z)=z—m+ /R pldt) (4.37)

t—2z’

where m := m; (). Note that p(R) = Var(u).

4.6. Methods to compute Cauchy transforms. In some situations, we can obtain an ex-
plicit formula for the Cauchy transform before knowing the underlying probability measure,
e.g. when we solve a functional equation or a differential equation satisfied by the Cauchy
transform. In such a situation, we can compute the measure by the Stieltjes inversion formula.
The next two examples naturally appear from the_study of monotone convolution semigroups
and infinitely divisible distributions, see Example .

Example 4.48. Let us consider the function

1
z—a+1ib
where a € R, b > 0 are constants. Since G is a holomorphic function from C* into —C*
and lim,_,., 2G(z) = 1, we have G = G, for some probability measure p on R. Moreover, ¢

extends to a continuous function G: CTUR — C*. By Corollary {.34, 1 is Lebesgue absolutely
continuous on R with density

G(z) = (4.38)

dp 1 1 B b
E o ﬂ_\g [t—a—kib} - ﬂ_[(t_a)2+b2]' (439)

This is the Cauchy distribution. Thus, we have verified that the Cauchy transform of the
Cauchy distribution p is given by ()

Example 4.49. Let v > 0. The function

1
V22— 2v
where \/w is defined on C \ [0, 4+00) by vw = |w|*/?e/Paev ( < argw < 27. Then G is a
holomorphic function from C* into —C*. One can check that iyG(iy) — 1, so that G is the
Cauchy transform of a probability measure p. The function G extends to a continuous function
on CT U (R \ {£v2v}), so that by Corollary , the underlying probability measure p is
Lebesgue absolutely continuous on R\ {£+/2v} and the density is given by

1. : 1

— ; EliglJr %[G(f + 18)] = m X(f\/ﬂ,\/ﬂ)(t)
Since G(z) diverges as z — ++/2v, one has to check whether x has an atom at these points or
not. Because we have an estimate |G (2)| < C|zFv/2v|7"/? as z — 4+1/2v, we have u({£v2v}) =
lim,_,q+ ieG (i\/ﬂ +ie) = 0. Hence, p is Lebesgue absolutely continuous on R, supported on
(—v/2v,v/2v) and du/dt is given by (w), i.e., u is the arcsine law A(0,v) with mean 0 and
variance v. Another way to check the absence of atoms is to show that () has total mass 1
by directly computing the integral; then there would be no room to have atoms.

G(z) =

(4.40)
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The other direction, computing the Cauchy transform_of a given probability measure, is
usually harder. For example, if we do not know formula ({£.38) but want to compute G, for the
Cauchy distribution p, we need to calculate the integral

1 b
/Rz—t'n[@—a)ubﬂ dt.

In this case, the residue theorem allows us to perform the calculations.
When p has compact support and the moments are explicit, we can sometimes find a closed

formula for
= t" p(dt)
nz% ZnJrl R

for large |z|, and then perform the analytic continuation to C*. As an example, one can
calculate the Cauchy transform of the semicircle distribution S(0, v) with mean 0 and variance

v as
/2\/5 1 \/4v—t2dt_z—\/z2—4v

om 2t 2mv 20 ’

v>0, z€CT, (4.41)

see [127, Lemma 2.21].
The pushforward of a symmetric distribution around the origin by the map t + t*> can be
calculated from the original Cauchy transform.

Proposition 4.50. Let v be a probability measure on R that is symmetric around 0, i.e.,
v(B) = v(—B) holds for all B € B(R). Let u be the pushforward of v by the map t — t>. Then
we have 2G,(2%) = Gu(2) on C*, where G, is the analytic continuation of G, to C \ [0, +00)
gien in Proposition ﬁ

Proof. The desired formula follows from the straightforward calculations

é“(ZQ):/Rz?—itz y(dt) = 212/ (zit—i_%—i—t) W(dt) = G, (2). 0

Example 4.51. Let o be the Marchenko—Pastur distribution

1 4r — ¢t
27Tr t

which is the pushforward of the semicircle distribution S(0,7) by the map ¢ — 2. Using ()
and Proposition ¢.5( one obtains

G(z)—i Vi—Vz—4r  z—22—drz
Tz 2r B 2rz ’

Yet another way is to establish a differential equation for the Cauchy transform by integration
by parts.

(dt) X (0,4r) (t) dt, r > O,

2 e CT.

Example 4.52. Let us consider G(2) := Gno1)(2) = [ %T e~"*/2dt. By integration by
parts we have

o R Ry _/1.1 ey
G'(z) = /R(z—t)Q _QWG dt = T _—27r(€ ) dt

1 1 2
= : z—t—2)e2dt =1 - 2G(2).
[ o2 )
To solve the differential equation G’(z) = 1 — 2G(z), first we solve the homogeneous equation
H'(z) = —zH(z), which has a general solution

H(z) = Cre '/
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Next we replace the constant C; with a function and set G(z) := f(z)e */2. The equation
G'(z) =1 — 2G(z) yields f'(z) = /2, so that

f(z)=0Cy +/ e du,

z

where Cy is a constant and the line integral is performed over the half-line L, := {z + iy :
—o00 < y < 0} started at oo and terminated at z. To determine the constant Cs, let us consider
: 2/2 [ —t2/2
G(iy) =eV/* |Cy+ 1 e dt| .

Since G is a Cauchy transform we must have G(iy) — 0 as y — +oo. This forces Cy = —iv/2m,
so that we obtain

G (z) = e =/ {—i\/%nL/ e’ /? dw} : zeCH.
4.7. Notes. The proof of the Nevanlinna formula in Theorem is based on the expositions
by Akhiezer and Glazman [4, Section 59] and Bhatia [34, Chapter V.4]. The characterization
of weak convergence in Proposition is an extension of Maassen’s result [111, Theorem 2.5].
The part of Proposition {1.39 that a tight family of probability measures satisfies the convergence
<lim,_,o F.(2)/2 = 1 uniformly over p was proved by Bercovici and Voiculescu in the remark
following [32, Proposition 5.1].

The characterization of n-transform in Proposition is adopted from [10, Proposition 3.2]
and [11, Proposition 2.4]. The characterization of probability measures on [0, +-00) in terms of 7),,
in Proposition {.44 was given by Belinschi and Bercovici [20, Proposition 2.2] for the purpose
of studying multiplicative free convolution. The characterization of probability measures on
[0, +00) in terms of F), in Proposition is adopted from [82, Proposition 2.5]. Concerning
the characterization of finite even moments, the equivalence (1) <= (2) in Proposition is
due to [3, Theorem 3.2.1]. Some of the results in this section can also be found in the books of
Mingo and Speicher [115] and Schleilinger [141].

5. ANALYSIS OF MONOTONE CONVOLUTION

Let x, y be monotonically independent real random variables in a unital C*-probability space.
The reciprocal Cauchy transform of p, and the shifted moment generating function of x are
connected as

Fu,(2) = 1/My(1/2).
Accordingly, Theorem can be written in the form F, , (2) = F,, (F,,(2)). From the
complex-analytic perspective, we can extend the additive monotone convolution to any proba-
bility measures on R.

Theorem 5.1. Let p,v be probability measures on R. Then there exists a unique probability
measure X on R such that

R(:) = Fu(Fy(2),  2eC*.
The measure X is denoted by > v and is called the (additive) monotone convolution of
i oand v.

Proof. Note that S[F,(2)] > Sz > 0 and in particular F,(C*) C C*. _The function N(z) :=
F,(F,(2)) is therefore a Nevanlinna function. According to Proposition 1.37, it suffices to prove
lim, o N(iy)/(ly) = 1. Proposition §.37 guarantees that F,(iy) = iy(1 + o(1)) as y — +o0.
From this one can see that for any fixed v > 0 there exists yo > 0 such that F,(iy) € V,, for all

y > 1o. Therefore, by Proposition , it holds that % — 1 and hence

N(iy) _ Fu(F(y) Fo(y)
iy  F(iy) iy -l -
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Proposition 5.2. Let u, ji,, v, v, (n € N) be probability measures on R such that p, — p and
v, — v weakly. Then p, > v, — p > v weakly.

Proof. By Proposition , it suffices to show the pointwise convergence F, (F, (z)) —
F,(F,(%)) on C*. For this we fix z € C*, set w,, := F,, (2) and w := F,(2). In the inequality

| Epun (wn) = Fy(w)| < [Ep, (wn) = Fy(wn)] + [Fu(wn) = Fu(w)],

the second term clearly converges to 0 because w, — w. The first term also converges to zero
since the convergence F),, — F), is locally uniform. O

Example 5.3. The measure u > 4, is the translation of p by a. Indeed, the fact Fs,(2) =
1/Gs,(2) = z — a yields

Gpesa(2) = GulFi(2) = Gl =) = [

g M) (5.1)

showing that p > ¢, is the pushforward of p by the map t — t + a.

On the other hand, the measure d, > p is not a translation of p for generic a € R and
p. For example, if p is the arcsine law A(0,v) in Example @, then F,(z) = v22 —2v
and so F(z) := Fs,..(2) = V22 —2v — a. Observe first that F' has an analytic extension to
C \ [~Vv/2v,v/2v], which we denote by the same symbol F. If a > 0, then F has a zero at
r = va?+ 2v, while F' has no zero on (—oo, —v2v) as F(—z) = —vz?—2v —a < 0 for
z > v/2v. In view of Proposition |4.42 (iv) and its proof, d, &> p has an atom at v/a? + 2v and
its weight is 1/F'(v/a? + 2v) = a/va? + 2v. By the Stieltjes inversion formula §, > p has a
Lebesgue absolutely continuous part on [—+v/2v, v/2v] with density

1. 1 —1. { 1 } V20 — 12
—=S = —5 = .
@ (t+1i0)2—2v—a ™ iv2v —t2 —a m(a? + 2v — t?)

By symmetry, a similar result holds for a < 0, and consequently, we obtain

|al V2u —t2

P 1) dt, ER, v>0.
2 /—CLZ T o0 sign(a)va2+2v + 7T((1,2 oy — t2) X(—\/ﬂ,\/ﬂ)( ) a v

Example _5.4. Let p,. be the Marchenko-Pastur distribution with scale parameter » > 0 in
Example . For a € R we have

z—2a++/(z — 2r)2 — 42
5 :
2

In particular, ds,. > p, is the semicircle distribution with mean 2r and variance r*:

F6a|>,ur (Z> -

(527‘ > /Lr dt

see () and (@)

In a similar vein, we can define multiplicative monotone convolution by extending the formula
Nyagwa(2) = 1.(n,(2)) in Theorem [L.3(.

(t —27)2 X[o,4r) (t) dt;

Theorem 5.5. Let p,v be probability measures on [0,+00) and on R, respectively. Suppose
that v # 0o. Let 1), denote the analytic continuation of 1, to C\ [0, 400) as given in Proposition
.44. Then there exists a unique probability measure X on R such that

(z) = (. (2)), z e Ct.

The measure A is denoted by p O v and is called the multiplicative monotone convolution
of w and v. We also define i O dg := dg.
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Proof. If p = 0y then ny = 0 and so A = Jy. We_therefore assume p # dy. Note that the
property 7,(C*T) C C\ [0,+00) in Proposition implies that the composition 7, o, is
well defined and is holomorphic on C*. Moreover, if argn,(z) € [arg z, 7] then, by Proposition
, > argq,(n,(2)) > argn,(z) > argz. If argn,(z) € (7, arg z + «] then by the symmetry
N.(Z) = 7,(2) we deduce that 7 < arg7,(n.(z)) < argn,(z) < argz + m. In any case_the
inequality arg z < argn,(z) < arg z + 7 _holds on C*, and_so condition in Proposition
holds. It remains to check condition in Proposition . As z — 0 within z € V., 1,(2)
converges to 0, and moreover, the inequality arg z < argmn,(z) < arg z + 7 implies argn,(z) €
(0,21 — ) for some 0 € (0, 7). Therefore, using Proposition §.4 a%)‘ yields 7, (n.(z)) — 0.
The uniqueness of A is a consequence_of the uniqueness result in Proposition and the
relation 7, (2) = 1 — zF)(1/z) noted in () O

Although 7s,(2) = 0 is not contained in the domain of 7,, the above exceptional definition
1 O &g := g is natural because multiplicative monotone convolution comes from the distribution
of \/xyy/r and v = §y corresponds to y = 0. This definition can also be justified from the
perspective of continuity.

Proposition 5.6. Let u, i, (n € N) be probability measures on [0, +00) and v,v, (n € N) be
probability measures on R such that u, — p and v, — v weakly. Then pu, O v, — u O v
weakly.

Proof. Observe first that the weak convergence of measures is equivalent to the locally uniform
convergence of n-transforms due to ({1.2() and Proposition .
In case v # 0y, the proof is the same as Proposition because 7, (z) belongs to C\ [0, +00)
that is the domain of 7, and 7),.
The case v = Jy needs to be handled separately. In this case, we first extend Proposition
as follows: for a tight family & of probability measures on [0, +00), it holds that

F,
im sup |22 | 2o (5.2)
Z—r 00 120 z
O<arg z<2m—0 W EZ

for each 0 € (0,7). The proof is almost the same; the required modification is that inequality
(B.14) holds for all z with argz € (0,27 — 6) and all ¢ > 0 where ¢ := arctan~y and that
|t/(z —t)| can be bounded by t/|z| for R(z) < 0 instead of ¢/3(z).

In our situation, since the weakly convergent family {u, : n € N} is tight, (@) yields

lim  sup|f,,(2)] = 0.
9<arg2?<027779 neN
This estimate and the fact that 7,, (2) — 0 and arg z < argn,, (z) < argz+7 (if v, # Jp) imply
that 7, (n,,(2)) — 0 as n — oo for each z € C*. This further implies the weak convergence
tn O vy, — 69 by Proposition . O

Example 5.7. In a similar way to Example @, 1 O 0 is the dilation of p by b € R, i.e., the
pushforward of the measure p by the map x + bx. On the other hand, ¢, O v is different from
the dilation for generic a > 0 and v.

In the rest of this section and also in Sections B and H, we focus on additive monotone
convolution and simply call it monotone convolution. In many cases similar results can be
obtained for multiplicative monotone convolution but are omitted. We come back to multi-
plicative monotone convolution in Section § to explore the eigenvalues of perturbed random
matrices.

5.1. Support and moments for monotone convolution. We study support and moments
of monotone (additive) convolution of probability measures.

Definition 5.8. Let S, T be topological spaces. A Borel kernel from S to T is a function
7: 8 x B(T) — [0, +00] such that
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e B+ 7(s, B) is a Borel measure for every s € S,
e s — 7(s, B) is measurable for every B € B(T).

If S =T we simply say 7 is a Borel kernel on S. If each 7(s,-) is a probability measure on T,
we call 7 a probability kernel (from S to T').

The following fact is well known in the theory of Markov processes.

Lemma 5.9. Let R, S, T be topological spaces. Let p be a Borel measure on S, o_be a Borel
kernel from R to S and T be a Borel kernel from S to T'. Then the composition

(p7)(B) := /Sp(ds)T(s,B), B e B(T), (5.3)
(o7)(r,B) :== /Sa(r, ds)7(s, B), re R, BeB(T), (5.4)

define a Borel measure onT' and a Borel kernel from R to T, respectively. Moreover, for every
measurable function f: S — [0, +0o0],

[omans = [ pas]| [ rsanse] (5.5)
/T (o7)(r, A1) f (1) = /5 o(r, ds) [ /T (s, df) f(t)} . reR (5.6)

Proof. Since o7 is more general, we only discuss o7. The o-additivity of o7 for the second com-
ponent follows from the monotone convergence theorem. For the measurability r — (o7)(r, B),
we return to the definition of integration and take a sequence of nonnegative simple functions
fu(s) T 7(s, B) of the form f,(s) = 3" an;xa,.(s). Then the function r — [ o(r,ds)fu(s) =
o ani0(r, Ayy) is measurable. Therefore its limit [ o(r,ds)7(s, B) is also a measurable
function of 7.

Formula (p.6) is obvious for linear combinations of indicator functions, and then extends to
general f’s by the monotone convergence theorem. 0

Lemma 5.10. Let S be a topological space. Let (Ts)ses be a family of finite Borel measures on
R. Then 7(s, B) := 74(B) is a Borel kernel from S to R if and only if s — G, (z) is measurable
for every z € Ct.

Proof. 1f T is a Borel kernel, then the definition of integral (i.e., approximating the integrand
1/(z—=x) by simple functions) implies the measurability of s — G__(z). Conversely, if s — G, (2)
is measurable then the Stieltjes inversion formula (Proposition §.33) implies that s — 75(1) is
measurable for each finite open interval I. By taking the limit, the same holds for infinite
intervals I. Since each 7(s,-) is a finite measure, the set

L:={B € B(R): s+ 7(s, B) is measurable}

is a A-system and contains the m-system P of all open intervals of R. By the m-A theorem
(Theorem ), L contains o(P) that coincides with B(R). Therefore, s — 7(s, B) is measurable
for any B € B(R). O

Proposition 5.11. Let p, v be probability measures on R. For x € R we define
v(x,dy) = (6, > v)(dy).
Then (-, -) is a probability kernel on R and the identity pt>v = puv holds, i.e.,

(u>v)(B) = /R,u(dm)ﬁ(x, B), B € B(R). (5.7)

8In mathematics, it is more common to write an integrand in front of a measure; however, when discussin
b ) )
composition, the notation such as (@) and (p.4) is convenient, see also Section [7.2.



MONOTONE PROBABILITY THEORY 69

Proof. Since x +— Gy (2) = Gs,(F,(2)) = m is measurable in z, Lemma ensures

that o(-,-) is a probability kernel. Let us denote \ := ,uﬂ For z € C*, we apply formula (@)
to f(y) :=1/(z —y) (by decomposing f as f = g, — (hJr h_)) to obtain

dx

pi(dz) / p(dz)
e = — G FV y4 9
IR e il B el CS)
so that F\ = F, o F,,. This implies A = p > v. O

The probability kernel in Proposition is helpful for studying monotone convolution, in
particular to see how a property of u > v is inherited to p and v. Below we study the support
and moments of monotone convolution. Another remarkable aspect is a connection of this
probability kernel to a certain Markov process, which will be explored in Section

Proposition 5.12. Let p,v be probability measures on R. Then > v has compact support if
and only if both p,v have compact support. Moreover, if > v is supported on |—R, R| then F,

extends analytically to C\ [—-R, R] with F,(Z) = F,(z).

Proof. 1f p and v have compact support, then there are monotonically independent real random
variables x and y in a unital C*-probability space such that the analytic distributions of z and
y are p and v, respectively. Since the distribution of x 4y coincides with p > v, it has compact
support.

Conversely, suppose that p > v has compact support. Let v be the probability kernel defined
in Proposition ﬁ There exists some B = {x € R : |z| > R} such that

0= (a5 1)(B) = [ pldo)o(a. B).

and so (x, B) = 0 for p-a.e. v € R. Pick such an x € R that 7(x, B) = 0. Then Fj () has

an analytic continuation to C\ [-R, R] such that Fy(, (%) = Fy(,)(2), and the same holds for
F,(2) = Fy,)(2) + x. By Proposition .42, v is supported on some compact interval.

To show that u is compactly supported, it suffices by symmetry to show that the support of
it is bounded from above. We use the expansion in Proposition @ (with the same symbol F),
for simplicity)

oo bn
F2)=2-) SR 2

n=1
which implies F,(z) = z 4+ O(1) as z — oo. Hence, there is ¢ > 0 such that for all y € R with
y > R+1onehasy—c< F,(y) <y+ec Since F)(y) > 1 on (R, +00) (see ()), this implies
that for each « with > R+ ¢+ 1 the function Fj(, . (y) = F,(y) — = has a unique zero y, on
(x — ¢,z +¢). This means that (z,-) has an atom at y,, so that v(z, (x — ¢,z +¢)) > 0. Since
for x > R+ ¢+ 1 we have (x — ¢,z + ¢) C B, so that v(z, B) > 0. However, v(z, B) = 0 for
p-a.e. x, i.e., there is an S € B(R) such that p(S) = 1 and o(z, B) = 0 for all x € S. Therefore,
SN(R+c+1,400) =0, showing that the support of p is bounded from above. O

We extend the combinatorial formula () for the moments of the sum x+y to the monotone
convolution of probability measures.

Proposition 5.13. Let p and v be probability measures on R and let n € N. Then the 2nth
moment [, t*" (u > v)(dt) is finite if and only if both [5t*" u(dt) and [, t*" v(dt) are finite.
Moreover, if all these 2nth moments are finite, then we have

p(n>v) Z > my(p)mg, (v)mg, (v) - -my, (v), 1 <p<2n. (5.8)

/=0 ko,k1,...,ke>0,
ko+k1+-- +k[—p ¢
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In particular,

my (p B> v) = my () +my(v), (5.9)
Var(u > v) = Var(u) + Var(v). (5.10)

Proof. First we assume that [ t*" (p > v)(dt) is finite. By Proposition and Lemma @,
we obtain, with notation 7(x, ) = (0, > v)(-),

/R 2 (4 v)(dE) = /R (de) [ /R t2”ﬂ(x,dt)} |

which implies [, t*" 7(x, dt) < 400 for p-a.e_z. We choose such an z. According to Proposition
@‘, F3(2,(2) has an expansion of the form () and the same applies to F,(2) = Fy,.(2)+z.
Thus we obtain fR t*" v(dt) < 4oo. For the finiteness of [ t*" u(dt) we use an asymptotic
expansion of the inverse function of F,. Because we do not use thls part later and the proof is
rather long, the proof is postponed to Appendlx

Next we assume that [, ¢t*" pu(dt) and [, t*"v dt) are finite. As discussed in the proof of
Theorem @, for any fixed v > 0 we have F),(iy) € V., for all sufficiently large y. By (@) on
the domain V., we obtain

Fu(F,(iy) = F,(iy) — by — b2Gy(iy) — - -+ = baaGo (i)™ " + o(|F, (i) Y). (5.11)

The remainder term_above equals o(y~*"~Y) as F,(iy) = iy(1 + o(1)). Expanding G, (iy) and
F,(iy) in the forms (M) and (m) respectively, substituting them into () and recollecting

terms shows that for some reals ¢y, ca, ..., Ca,
Co Con
Fu(Fl,(z)):z—cl—; ..... o + o]z~

for z = iy as y — +00. Proposition ensures that the 2nth moment of p > v is finite.
Finally, formula (p.§) is obtained by expanding the right-hand side of G5, (2) = G,(1/G,(2)),
which is just tracing the calculations ([l.12)—([l.16) backwards, where the infinite sum is to be
replaced with truncated finite sum with remainder terms and (z*), o(y*) are to be replaced
with my(u), mg(v), respectively. O

5.2. Convolution semigroups. In probability theory, time-homogeneous random walk is the
sum of independent, identically distributed random variables (X, ),>1:

Sp=X1+Xo+ -+ X3 So := 0.

The distribution pu,, of S, is the n-fold convolution p * p * - - - % u, where p is the distribution
of Xi. Obviously, we have p,, * jt, = pmen and pg = dg, where g is the delta measure at 0.
A continuous-time analogue of random walk is called a Lévy process, which is characterized
by a convolution semigroup (f)i>0, i-€., pr (t > 0) are probability measures on R such that
fhsit = [bs * fg, S, >0, g = 09 and t +— pu, is weakly continuous.

We consider a_monotone analogue of Lévy processes. The process itself will be explored
later in Section [. Here we investigate the distributional properties of monotone convolution
semigroups with complex-analytic meiiimpthods.

Definition 5.14. A family (u¢):>0 of probability measures on R, indexed by nonnegative reals
t, is called a monotone convolution semigroup if

(i) t — py is Weakly continuous, i.e., for every bounded continuous function f on R, the
function ¢ — [; f(2)p(dz) is contlnuous

(i) ps4e = prs > g for all s, >0,
(iii) po = d.
In the study of monotone convolution semigroups, a fundamental result is the description

of infinitesimal generators. The proof relies heavily on Berkson—Porta’s work summarized in
Appendix
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Theorem 5.15. Let (ut)i>0 be a monotone convolution semigroup. Let Fy be the reciprocal
Cauchy transform of ;. Then the limit
Fiz) —
A(z) := lim —t<z) :

t—0t

(5.12)

exists locally uniformly on C* and it holds that

(i) A is a Nevanlinna function such that <lim, ., A(z)/z =0,

d d
(ii) aFt(z) = A(Fy(z)), t >0, z € C*, where T at t = 0 s to be interpreted as the
right-derivative.

Conversely, given a function A satisfying condition above, then equation with initial
condition Fy = idc+ has a unique solution (Fi);>o which consists of the reciprocal Cauchy
transforms of a monotone convolution semigroup (fit)e>o-

The function A is called the infinitesimal generator of (F;) and also of (ju).

F, with respect to the locally uniform convergence. The existence of the limit ( , the
holomorphicity of A, and the differential equation in will be proven in Theorem . The
inequality 3[F), (2)] > Sz, which follows by (4.1§), implies A is a Nevanlinna function.

It remains to show <lim, ,, A(2)/z = 0. To begin with, integrating equation yields

Proof. According to Proposition , the weak continuity ¢ — ; ensures the continuit? t—

Fi(z)=z+ /OtA(FS(z)) ds, zeC*. (5.13)

Let a := <lim, . A(z)/z. Since s — p, is weakly continuous, for a fixed ¢t > 0, the family
{ps : 0 < s <t} is tight. By Proposition , SUPsepo,q | Fs(ly) — iy| = o(y) as y — +oo. This
in particular implies that for any v > 0, there is yo > 0 such that F,(iy) € V., for all y > yq
and s € [0,¢]. Therefore,

A(Fy(iy))
1y

A(Fi(iy)) Fi(iy)

" : " —a
Fi(iy) iy

sup
s€[0,¢]

—a| = sup —+0 as y— +oo.

s€[0,t]

Dividing () by z = iy and using the obtained uniform convergence, we obtain

Fi(iy) _ H/t A(Fy(iy))

1y iy

ds -+ 1+ta as y— +oc.

Since Fi(iy)/(iy) — 1, a must be zero.

Conversely, if A is a function described in , then Theorem @ (note that A € 4(Ct))
guarantees that the equation in (i)} has a unique solution (F}):>o that forms a one-parameter
semigroup of holomorphic self-maps of C*. To show each Fj is the reciprocal Cauchy transform
of a probability measure, it suffices to show F(iy)/(iy) — 1. Let us use the PDE %Ft(z) =
A(z)%Ft(z) that arises by taking the derivative d/ds|s—¢ of the relation Fi,4(z) = Fy(Fs(2)).
The integrated form reads

t
F() A [1OF,
z z Jo 0z

(z)ds. (5.14)

By the assumption on A we know that A(iy)/(iy) — 0 as y — +o00. To estimate the integral
part, let us write the Nevanlinna formula

1
Fs(z)—asz—bs—l—/ T 75(dx).

R L —Z
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Using the continuous function f(s) := S[F,(1)] = as + 75(R) we obtain the bound

OF, .. 1+ 22
‘az (iy) as+4m73(d$)‘

1 2
Sas—l—/ () Sastn®) = f(s),  s20,y>1. (5.15)
RITTY

Combining this estimate and () yields
Fiiy) < ‘Aﬁly)
1Y

1y
thereby F; = F),, for some probability measure y; on R. The continuity of ¢t — F(2), the
semigroup relation Fy,; = F; o Fy, and the initial condition Fy = idc+ imply that (p)i>0 is a
monotone convolution semigroup. U

t
/f(s)ds—)O as Yy — +oo,
0

Remark 5.16. When proving a = 0 in the first part of the above proof, we could also use formula
(@) instead of (ﬁ)
The Nevanlinna formula for A(z) in Theorem is of the form
1
A(z) = —v —I—/ e o(dx), (5.16)
RT—2

where v € R and ¢ is a finite Borel measure on R. In this case we write A(z) = AD7)(z).
This integral formula is referred to as the monotone Lévy—Khintchine representation of

(kt)i=0-

Example 5.17. In the following examples of A, we can explicitly solve the complex ODE in

Theorem p.15 (ii). The function w? below is defined on C\ [0,+00) as |w|?ePar8v in such a

way that argw € (0, 27).

(a) Let A(z) = A*9(2) = —a with a € R. Then Fy(z) = z — at and pi; = 0ys.

(b) Let A(z) = —a +ib with a € R and b > 0. Then Fi(z) = z — (a — ib)t and the measure 1,
is the Cauchy distribution

1 bt
dr) = —- d
pde) = = e o O
see Example . Note _that the measure o for A can be computed from the Stieltjes
inversion (see Theorem {.26) and we obtain o(dx) = b[r(1 + z?)] ! du.

(c) Let A(z) = A%(z) = —%. Then Fy(z) = V22 — 2t. The measure p; is the arcsine law
A(0,1), i.e.,

t >0,

1

see Example . This measure has appeared in the monotone CLT, see Theorem .

(d) Let A(z) = —-& with a € R. Then Fy(z) = a + /(2 —a)?> —2t. The corresponding
measure fi; equals 0_, > A(0,t) > d,. From Example we obtain
|al 2t — (v — a)?
pe(da) = mdafsign(a)\/ahr% + T+ 2t — (z — a)?) X(a—vFarva (@) dz, >0,

This measure belongs to a so-called free Meizner family and appears in a limit theorem on
a (weakly) monotone Fock space, see [57].

(e) Let A(z) = e ™27 where a € (0,2] and p € [0,1] N [1 — 1/a,1/a]. Then F; is given
by F,(z) = (2* + te!**™)1/2 The corresponding distribution g, is called a monotone sta-

ble distribution. This monotone convolution semigroup is characterized by the condition
D.(1t) = peor for all ¢,t > 0, where D.(v) is the push-forward of v by the map z +— cx.
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In the case o = 2, p; is the arcsine law A(0,¢/2), and in the case o = 1, p; is a Cauchy
distribution. This distribution for o # 2 appears in a generalization of the monotone CLT
of the form (zy + x2 + -+ + xx)/ay where ay > 0 is a deterministic sequence going to
+oo and (z;)$2, is monotonically iid but x; has infinite second moment [155]. See [90] and
references therein for further information.

In what follows, we characterize the monotone convolution semigroups having compact sup-
port and finite moments up to an even order. We also clarify the connection between convolution
semigroups and monotone cumulants defined in Remark B.13.

Proposition 5.18. Let (1;)i>0 be a monotone convolution semigroup with infinitesimal gener-
ator A9 The following are equivalent:

(1) py has compact support at every t > 0;
(2) p has compact support at some t > 0;
(3) o has compact support.

If the above conditions are fulfilled then there are constants Cy,Cy > 0 such that p; is supported
n [—C1 — Cst, Cy + Cst] for all t > 0.

Proof. — is obvious.

— . Suppose that gy, is supported on a compact interval [—R, R] for some t; > 0
and R > 0. For each ¢t € (0,%9), u is also compactly supported according to Proposition
p.19 applied to gy, = pe,—+ > pe. Moreover, the same proposition shows F; := F),, has an
analytic continuation to C \ [—R, R] taking real values on R \ [-R, R], and the same holds for
the Nevanlinna function A;(z) := [Fy(z) — z|/t, t > 0. The latter means that the Nevanlinna
formula of A; is of the form

Ay(2) = —%—l—/ Ltz o(dw), z € CT,
RT—2
where o is supported on [—R, R|. According to Theorem f.15, the function A, converges to
A9 on C* as t — 0. By Proposition Y E the extended measure g; on R with zero mass at
oo converges weakly to a finite measure o on R. Since the measure 0y is uniformly supported on
the compact interval [— R, R], the original measure o, also converges weakly to a finite measure

on R. The limit measure coincides with ¢ as A, converges to A . This implies that o is also
supported on [—R, R].

= . Suppose that o is supported on [—R, R]. Let p(dz) := (1 + 2?)o(dz). Then we

can write

A(z) == AD9)(2) = —a +/[ ! p(dz), (5.17)

—R,R] r—z

where a := v+ [, #0(dz). Denote by A the analytic continuation of A to C\ [~R, R] given by
the right-hand side of () The idea is to solve the differential equation %Ft(z) = A(Fy(2)),
Fo(z) = 2z, by the usual Picard’s iteration, and show that the solution is holomorphic on

C\ [~R;, Ry] for some R, > 0 with F}(Z) = Fy(z). Beware that the existence of a unique
solution (F}(2))eo is already known for z € C\ R in Theorem , but for z € R\ [-R, R] a
solution may not exist globally as Ft(z) might hit +R or —R in finite time.

Observe first that there exists C' > 0 such that

|A(z)] < C forall z € C with |z| > R+ 1. (5.18)
Let F*(2),n=0,1,2,..., be recursively defined by

Fl'(z) =z —|—/0 A(F™1(2)) ds, F(2) == 2. (5.19)
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All F{* are well defined holomorphic functions on |z| > R + Ct + 2. To see this, it suffices to
show that [F{*(2)| > R+ 2 for alln € N, t > 0 and |z| > R+ Ct + 2. Indeed, supposing the
claim is the case for F}""'(z), we have for all t > 0 and |z| > R+ Ct + 2

t
()] > |2 —/ AFr(2))|ds = R+ Ct+2— Ct = R+ 2
0

as desired.

We can then easily show that |F}*(2)| < |z| + Ct for all 2| > R+ Ct+2,t >0, and n € N.
Since (F}"(z))n>1 is known to converge whenever z € C\ R (one can also show this directly
by Picard’s iteration; a more general setting will be treated in Theorem ), by Vitali’s
theorem, for each fixed ¢ > 0, the functions F}* converge locally uniformly to a holomorphic

function F, on |z| > R + Ct + 2 with F,(Z) = F(z). By the dominated convergence theorem,
passing to the limit in (E 19) yields

Fy(z) = Z+/0 A(F(2))ds,  Folz) =

for all t > 0 and |z| > R+ Ct + 2. Therefore, we have constructed an analytic continuation
of F; on the domain C\ [-R — Ct —2, R+ Ct+ 2]. By Proposition §.42, every u; has compact
support.

Moreover, the above proof of . :> . shows that p; is supported on [-R — Ct — 2, R +
Ct + 2] because |Fy(z)| > R + 2 holds for all |z| > R4 Ct + 2 and hence F, has no zeros on
R\ [-R — Ct -2, R+ Ct+ 2J; see Proposition . d

Remark 5.19. The above proof [2) = |(3) actually shows that if y; is supported on [— Ry, Ry| (t >
0) then o is supported on (. o[—Rs, Ry).

Proposition 5.20. Let (1;)i>0 be a monotone convolution semigroup with infinitesimal gener-
ator A9 If o is supported on a compact interval [~R, R], then A has a convergent series

exrpansion
o0

AR ==Y 2| >R, (5.20)

3
anl
n=1

and the nth monotone cumulant of u; coincides with tay, for allt > 0 and n € N.

Proof. Observe that

A(z) = — +/R (Z*_“f - t) o(dr) = —a — ; anﬂ /Rx”(l +2%) o(de),

where a 1=y + [, x o(dz), so that the sequence (,),>1 in () is given by

ap = a, oy, = / $n_2(1 + J,’2> O'(d.f), n > 2.
R

Taking the derivative of Fy 4(z) = Fy(Fs(2z)) with respect to s at 0 yields the first order PDE

0 0
aFt( z) = A(Z)a—Ft(Z)7

which is equivalent to 2Gy(z) = A( )2 Gy(z) and so its integrated form
= -4 A(z t>0. 21
Gi(2) —|— / 82 >0 (5.21)

As a result of Lemma the map (s, 2) — &GS(Z> is continuous, so that we may interchange
the integral and % in () Let m,(t) be the nth moment of ;. In view of Proposition @,
for each T" > 0, the series

Gilz) = Y2 ol

n>0
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converges uniformly on [0,7] x {z : |z| > C; + CyT'}. This shows that the map t — m,(t) =
ﬁ =R 2"Gy(z) dz is continuous on [0, T, where R := C; + CoT + 1. The above arguments
allow us to perform series expansions of functions in () to obtain

> Ij:ﬁ) = é T (Z %) (Z%/O my,(s) ds) :

n>0 n=1 n=0
Comparing the coefficient of z"% and by Cauchy’s product formula, we obtain mg(t) = 1,
m,(0) = 0 for n € N, and
d n—1
n(t) = ZZ(é + Dap_mg(t), n>1,t>0. (5.22)

This is exactly the recursion for m! (¢) in Proposition , so that m,(t) = m? (¢) and a, is
the nth monotone cumulant of .

The above argument around () works for the rescaled monotone convolution semigroup
fiy := pse, >0, where s > 0 is fixed. Then m,,(t) := m,(st) is the nth moment of fi; and the
recursion (p.22) implies

n—1
d
—m,(t) = 0+ 1)sau, _my(t), >1,t>0.
() > (£ + 1)say_m(t) n>1,t>
=0
showing that (sa,,),>1 is the sequence of monotone cumulants of fi; = ps. O
Example 5.21 (Monotone Poisson distribution). Let A(z) = =1+ & = = > | 7. From
Propositions and , the corresponding monotone convolution semigroup (fu;):>o consists

of compactly supported measures and k(1) = t. Therefore u; has the same moment sequence
as Poi”(t) in_Theorem B.19. Since yu; has compact support, we conclude u; = Poi”(t) by
Proposition .

By a standard ODE technique, the solution (F}):>o to the ODE in Theorem is given
by the implicit formula H(F;(z)) = H(z) + t, where

* dw
H(z) = —— —] —
(z) C+ /1 (w) ogz— 2z,

where log z is the principal branch and the arbitrary constant C' is suitably selected. Since
H'(z) = 1/A(z) has negative imaginary part on C*, according to Lemma @, H is injective.
We determine the range H(C"). This is basically determined by H(R) (see discussions below).
By calculus, we see that

® [ is strictly increasing with range (—oo, —1],

® H[[j o) is strictly decreasing with the same range (—oo, —1],

® H[_.p is Injective with range R + 7i.

This observation shows that H(C™) is the region Q := {z € C : I(2) < 7} \ (—o0, —1] (see
Figure p). Indeed, considering the behavior H(w) = —w + o(w) as w — oo, every point z €
has rotation number 1 with respect to the closed simple curve

{H(w)}pee, C:=[-R,—1/RJU{(1/R)e™: -7 <O <O0}U[I/R,RJU{REY:0 <6 <7}

for sufficiently large R > 1, so that z € H(C") by the argument principle. We can easily see
from Slogz < 7 that H(C') C {z € C: ¥(z) < m}. We can also see that any = € (—oo, —1]
does not belong to H(C™); indeed, if z = re € C* and H(z) € R then the condition S[H (z)] =
0 implies r = /sin#. Then the function

0 6 cosd

sin 6 sin 6

f(0) == R[H (re")] = log
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R+ 7

FIGURE 5. The range Q = H(C™)

has the positive derivative f/(f) = [(6 — sin 6§ cos 0)? + sin* 0] /[# sin? 0], so that f(0) > f(+0) =
—1.

Note that €2 is invariant under the positive shifts z — 2z 4+ ¢, which is actually a direct
consequence of H(Fi(z)) = H(z)+t. Then the formula Fi(z) = H '(H(z) +t) is well defined.
Since H is analytic and injective on (—o00,0), the function F; extends to (—o0,0), which is
analytic and takes values in (—oo,0)._This implies that p; is supported on [0, +00). This fact
can also be deduced from Theorem B.19 because the weak convergence limit of measures on
[0, 4+00) is supported on [0, +00) as well.

Since H~! has singularity at —1, let 8; be the unique solution z > 1 to H(z) +¢ = —1 and
a; the unique solution 0 < z < 1 to H(x) +¢ = —1. Then F; has an analytic extension to
(0, ) U (B, +00) taking values in (0, +00) \ {1}. Therefore, u; is supported on {0} U [y, 5.
We can actually show that F; extends to a continuous function on C* UR. For = € (ay, 8;) we
can see that H(z)+t € Q, so that Fy(x) € CT. If & = o or x = (; then Fy(x) = 1. This implies
by the Stieltjes inversion that p; has a continuous density function p,(z) on [ay, 8], positive on
(cu, B;) and vanishing at the edges.

Finally, let us study F; at 0. From Fy(z) = H '(H(z) + t) we see that lim,_,o- F;(z) = 0.
The exponential form of H(F,(z)) = H(z) +t reads Fy(z)e ") = ze=***. This has a unique
analytic solution Fy(z) at 0 having a convergent power series Fy(z) = etz + O(2?), z — 0 with
real coefficients. Therefore, F is analytic at 0 and G, (z) = e /2 + O(1/z%), z — 0, showing
that 1;({0}) = e~*. Altogether, we have

pe(dz) = Poi” (¢)(dz) = e 0p(dz) + pe(@) X[ar,8) (7) d,

where p, is continuous on [oy, 5], positive in the interior and vanishing at the edges. In fact,
pi(x) can be expressed with the Lambert W function as

)= 2 -

see the original article [123] and [26] for further information.

Theorem 5.22. Let (11:)i>0 be a monotone convolution semigroup, A = A9 be its infinitesi-
mal generator, and n € N. The following statements are equivalent:

(1) /xQn p(dz) < 400 for some t > 0;
R

(2) /x2" pi(dx) < +o0 for allt > 0;
R

(3) /RxQ" o(dx) < +o0.
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Moreover, if the above conditions are satisfied then for allt > 0 the monotone cumulants of pi;
up to order 2n are given by

i) = (2 + [ eotan),
Kp(ps) = t/R:vp_Q(l + 2%) o(dz), 2 <p<2n.

Proof. Throughout the proof we use the simplified symbols F; := F},,, G, := G,,,, and my(t) :=
Jg @ p(da).

- is a direct consequence of Proposition and of the semigroup relation p; =
Pt~ : D s, 0 < s < t; note that we do not need the part [, z*" (u > v)(dz) < 400 =
fR p(dz) < +oo, whose proof has been postponed to Appendix.

ﬂ :> —Step 1. We show that t — my,(t) is locally integrable with respect to the Lebesgue
measure. For this purpose, we will show more strongly that m,(¢) is a polynomial in ¢. The
starting point is the observation that ¢ — m,(¢) is measurable for any 1 < p < 2n. Formula in
Proposition yields

m,(t +s) = ) 4+ m,(s) + Z > my () my, (s) - - - my, (s) (5.23)
(=1 kok1,ke>0
ko+k1+~“+k[=pff
for 1 < p < 2n. As shown in (@)7 the polynomials mg (), m7 (¢), m5 (), ..., satisfy the same
relation

)= Y mOmie i) 62
(=1 kok, k>0
ko+ki+- -‘rkg—p l

for p € N. Here we select (A,¢) and z; € A in Proposition so that p(zf) = m,(1),

0 < p < 2n. We will show that m,(t) = m;(t) for all t > 0 and 1 < p < 2n by induction on p.

For p = 1, formula (@) is just my (t+s) = my(¢) +my(s), i.e., Cauchy’s functional equation.

Since t — m;j(t) is measurable, due to Proposition D.1] we have m;(¢) = m;(1)t = )t =

mY (t). Assume that m;(t) = m (¢) for all t > 0 and 1 < ¢ < p — 1. Subtracting (ﬁ from
(ﬁ) yields

~—

my(t -+ 5) — mE (¢ + ) = [my(6) — m? (O] + [my(s) — mE (5)],
which is again Cauchy’s functional equation. Therefore m,(t) — m>(t) = (m,(1) — m; (1))t.

Since m,(1) = m, (1) = p(zf) = m?(l), we conclude my(t) = ( ) as desired.
() and the asymptotic

- @ jtep 2. We fix an arbitrary 7" > 0. From equality
4.3

expansion (4.30), we get as z = iy, y — 400,

Gr(z) — 271
fOT %Gt(Z) dt
. [ml (T) + ml(T)z_l NN an(T)z—Qn—H + O(|Z|_2n+1)]
T 142 [ ma(t)dt + -+ (20 + 1)2720 [T my, (t) dt — 22 [ Rj(2) dt
where R}(z) is the z-derivative of the remainder term in () ie.,
on+1 x2n+1 1 2n+1
Ri(:) = =2t [ S la) = iy [ St

z— X

A(z) =

. (5.25)

Since my,(t) is a polynomial in ¢, we have fOT ( [ 2*" pe(dz)) dt < 400, which readily implies
that fOT R!(iy) dt = o(y~?"*?) by the dominated convergence theorem. Therefore, using the
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geometric series expansion 1/(1+¢) =1 —(+ (*+ -+ to the denominator of () and

recollecting terms, we find reals oy, ao, ..., ag, such that
Q2 Qop
A(Z) = —Oé]_ - ? - Z2n 1 + Q( ) (526)

where Q(iy) = o(y~"~1) as y — +o00. By Proposition {146 , we have my, (o) < +o0.

— . Since my,(0) < +o00, again Proposition yields the expansion () in each
sector domain, i.c._Q(z) = o(|z[~*"Y) holds as z — oo within V., for cach fixed v > 0. The
integral equation (p.13) reads

2n—1

Fy(z) =2z —agt — Zam/ ds+/ Q(F. (5.27)

As discussed in the proof of Theorem .22 , thanks to the tightness of {y; : t € [0,T]} for each
fixed T > 0 and v > 0, there is yo > 0 such that {Fy(iy) : 0 <t < T, y >y} C V., and
also the asymptotic behavior Fi(iy) = iy(1 + o(1)) holds uniformly on ¢ € [0,7]. From this
observation, we can deduce the following uniform estimates over 0 <t < T

| Qi) as = oty ), (5.28)

/0 Fu(iy) ™ ds = t(iy) (1 + o(1)). (5.20)
Plugging (M) and (IBE) for ¢ =1 into () yields

Fi(iy) = z — ayt — Olé—j +o(y™),

which is again uniform, i.e., the modulus of the remainder term o(y~!) is bounded by a function
f(y) independent of t € [0,7] such that yf(y) — 0 as y — +o00. Plugging this improved
estimate into (p.27) then gives

CYQt Oégt + (a1a2t2)/2

Fi L -2y,
t(ly) ly an ly (1y)2 + O(y )
Repeating these arguments amounts to
ba(t) ban () (on_
F, —b(t) ———=—-— = (2n-1) — :
<1y) 1y 1( ) iy (iy)gn_l + O<y )7 Y +00
for some polynomials by (t),ba(t), ..., ba,(t) with real coefficients. From Proposition we
conclude [, 2*" py(dx) < 400 forall 0 < ¢ < T.

Formulas for monotone cumulants. In the proof of Step 2 above, we have used

Gilz) — é _ A(z)/o %G (2)ds

Substituting the truncated Laurent series for G¢(z) and A(z) and comparing the coefficients
yields exactly the relations (5.22) up to the order 2n. Then the remaining proof is identical to
the proof of Proposition 5.2{]. O

5.3. Infinitely divisible distributions. The concept of infinitely divisible distribution is
closely related to convolution semigroups. In probability theory, infinitely divisible distributions
naturally appear as the limit distributions of sums of independent random variables that are
“uniformly” small [78]. We consider the monotone analogue.
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Definition 5.23. A probability measure p on R is said to be monotonically infinitely
divisible if for every IV € N there exists a probability measure p,/y such that p is the N-fold
monotone convolution of y;/y, i.e.,

H= (Ml/N)DN = HyN > uynpB--- B> Ha/N -

w
N times

It is obvious that each member of a monotone convolution semigroup (f4;)¢>o is monotonically
infinitely divisible, as p, is the N-fold monotone convolution of s /. This observation can be
enhanced to the following.

Theorem 5.24. Let i1 be a probability measure on R with determinate moment sequence. The
following are equivalent.

(1) w is monotonically infinitely divisible.
(2) There is a monotone convolution semigroup ()= such that p = p.

(3) The sequence (K, (1t))n>2 of monotone cumulants from order two is positive semi-definite:
for every p € N and ¢y, ca,...,¢, € R one has

p

Z CZ‘CinH_j(,u) Z 0.

ij=1

(4) There exist a sequence of probability measures (vy)n>1 with finite moments of all orders
and a sequence of positive integers ({n)n>1 such that limy_,. {n = oo and

lim [ 2" (vy)"™(dz) = / 2" p(dx), n € N.

N—oo R R

Proof. — is obvious from g = iy = (py/n)"" for all N € N.
— is also obvious as one can select vy := ui/y and £y := N.

= . We show that

Kn(p) = lim £ym,(vy), n € N. (5.30)

N—o0

To see this first we observe that
Rn((VN)") = Enkin (V).

The left-hand side converges to r, (1) since r,((vy)>*) is a polynomial in the moments
m, ((vn)”V) (1 < p < n) that converge to m,(u) by the assumption. In particular, limy_,o £, (vy) =
0. On the other hand, recall that

m, (vy) = kn(vn) + Q@ (K1(vN), - - ne1(vi),
where the universal polynomial Q)% has no constant or linear term. Therefore, we obtain
lim (ym,(vy) = lim lyk,(vn) + lim Q% (K1 (vn), ..y Kno1(vN))
N—=00 N—o00 N—o0
= lim lyr,(vn) = Kn(p)
N—oo

as desired. From () we obtain

p p

Z ciCikiri(p) = lim Cy Z cic; | 2 vy(dr)

i,7=1 3,j=1
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- . By the assumption and by Theorem @, there exists a finite Borel measure p on
R with finite moments of all orders such that

Kn(p) = / "% p(dz), n>2.
R
We set )
A(2) == —r1(p) + / — p(dx), zeCH.
RET—Z

Since this is a Nevanlinna function with <(lim, ., A(z)/z = 0,_by Theorem , there cor-
responds a monotone convolution semigroup (p)¢>o. Theorem .22 ensures that every u; has
finite moments of all orders. By the last statement of Theorem p.22, the monotone cumulant
kn(pe) coincides with tk,(p) for all ¢ > 0 and n € N; in particular, &, (p1) = £, (). This means
that p; and p have the same moment sequence. Since i has a determinate moment sequence,
we conclude that p; = p. 0J

Example 5.25. Condition |3) means that the symmetric matrix (#;y;(p))7 j=; is positive semi-
definite for all p € N. This condition can be used as a test for monotonically infinite divisibility.

(a) One can check that the determinant of the matrix (r;4;(S(0,1)))7,-, is negative; the re-

currence relation in Example B.14 would be helpful for the calculation. This implies that
the standard semicircle distribution is not monotonically infinitely divisible.

(b) The matrix (#;4;(N(0,1)))};=, is surprisingly positive semi-definite up to p = 200 according
to simulations. However, whether N(0, 1) is monotonically infinitely divisible or not is still
unknown. In terms of holomorphic dynamics, the question is whether one can find a
compositional semigroup (F});>o of reciprocal Cauchy transforms such that F = idc+ and

Fy = Fy(o,1y- This kind of question is natural in complex analysis but known to be hard.

Example 5.26. Condition and Proposition @ imply that the sequence of probability mea-
sures ((vn)”)n>1 weakly converges to p. Thus monotonically infinitely divisible distributions
are obtained as the limits of the distribution of the sum of monotonically iid random variables.
Special cases include the monotone CLT and Poisson’s law of small numbers as follows.

(a) Let v be a probability measure with mean 0, second moment 1 and finite moments of higher
orders. Let vy be the pushforward of v by the map z — x/ V/N. Then the monotone CLT
(Theorem @) says that (vx)"" converges weakly to the arcsine law A(0, 1).

(b) Let A > 0 and vy := (1 — £)dp + %01 for N > A. Then monotone Poisson’s law of small

numbers (Theorem ) says that the measure (vy)>" converges weakly to the monotone
Poisson distribution Poi”(\).

Remark 5.27. As a further generalization of the limit theorem in condition , one could also
consider the monotone convolution of non-identical distributions of the form vy >vyo>--- >
UN¢y- Then the limit distribution would not necessarily be monotonically infinitely divisible,
see [71] for further details.

5.4. Notes. The definition of additive monotone convolution of probability measures in The-
orem p.l| is due to Muraki [122, Definition 3.2]. Example is a special case of examples
in [119, Section 8]. Mtotkowski introduced “Fuss-Catalan distributions”, which behave nicely
with respect to monotone convolution [118, Proposition 4.5]. The definition of multiplicative
monotone convolution in Theorem p.5 appeared in Arizmendi and Hasebe [[10, Proposition 3.2]
but its weak continuity in Proposition B_Qg is a new result. Both convolutions have unbounded
operator models constructed by Franz [70]. Note that for multiplicative monotone convolution,
Franz’s model was restricted to the case where both measures are supported on [0, 4+00), but
the same technique is applicable to the general case of Theorem p.5.

Theorem was due to Muraki [122]. Our proof heavily depends on Berkson—Porta’s work
while the original proof was more straightforward. The exposition of Theorem followed
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[82, Theorem 4.8]. Theorem is based on [84, Theorem 8.5]. Theorem for compactly
supported p was due to Muraki [122, Section 5] except condition . Belinschi proved the
equivalence of and in Theorem H.24 for arbitrary probability measures, as well as the
uniqueness of the monotone convolution semigroup into which p embeds [23]. The aspect of
limit theorems, i.e., condition of Theorem , was further studied by Anshelevich and
Williams without assuming the existence of moments [[7].

An analogue of Theorem in free probability is known [127, Theorem 13.16]; however,
the proof of Theorem p.24 is more complicated even if p has compact support. The main
difficulty is the absence of a priori bounds for monotone cumulants of the form |k, (u)| < C™
for compactly supported measures u; compare with the bounds for free cumulants [127, Lemma
13.13]. In the case of monotonically infinitely divisible distributions with compact support, this
bound comes a posteriori as a result of Propositions p.1§, .20 and Theorem p.24. For general
probability measures 1 with compact support, it is still unknown whether an exponential bound
|kn ()] < C™ holds for some C' > 0 or not.

Monotone convolution semigroups for multiplicative convolutions are also studied in the
literature; see e.g. [31, 69]. There is a certain parallelism between additive and multiplicative
cases, which was systematically studied in [6].

A remarkable feature of additive and multiplicative monotone convolutions is a connection
to additive free convolution H and multiplicative free convolution X: for probability measures
A on [0,400) and g, v on R there exist probability measures p = p,,, and o = 0, on R such
that

wBrv=purp, (5.31)
AR p=X0Oo; (5.32)

see [21, B for additive convolution and [11] for multiplicative convolution. These relations
have been used for the study of regularity properties of free convolutions, see e.g. [11, 24, 96].
Formulas () and (@) have an elegant interpretation in terms of graph products; see
Accardi, Lenczewski and Salapata [2] (additive case) and Lenczewski [[105] (multiplicative case).
Jekel and Liu’s tree independence also allows an interpretation. In the context of Loewner
theory, the monotone convolution hemigroups associated with free convolution hemigroups
are studied e.g. in 71, 86, 94, [143]. Other notable connections between free probability and
monotone probability can be found in Franz_[69], Skoufranis [147], Cébron, Dahlqvist, Gabriel
and Gilliers [41, 43], and Mingo and Tseng [116].

6. MONOTONE CONVOLUTION HEMIGROUPS AND LOEWNER THEORY

As already mentioned, convolution semigroups correspond to Lévy processes that are continuous-
time analogues of random walk of identically distributed increments. We turn our attention to
random walk whose increments are still independent but not necessarily identically distributed.
Let (X;)2, be independent, R-valued random variables. We denote by v; the distribution of
X;. Let us consider the random walk

SnI:X1+X2+"'+Xn; S(]i:o.

The distribution of S, is given by p, := vq * vy * --- x 1,. For n > m we have the relation
[ = fhm * Vi1 % - % Uy, which involves v;’s. To obtain a closed relation of distributions, it is
more convenient to consider the increments

S = Sn — Sm, 0<m<n.

Let fi,, be the law of Sy, . The obvious identity Sy, + Spmn = Se, gives rise to the distribu-
tional relation

Hem * Umn = Hon, 0< 14 <m< n, (61)
Mnn = 507 n e NO-
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The law of X; can be recovered from the two parameter family (1,0 )o<m<n8s fti—1;.Conversely,
given a family (/4,0 )o<m<n Of probability measures on R with relations ((@) and (ﬁ), it comes
from a random walk.

The above discrete-time setup can be well extended to the continuous-time case. A family
(us.) of probability measures, index by real numbers 0 < s < ¢ < o0, is called a convolution
hemigroup if g, = 0o and pusy * ey = pso for all 0 < s < ¢ < w and (s,t) — pgy I8
weakly continuous. A convolution hemigroup corresponds to a stochastic process called an
additive process or a process with independent increments. The reader is referred to [[139] for
further information. Replacing the convolution % with monotone convolution, we are lead to
the following.

Definition 6.1. Let A := {(s,t) e R? : 0 < s <t < +o00}. A family (5)(s.1en of probability
measures on R is called a monotone convolution hemigroup if

(i) & 3 (s,t) — psy is weakly continuous, i.e., for every bounded continuous function f on
R, the function (s,t) — [g f(x)ps(dz) is continuous.

(i) prsu = pse D> puy forall 0 < s <t <u < 400,
(iil) ps,s = 9o for all s > 0.

If a monotone convolution hemigroup satisfies s, = pos—s for all 0 < s < ¢, then it is
reduced to the convolution semigroup: fi s > fto+ = po,s++ holds. Conversely, given a monotone
convolution semigroup (j), the measures pz; := py—s form a convolution hemigroup. Thus
monotone convolution hemigroups generalize semigroups.

A monotone convolution hemigroup (us;) can be described by its reciprocal Cauchy trans-
forms.

Definition 6.2. A family of holomorphic self-maps (Fi;)(snea on Ct is called a Z-reverse
evolution family (Z-REF for short)E if

(R1) <tlim, o Fs(2)/2z =1 for all (s,t) € A,

(R2) A > (s,t) — Fy; is continuous with respect to the locally uniform convergence on C,
(R3) FspoF,, =F, forall 0 <s <t <wu< +o0,

(R4) F,4(z) =z forall s >0and z € C*,

We often impose the additional condition that

(R5) for each (s,t) € A there exist ms; € R and v, € [0, +00) such that

Us,t

Foi(2) =2z —mgs + + 0(2’1), z =1y, y — 4oo, (6.3)

2
and the maps (s,t) — my, and (s,t) — vs; are continuous.

We call (F;) satisfying a P9-REF. Moreover, if mg; = 0 for all (s,t), we call (Fj;)
a P)-REF.

Remark 6.3. a) The continuity (s,t) — F is equivalent to the weaker condition that the map
A > (s,t) — Fsu(z) € Ct is continuous for all z € C*, thanks to Proposition 1.36.

b) In fact, the continuities of (s,t) — ms; and (s,t) — vs, in condition follow from
the other conditions. This fact, however, requires rather long arguments and we refer the
interested reader to [86].

c¢) There is a one-to-one correspondence between the set _of the monotone convolution hemi-
groups and the set of the Z-REFs. From Proposition , the #5-REFs exactly correspond
to the monotone convolution hemigroups with finite first and second moments continuous

92 stands for the fact that each function F+ corresponds to a probability measure.
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with respect to (s,t). Let (Fit)(sen bea Po-REEF and (fis4) (s,0en be the associated mono-
) and (@) together with () and ({1.34) show

tone convolution hemigroup. Formulas (
that, with notation in (@I)),

Mgy = 1 (ﬂs,u) =1 (Ms,t) + my (,ut,u) = Mgy + Mt u,
Vs = Var(pis,,) = Var(pse) + Var(pey) = vsr + Vg, 0<s<t<u.

d) If (Fs4) is a P5-REF, then from () each Fs; has an integral formula

1
Fs,t(z) =z — ms,t + /R E ps,t(dx),

where ps; is a finite Borel measure such that p,;(R) = vs;. We can see that the map
(s,t) = pss is weakly continuous. Let (sp,t,),(s,t) € A and (s,,t,) — (s,t). Let p, :=
Pspt, ad p = pg. If p =0 then p,(R) = v,, 1, — vsr = 0, so that p, — 0 weakly. If p # 0
then vy, > 0 and we set p := p/uv,, and p,, := p/vs,1,. As G, (2) =z —mg, 1, — Fs, 1, (2)
converges to G,(z), the Cauchy transform of the normalized measure G5 (z) also converges
to G5(z) for each z € C*. Therefore, by Proposition , p,, converges weakly to p, which
in turn implies that p, converges weakly to p.

e) A family (F;)(sen of holomorphic self-maps of C* satisfying is called a reverse
evolution family. Such a family of holomorphic self-maps is well developed in Loewner
theory, e.g. in [B9]. The reason of the term “reverse” is that from the viewpoint of dynamics
on C*, the alternative condition F;,, o Fy; = F;, has a more natural interpretation that a
point z at time s arrives at the point Fy;(z) at time ¢ and then Fj;(2) arrives at the point
F, . (Fs4(2)) at time w, which coincides with F;,(z). Such a family is called an evolution
family.

Moreover, we consider a one-parameter family of holomorphic functions, which turns out to
have a one-to-one correspondence with the &-REFs.

C+

Definition 6.4. A family (F});>0 of holomorphic self-maps of is called a &?-decreasing
Loewner chain (Z-DLC for short) if the following conditions (L1 )}{L5) are satisfied:

1) <lim, o Fi(2)/z =1 for every t > 0,

(L

(L2) t — F; is continuous with respect to the locally uniform convergence,
(L3) F, is injective on C* for each ¢t > 0,

(L4) the range F}(CT) is non-increasing with respect to ¢t > 0,

(L5) Fo(z) = z for all z € C*.
We also consider the condition that

(L6) for every t > 0 there exist m; € R,v; € [0, 400) such that
Fi(z) =2z—m+ % +o(z71), z =1y, y — +oo, (6.4)

and also the functions ¢ — m,; and ¢t — v, are continuous.

We call (F}) a Z»-DLC if are satisfied. Moreover, if m;, = 0 for all ¢ > 0 then we
call (F}) a 29-DLC.

Example 6.5. (a) Let (y):>0 be a monotone convolution semigroup and f: [0, +00) — R be
a continuous nondecreasing function. Then fi,; == p ) f(s) form a monotone convolution

hemigroup.
(b) Recall from () that the semicircle distribution S(0,t) has the reciprocal Cauchy trans-
form

z4+V22 =4t
F(z) = ————.
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One can check that (F});>o is a 29-DLC. First of all, F} is of the form (@) with m; = 0 and
v, = t. It remains to check conditions and |(L.4) since the others are easy. Condition
can be directly confirmed: assuming z,w € C* and Fy(z) = Fi(w), we obtain z = w
after algebraic calculations. In fact, we can show more strongly that F, extends to a
continuous injective function F,: C* UR — C* UR. Regarding condition [L4), from the
previous consideration and Carathéodory’s theorem for Jordan domains, the boundary of
the domain F,(C*) is F(R). For = > 2v/, the point F)(z) = (z + V22 — 4t)/2 moves
over the half-line [2v/#,+00). For 2 < —2+/t, note that the point \/(x + 0i)2 — 4¢ has
argument 7 by the definition of square root, so that Fy(z) = (z — Va2 — 4t)/2 and its
trajectory is the half-line (—oo, —2v/t). For |z| < 21/t by the Stieltjes inversion we have
Fy(z) = (z+iv/4t — 22) /2, which moves over the semi-circle {u +iv : u> +v* = 4t, v > 0}.
In conclusion,

F(CT) = {u+iveCr:u®+0v* > 4t}
which is decreasing with respect to ¢ > 0.
This section establishes a correspondence between &,-REFs and &5-DLCs, and an integro-

differential /integral equation for them, which generalizes the differential equation known in case
the time-dependence is absolutely continuous.

6.1. Reverse evolution families and Loewner chains. We establish a bijection between
the Z,-REFs and £2,-DLCs.

Lemma 6.6. Let (CZ? ={z € C":3(2) > B} for B >0. Let u be a probability measure with
finite second moment. Then for any 3 > 0 one has

F.(z) =24+ 0(1), z— 00, z€Cj. (6.5)

Moreover, F,, is injective on C}, where o := y/Var(u), and the range F,(C}) contains C3,.

o’

Proof. Recall from () that we have a Nevanlinna formula of the form

Fu2)=z—m+ / pldz)

RT—2

(6.6)

where m = my(u), p is a finite Borel measure and p(R) = Var(u) = 0. For z € Cj, the
function 1/|z — z| is bounded by 1/, so that the dominated convergence theorem yields that
the integral term in (6.6) goes to zero, and hence (p.5) holds true.

For every z,w € C} with z # w we have

[Fu(2) = Fu(w)| = [z — w| ‘1+/R

p(dz) ‘
(x — 2)(z — w)
p(dz) }

R |7 —z2llz —w
R

3(2)S(w)

> |z — w {1—

thereby verifying the injectivity.
For all z with (2) = o we have

ML) =) + [ e alde) () 4 g =2

Combining this estimate and (@) yields that for every w € C3, the curve {F,(z) : z € C},
where C'is the boundary of a large square D in C} that has horizontal edges [—R, R] + ic and
[—R, R]+i(0+2R), surrounds the point w. By the argument principle, the equation F),(z) = w
has a solution z € D. U

Proposition 6.7. Let (Fs;) be a Po-REF. Then each map Fl; is injective on C*.
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Proof. Let z,w € C* with z # w and 0 < s < t. We select ¢ > 0 so that z,w € CI and take
§ =50 <58 <S8y < -+ <85, =tsuch that ming<;<,,—1 |v5i,5i+1| < €2, which is possible by the
continuity of (r,u) — v,, and the fact v,, = 0. Let

2, = F o---0Fy . (2),

SkySk+1
wy, = Fy g0, 0 0 Fy o (w), 0<k<n-1.

Note that F.(z) = zo and Fy:(w) = wy. By the inequality S[Fs, , s, (2)] > S(2) (see ())
and by Lemma [.6, the points z,_; and w,_; are distinct and lie in CI; recall that v, is the
variance of the probability measure associated with F;,. By induction on k in the decreasing

direction, we can prove zy, wy are distinct and lie in C for all k =n —1,n—2,...,0, so that
Fsi(2) = 20 # wo = Fs 1 (w). d

Theorem 6.8. There is a one-to-one correspondence between Po-REFs and &P5-DLCs given
by the maps

(Fs,t>(s,t)€A = (FO,t)t207
(F})is0 — (F'o F)(syen.

Proof. Given (Fj,), let F, :== Fy;. Conditions |(L1)|, |(L2)| and |(L6)| are obvious. By Proposition
, each F} is injective on C*. Moreover, F; o F,, = F, holds for 0 < ¢ < u, which implies
that F,,(CT) = Fi(Fi.(CT)) C F(CY), i.e., t — F,(CT") is non-increasing. Thus (F});>o is a
P5-DLC.
Conversely, given a %5-DLC (F});>0, the assumption Fy(Ct) D Fi(Ct),s < t allows us to
define the composed map Fj; := F, ' o F}; as a self-map of C*. It is well known that the inverse

map of a holomorphic function is also holomorphic, so that Fy; is holomorphic. Conditions
(R3) and [R4) are obvious.

Condition (R1). For each s > 0, recall from Lemma @ that the subdomain Fy(CI) for the
inverse map F, ' contains C;, , where o := v, is the variance of the underlying probability

measure. From (.5), w — oo implies z = F, !(w) — 0o, so that we have

F;l(w) = lim i

lim = =1.
v w2 RG)
Then
F FY(F F;
qtim P oy B FE) R
200 % =0 Fy(2) z

which verifies condition .

C’onditz’o. It suffices to show the continuity of (s,t) — Fs.(z) at each z, € C*, see
Remark .3, We use the Lagrange inversion formula. Let (s0,t0) € A. Since Fy,(z) € Fy,(CT1),
there exists an open disk D such that D C C* and F,(2) € F,,(D). By the continuity of
t — F; and since F (D) is open, we can find open intervals I 5 so and J > ¢y such that for all
s € I and t € J, the closed curve Fy(0D) surrounds Fy(z) and so Fi(z9) € Fs(D). Therefore,
by the Lagrange inversion formula,

1 wF! (w
Fyt(z0) = Fo ' (Fi(20)) = o /aD Fiw) i(Ft)(Zo) dw, sel, teJ s<t.

The continuity (s,t) — Fs+(20) at (so, %) is now a consequence of the dominated convergence
theorem.

Condition . If we denote by p; and ps; the underlying probability measures for F; and Fj,
respectively, then ps > sy = pe. Since p; has finite second moment due to (6.4), us. also has
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finite second moment from Proposition . Therefore, formula (@) holds and from Remark

the numbers m,; and vy, satisfy

Mgy = M (fhs) = M (pe) — mu(ps) = my —my,
Ust = Var(ps ) = Var(p) — Var(ps) = vy — vs.
This implies the continuity of (s,t) — (ms4, vs4), so that holds true. O

Example 6.9. Let F; be the reciprocal Cauchy transform of the semicircle distribution S(0, t)
for t > 0 and Fp := idc+. The family (F});>o is a 29-DLC, see Example @ This can be more
easily shown from Theorem by finding the corresponding REF. First, a formal algebraic
calculation yields a formal inverse function F,!(2) = z + s/z. Therefore, the corresponding
REF should be F; ! o F}, which is

1

1
Fou(2) ::—(1+f>z+—<1—§>\/z2—4t, 0<s<t.

2 t 2
We can check this is a Nevanlinna function with Fy;(iy)/(iy) — 1, so that it is the reciprocal
Cauchy transform of a probability measure ps;. We can also check that Fi(2) = z—(t—s)/2+
O(z7%), 2z > oo and Fy 0 Fy, = Fey, 0 < s <t < u. Therefore (Fy,) is a Z9-REF, and so
F, = Fy, form a 29-DLC.

6.2. Integral/Integro-differential equations. Infinitesimal descriptions are helpful to bet-
ter understand reverse evolution families; later we will see in Section that an infinitesimal
description is useful for constructing an operator model for monotone additive processes. For
example, suppose that the limit

. Fapns(z)—2
o) = fiy F52

exists. Then taking the derivative of F;, = F;; o I}, with respect to s at s = ¢ yields the
non-autonomous ODE

OF; .

5% A(t, Fyu(2)).

In the following, we establish a refined description of Z29-REFs. In general, F,; need not be
differentiable in time, but still an integral /integro-differential equation holds. As a key lemma
we use the following version of Radon-Nikodym’s theorem that generalizes Lebesgue’s differen-
tiation theorem. The reader is referred to [62, Theorem 2, Section 1.6] or [112, Theorem 5.8]
for a proof. In the latter reference, the result is called the Lebesgue—Besicovitch differentiation
theorem.

Lemma 6.10. Let p and v be locally finite Borel measures on R. Suppose that p is absolutely
continuous with respect to v. Then the limit

du p(x —h,x+h)

—(z) := lim

dv h—0+ v((x — h,x + h))
exists at v-a.e. x, and it serves as a Radon-Nikodym derivative, i.e.,

u(B) = / oy d),  BeBR).

g dv

€ [0, 4+00)

Theorem 6.11. Let (Fy;)spen be a P3-REF having the asymptotic behavior (@) Let T
be the Lebesque-Stieltjes measure on [0,+00) associated with the non-decreasing continuous
function t — wvo,. There exists a probability kernel p from [0,+00) to R such that for all

0<s<t
Foulz) = = + / t [ /R #t(z) pla, d:c)] #(da), (6.9)

Fouz) = 2+ tagé’b(z) { /R ! p’(b,dx)} #(db). (6.10)

s r—z
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FEither of (@) and () implies the uniqueness of p in the sense that if another probability
kernel & exists, then we must have p(t,-) = o(t,-) for T-a.e. t > 0.

Proof. From Remark @ @ each [y, is of the form
s.¢(d
Fs,t(z) — 5 +/ 1Y 1t( ZL')
R LT — 2

and vs; = ps+(R). We set vy := vg¢. The fact Fyp = ide+ implies vy = 0. From Remark
, we have vs + vs; = vy; in particular, ¢t — v; is non-decreasing. Note that the measure 7 is
atomless as ¢t — v, is continuous. R
Let us consider the finite Borel measure p, ; on R defined by

bre " if v, > 0,

Prs({oo}) =0, P le:= {

0, otherwise.

~

Since p, ,(R) < 1, for each s > 0 we can find a sequence h, — 0" such that p,_, ., converges

weakly to a Borel measure p, on R with ﬁs(f@) < 1; be aware that h,, depends on s. The following
convergence holds whenever vy, > vs_p, for all m € N:

st s - _s— S d P d
hysthn (2) — 2 _ / Ps—hn, +hn( z) _ / M = —G5,1,(2), n — 00. (6.11)
R R

Usth, — Us—h, r—z T —z

Proof of () Observe that
Fri(z) = Frs(z) = Frs(Fon(2)) — Frs(2)

= [Faa(z) — 2] [1 " /]R (z — Zsz’;(ix}s,t(z)) .
and
|Fsi(2) — 2| = /]R p;t(—d:) Ut%z;)}s.

Therefore, for any fixed > 0 and z € C*, the function f(s) := F, s(z) satisfies
|f(t)_f(8)| S Ct,z(vt_vs)a TSS §t7

where C;, == 1/3(2) +v;/S(2)3. In particular, for any fixed T' > 0, f is of bounded variations
on [r, T], and so there exists a complex Borel measure v on (r, T'] such that v((s, t]) = f(¢t)— f(s)
for r < s <t <T. The inequality |v((s,t])] < Cr.7((s,t]) extends to

v(B)| < Cr.7(B),  BeB((rT). (6.13)

To show (), we consider the set M = {B € B((r,T]) : |v(B)| < Cr.7(B)}, which is a
monotone class. We also consider the algebra A consisting of the empty set and finite unions
of disjoint intervals of the form (s,t] (r < s <t < T). It is easy to check that M contains A.
By the monotone class theorem (Theorem {.3), M contains o(A) = B((r, T]).

Because of the arbitrariness of T, we can extend v to a complex measure on [r, +00) with do-
main the set of bounded Borel subsets. Inequality (@) implies that v is absolutely continuous
with respect to 7. By Lemma [6.10, the limit

v((s—hs+h) o Fren(z) = Fron(2)

D'OF, ((z) := i =1 eC 6.14
5(2) e 7((s —h,s+h)) B0 Vsth — Us—h (6.14)

exists at T-a.e. s € (r,4+00). Let J,., be the set of all s € (r,4+00) such that this limit exists.
Dividing () by v; — vs, replacing (s,t) with (s — h, s + h) and passing to the limit A — 07"
yields

lim sth,SJrh(Z) -z o DU(S)FT,S(Z) o Dv(s)Fr,s(z)

- — , scJ,,, 2€Ct. (6.15
h—0t  Vgip — Vs_p 1+ [o(x—2)72 p(dx) 2F.(z) ’ (6.15)
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Note here that the weak convergence p, s_,, — p,s shown in Remark @ @ was used in the first
equality above.

On the other hand. at every s € J, ,, the inequality vy, > vs_p holds for all A > 0, and so
we can deduce from () that

Fs— S - _3_ s d 0.(d
lim Deohetn(2) 22 /’)L’M:/M, s€ ., z€Ct. (6.16)
R R

h—=0t  VUsqpp — VUs—p h—0+ r—z r—z
Combining () and () yields
OF, 1
D'OF, (2) = =22 p.(d Iy C". 6.17
0= 520) [ —an, seduze (617)

Applying Lemma to the measure v and B = [r,t] and using (), we get

Fm(z)—z—/ DY F, (2) 7(ds)

0z T —z

‘OF { /R 1 ﬁs(dx)} r(ds), zeCH o0<r<t. (6.18)

T

Here we take any countable subset C' C C* having an accumulation point in C*, e.g. C =
{i+1/n:n €N}, and set J := Jo.. For any s € J and z € C the convergence in (@)
holds. Therefore, by Proposition(@‘, the convergence in () holds for all z € C*and s € J.
This implies that J > s — G5_;,(2) is measurable for each z € C*, so that Lemma m implies
that J 5 s — p,(B) is measurable for each B € B(R).

By the dominated convergence theorem applied to (@) (the estimates in () are helpful),
we can see that

v = lim [Fo,(iy) — iliy = / 7y(R)7(ds).

Y—r—+00

Since p,(R) < 1 and 7([0,¢]) = v;, we must have p,(R) = 1 for 7-a.e. s > 0. We can then
define p(s,-) := p,[g whenever p,(R) =1 and s € J, and otherwise define p(s,-) := dp. This is
a probability kernel. Now formula (6.1§) yields the desired formula (@ :

Proof of (@) Observe that for 0 <r <s <t

—

Pr,s (dx)

Fue) = Fole) = Fusle) = Fru(Pus(2)) = | 5 (6.19)

and so |Fs(2) — Fr1(2)] < (vs —v,)/S(2). As before, for any (t, z) there exists a complex Borel
measure £ on [0,t] such that u((r,s]) = Fs4(2) — F.(2) for 0 <r < s <t and

[(B)| < B e B((0,1]). (6.20)

Inequality () implies that 1 is absolutely continuous with respect to 7. By Lemma the
limit
Ferh,t(Z) - sth,t(z)

Dy Fay(2) = i cC 6.21
(s) 7t(Z) hi},é1+ Vs+h — Us—ph ( )
exists at 7-a.e. s € (0,t). At any s € J where this limit exists, () and () yield
Do d p,(d p,(d
Dy Fos(2) = lim Pahsen (A7) _ / Ps(dr) / _p(dz) (6.22)
h—0t Jg Fopna(z) — B Fau(z) —a r Foi(z) —



MONOTONE PROBABILITY THEORY 89

The last equality holds because the integrand vanishes at x = co. The second equality holds
because of the continuity of r — F, ;, i.e., in the triangular inequality

/ﬁs—h,s+h(dx) _/ ps(dz)

R Forna(2) — B () —w

< /ps—h,s—i-h(dx) _/ﬁs—h,s+h(d$) " /ﬁs—h,s+h(d$) _/ ps(dz)
/R Forne(z) —x R Fou(z)—x 1R Fo(z) —x R Fou(z) — Z|

::I,ll =17

the second term I? tends to zero due to () that holds for s € J and z € C*, and the first

term I} also converges to zero because

|Fs+ht _Fst<z>| — ‘FSJrht(Z)_FSt(’Z)’
I / s—h,s de) < 7 ’ :
"= Jg Farna(z) — al[Faglz) —a] 77 +4(47)

By Lemma ﬂ and (m), we have

Fou(z)—z—— / Dy Fasl2) 7(da) = / t [ /R %} 7(da),
which is nothing but (5.9). |

Uniqueness of p. For example, we assume that (@) holds for p and 6. We fix T" > 0 and
2z € C* for some time. The complex measure

A(B) := /B {/R %F;ﬂ(z)p(s,dx)] 7(ds), B € B([0,7)),

is absolutely continuous with respect to 7, so by Lemma and uniqueness of Radon-Nikodym
derivative, we obtain

1 — Fy_ — F.
/—p(s,dx) = lim AM(s — hys+ 1)) = lim = nr(2) a7 (2)
R — Fsp(2) =0t 7((s —h,s+h)) ns0t 7((s—h,s+h))
at 7-a.e. s. The same formula holds for ¢, so we obtain G,s.) = Gs(s.) on Fyp(CT) for 7-

a.e. s € [0,T]. By the identity theorem, the equality G(.) = Gs(s,.) holds on C* and then we
have p(s,-) = d(s,-) for 7-a.e. s € [0,7]. A similar idea works for the case when we assume
@) instead. 0

~

We also verify the converse direction: given 7 and p, solving these equations gives a unique
PI-REF. The uniqueness is formulated in a stronger form.

Theorem 6.12. Let 7 be an atomless locally finite Borel measure on [0, +00), p be a probability
kernel from [0, +00) to R, and

Alt, z) ::/R ! p(t,dz).

r—z

(i) For each fixzed t > 0 and z € C*, the integral equation

t
s) =z +/ A(r, f(r)) 7(dr), s € [0,¢], (6.23)

has a unique solution f(s) = f(s;t,z) € Ct, s € [0,t], such that [0,t] > s +— f(s) € CT
18 continuous.

(ii) For each fized s > 0, the integro-differential equation

t@(r

s 0z

has a unique solution h(t,z) = h(t,z;s) € Ct, t € [s,4+00), z € Ct, such thatt — h(t, z)

is continuous for each fized z and z — h(t, z) is holomorphic for each fized t.

h(t,z) =z + 2)A(r, z) 7(dr), t € [s,+0), z € CT, (6.24)
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Moreover, f(s;t,z) = h(t,z;s) holds for all (s,t) € A, z € C*, and Fs4(2) := f(s;t, z) forms
o P9-REF.

Proof. Uniqueness of a solution to () Let £ > 0 and z € C* be fixed. Suppose that
continuous functions fi, f2: [0,t] — C* satisfy () We easily obtain for F(s) := fi(s)— fa(s)

! |f1(7') - f2(7“)’ .
P < | [ e A0~ o) P d”“")] m(dr)
1

%(z)Q/ F()|7(dr),  se 0.4,

Iterating this inequality yields

<

1
F(s)| < / F(s,)| 7®™"(dsdss - - - ds,,
| ()| %<z)2n 5§31§52§---§5n§t| ( )| ( 1452 )
7([s,t)"
<~ sup [F(r)], s € [0,t], neN, (6.25)

[

nlS(z)2n re[0,t]
where we used the fact
(fs. 1)
n!
Since the right-hand side of () tends to zero as n — oo, we conclude F' = 0.

7O ({(51, 89, -+, 8n) 18 <851 <89 <o <5, <t} =

Ezistence of a solution to () The proof is based on Picard’s iteration. We recursively

define FO, F', F? ... by F,(z) = z and

& =

Fl(2) == +/ A(r, Fl7 1 (z)) T(dr), (s,t)e N, ze C*t, neN. (6.26)

s

Inductive arguments easily show that FY'; is holomorphic in C* and satisfies S[F,(2)] > S(z2).
We then obtain from (@)

7([s, 1)

S(z)

" n 7([s, JAls', 1))
|Fs,t(z)_Fs’,t’<Z)‘ < %(Z) ’
where AAB is the symmetric difference (A\ B)U(B\A). In particular, for each fixed z € C*, the
sequence of functions f7: A — C*, f7(s,t) := F{(2) is uniformly bounded and equicontinuous
on each compact subset of A; note that the latter follows from the (uniform) continuity of

the function ¢ — 7([0,¢]). We can therefore use Arzéla-Ascoli’s theorem to find a subsequence
(SZ;:i)kzl that converges to a function f*: A — C* locally uniformly. Passing to the limit in

(6.24), the limit function Fi.(z) := f*(s,t) satisfies equation (@) and hence f(s) := Fs4(2)
satisfies ()

The solution to () forms o P9-REF. As already proved, F}, is a Nevanlinna function for

[For(2)] < [2] +

S
each (s,t), so that its pointwise limit Fj, is also a Nevanlinna function; see Proposition }.29.

Moreover, the integral equation (.9) and the dominated convergence theorem, together with
the bound 1/|x — F,+(2)| < 1/(%), yield lim, o F;(iy)/(iy) = 1 and

i iylF(iy) —iy) = 7((s, £])-

It remains to show Fj ;0 F;, = F;,. Foreach fixed z € CT and 0 < ¢ < u, let Fy, Fy: [0,u] — C*
be defined by Fi(s) := Fs.(z) and
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which is continuous. Recalling the equation
t
Fsi(2) ==z —I—/ A(r, Fr4(2)) 7(dr), zeCh, 0<s<t,
we have, for s € [0, 1],

Fy(s) = Fru(2) +/ A(r, Fy(r)) 7(dr)
=z+ /t“ A(r, Fyy(2)) T(dr) + / A(r, Fy(r)) 7(dr)
=2+ /u A(r, Fy(r)) 7(dr),

and for s € (¢, ul,

Fy(s) = Fsu(z) =z + /UA(T, Fou(z))r(dr) =z + /u A(r, Fy(r)) 7(dr).

Therefore, F; satisfies exactly the same equation satisfied by F;. By the trajectory-wise unique-
ness, we conclude that F; = F3 on [0, ul.

Ezistence of a solution to (§.24). We already constructed a Z29-REF (F} ;) that solves (@) @)
the other hand, by Theorem , there exists a probability kernel ¢ for which (@) and (@)
hold, where p is replaced by ¢. In the same theorem the uniqueness of p is verified, so that
p(t,-) = a(t.-) for T-a.e. t > 0. Thus, (Fs;) is also a solution to (6.10), so that h(t, z) := F ()
satisfies (@)

Uniqueness of_a_solution to () Let s > 0 be fixed. Let hy, hy: [s,+00) x CT — C* be
solutions to (p.24) with prescribed assumptions. Note then that h; d.h; are continuous on
[s,+00) x C* thanks to Lemma {1.31]; in particular, the integral in () is well defined. Since
|A(t, 2)| < 1/S(2), the function H(t,z) := hy(t, z) — ha(t, 2) satisfies

1 ["|oH
HE9 < 55 [ |50

3(2)

=

(dr). (6.27)

By Cauchy’s integral formula we obtain

o0H 1 H(t 1
’ _ / (—’w)de‘ < —2/ H(t, w)| |duwl, (6.28)
C(z,) (w - Z) 2me C(ze)

(¢ N
0z (t:2) 27
where C(z,¢) is the circle centered at z with radius ¢ € (0,3%). Combining () and ()

gives

1

H(t < — H dry)|dwy|. 6.29

H0. < sy [ Gl (6.20)
Choosing € = $z/(2n), n € N, and iterating this inequality n times yields

1 \" |H (1, w,)|

Ht < d ®nd dnd d nis

where [s,t]2 = {(r1,72,...,70) € [5,t]" 170 > 19 > - > 1} and Wy, = {(wy,wa, ..., wy) €
(CH™:wy € C(z,¢), wy € C(wy,€), ..., wy € Clwy_1,€)}. Since wy, wy, ..., w, belong to the

compact subset K, := {w € C* : |w — z| < 3(2)/2}, by setting M; . := Sup,c(s gwer, [H(r, w)]
we obtain

H(t, )] < e TUSI o g Meen? (4“[5 t”)".

Rre2(S(2)/2)  nl n! %(232



92 TAKAHIRO HASEBE

By Stirling’s formula, for sufficiently large n we have n! > ¥2™(n/e)", so that

2M, . (4er([s,t])\"
e < 2t (550 )

=: (atvz)”

If we take t close enough to s such that oy, < 1, say for s <t < s+ 9, then letting n — oo we
obtain H(t,z) = 0. Then () reads

1
HO S sy [ Ol
Repeating the above calculations, we can prove H(t,z) = 0 forall s+ <t < s+dJ+ .
Actually, we can take &' = 0 up to a fixed time T' > s, so this procedure shows H(t,z) = 0 for
all £ > s. The reason we can choose §' = ¢ is that ¢ — 7([0,¢]) is uniformly continuous on any
fixed interval [0, 77, so that for any n > 0 there exists § > 0 such that 7([a,b]) < n whenever
a,b € [s,T] and |a — b| < 0. O

Corollary 6.13. Let 7 be an atomless locally finite Borel measure on [0,400) and p be a
probability kernel from [0, 4+00) to R. Then there exists a unique P-DLC (F,)i>o such that

Fi(z) = = + ta;;(z) UR ! p(s,dx)]T(ds).

0 T —z

Overall, there is a one-to-one correspondence between the following four kinds of sets:

e monotone convolution hemigroups (u&t)(s,t)e A such that each pi,; has vanishing mean and
finite second moment that is continuous with respect to (s, t);

o P)-REFs;
o Z)-DLCs;

e pairs (p, 7) of a probability kernel p from [0, +00) to R and an atomless locally finite Borel
measure 7 on [0, +00).

We call (p,7) the generator of the other three objects. Actually, the generators can also
be defined for Z5-REFs, &,-DLCs and monotone convolution hemigroups with finite second
moments; see [86].

In light of the generator, we offer a sufficient condition for a monotone convolution hemigroup
to have locally uniform compact support.

Proposition 6.14. Let p be a probability kernel from [0,400) to R and T be an atomless
locally finite Borel measure on [0,400). Let (ust) be the corresponding monotone convolution
hemigroup. Suppose that for every T > 0 there exists Ry > 0 such that p(t,-) is supported
on [—Rr, Ry| for allt € [0,T]. Then for every T > 0 there exists R, > 0 such that piss is
supported on [—Rp, Ry for all0 < s <t <T.

Proof. The proof is analogous to the proof of Proposition , part — . For example,
one can replace (p.1§) with

|A(t,2)| < C, 2| > Rp+1, t € [0,7).
The details are omitted. O

6.3. Notes. C. Loewner introduced Loewner chains in 1923 to attack the Bieberbach conjec-
ture, which lead to the positive solution by de Branges in 1985; the reader interested in the
history is referred to the monograph [16] and the survey article [100]. Loewner theory has
also found applications to other fields; in particular, applications to SLE (Stochastic Loewner
Evolution) made a significant success in physics and probability theory [104].
The results in Section fj are adopted from Hasebe, Hotta and Murayama [86]. Proposition
and Theorem hold for more general REFs and DLCs, but we restricted the results
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Example of the REF associated with the semicircle distributions was give by Biane [35].
The original proof of Theorem given in [86] was a reduction of time-continuous Loewner
chains to the absolutely continuous ones that are already well studied by Goryainov and Ba
[79] and Bauer [[19]. Our proof is rather different and is more self-contained. Our proof of the
uniqueness of a solution to equation () is different from Bauer’s short proof in the absolutely
continuous case. Actually, we could give a similar proof to Bauer’s but that would require a
“Diy(s)- (D¥(®)-)calculus”, e.g., the Leibniz formula and the derivative of composite functions,
which also require proofs. To avoid such an argument, we gave a tricky proof based on Picard’s
iteration.

In the absolutely continuous case, a more general Loewner theory has been established by
Bracci, Contreras, Diaz-Madrigal and Gumenyuk [39, 50]. Schleifliinger [143], Franz, Hasebe
and Schleiffinger [71], and Jekel [94] also proved results analogous to Theorems .11 and 6.12
in different but absolutely continuous setups.

At present, for a technical reason, we need the assumption of finite second moment to establish
the integral/integro-differential equations. On the other hand, similar and more complete
results were established for multiplicative monotone convolution hemigroups on the unit circle
by Hasebe and Hotta [85].

Schleiflinger studied comb products of non-identical rooted graphs and obtained an approxi-
mation of (continuous-time) monotone convolution hemigroups by discrete-time ones [140].

to the @@nes to simplify the proof. Lemma @ was proved by Maassen [111, Lemma 2.4].

7. MONOTONE ADDITIVE PROCESSES

In probability theory, an additive process is a continuous-time stochastic process whose in-
crements are independent but may have time-dependent distributions. We define and construct
a monotone additive process.

Definition 7.1. Let (A, ¢) be a unital C*-probability space. A family of real random variables
(x4)t>0 in A is called a monotone additive process, or a process of monotonically independent
increments, if the following conditions are satisfied.

(i) 2o = 0.
(ii) A > (s,t) ¥ fig,—s, is weakly continuous.
(iii) for every n € N and reals 0 =ty < t; < --- < t,, the elements (called increments)
Ty, — Tpgy Tty — Ttyy vy T, — Ty,
are monotonically independent.

Proposition 7.2. Let (z4)i>0 be a monotone additive process in a unital C*-probability space.
Let pisy := pz,—a,, the analytic distribution of x, — xs, for 0 < s < t. Then (tsr)(spen S a
monotone convolution hemigroup.

Proof. 1t is obvious that u;; = dp. The weak continuity holds by definition. From the de-
composition =, — s = (x; — z5) + (x4, — x;) and since z; — x5 and z, — x; are monotonically
independent, we have

Hsu = Hay—zs = Hai—z, > Hay—z: = Hsit > Mt ws 0 S S S t S u. U

A question is given a monotone convolution hemigroup, does there exist a monotone additive
process that realizes the hemigroup? If the given hemigroup contains probability measures
with unbounded support, the process cannot be realized in a unital C*-probability space. We
will therefore consider monotone convolution hemigroups consisting of probability measures
with compact support. Then we can indeed construct a monotone additive process on a unital
C*-probability space. In fact, several constructions are known. Two of them are presented
below.
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7.1. A construction on monotone Fock spaces. Here we define a continuous monotone
Fock space on which a monotone additive process can be canonically constructed. Suppose that
(Mst)(s,)en is @ monotone convolution hemigroup of mean zero and finite second moment with
generator (p,7) such that p is supported on compact subsets locally uniformly, i.e., for every
T > 0 there exists Ry > 0 such that p(¢,-) is supported on [—Ryp, Ry| for all t € [0,7]. From
Proposition , (pse) is compactly supported locally uniformly. Let (Fs;) be the associated
PI-REF. Recall that equation (@3, holds.

For notational convenience, let R := [0, 400) and © be the Borel measure on Ry xR defined
by ©(dtdz) := p(t,dz)7(dt), i.e.,

o(B) = /[0 = [ /R x5t ) p(t,dx)} 7(dt),  BeB(R, xR).

Let (Ry)2 := {(t1,t2, ..., tn) € (Rp)™ 1ty >ty > -+ >, > 0}. We restrict the measure ©"
on (Ry x R)” >~ (R4)"™ x R™ to the subset (R;)2 x R™ and define
H, = L*((R,)" x R", ©%")
:{f:<R+)ng"%<c‘ /

(R4)Z xR™

|f(t,z)|* ©%"(dtdx) < +oo}
equipped with the inner product
(f,q) ::/ f(t, x)g(t, ) %" (dtdx).
(R4)% xR™

The algebraic monotone Fock space associated to © is the pre-Hilbert space

F2(0) :=CQ & P H,,

n=1

where Q is a unit vector and the direct sum is the algebraic one, i.e., each element of F2(0O)
is a finite sum of elements of H;’s and C{)2. We also write Hy = C{). The monotone Fock
space is the completion of F2(©) that can be defined as

F.(©) = {(hn)neNo o€ Hy (neNo), Y [lhall?, < +oo} .

n>0

We consider the C*-probability space (B(F%(0©)), ¢), where ¢ = (€, - Q). The identity operator
on F.(O) is denoted as 1. Let us first introduce three kinds of operators on the algebraic
monotone Fock space, and then extend them to the monotone Fock space.

Definition 7.3. The symbols t = (t1,s,...,%,) € (R4)2 and @ = (21, 22,...,2,) € R" are
employed below.

(i) Creation operator a*(f), f € Hy: its restriction to H, is a map to H,; defined by
[a*(f)h]((t, L), (z,x)) :== f(t,x)h(t,x), t>t;, reR, he H,, n €N,

S0 =
(ii) Annihilation operator a(f), f € Hy: its restriction to H,; is a map into H,, defined
by
[a(f)h](t, x) = / ft,z2)h((t,t), (z, ) O(dtdx), h € H,1, n €N,
(t1,+oo)><R
Cl(f)h = <f7h’>H197 hEHh

a(f)Q2:=0.
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(iii) Gauge operator A(g), g € L>(0): its restriction to H,, is a map into itself given by
A(g)h](t,x) == g(t1,z1)h(t, @), h e H,, neN,
A(g)Q2 = 0.
Note that f — a*(f) is linear while f +— a(f) is antilinear.

Proposition 7.4. For any f € Hy and g € L>(0©), we have

la* DI =W e NaHI =1 s MG = Nlgllze-

Proof. On Hy, we have ||a*(f)Q”Fg(e) = Hf”Fg(e) = Hf”H1||Q||F2(®)‘ For h € Hy, n > 1, we
have by Fubini’s theorem

o (£)hls0) = |

(R4+)2 xR

h(t, )2 ( / T x)|2@(dtdx)) 0% (dtdz)

t1

< [ i) e (dtda)
(Rs ) xR

= £ 10150 o)

Therefore, by linearity we have |[a*(f)h||ro @) < | fllan |7l o (o) for all b € F2(©). The equality
holds for h € Hy and hence [|a*(f)]| = || f]lm,-

The formula [|a(f)|| = || f|lz, can_also be shown by similar estimates. This is also a conse-
quence of the following Proposition [7.5.

For the gauge operator, we can easily show

[IA(9)h] ooy < llgllr=llhllFo (o), h € Hy, n € N,

and so [|A(9)|| < |lgllz=. It is a standard result in functional analysis that the equality holds
because A(g) is a multiplication operator on each H,, n € N. O

The previous boundedness allows us to extend these operators to bounded operators on
F.(©), which we still denote by the same symbols.

Proposition 7.5. The creation operator a*(f) is the adjoint of the annihilation operator a(f)
for all f € Hy.

Proof. By linearity and continuity it suffices to show (a*(f)g,h) = (g,a(f)h) for all g € H,,
h € Hy,,, m,n € Nyg. We may assume m = n + 1 since otherwise these inner products are all
zero. For n > 1 we have

(@*(f)g: h) = /( R f(t,2)g(t, @)h((t,t), (z,2)) O (dtdtddz)

_ / JED) [ / FEDR((t 1), (v, @) O(dtdz) | 09" (dtda)
(Ry)2 xR" (t1,00) xR

= (g, a(f)h).
For n = 0 we have
(@ (/)2 h) = (f, h) = (@ a(f)h). O
Proposition 7.6. The following formulas hold for f,k € Hy and g,h € L>*(©):
a(f)A(g) = a(f7), (7.1)
Mg)a™ (k) = a”(gk), (7.2)
Ag)A(h) = Algh), (7.3)
a(f)a* (k) = (f, k)pa + MIe(fF)), (7.4)
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where pq is the orthogonal projection onto CQ) and Ig: L*(©) — L*>(©) is defined by

To(v)](t,z) = /( vl Ofdsdy),

which is constant on the second variable x.

Proof. These formulas can be checked by straightforward calculations. Here we only show the
last formula. On Hy = CS2, we have

a(f)a" (k)2 = a(f)k = (f,k)Q = [(f, k)pa + Ao (fK))],

and for [ € H,, n € N, we have

la(f)a* (k)I)(t, z) = { /@ F(t, 2)k(t, x) ©(dtdz) | I(t, z)

1,+00) xR
= [Te(fR)](t1)i(t, )
= [(f. k)pa + AMIa(fE))]U(t, ). .
We will show that the family of operators (z;):>o defined by
zy = a(Xo,qxr) + a*(Xpgxr) + AX[0,q ® idR) (7.5)

is an additive monotone process that has the generator (p, 7). For notational conciseness we
set

st = a(X(s,t]X]R)y a:,t =a (X(s,t]xR)a Aot 1= )\(X(s,t} ® idg).
As a first step, we calculate the resolvent of x; —x,. The following lemma is substantially based
on the integral equation developed in Section 0.2

Lemma 7.7. Let (Fi;)spnen be the P9-REF associated with (p, 7). We fix 0 < s < t and
z € C\ R and define a function F' € L>*(0©) by
Fs,t(Z)a OSTS&
F(r):=q F.i(2), s<r<t,
2, r

and the operator
A= ANFs4(2) — F®xr + X(s,8] ® idg).
Then we have for sufficiently large |z|

21 — (= 2)] 7 = [1 = (B ()1 = A) a7 (Fra(2)1 = V)7L = age(Fae(2)1 = A) 717

Proof. We can directly compute the inverse operator

- 1 1
Fo ()1 =)= po+A| = . 7.6
( ,t( ) ) F57t<2) Q (F ® YE — X(S’t] ® ldR> ( )

Using the relations in Proposition @ and poag, = 0 we obtain

Y\ —1,,% * X(s,t]
a57t<FS7t(Z)1 - >\) 1a‘5 = as,ta ~ N
! F & xr — X(s,) @ idr

_ U M} pot A Io [ X0 . (7.)
(s ] xR Foi(z) -z F®xr — X(s,4) ® idr

This can be simplified more because, thanks to the integral equation in (@), it holds that

/ _Oldrdz) =z — Fy(2). (7.8)
(s

A XR Fr,t(z) -z
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Similarly, we have

X(s,t] ~
Io | = _ (r)=2z—F(r). (7.9)
(F ® XR ~ X(s,8] ® 1dR>

Indeed, for » < s we have

[@ _ X(Sﬂ : (7") _ / _ X(Sﬂ (u) @(dudx)
F®xr — X(s ® idr (roc) xR F'(1) = X(s.(u)7

= [ L e swan] v
= —Fo(2) +2=2—F(r).

The other cases s < r <t and r >t can be computed analogously, and consequently, formula
(7.9) holds. Combining (@)—(@ together, we obtain

st (Fop(2)1 — )‘>71a:,t = [z = Fou(2)]pa + A(z — F® XR)
= [z = Fyu(2)]1+ X = Mgy (7.10)

Formula () allows us to obtain

21— (2 —x5) = 21 —ag, — a5 — Asy
= (Fou(2)1 = N) —al, — ase + (21 — Fop(2)1 + X — Agy)

= (Fou(2)1 = X) —aj; — a5y + a5 (Foy(2)1 — )\)_la:t
=[1—as:(Fs:(2)1 — X)_l](Fs,t(z)l — M1 - (Fsu(2)1 — N rad ).

st

Taking the inverse of the above formula yields the desired formula. Note here that Fy.(z)

z + o(z) and the norm of A is uniformly bounded as z — oo, so that all the inverses exist a
bounded operators. O

n

Proposition 7.8. The distribution of xy — x is psy for all 0 < s < t. Moreover, let Afo,s)
{a*(f),alf). Mg) : f € L*([0,5) xR, ©), g € L=([0,5) x R,©)} and n € N. For any y,y' €

Afo,s) , we have

y(@ — 25)"y = ol(x — x5)"Jyy', (7.11)
y(ay — 24)"Q = [(xy — 24)" Y0 (7.12)
Proof. Lemma @ implies for z with large |z|
21— (2 —2y)] ' = i [(For(2)1 = N) " Hal P (Fra(2)1 = N age(Fop(2)1 = )7, (7.13)
4,k=0

and so
p([21 = (2 —z5)] )

= Z (Jas4(Fug(2)1 = X)Q, (Fut(2)1 — X)) Yass(Far(2)1 — X)7HEQ).

j?

k=0
Here from (@) we deduce that

s (Far(2)1 = N)7'Q =0, (7.14)
Therefore, only j = k = 0 gives a nonzero contribution, i.e.,
N 1
P[22 = (= 2)] 1) = (2 (Fou(:)1 = )7'Q) = e Gaa(2), (7.15)

showing that the analytic distribution of x; — x5 equals fi,.
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We turn to the proof of () Using (@) we can check
(Fse(2)1 — 5‘)_19, = G (2)y
for any ' that is either creation, annihilation or gauge operators supported on [0, s). The point

is that when multiplying a function h in H,, by 3/, the resulting function y'h vanishes when the
first variable ¢; is larger than s. Then the next operator (Fi;(z)1 — \)~! acts as

Fs,tl(,z)pQ +A ( st(z)) = G,4(2)1

because X (5,4 ®idg is always zero on the support of the function y'h. From a similar consideration
of support, we can further obtain

asi(Fs(2)1 — X)’ly’ = Gs4(2)asy’ = 0. (7.16)
Taking the adjoint and complex conjugate yields
y(Fop(2)1 = )y, = 0. (7.17)

Combining ( H (m) and (H ) we obtain

y[Z]- - (ajt - xs)]_ly/ = Gs,t(z)yy/'

Expanding the formula into Laurent series and comparing the coefficients of z we obtain
the desired ([7.11)). The last formula () can be obtained by similar calculations, combining
(.19, (.14) and (.19). 0

—n—1

Theorem 7.9. The family of operators (x:)i>o defined by (@) is a monotone additive process
such that the analytic distributions of the increments r, — x5 (0 < s < t) form a monotone
convolution hemigroup associated with the generator (p,T).

Proof. 1t remains to prove the independent increment property. A fully general description
requires heavy notation, so let us consider 0 =ty < t; < t3 < t3, m,n,p,q € N and calculate
the example
90[(1:152 - xtl)m(xts - xt2>n(xt1 - 'rt0>p(xt2 - xtl)q]' (718)
igé?serve that z;, — =4, and z;, — x4, are linear combinations of elements in AFO,tQ) in Proposition
. Then (E

) implies
(xtQ - xtl)m(:pm - It2)n(xt1 - Ito)p = @[(lﬁ - th)n] (mt2 - xt1)m(xt1 - xto)pv
which obviously implies () equals
@[(mt3 - xtz)n]@[(xt2 - xtl)m(xtl - mto)p<xt2 - xh)q]' (719)
Recall here that ¢ = (€,-2). We in turn use () to obtain

(xtl - ‘xto)p(xtz - xt1>qQ = @[(ItQ - ‘Ttl)q]<xtl - xto)pQ7
which implies () equals
30[(1’1}3 - xt2>n]§0[(xt2 - xt1>q](p[<xt2 - xtl)m(‘rtl - xto)p]'

To compute the last factor ¢[(zy, — x4, )" (2, — x4,)P], we_can move the operators to the left
side of the inner product as adjoints, and then we apply (@

The general case can be shown analogously For the interested reader, we note what has to
be shown: Let n € Nand 0 =ty < t; <--- <t,. For each interval I(k) := (tx_1, tx] we denote
Tyk) 1= Ty, — Ty, , for notational conciseness. Let ji,ja, ..., Jm € [n] with ji # J2, jo # Js, - - -,
Jm-1 # Jjm and P; € Cyx], i € [m], be polynomials without a constant term. In the setting
above, if £ € [m] is such that j,_1 < j, > jey1 then

[P (1)) Pa(T1()) -+ P15
= o[ Po(w 1)l Pr(zry)) -+ Peo1(@1G,_0) Peva (Trir ) -+ P 1i,0))]- O

~—
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Example 7.10. In the case p(t,dz) = dp(dx) and 7(dt) = d¢, the Hilbert space H, is isomorphic
to L?((Ry)2,dtydty - - - dt,,). The function idg is zero and hence A,y = 0 and z; = a*(xjo4) +
a(xp,)- This is called a monotone Brownian motion. The distribution of x; — x, is the
arcsine law A(0,¢ — s) that appeared in the monotone CLT.

The above proof has heavily relied on the resolvent of the increment x; — x,. We can show
monotone independence for bigger subalgebras by combinatorial methods. For an interval
I C[0,+00), let A; be the (x-)subalgebra of B(F.(0)) generated by the set of operators

AS = {a*(f),a(f),\g): f € L*(I xR,0), g € L™(I xR,0)}.

Lemma 7.11. Let [ := [s,+00) be a half-azis for some s > 0. The x-subalgebra A; + C1
coincides with the linear span of the elements of the form

w=a*(fi)a*(f2) - a"(fm)[A(h) + alla(gr)a(gz) - - - algn), (7.20)
where f;,g9; € L*(I xR,0), h € L>°(I xR,0), m,n € Ny, a € C.

Proof. Let By denote the linear span of the elements () Obviously, B; € A; + C1. To
show the opposite inclusion, since B; contains the generator set Aj for A;, it suffices to show
that By is a x-subalgebra. Moreover, for this it suffices to show that xB;, Bjx C By for any
x € A7. In addition, since By and A} are closed under *, only showing xB; C By suffices. We
check this case-by-case.

The inclusion xB; C By is obvious for x = a*(f) and for x = A(g); the latter is because of
(@) and (@) Therefore, it remains to check that a(f)w € By, where w is the operator ([7.20).

Case m > 2. Using Proposition @ and poa*(fy) = 0 we get
a(f)a*(f1)a*(f2) = [{f. fi)pa + A(k)la*(f2) = A(k)a"(f2) = a™(k f2),
where k := Io(ff1). Since kf, is supported on I x R, it follows that a(f)w € By.

Case m = 1. Combining the decomposition 1 = po + A(xr, xr) and the previous calculations
yields

a(f)a*(fr) = [{f; fi)pa + A(R)] = (f, fl + Ak = {f, fi) xe, <)

Observe that k := k — (f, f1)Xr, xr is supported on I x R. Setting 8 := (f, f1), the first three
letters of the word a(f)w equals

a(f)a*(f1)[Mh) + al] = [A(Ek) + B1][A(R) + a1] = M(kh + ok + Bh) + a1,
so that a(f)w € By.
Case m = 0. From Proposition @, the first two letters of the word a(f)w are computed as
a(f)[A(h) + al] = a(fh+af),

so that a(f)w € By. O
Proposition 7.12. Let s > 0. For any x,2' € Aps) and y € Af 1) + C1, we have
zyz' = o(y)za’, (7.21)
xyQ = o(y)z. (7.22)

Proof. The second formula follows from the first one because (@) shows po € Ajp,) unless
L%([0,s) x R,0) = {0},_in which case the second formula is obvious. It suffices to show (@)

for y = w in the form ([7.20) and z,2" € A, .

Case m > 1. Then y§2 = 0 and hence p(y) = 0. Since z is one of a*(f),a(f), A(g) where f,g
are supported on [0,s) x R and f; is supported on [s,+00) X R, we can conclude za*(f;) = 0,
so that xy = 0.
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Casem =0 andn > 1. We have y§2 = 0 and hence ¢(y) = 0. On the other hand, the argument
symmetric with the previous case m > 1 shows xyz’ = 0.

Case m = 0 and n.= 0. Then y = A\(h) + al and ¢(y) = a. One can show that xA(h)z’ = 0
from Proposition and the fact that the support of h is contained in [s, +00) x R. Thus we
obtain zyz' = azx’ = p(y)zz’. O

Theorem 7.13. Letn € N and 0 =ty <ty < --- <t,. The x-subalgebras
A[to,tl)’ A[t17t2)7 cee A[t

nflytn)

are monotonically independent.
Proof. Almost the same as the proof of Theorem @ U

Note that this theorem implies the monotone independence of the increments of (z;), which
was already proved in Theorem [7.9.

7.2. A construction from Markov processes. The second construction of monotone ad-
ditive processes is based on classical Markov processes. Basic facts on Markov processes are
reviewed briefly here. For further information on Markov processes, the reader is referred to
e.g., [98, [136].

Recall from Lemma @ that the composition of two probability kernels k,7 on R

(kl)(z,B) := | k(z,dy)l(y, B), r € R, B e B(R),

—

is also a probability kernel.

Definition 7.14. A family (k) (e of probability kernels on R is called transition kernels
if kss(z,-) = 0, for all x € R, s > 0 and the following Chapman—Kolmogorov equation
holds:

kj&tkt,u = ks,tm 0 S S S t S u. (723)

Definition 7.15. Let (k,;)(s1en be transition kernels on R. A family of R-valued measurable
functions (X;);>¢ on a measurable space (2, F), together with a family of sub-o-fields F; C F
indexed by the closed intervals I of [0, +0c) and a family of probability measures P on
(Q, Fis00)) (s > 0, x € R), is called a Markov process having the transition kernels
(kst)(spyen if the following conditions hold:

e F; C F; whenever I C J,;
e for every bounded Borel measurable function f: R - R, 0 < s <t <w and x € R,

B (X)Wl = [ F@hu(Xedy), PO, (7.24)

e Pe¥)(X, =2)=1forall s >0and z € R.
The following is a rather standard result.

Proposition 7.16. Let (k;&t)(&t)eA be transition kernels on R. Then there exists a Markov
process that has the transition kernels (kgy)(spen-

Proof. A standard construction is called the coordinate process that we present below. Let
Q = R be the set of all functions w: [0,+00) — R. Let C C 2 be the set of the
cylinder sets {w € Q : w(t1) € A1, w(ta) € Ag, ..., w(ty) € Ay}, 0 <ty <ty < -+ < tp,
A, Ay, . A, € BR), n € N. Let F C 29 be the o-field generated by C. The coordinate
process X;: 2 — R is defined by X;(w) := w(t). The sub-o-field F is the o-field generated by
{X;1(A):tel, AcB[R)}.
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We fix (s,z) and consider the family of probability measures ugffg ..... . on R™ indexed by
s <t <ty <---<t, (neN), defined by the iterated integrals

uifi;) ..... i (A) = /Rk?s,tl(xadml)/Rkthtg(xhd@) . '/Rktn1,tn($n—1,d$n)XA($1,$2, ey Tp).
By the Chapman-Kolmogorov equation, these probability measures satisfy the consistency
,ugffz) 77777 o (A X X Ay X RX Ay X X Ay)
ugfx) bt gt (AL X e X Ay X Ay X XA, 1<i<n,

and so Kolmogorov’s extension theorem (see, e.g. [b9]) guarantees the existence of a probability
measure P(%) on Fls,00) such that

P(s,x)<th - Al, XtQ € Ag, ey X e A ) tfz;) 77777 (Al X A2 X e X An)

forall s <t <ty <---<t,and Ay, Ay, ..., A, € B(R).
All the requirements for a Markov process are obvious except () To show this, by the
well known characterization of the conditional expectation, it suffices to show

ECD[f(Xy)xr] = B [ /R f(y)kt,u(thy)XF] , FeFuy (7.25)

It further suffices to show that the above holds for all /' in the class

g—{ﬂX neN, s<r;<t, A, €B(R )}

Indeed, as soon as the set F' := {F € Fzy : () holds} contains G, since G is a m-system
and F' is a A-system, by the 7-A theorem (Theorem §.2), F' contains o(G) = Fis -

To finish the proof, let F' = (', X '(A;) € G with s <7 <71y <--- <1, < t. To avoid
heavy notation we only consider n = 2; the general case is similar. We then have

B | [ 0kt o]

B0 | [ 70 (X, (a6,

= /R2 Ly, mt da:ld:vgdmg)/Rkt,u($37dy)XAl(iUl)XAz(@)f(y)
_ / o (z, ) / by (11, ) / Fig (2, ) / b3, dy)xa, (21X 0, (22) F ) (7.26)
:/Rksrl z,dry) /Rk‘m,m(madm)/Rkm,u(fz,dy)XAl(ﬂ?l)XAQ(fz)f(y) (7.27)
= EC D, (X)) X5 (X)) F(X)] = EC9 [y (X))

where the Chapman—Kolmogorov equation was used from () to () o

Remark 7.17. The above construction of a Markov process does not tell us how the sample path
t — X;(w) behaves for each w € Q. To have samples paths with some kind of continuity, one
has to “modify” the above Markov process. For our purpose, sample paths do not matter and
the above construction is enough.

We introduce a suitable Markov process for constructing a monotone additive process. Let
(M) (s,)er be_a monotone convolution hemigroup. Let k4 (z,-) := (0; > ps4)(-). Recall from
Proposition p.11] that k,; is a probability kernel and that for every probability measure p we
have

(2 1)) = [ (@bl )

R
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Selecting 1 = 0, D> sy = ks(x, ) yields

(558 > Ms,ux) = / ks,t(m7 dy)kt,u(ya ')7

R

which reads ks, = ks ki, i.e., the Chapman-Kolmogorov equation. By Proposition there
exists a Markov process (X;):>o that has the constructed transition kernels (ks;). We then
set Hy = L*(Q, F,P*9) and work on the C*-probability space (B(Hy), ), where ¢(a) :=
(Xq,axq). The identity operator on Hy. is denoted as 1. For notational simplicity we denote
P := POO E := E®9 and F, := Fjy. Also for analytic transforms, we set the shorthand
symbols Fi;(2) := F,, ,(2) and G,4(2) := Gy, ,(2).

For the sake of simplicity, we assume that each f,, has compact support. Let p, € B(H,.) be
the conditional expectation p,Z := E[Z|F,]|, Z € H.. It is known that conditional expectations
onto sub-o-fields are orthogonal projections on the L? space, so each p, is an orthogonal pro-
jection. The multiplication operator on H. by the random variable X; is denoted by my, i.e.,
m(Z) := XiZ. Since po has compact support, X; € L> and so the operator m; is bounded.

We introduce a family of bounded self-adjoint operators on H.

Yt = PeMig, t Z 0. (728)
Note that p;m; = m;p; because
pmu(Z) = E[X Z|F] = XiE[Z|F] = mup(Z), Z € H..

We will show that (y;);>0 is a monotone additive process. Again we analyze the resolvents
of the increments y; — ys.

Lemma 7.18. For z € Ct and 0 < s <t it holds that

ps(Z]- - mt)_lps - (Fs,t(z)l - ms>_1ps-
Proof. For Z € H., keeping in mind that ps(Z) is Fs-measurable, we have
1

Z—Xt

pe1 =m0 n(2) =8 | i2)| 7| =B | 25| 2] 0@

1
- / ks,t(Xsa dy)ps(z) = Gks,t(Xm)(Z)pS(Z)
RZ Y
1

=—— p(2Z) = (Fy4(2)1 —my) ' (2). O
D) = (Pl =) (2)
Proposition 7.19. For z € Ct and 0 < s <t it holds that

Ps [Z]- - (yt - ys)]_lps - Gs,t(z)ps- (729)

In particular, the distribution of y, — ys with respect to ¢(-) = (xa, Xa)H. equals jis, and

>

Ps(Ue — Ys)"ps = ©[(ye — ys)"]Ds> n € N. (7.30)

Proof. By analytic continuation, it suffices to show the formula for z € C* with large |z|. We
first observe

Ps[21 = (4 — ys)]"'ps = ps[z1 — (m — maps)] ' ps. (7.31)
Indeed, by series expansion

—1 . ps(mtpt - msps)nps
ps[Z]. - (yt - ys)] Ps = Z; nt1 .

In the expansion of (mp; —mgps)"psZ (Z € Hy), the operator p, always acts on F;-measurable
random variables, so that p; can be replaced with the identity operator. This verifies (7.3 I ).
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We continue the calculation () as follows:

Pslz1 — (my — maps)]~'ps = ps[1 + (21 —me) " maps] (21— me) s

- Z ps Z]- - mt) lmsps]n(Z]- - mt)_lps

- >0(_1)"psm’;[ (21 —my) " p "t (7.32)
- gops<—ms>“[<ﬂ,t<z>1 ~ iyt (73)
¥ (—m)™(Fyy(2)1 — my) ™" 'p,

F(e)1 = — (]

= Gsi(2)ps

Here, () olds because m, commutes with both ps and (21 —m;)~t, and () is obtained
from Lemma [7.18.
For the last statement, observe that

Gl‘ytfys (Z) = SO(LZ]‘ - (yt - ys)]_l) - 90<p5[21 - (yt - ys)]_lps)
= 0(Gs1(2)ps) = Gsu(2),

so that gy, _,, = pts+.The relation () follows by comparing the coefficients of z="~! in the
series expansion of ([7.29). O

Theorem 7.20. The process (y)i>o defined in () is a monotone additive process such that
each increment y, — ys has the given distribution ps,.

Proof. Let us consider 0 =ty < t; < ty < t3, m,n,p,q,r € N and calculate the example

@[(yh - yt1)m<yt3 - yt2)n(yt1 - yto)p(yt2 - ytl)q(ytl - yto)r]' (734)

Observe that (y, — e, )" Pty = (Y, — Y, )™ and pr, (Y1, — Y1, )P = (Y, — Y1, )P because of the tower
property of conditional expectations p;,p;, = py, for i = 0,1,2. Hence, we are allowed to replace
the factor (yi, — yi,)™ with py, (Ye, — Y1, )" Pty Which is equal to ¢[(ye, — yt,)"|pt, by Proposition
. This implies that ([7.34) equals

(P[(yt3 - yt2)n]90[(yt2 - yt1>m(yt1 - yto)p(yt2 - ytl)q(ytl - ytoy]'

The general case can be shown analogously. 0

Remark 7.21. The above construction of monotone additive processes is independent of the
integral or integro-differential equation developed in Section [.2. In the case of monotone
convolution semigroup, i.e., ps+ = pos—s for all 0 < s < ¢, the Markov process X is a
Feller process and its generator can be expressed in terms of the parameter (v, ) in ( f) see
[71] for further details.

7.3. Notes. The study of Fock spaces in noncommutative probability can be traced back to
Boson and Fermion Fock spaces in quantum physics. Hudson and Parthasarathy developed a
quantum version of Ité calculus on the Boson Fock space [93, [131]. In free probability, the
corresponding space is the full (or free) Fock space [152], on which free stochastic calculus
was initiated by Kiimmerer and Speicher [102]. The Boson, Fermion and full Fock spaces are
interpolated by the g¢-Fock space of Bozejko and Speicher [B8]. Fock spaces have provided
a canonical construction of independent random variables and continuous-time processes of
independent increments. In particular, the g-Fock space and its relatives have offered remark-
able von Neumann algebras that are still actively studied [101, 117]. Concerning monotone
probability, there seems to be no notable von Neumann algebras building upon monotonically
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independent random variables so far. On the other hand, C*-algebras related to the monotone
Fock space have been investigated in the literature, see e.g. [63, b4, b5].

The construction of additive processes on the monotone Fock space followed Jekel [94], who
developed Loewner theory and monotone convolution hemigroups in a more general operator-
valued setting, where ¢ is an algebra-valued functional called a conditional expectation. Here
we have presented the results in the simplified setting of C-valued functional. Our results also
contain advancements because we only assume the continuity (not absolute continuity) about
the time parameter. The special case of monotone Brownian motion x; = a*(xp4) + a(Xjo,4)
first appeared in Lu [110] and Muraki [121]. Muraki considered a discrete monotone Fock space
in [120, 123]. In free probability, a parallel construction of free additive processes on the full
Fock space is known, see [[127, Exercise 13.19] that assumes the stationarity of the distributions.
The term “gauge operator” appears in [[127] for an analogous operator on the full Fock space;
note that the terms “gauge process” and “conservation process” are used in [93] and [131]
respectively for the operator on the Boson Fock space corresponding to our A(xp4 ® idr). The
operator A(g) is called the multiplication operator in [94]. Concerning notation, it is common
to denote ¢(f) for the creation operator and ¢*(f) for the annihilation operator on the full
Fock space [[127, 152]. On the other hand, the symbol a*(f) or a'(f) is commonly used for
the creation operator on the Boson Fock space and a(f) for the annihilation, which we have
followed.

The construction of monotone additive processes from the Markov processes (X});> is due to
[71]. The book [141] by Schleifiinger also discusses the construction. The original paper treated
more general unbounded operator processes. Our construction is limited to the bounded case,
which greatly simplifies the proofs and formulations; already the definition of monotone additive
processes is more involved in the unbounded operator setting. The Markov process (Xi)i>o
was first considered by Biane [35] in connection to free additive processes and subordination
functions.

There are other constructions of monotone additive processes as solutions to quantum sto-
chastic differential equations, see [25, 67, 71]. Hamdi constructed a multiplicative monotone
unitary Brownian motion as a solution to a quantum SDE [80].

Classical stochastic processes related to monotone independence are studied in the literature:
a discrete-time analogue of the Markov process (X;), i.e., Markov chains, can be similarly de-
fined and is studied by Letac and Malouche [109], Wang and Wendler [157]; Biane mentions
that the Markov process (X}):>o associated with Fy(z) = v/22 — 2t (the reciprocal Cauchy trans-
form of the arcsine law A(0,t)) is the Azéma martingale [35]; Belton studied a semimartingale
having the monotone Poisson distribution [26, 27].

8. MONOTONE INDEPENDENCE IN RANDOM MATRIX THEORY

So far we have studied monotone independence from the viewpoint of analogy to probability
theory. Here we discuss different aspects of monotone independence in the context of large
random matrices.

For a square matrix X y of size IV, recall from Example @ that the empirical eigenvalue
distribution is the probability measure

1
Hxy = N Z Oni(Xn)
i=1

where \;(Xy), 71 =1,2,..., N, are the eigenvalues of X counting multiplicities. For many ran-
dom matrix models X, the empirical eigenvalue distributions converge weakly to a nonrandom
compactly supported probability measure p on C as N — oo. In addition, the largest modulus
of eigenvalues often converge to the largest modulus of the support of u. For example, the
normalized Gaussian Unitary Ensemble (GUE) is a random matrix Gn = (9(4, J))i je[n]
that satisfies the following conditions:
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FIGURE 6. A histogram for the eigenvalues of Gy with N = 5000 and bin size
0.05. One can observe that the graph of the histogram looks like the probability
density function of the semicircle distribution. In fact, one can show that when
the bin size oy — 01 (N — o00) is appropriately selected, then the graph of the
normalized histogram (so that the area equals one) converges to (27) 'v/4 — 2.
A remarkable sufficient condition N=2/3log N < §x < 1 is given in [61, Corollary
42].

e g(i,j) = g(j,1) for all i, j € [N], i.e., Gy is Hermitian;
e the random variables {Rg(1, 5), Sq(i,7),9(i,7) : 1,5 € [N], i > j} are independent;

e Rg(i,j) and IX(1,7) are distributed as N(0,1/(2N)) if i # 7, and ¢(4,14) is distributed as
N(0,1/N).

It is known that the empirical eigenvalue distribution of Gy converges weakly to the semicircle
distribution S(0, 1) a.s., see e.g. [151, Theorem 2.4.2]. Moreover, the largest eigenvalue converges
to 2 a.s., see e.g. [151], Section 2.3]. A simulation is shown in Figure Eg

In general, the weak convergence of the empirical eigenvalue distributions does not guarantee
that the largest modulus of eigenvalues converges to the largest modulus of the support of the
limiting measure. This is because, in the convergence of empirical eigenvalue distributions, a
relatively small number of eigenvalues, e.g. of order o(N), will disappear in the large N limit.
For example, suppose that Xy, N € N, are Hermitian matrices and px, converges weakly to a
probability measure p. Then for any sequence of subsets Iy C [N], N € N, with #Iy = o(N),
and a bounded continuous function f on R, we have

[ f@nstan) =5 S s + 5 > 50
i€lN ’LG N]\IN
The first sum goes to zero as N — oo since

Zf

ZEIN

#1in
< flle= 5

— 0,

and therefore, the eigenvalues \;(Xy), i € Iy, do not contribute to the limit pu.

Eigenvalues located outside the support of the limiting measure in the large N limit are
called outliers. As an application of monotone independence, we will analyze some random
matrix models that have outliers in the large N limit.

8.1. Weingarten calculus on the unitary group. Let U be a Haar unitary random
matrix of size N, i.e., it is a random variable taking values in the group Uy of unitary
matrices of size N such that the distribution on Uy induced by U is the normalized Haar
measure. We use several known results on expectations of moments of entries of U. Let &,
denote the symmetric group on [k] with unit denoted as e;. For each o € & and matrices
Ay, Ag, .o Ay € My(C), let Try (A, Ag, ..., Ag) denote the product of traces according to
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the cycle decomposition of o: if 0 = ¢icy...¢c, where ¢; = (k;(1),k:(2),. .., ki(p;)) are cyclic
permutations, then

l
Tl“o(Al, A27 e ,Ak) = H Tr(Aki(l)Aki(Q) s Aki(pi))'
=1

The number ¢ is determined uniquely by o and is denoted ¢(c). As an example, for o =
(1,4,6)(2)(3,5) the above definition reads

Tr,(Ay, Ag, ..., Ag) = Tr(A1 AgAg) Tr(As) Tr(AsAs).
There exists a function Wg: (UkeN (‘Sk) x N — R, called the Weingarten function, such that
E[Tr, (A /UBU*, AsUBU™, ..., AyUBLU™)]
= > Trg (A, A, ... AY)Tro, (B, Bs, ..., By)Wg(o3, N) (8.1)

01,02,03€6y
010203=0

for any k, N € N and nonrandom square matrices A;, B; € My (C), see [49].
Let C, be the Catalan number

2p)!
Cp::& peN.

plp+ 1)V
For o0 € G let |o| be the minimal number of transpositions such that o can be expressed as
the product of them. The relation ¢(0) = k — |o| holds true. Let o = cic2 - - - cg0) be the cycle
decomposition of o € G and then let

£(o)
M(o) i= [](~1)“ICyy. (8.2
i=1
The Weingarten function satisfies
Weg(o, N) = N*FIM@0) +O(N?)], o€y, (8.3)
see [49, Corollary 2.7].

8.2. Asymptotic monotone independence of large random matrices. Since Voiculescu’s
pioneering work on asymptotic free independence of large random matrices [154], the method of
noncommutative probability has been applied to a wide range of theoretical and practical prob-
lems on random matrices. One of results in this direction is asymptotic monotone independence
for large random matrices.

In this section, we use noncommutative x-polynomials P(x; : i € I), e.g., P(x1,25) =
—1 + 25 + x129 + 22927, Formally, these are defined as elements of the unital free associative
algebra over C on a set {x; : i € I} U{z} : ¢ € I'}. One can substitute any family (a;);es in
a unital x-algebra A into the noncommutative x-polynomial; in the above example, one has
P((Il, ag) =—14+ CL; + ajas + QGQGT € A.

A noncommutative s-polynomial whose coefficient of the unit is zero is called a noncom-
mutative x-polynomial without constant term. For any subset S = {a; : i € I} of a
x-algebra A, the x-subalgebra (S, S*) generated by S is exactly the set of all P(a; : i € I)’s
where P(x; : i € I) runs over the noncommutative *-polynomials without constant term.

Proposition 8.1. Let U(N) be an N x N Haar unitary random matriz and (A(i,N) : 1 € I),
(B(j,N) : j € J) be families of N x N nonrandom matrices for N € N. Suppose that the limits

Jim Tr(A(iy, N)* A(ig, N)® -+ A(ig, N)**) € C, (8.4)
—00

1
lim —Tr(B(j1, N)* B(ja, N)*--- B(jix, N)*) € C (8.5)
N—oo N

exist for any k € N, 41,49, ...,ix € I, j1,Jo,...,jr € J and e1,9,...,6 € {1,%}.
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€ I), r € [k], be noncommutative x-polynomials without constant terms and
[k], be moncommutative x-polynomials. Then the matrices A,.(N) =

k]
P, (A(z,]%) i€l) and Bs(N) = Qs(U(N)B(j, N)U(N)* : j € J) satisfy the estimates
BT (A B A+ 4B = Tty A0 ] [ 1B)] + 00, (s6)

4
E “Tr(AlBIAQBQ -+« ApBy) — E[Tr(A1B1AsBy - - - AkBk)]‘ ] =O(N7?) (8.7)

with shorthand notation A, = A,.(N) and Bs = Bs(N).

Proof. Let v be the circular permutation v, = (1,2,...,k) € &, and Sg be the permutation
group on a set S.

Proof of (@) The left-hand side of the desired formula is exactly (@) for 0 = 4. By the
assumptions on the convergence of traces, the following estimates hold:

TI‘Jl(Al,AQ, ce ,Ak) = O(].),

Tro,(B1, Bs, ..., By) = O(NFI2]).
Since Wg(o3, N) = O(N—F=los) for a triple oy, 09, 03 such that ¢y0903 = i, the contribution
of the summand is O(N~lo21=le31) " Therefore, the leading term of (Q) is of order O(1) and it

appears when |oy| = |o3| = 0, i.e., only when o9 = 03 = ¢} and 7 = 7%. Since M (%) = 1 and
so Wg(vk, N) = N7%(1 + O(N~2)), we obtain the desired formula (@)

Proof of (@) —Step 1: reduction of the problem. We prove a slightly stronger result: taking ad-
ditional *-polynomials of matrices A, = P,(A(i,N) :i € I) and B, = Q,.(U(N)B(j, N)U(N)* :
j€J), k+1<r <4k, and setting

Xi = Tr(Au—es1Ba—1ye1 - Ag—1ykr Bl—1)ksk) - i1=1,2,3,4,
X; = X; — E[X]],
we prove
E[X, X, X35X,] = O(N2). (8.8)

This implies the iesired (@) in the special case X; = X3 = X, = X,. Note that the last
condition Xy = X; can be satisfied by selecting Axy1 = A}, Bry1 = Bi_y, Agt2 = A} 4,
Bk-‘r? = 32_2, ey B2k—l = BT, Agk = AT, ng = BZ, which ylelds

X, =Tr((A1B1AsBy - - Ay By)*) = Tr,(A; By A, -+ A3 BiAB;) = Xo.

Let I; be the interval {(: — 1)k +1,(i — 1)k +2,...,(i — 1)k + k}, 7,; the cyclic permutation
((—VDk+1,G—Dk+2,...,(i — )k + k) of &, and v* := 7,(€ )v,g )723)724 € Gyp. Let us
consider the expansion

EX1X>X;X,)= > E;,  where E;:=(-1)*'E

JCH]

x| 7 =

ieJ i€[4]\J

For each J C [4], from the Weingarten formulas applied to E [[]
there exists a function f;(oy, 09, N) such that

E;= Z Tr,, (A1, Ag, ..., Ay)Trg, (By, By, . .., Bag) fr(01, 02, N).
01,02,03€04k
o10203=%

ies Xi| and E[Xi] (i € [4]\ J),
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The function f; is either a product of Weingarten functions with signs or zero. Take J =
{1,3,4} for example. The product of Weingarten formulas (@) for o = 7}&2) and for 0 =

7,9)7,(93)7,({4) gives permutations of &, X &y,ur,u1,, and so, for oy, 09, 03 € Sy, with 010203 = %34,

Fi(on, 9, N) = {O—Wg(03 '1,, NYWe(osl oo, N), if 01,05 preserve I and I, U I3 U Iy,

otherwise.

The function f; has a similar expression for general J.
We have the expression

E[X1 X5 X3 X4] = Z Try, (A1, Az, .o Aak) Troy (Bi, Ba, . .., Bag) f(01,09, N),

01,02,03€6 4%
o10203="

where
f(017027 Z fJ 017027 (89)
JC[A]
From the assumption of convergence of traces, we have the estimates Tr,, (A, Ao, ..., Agy) =
O(1) and Try,(Bi, By, ..., By) = O(N2) = O(N*~lo2l). Combined with @ these esti-
mates yield
Try, (B, Ba, ..., Bu) f(o1,00, N) = O(N~lo2l=lesl)

We show the estimates

Try,(B1, By, . .., Ba) f(01,02, N) = O(N?), (8.10)

which suffice to finish the proof of (@), and hence of (@)
Proof of (@) —Step 2: proof of () Given 01, 09,03 € Gy, with 010903 = 74, we introduce

an equivalence relation ~ on [4k3]: i ~ j if there exists 7 € Grp(oy, 09, 03) such that 7(i) = j.
Since this group contains 4, every interval I; must be a subset of some equivalence class.
Then the permutations oy, 09, 03 associate the set partition w (o1, 09,03) = { P, Py, ..., Py} of
[4] such that the subsets of [4k]

UL’; U[iv"'a UIz

1€Py 1€EPs 1€Pm,

are exactly the equivalence classes.

On the other hand, a subset J C [4] also associates the set partition m(J) = {J,{p} : p €
[4]\ J} of [4]. Since f;(01, 02, N) vanishes if o1 or oy do not preserve one of the subsets | J,.; I;
and I, (p € [4]\ J), the only f,’s satistying 7(J) > m(0y,09,03) contribute to f in the sum
(B.9) and the other f;’s are zero. We discuss several cases according to m (o1, 09, 03).

Case 1: m(01,09,03) = {[4]}, or equivalently, the group Grp(oy, 09, 03) acts on [4k] transitively.
In this case, f; vanishes unless J = [4], and so f = fig = Wg(0o3, N). The case |o3|+|o3| = 0 is
irrelevant because the condition 00903 = 7* contradicts transitivity. The case |oa| + |o3| = 1
is also irrelevant because then one would be the identity and the other would be a transposition,
and again the condition 10903 = v* would contradict the transitivity. Therefore, only the
case |oy| + |o3] > 2 occurs, and so Tr,,(By, Ba, . .., Ba,) f(01,02, N) = O(N7?).

Case 2: mw(01,09,03) is a pair partition, i.e., its each block has cardinality two. In this case
again we have f = fiy = Wg(o3, V), and from a similar reasoning we must have |o9| + |o3| > 2

and hence Tr,,(By, B, . .., Bax) f(01,02, N) = O(N72).
In the other cases, a cancellation occurs between Wg functions.

Case 3: m(o1,09,03) has two blocks with cardinality 1 and 3. For example, let us consider the
case m(oq,09,03) = {{1,3,4},{2}}. The equivalence classes are I} U I3 U I, and I. The only
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indices J’s for which f; is non-zero are J = {1,3,4},{1,2,3,4}. In these cases we have
fasa = —=Wglosl,, N)Wg(osl,unun, V),
f{1,2,3,4} = Wg(03, N)-
By (@) and the multiplicativity (@) of M, we obtain
f=Ffuza + frnz2sy
— Nl M(0y1,,)M(03]1,1,0r,) + M) +O(N2)]

J/

g

=0

_ O(N_4k_|g3|_2).

Thus Tr,,(By, B, ..., Bu)f(o1,00,N) = O(N~l2l=losl=2) — O(N~=2). The other cases of
7(01,09,03) are similar.

Case 4: m(01, 09, 03) has three blocks. Let us consider the example 7(0y, 02, 03) = {{1}, {2}, {3,4}}.
The indices J’s for which f; is non-zero are J = {3,4},{1,3,4},{2,3,4},{1,2,3,4}. We see
that

[ = fsay + frasa + frasay + fresay
= Wg(03 r117 N>Wg<o-3 rfg? N>Wg<0-3 rI3UI47 N) - Wg<o-3 r[27 N)Wg(03 r[1UI3UI47 N)
- Wg(03 [117 N)Wg(Ug [IQU13U147 N) + Wg(03> N)

= N~*ls] [M(Us [1,)M(0311,)M(03 1 ,01,) = M(0s11,)M(031 1, 0p01,)

—~ M(031,)M(03 1 ur,ur,) + M(as) + O(N2)]
— O(N74k7|03\72)'
The other 7(01, 09,03)’s can be handled in the same way.

Case 5: mw(oy,09,03) = {{1},{2}, {3}, {4}}, i.e., every interval I; is preserved by o1, 02, 03. In
this case f; for all the 16 subsets J C [4] contribute to f. By the multiplicativity (@), the
dominant contribution to f is the sum of 16 terms

jZN_M_M?’‘M(U?) rh)M(U:a rlg)M(Ui’) r13>M(U3 f14)'
Exactly half of them have the minus sign, so their sum cancel and we obtain f = O(N ~*~lesl=2),

The above arguments finish the proof of () O

Theorem 8.2. Under the assumptions and notation of Proposition , we have

k
. . . 1
]\}51(1)0 Tr(A1B1AsBsy -+ - Ay By) = []\}Ln;o Tr(A; Ay - - Ak)} H L\}lm NTI(BP)} a.s.

p=1

Proof. The assumptions (@) and (@) imply that the limits

. ) 1
]\}1_13;0 Tr(A1 Ay -+ Ayg), ]\}1_1};0 NTr(Bp)
exist, and then the proven estimate (@) further implies
k
lim E[Te(A, By Ay By - Ay By)] = uiﬂo Tr(A Ay - - ] U lim LB )} . (8.11)

p

1

On the other hand, taking the sum ) %_, of the estimate (@) yields
4

Z ‘Tr(AlBlA2BQ o AyBy) — E[Tr(A, By AsBy - - AkBk)]‘ < too as.,

N=1
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so_that the summand converges to zero a.s. in the limit N — oco. Combining this fact and
(@) finishes the proof. O

Remark 8.3. To show the almost sure convergence, we have computed the L*norm in Proposi-
tion B.1l. Of course, the L?-norm is easier to calculate, but it only gives the estimate O(N™1),
which is insufficient to deduce the almost sure convergence. One can confirm this through a sim-
ple example: for a rank-one projection P = diag(1,0V~!), a deterministic matrix B € My (C)
and a Haar unitary U of size N, we can see

E [|Tr(PUBU*) — E[Tt(PUBU")| ﬂ

—E UTr(PUBU*)

2} — [E[Te(PUBU"))|

=E[Tx(PUBU*)Tx(PUB*U")| — ]IE[Tr(PUBU*)H2
— Tx(P)?|Te(B)"We(ez, N) + Te(P)*Tr(BB)We((1,2), N)
+ Tr(P?)|Tr(B)|*Wg((1,2), N) + Tr(P*)Tr(BB*)Wg(eq, N)
— Tr(P)?|Tr(B)[*Wg(er, N)2.
Applying formula (@) to the above expressions, we can see that the first and fifth terms contain

a cancellation and yield O(N~2) and the second term is O(N~2); however, the third and fourth
terms do not cancel and contribute O(N™').

Let us consider the partial trace

l
po(X) =2 Xisy, X =(Xij)ijen, L<SLSN. (8.12)
=1

| =

Corollary 8.4 (Asymptotic monotone independence). Let £ € N be fized, A, N) (i € I,
N € N) be deterministic ¢ x { matrices such that limy_,o, A(i, N) exists in M,(C). Let

A(i, N) = (A%N) 8) €My(C), N>C

Let (B(j,N))jes be a family of N x N matrices that satisfy assumption (@) Let U(N)
be a Haar unitary random matriz of size N. Let k > 2 and P.(x; : i € I), r € [k — 1],
be mnoncommutative *-polynomials without constant terms, and Qs(y; : j € J), s € [k], be
noncommutative x-polynomials. Then the matrices A, := P.(A(i,N) : i € I) and By :=

Qs(U(N)B(j, N)U(N)*: j € J) satisfy

. 1

A}l_r}r(lx) wi(By) = ]\}1_{1100 NTr(Bp) a.s., p € [kl (8.13)
k

Jim oo(Bi A Bydg -+ Ay By) = Tim. gpg(AlAg---Ak_l)l_[l [ J&gnmw(Bp)] a.s. (8.14)
o

Proof. To show (), we apply Theorem @ to the rank-¢ projection P,(N) = diag(1¢,0N~*)
regarded as a family of single matrix, and the family (B(j, N) : j € J). Then Theorem for
k=1and Ay = P)(N) is exactly the desired (8.13

To show (@), we again apply Theorem now to the families (Py(N), A(i,N) : i€ I)
and (B(j,N) : j € J), the former of which satisfies assumption (8.4). Then Theorem B.2 by
selecting Ay := Py(N), together with the proven formula (@), yields the desired (@) O

~—

Remark 8.5. For ¢ = 1, the factorization (B8.14) holds without taking the limit N — oo; see
Example E
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Remark 8.6. Results of this section can be extended to the case when (B(j,N) : j € J)
is a family of random matrices independent of the Haar unitary U(N) with the additional
assumption that for any k € N, jy, jo,...,jx € J and €1, €9, ..., € {1, x},

lim %TF(BUE)“ - B(ji)™*) = lim E [%Tlr(B(jl)61 ce B(jk)a’“)} eC as. (8.15)

N—oo

with shorthand symbol B(j) := B(j, N). Then we modify Proposition @ as follows.
e We only take the expectation in (@) for the Haar unitary part:

Here the term f(Bj,..., By, N) is a polynomial in N~ and the normalized traces of B;’s
that are bounded a.s. by assumption (@)

e Instead of (@) we can show

E[‘Tr(AlBlAQBQ o ApBy) — Eg[Tr(A, B AsBs - -AkBk)]ﬂ — O(N72). (8.17)

For this first we show (@) only by taking the expectation concerning the Haar unitary U
and fixing the B(j, N)’s. Then the term O(N~?) in (@) would include random variables
of the form ~Tr(B(j1)"" - B(ji)*° Further taking the expectation with respect to
B(j. N)’s and using the condition (@) we can deduce @I)) The modified formulas
(B.16) and () yield the same conclusions Theorem @ and Corollary

If (B(j,N) :j € J)is an independent family of normalized GUEs, then the above require-
ments are satisfied because a GUE has the same law as UDU* where D is a random diagonal
matrix and U is a Haar unitary matrix such that D,U are independent. Condition (@) is
satisfied because the convergence of the expected traces is a consequence of Voiculescu’s asymp-
totic freeness [154], and the almost sure convergence is known in Hiai and Petz [91, Corollary
4.3.6].

8.3. Outliers of additive and multiplicative perturbations. We consider finite-rank per-
turbations of random matrices. In this section we always assume that the eigenvalues \;(X),
i € [N], of a Hermitian matrix X € My(C) are arranged in the way

AM(X) = Ao(X) = = An(X).

Let ux be the empirical eigenvalue distribution of X and v% the analytic distribution of X

with respect to the partial trace o, defined in () As being an analytic distribution, v% is

supported on Sp(X) that is the set of the eigenvalues of X. By means of the spectral measure

Ef of X, % can be explicitly expressed as 14 = ¢, o Ex along the same idea as Proposition

We will use Weyl’s_inequalities. These can be proved from the min-max theorem and the
reader is referred to [34, Chapter I11.2] for the proofs.

Lemma 8.7. Let X,Y be N x N Hermitian matrices.
(i) Nipj1 (X +Y) < N(X)+ N (Y) holds for all i,j € [N] withi+j—1<N.
(i) If X <Y then \(X) < N(Y) for all i € [N], where X <Y means that Y — X is a
positive semi-definite matriz.

(ill) |M(X) = NY)| < || X =Y for all i € [N], where || - || is the operator norm.

Theorem 8.8. Let { € N and m € Ny be fived, 01 > 05 > --- >0, >0> 001 > -+ > i
and

P = P(N) = diag(61,0s, ..., 001m,0,0,...,0) € My(C), N >(+m.
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Let U = U(N) be a Haar unitary random matriz of size N defined on a common probability
space (Q, F,P) and B = B(N) be an N x N Hermitian deterministic matriz. We consider the

random matri
XN :XN(01792,...,02> = UBU*+P

Suppose that there exists a probability measure p on R such that f_= maxsupp(p) < +00, p
has finite moments of all orders that satisfy Carleman’s condition (A.2), and

.. ky _ k
J\ll—lgo NTY(B )= /Rx p(dx), keN, (8.18)
lim \(B) = 6. (8.19)
N—o0

Let v := F,(8 +0) that lies in [0, 400). For each i € [{] the following hold.
(i) The empirical eigenvalue distribution of Xy converges weakly to p a.s.
(ii) If ; > ~, then the equation F,(x) = 6; has a unique solution v = z; € (3,+00) and
lmpy_ oo Mi(Xn) = z; a.s.
(iii) If 0; < then limy_,oo Ni(Xy) = 5 a.s.

Remark 8.9._The result also holds when B is a random matrix independent of U and satisfying
conditions (B.15), (B.1§) and () almost surely.

Proof. Before going into the details, it would be helpful for the reader to have the key idea.
Let us use the simplified notation vy = V?_m. By Corollary @, the matrices P and UBU™ are
asymptotically monotonically independent with respect to the state ¢i,,. Then we can identify
the limit distribution of vx, as the monotone convolution of vp and p. If this distribution has an
atom in (3, +00), then the matrix Xy must have an eigenvalue near the point, which becomes an
outlier. This point is exactly the solution x to the equation F),(z) = ;. However, this argument
only shows the existence of an outlier and does not tell us the number or multiplicities of them.
Fortunately, Weyl’s inequalities provide sufficiently sharp estimates of the number of outliers.
The details are as follows.

Q Q

Weak convergence of pp and px,. Assumption (8.18) and the determinacy of the moment
sequence of p imply that the empirical eigenvalue distribution pp converges weakly to . Con-
cerning fix, , we expand X% into monomials in U BU* and P. Each monomial except (UBU*)F
has at least one factor P, so that by Theorem its evaluation by Tr converges almost surely
to a finite value. Therefore, the evaluation by the normalized trace converges to zero. The
above arguments yield

lim %Tr(X]kV) = lim %Tr((UBU*)k) im %Tr(Bk) a.s., keN. (8.20)

=1
N—oo N—oo N—oo

This implies the weak convergence px, — p a.s.

General estimates on eigenvalues. As a preparation for proving and @ we derive some
facts from Weyl’s inequalities. First, the weak convergence pup — p and (8.19) imply

lim \;(B) =8, ieN, (8.21)
N—o0

because otherwise p_would be supported on a smaller interval (—oo, f — ).
Next, by Lemma i) we have
Aitj—1(Xn) < XN(B) + X,;(P), i+7—1<N.

IWe will consider 01,0, ...,0; as variables in the proof, while the negative parameters 6yy1,...,0,1,, are
always fixed.
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Since P has ¢ positive_ejgenvalues, we conclude A\ o(Xy) < N(B) for all 1 < i < N — /.
Combining this and (B.21)) yields

lim sup A1 (Xn) < B, ieN. (8.22)

N—oo

Since the weak convergence limit of py, is also u, we must have

liminf \;(Xy) > 0 a.s., ieN; (8.23)
N—o0

otherwise the measure p would be supported on (—oo, 5 — ¢) for some £ > 0, which would be
a contradiction. The previous two inequalities imply

lim /\i—M(XN) = ﬁ a.s., 1€ N. (824)
N—o0

Asymptotic monotone independence. Corollary @ can be applied to the families of single
matrices { P(N)} and {B(N)}, which yields with notation B := UBU*

_ 1 .
lim g, (BP) = lim NTr(Bp) a.s., p € Ny, (8.25)

N—o0 N—oo
k

lim @y (BPOPTBPL ... Pl BPE) — ]\}im Dy (PO H [ hm Dotm sz)] a.s. (8.26)
—00

N—o0
1=0

for all £k € N, ¢; € N and p; € Ny. A technical issue to note here is that the almost sure
convergence above holds on an event (g, of probability one depending on 0, = (6,6, ...,6).
Because we will change the parameter 8, later, let us consider the countable set

S = {(017027"'506) 6@4301 >62> >9£>0}
and an event €)' € F with probability one defined by

O = {we0: @ad), 829, G.29), (.29) and (5.29) hold

forall i,k € N, p,p; € Ny, ¢; € Nand 0, € S}.
For any sample w € €' it follows from () and Proposition that

lim [ 2% vy, (dz) = ]\}1_r>n ©esm((P + B)F) = / ¥ (vp > p)(de), keN,
° R

N—o0 R
where
Vp = é (591 + (592 -+ (5.9”7”).
_|_
By Proposition @ vp D> has a determinate moment sequence, and hence by Proposition @,
vx, converges weakly to vp > p. According to Theorem p.1|, the limit distribution vp > p has

the Cauchy transform

1 1 1 1
Gop(Fu(2) = + fed ).
P (Fu(2)) C+m (Fu(z)—ﬁl F,.(z) — 6, FM(Z)—QHm)
Since g is supported on (—oo, ], the reciprocal Cauchy transform F), has an analytic con-
tinuation to C \ (—oo, (], strictly increasing and taking positive values on (/3,400), and
lim, 4o Fj() = 400; see Proposition §.42. This implies v = F,(8 +0) € [0,+00) and,
if §; > ~, the existence of a unique solution z; to F,(x) = 6, as stated in [ii

Completing the proof. Now we are ready to finish the proofs of and .

Case 1: 04 € S, 61 > --- >0, > ~. Since for each i € [(] the equation F},(z) = 6, has a solution
r=x; > [ with 1 > z9 > -+ > xy > 3, the function G,,(F,(z)) has a pole at z;, so that
the monotone convolution vp > p has an atom at each x;. We take ¢ > 0 so that z, > 8 + €.
This implies that for sufficiently large N, the matrix X has at least one eigenvalue close to x;
for each i, so that altogether at least ¢ eigenvalues on the interval (5 + ¢, +00). On the other
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FIGURE 7. A histogram for the eigenvalues of G + P, where G is the normalized
GUE of matrix size 2000, P = diag(3,2,2,2,1,0,0,...,0) and the bin size is
selected to be 1/10.

hand, () implies that X has at most ¢ eigenvalues greater than 3 + ¢, so that has exactly
¢ eigenvalues on (8 + €, +00). This shows limy_,c A\i(Xn) = x; for all ¢ € [¢] and w € .

Case 2: @, € S, 60, > --- >0, 1 >~ >0, We again fix a sample w € ). We consider 6, as
a variable. In Case 1, the function (7,0, 1) N Q > 6, — x4(0,) € (B, +00) is continuous and
limg, | .0,cq 2¢(0¢) = B. By Lemma @ ii), the function Q 3 6, — A\(Xy) is non-decreasing, so
that for each 6, € (0,~] we obtain lim sup_,.. A\¢(Xn) < 8. Combined with (@) this yields

Aim M(Xn) = B.

Hence, for each € > 0, Xy has at most ¢ — 1 eigenvalues on (f + ¢, 4+00) for all large N. On the
other hand, vp > p has an atom at x; > § + ¢ for i € [¢ — 1]. Therefore, for large N, Xy must
have exactly ¢ — 1 eigenvalues on (f+ ¢, 4+00). The weak convergence vy, — vp >y implies the
convergence \;(Xx) — x; for each i € [¢ — 1], finishing the proof of Case 2. Repeating similar
arguments yields the statement in the case 8, € S, 0, > v > 0.

Case 3: 0, € RE 6y > - > 60 > (the_most general case). We take a sequence 9&1) €
S that converges to 6,.. By Lemma iii), we have the uniform estimate |\;(Xy(04)) —

)\i(XN(O(f)m < maxep |0 — 9§")|, which finishes the proof. O
Example 8.10. Let p be the standard semicircle distribution S(0,1). From () we have

VA
Z=*

Fu(z) =
We see that F,(2 4+ 0) = 1 and for each # > 1 the solution to F,(x) = 6 is given by z =
0 +1/60 > 2. Therefore,
1
0; + -, 0; > 1,
A}im N(UBU* + P) = 0;
e 2, 0<6; <1

See Figure H for a simulation. The monotone convolution vp > u can be explicitly calculated as

1 = V4 — 2?2 max{6? — 1,0}
Z o x +

C+m 1462 —0;x) X(-22)(x)d 92 50i+9%_

i= g

vp D> u=

The positions of atoms ; + 1/6; coincide with the positions of outliers.

A similar result holds for the multiplicative perturbation. Let us denote the identity matrix
of size N as 1y. We use the following additional lemmas.

Lemma 8.11. Let A, B be N x N matrices. Then, counting multiplicities, AB and BA have
the same eigenvalues.
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Proof. Suppose first that A is invertible. Then, for all A € C,
det(A\ly — AB) = det Adet(AA™! — B) = det(AA™! — B)det A = det(\1y — BA).

If A is not invertible, then the matrix Ay := A + (1/k)1y is invertible for all sufficiently large
k € N, and so det(Aly — AxB) = det(A1y — BAg) holds. Passing to the limit & — oo yields
the desired formula det(A1y — AB) = det(A\1y — BA). O

Lemma 8.12. Let X be an N x N Hermitian matriz and A be an N x N matriz. Then,

counting multiplicities, the number of positive eigenvalues of A*X A is not greater than that of
X.

Proof. By the min-max theorem, we have

Mi(AXA) = max min(z, A" X Az).
wceN  zeW
dim(W) =i llz[=1
We first assume that A is invertible. Then for each subspace W of dimensions ¢ and a unit
vector x € W we have

(x, A" X Az) = (Az, X Az) = || Az|*(y, Xy),

where y := Ax/||Az|| is a unit vector in AW. Note that Az # 0 as ||z|| = 1 and A is invertible.
Since ||Az| < ||A]|, we have

(z, A" X Az) < max{||A|*(y, Xy), O}.

As the subspace AW moves over all the subspaces of CV of dimensions i, we have max min =
W xzeW

max min and hence
W yew

A(A*X A) < max{[|A[|2\(X), 0}

This yields the desired claim.

If A is not invertible, then we take a sequence A, of invertible matrices that converges to
A. By Lemma @ (iii), A\;(AX X A,) converges to \;(A*X A) for each i, so that the conclusion
follows. O

Theorem 8.13. Let £, m, P and U be as defined in Theorem , where we further assume that
the negative diagonal entries of P, i.e., 0y1;, i € [m|, are not smaller than —1. Let B = B(N)
be an N x N positive semi-definite deterministic matriz and

Yy = (1y + P)2UBU*(1y + P)=.

We assume that the empirical eigenvalue distribution pp converges weakly to a probability
measure |1 # 0y supported on an interval [0, 8] with 0 < f < 400, and that \{(B) converges to
f as N — oo. The function 1, has analytic continuation to C\ [1/8,400), still denoted as 1),.
The limit 6 :=n,(1/8 —0) € (0,1] exists and the following holds for each i € [{].

(i) The empirical eigenvalue distribution of Y converges weakly to p a.s.

ii 146; > 1/0, then the equation n,(1/y) = 1/(1 4+ 6;) has a unique solution y = y; €
If ) 0, then th " 0;) h [
(B, +00) and impy_,0o \i(Yy) = y; a.s.

(iii) If 1+ 6; < 1/6 then limy_o Nj(Yn) = 5 a.s.
Proof. The proof is quite analogous to that of Theorem @; We omit the details and only
mention the main differences. Let us use the same notation B := UBU* as before.

e Under our assumptions, we have the moment convergence

1
lim —Tr(B*) = / 2* pu(da), ke N.
N 0.6)

N—oo
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e According to Lemma , the matrix Yy = ?N(BJF) = \/E(lN + P)\/E has the same
eigenvalues as Yy. We then use the decomposition Yy = B + \/EP \/E According to

Lemma , the number of positive eigenvalues of \/EP\/E~ is at most ¢. Therefore, as
in the proof of Theorem B.§, we can deduce \;1,(Yy) = Aise(Yn) — B a.s. for each i € N.

e The almost sure limit of vy, is the multiplicative monotone convolution v4 4 p O p, where
l+m

1
Vi+P = I+ m Z O116;-
i=1

The relation ¥,  pou = Yo, p(1u(2)) reads

1 & 1+ 0)mulz)
wulN.s_POM(Z) AU+ m Z 1—(1+ ei)n;L(Z)‘

i=1

The function 1, has an analytic continuation to C \ [1/8,400), still denoted as v,

such that ¢,(Z) = 1,(2). We can check that 1,(0) = 0 and ¢, > 0 on (0,1/8), and
s0 0 < my = /(1 +1p,) < 1and 9, = /(1 +1,)*> > 0 on (0,1/8). Therefore,
d == n,(1/8 — 0) exists in (0,1]. The equation 7,(1/y) = 1/(1 + §;) has a solution
y=1v; € (8,400) if and only if 1 + 6; > 1/9, in which case Uy pop has a pole at 1/y;,
and so the measure v4,,4p O p has an atom at y;.

e Using the matrix Yy above, we can deduce the monotonicity of the map 6; — \;(Yx(6.))
and the estimate |A;(Yy(0;)) — \i(Ya (01))] < Bmaxicyg [0; — 0. 0

Remark 8.14. We can also consider the more general case when B is just Hermitian. For
simplicity, assume that pup converges to p supported on a compact interval [o, 5] with a < 0 <
B. In this case the above method to estimate the number of outliers does not work because

Yy = \/§(1N + P)\/E cannot be defined. However, we can still prove that if 7,(1/y) =
1/(1 + 6;) has a solution y = y; € (8, +00) then for any ¢ > 0 there exists Ny € N such that
min{|\;(Yy) — v : j € [N]} < e as. for all N > Ny. This is because, as soon as the measure
viy+p O p has an atom at y;, there exists at least one eigenvalue of Yy close to y;. Note
that 7, still has an analytic continuation to (0,1/4) but it might not be increasing on (0,1/5)
anymore.

Example 8.15. Suppose that p is the Marchenko—Pastur distribution

1 /4—x
p(dz) = %\/ T X(0.4)(7) dz.

The Cauchy transform of x is known in Example as G,(z) = (z — V2?2 — 42) /(2z), which

implies
z24+ V22 —4z 1—+v1—4z
F,(2) = — and  7,(z2) = —
We see that 7,(1/4 —0) = 1/2 and hence for each 6 > 1 the solution to 7,(1/y) = 1/(1+0) is

given by y = (6 + 1)?/6 > 4. Therefore, for each i € N,

1
1 1 ,+—+2, 0,>1,
Jim A((Ly + P)IUBU*(1y + P)3) =4 0
o 4, 0<6; <1
See Figure B for a simulation where UBU* is selected to be a Wishart matrix.

Example 8.16. Suppose that p is the standard semicircle distribution S(0, 1). The n-transform

is given by
1—v1—4z22

Nu(z) = B
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FIGURE 8. A histogram for the eigenvalues of (1y + P)2G*G(1y + P)z, where
G is the normalized GUE of size N = 1000 and P = diag(4, 3,3,3,1,0,0,...,0)
and the bin size is selected to be 1/10. There are three eigenvalues near the
theoretical limit 16/3 = 5.333... and one eigenvalue near 6.25.
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FIGURE 9. A histogram for the eigenvalues of (1y + P)2G(1y + P)z, where G
is the normalized GUE of size N = 2000 and P = diag(5,5,3,3,1/2,0,0,...,0)
and the bin size is selected to be 1/10. This simulation suggests that the number
of eigenvalues in (2 4 €, +00) in the large N limit is exactly the number of 6;’s
larger than one.

We see that 7,(1/2 —0) = 1/2 and hence for each 6 > 1 the solution to 7,(1/y) = 1/(1+0) is
given by y = V0 +1/v/0 > 2. If §; > 1, from Remark , we know that there is an eigenvalue
of (1y + P)2UBU*(1x + P)2 converging to v/@; + 1//0;. See Figure @ for a simulation where
UBU* is selected to be the normalized GUE.

8.4. Notes. The change of the location of the largest eigenvalue of random matrices depending
on perturbation is_often called the BBP phase transition, named after the work of Baik, Ben
Arous and Péché [[17]. Forrester gives an excellent survey on rank-one perturbations including
earlier works [65].

The application of monotone independence to outliers is due to Cébron, Dahlqvist and Gabriel
[41]. Our Corollary B.4 is pointed out in [41] and Theorem B.§ is an extension of a result stated
in [41, Section 1.4]. Theorems and B.13 are close to the results of Benaych-Georges and
Nadakuditi [30, Theorems 2.1 and 2.6]. The difference is that our result for additive pertur-
bation model allows the limit distribution to have unbounded support, while if the matrices
B(j, N) are random then we need a stronger assumption than [30] even if the limit distribution
is compactly supported; see Remark B.6. The reader is referred to e.g. [22, 132] for further
results on outliers.

Formula (@) is a slight extension of a result of Shlyakhtenko [144]; note that a stronger
statement is given in [46, Theorem 4.1] but it contains an error: the result would be correct if
the matrices A;(n), Bj(n) are deterministic just as in our result (8.6). The almost sure version
(Theorem B.2) is proved by Collins, Hasebe and Sakuma [46]. The factorization formula (B.6)
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or Theorem @ is abstracted to the notion of “cyclic monotone independence” in [46] and
is further developed e.g. in [8, 12, 41, 47, [72]. Another random matrix model _that_satisfies
asymptotic monotone independence is constructed and studied by Lenczewski [106, [107] and
by Banna, Mingo and Tseng [18, 116].

APPENDIX A. MOMENTS AND WEAK CONVERGENCE

In noncommutative probability, moments of random variables are fundamental concepts. We
collect here supplementary results on moments.

A characterization of when a sequence of real numbers is the moment sequence of a finite
Borel measure (Hamburger’s moment problem) is known as follows. The reader is referred to
[B, Theorem 2.1.1] or [143, Theorem 3.8] for the proof.

Theorem A.1. Let (a,)n>0 be a sequence of real numbers. The following are equivalent.

(1) There exists a finite Borel measure T on R with finite moments of all orders such that

Q, = / 2" 7(dx), n € Ny.
R

(2) The sequence (ay,)n>0 is positive semi-definite, i.e., for anyn € Ny and ¢y, ¢y, ..., ¢, €
R it holds that
Z CiCiQiy g Z 0.
i,j=0

In the theorem above, the measure 7 is in general not unique. This leads to the following
definition.

Definition A.2. Let 7 be a finite Borel measure on R having finite moments of all orders. We
say that 7 has a determinate moment sequence if no other finite Borel measures have the
same moment sequence.

Example A.3. Let —1 < e < 1. The probability measure

1
pe(dz) = —=g e (o8 ®)? [1 — esin(27log )] X(0,+00) (®) d

LS
has an indeterminate moment sequence because the moments are independent of . The measure
po is the distribution of the random variable e* where X has the distribution N(0,1/2) and
is called a lognormal distribution. See [3, p. 88] and [143, pp. 88-90] for more examples of
indeterminate moment sequences.

We show a simple criterion for the determinacy of the moment problem.

Proposition A.4. Let p be a probability measure on R with compact support. Then the moment
sequence of p is determinate.

Proof. Suppose that p is supported on the compact interval [—R, R]. Suppose that v is a
probability measure on R having the same moment sequence.

Step 1: v is also supported on [—R, R|. For this, let us observe the obvious bound
ma(p) = [ o plde) < B,
[—R,R}

Suppose to the contrary that v is not supported on [—R, R]. Then there would exist Ry > R
such that v(|z| > Ry) > 0. Then

R > Mok (V) > / kau(dx) > ngv(|x| > Ry),

|z|>R2
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which would yield the contradiction

R 2k
O<I/<‘LC| >R2)§ (R—) — 0, k — oo.
2

Step 2: ;= v. We have now
/ f () pldz) = / f(2) v(de) (A1)
[7R»R]

[-R.E]
for any polynomial f. By Weierstrass’s theorem, the above holds for any continuous function f
on [—R, R]. Then a standard technique in probability theory shows p = v; for example, we first
approximate every indicator function y; over a closed interval I C [—R, R| by an increasing
sequence of nonnegative continuous functions, and then by the monotone convergence theorem,
(@) implies p(I) = v(I). By the closed interval version of Proposition @.4, we conclude
Ww=v. U

A more general criterion is Carleman’s condition
> g (1) 72 = 0. (A.2)
n>1

If a probability measure p satisfies Carleman’s condition then the moment sequence of p is
determinate; see [3, p. 85] or [143, Theorem 4.3]. Tt is easy to see that if u has compact support
then yu satisfies Carleman’s condition. The normal distribution N(m,0?) and the exponential
distribution Ae=*/* x(g,400) (%) dz, A > 0, satisfy Carleman’s condition.

Proposition A.5. Let u,v be probability measures on R. If p has compact support and v
satisfies Carleman’s condition, then pu > v also satisfies Carleman’s condition.

Proof. From the moment formula (@) for monotone convolution and inequality (), we have

g (> v) <Y > g () | [ogy (1) | [0, ()] - - g, ()]

£=0 ko,k1,...,ke>0,
ko+k1+-+ke=2n—4¢

2n
. kg+ky++k
< Z Z My, (44) 27 My, (V) BT

£=0 ko,k1,...,ke>0,
ko+ki+-+ke=2n—/¢

1 72n

= [man ()27 + may (1)

Let a, := my,(u)2e and b, := my,(v)2. Suppose that yu is supported on [—R, R]. Then
a, < R. Note that due to ) the sequence (b,,),>1 is nondecreasing. If by = 0 then v = ¢,
and the statement is obvious. If b; > 0 is then we can find ¢ > 0 such that

(> v) 2 > L, 1t e €N

Moy, v n = = = T, n .

2t 4+ bn = R+ by = by

Since -, 1/b, = +oo we have » - mo,(u > y)—ﬁ = 400. ]

Next we discuss the relation between convergence of moments and weak convergence.

Lemma A.6. Let & be a family of probability measures on R. Let f: R — [0,400) be a
measurable function such that lim,_ f(x) = +00 and

sup /Rf(x) p(dz) < 4o0. (A.3)

HES
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Then &2 is tight.
Proof. Let C' > 0 be the finite value in (@) For any € > 0 there exists R > 0 such that
infl,»p f(z) > <. For all 4 € &2 we have

MR\PJ%M)=%:mu@@fi% © f(x) p(da)

€ cC
< < e. ]
C+14ﬂ@u@w_c+1_€

Proposition A.7. Let u, p, (n € N) be probability measures on R. Suppose that p, ji,, all have
finite moments of all orders, and

<

lim my(p,) = mg(p), ke N.

n—o0

If the moment sequence of p is determinate, then i, converges weakly to p.

Proof. Since mo(u,) converges to mo(p), it is a bounded sequence, and hence the assumption
of Lemma is satisfied for & = (i, )neny and f(x) = z?. Consequently, the sequence (g, )n>1
is tight. Let (fin(j))j>1 be a subsequence that converges weakly to a probability measure 4.

Step 1: i/ has finite moments of all orders. For this we take a sequence of continuous functions
fv:R—=10,1], N=1,2,3,..., such that

e fy is supported on [-2N, 2N/,
e fy =1on [—N,N],
o fn(z) T 1as N — oo at every x € R.

In the obvious inequality
/R 2% (@) ) (da) < /IR 2% i) (Az) = Mo (pin()
passing to the limit 7 — oo yields
[ et as) < male).

Further passing to the limit N — oo, together with the monotone convergence theorem, shows

/x%u’(dx) < mgg(p) < +00.
R
Thus 4/ has finite moments of all orders.

Step 2: mg(p') = mg(p) for all k € N. To show this we first observe that

2]

k
1 _
/|>N ot pn(da) < /|>N (W> [#l*pn(dr) < Wm%(“”) < GNTH,

where C}, 1= sup,,cy Mok (f1,) < +00. With this inequality we obtain

[ @t = [ o e @

o (1) = M (pan )| < s

g

=:e(N,j)

+‘4xﬁl—ﬁw@ﬂﬂmﬂ+

t@ﬁumm—n%mmw

<c(V)+ [ Jalude) + OGN

lz| =N
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As lim; o (N, ) = 0 and im0 my(fty(j)) = my (), we obtain

() — my ()] < / 2l (d) + CeN ",

e[ >N

Passing to the limit N — oo we get the desired equality my (1) = my(p).

Step 3. Since the moment sequence of y is determinate, we have /' = p. The whole above
argument shows that any subsequence of (p,)n,>1 has a further subsequence that converges
weakly to p. By Lemma U.§, we conclude that the original sequence (p,),>1 converges weakly
to . U

A.1. Notes. Proposition @ is a new result. It is also natural to ask whether monotone con-
volution preserves Carleman’s condition or determinacy of moment sequences, but the answer
is unknown. Proposition @ is well known and can be found in the literature, e.g. in [44,
Theorem 4.5.5].

APPENDIX B. INVERSE MAP OF CAUCHY TRANSFORM

We study the inverse map of (reciprocal) Cauchy transform to complete the proof of Propo-
sition p.13.

Lemma B.1. Let E C C be a convex subset and f: E — C be the restriction of a holomorphic
function defined on an open set containing E such that (e f'(z)] > 0 holds on E for some
constant o € [0,27). Then f is injective on E.

Proof. By considering g(z) := €'*f(z), we may assume from the beginning that o = 0. For any
20,21 € D, the following identity holds:

d

P = o) = [ G0 =D+ )

= (21 — Zo)/o F (1 =1t)zg + tz1) dt.

Since the number C(zp, z1) = inf{S[f"((1 — ¢)zo + t21)] : t € [0, 1]} is positive, the inequality
£ (z1) = f(20)| = C(20, 21)|21 — 20|
implies the injectivity of f. U
For a concise statement, we consider the domain
Vs =V, N{z:3(2) >0} = {z € C" : (2) > max{y|R(z)|,d}}, 7,6 > 0.

Proposition B.2. Let u be a probability measures on R. For every 0 < € < v < 1 there
exists 6o = 0o(v,€) > 0 such that, for all § > 0y, the function F, is injective in V. ; and

V’H-E,(l-i-e)é - Fu<v7,6) - v’y—a,(l—a)é'
Proof. Injectivity. We first establish
|F)(2) — 1] = o(1), z—00, z€ V.. (B.1)
Using Proposition we get
2
_ 2 _ “
Fi(e) = =P G = 1+ of1) [ sl

as z — oo within V.. Therefore, it suffices to show that

/R(z—Qzu(dx) - 1‘ = 0. (B.2)

z—x)

dz)

lim sup
Z—00
z2€V~
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To see this, we use the inequalities |2%/(z — )?| < 14+~7% and |2| < /1477232 for z € V,
to proceed as, for each R > 0,

/]R (Zi—ZxV - 1’ uld) < /[—R,R]

12 + 2|27 5
< / o (%—Z)Qu(dx) + (247 2R\ [-R, R)

R2 +2R\/1+ 2

5 (2+77)u(®R\ [-R, F)

2’2

e 1‘ u(de) + 2+ 7 2)u(R\ [~ R, R])

and then
2

T A 1\ u(de) < 2+ 7 2\ [ R, R)).

z2E€V~y

Lettinﬁ tend to infinity here yields (@), and hence (@)

By (B.1)) we can find 6 > 0 so large that

R[F(2)] = ZE€ Vs

N | —

and by Lemma @, F,, is injective on V., ;
The inclusion V. ;. q4e5 € Fu(V,5). For z € OV, 5 with v|Rz| = 3z, one can see that

elz|
VA+2) A+ (v +¢)?)

Here d denotes the Euclidean distance. For z € 0V, 5 with 32 = §, we have

=:¢1]z].

d(ZJ v’y+5,(1+5)6> >

evlzl
_VEL o))
V1472

Therefore, if one takes 6y > 0 so that sup.eq |Fl.(2) — 2|/|2| < min{cy, ¢z}, then the simple

closed curve { F,(z) : z € 0V, sU{oc} } C CU {oo} surrounds each point of V. 1.5 exactly
once as soon as d > dg, and hence by the argument principle we obtain F,,(V, 5) 2 V.. 1406
as desired. The other inclusion can be proved analogously.

d(Z, v'y+€,(1+5)6> > o >

The previous proposition allows us to define an injective function F° L Vo te (14e)s — Ct
which satisfies F), o Fu_l =1id on Vi (14¢)- Fixing any 0 <e <+ <1 and large 0 > 0, we set
7 =7 +¢cand ¢ := (1 +¢)0 for notational simplicity.

Proposition B.3. Let u be a probability measures on R and n € N. Let F; L. v o — CT be
defined as above. Then the following are equivalent.

(1) /szn p(dz) < 4o0.

(2) There exist ¢1,¢a, ..., 2, € R such that

Con

-1 o Ca
F (Z)—Z+Cl+;+"‘+ﬁ

" + o(]z|~ @), z—00, 2€ Vg (B.3)

Proof . = We only consider the case n = 2, which should be enough to see how to
handle the g‘eneral n. Recall that, by definition, F}~ (V7 5/) is contained in some V By
Proposition ¢ w for some real constants by, by, b3, b4 we have
b b b
r 2 3 4

“(w)_w_bl_E_E_w_+o(|w|_3)’ w— 00, wE V., (B.4)

7,0
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We set the notation w := F- !(z) for each z € V_, 5. By the construction of the inverse function
and the fact Fj,(w) = w + o(w) we can see that w — oo whenever z — oo. Putting w into
(B.4) we get
_ -1
z=F, (2) +O(1),

where O(1) is a function bounded on V., 5. In particular we get

w=F;'(2) = z+o(2). (B.5)
Next we substitute (@) into (@) to obtain
b
—1 2 —1
Z:FM (2)—b1—ro(z>+0<2 ),
which amounts to ;
w:Flfl(z):z+b1+—2+0(z_l). (B.6)
2
Finally, we substitute (@) into (@) to obtain
b b b
p=FY(z) b — 2 ° ——— +o(|2P).

s b +by/z40(z"1)  (z+b+0(1)2  (z+0(2))

Using the geometric series expansion 1/(1 — () =1+ ¢ + ¢*> + -+ and recollecting terms, we

obtain ) ,
by by — biby N by — 2b1b3 — b5 + bibo N

—1 o
FM (Z)—Z—Fbl—i‘;“‘

o(z%)

22 23
as desired.

= is very similar to the proof of — . In this case we use the formula

F M (Fu(w)) = w instead, which holds on a subdomain V. ; C V. ; selected so that Fj,(V55) C

)
Vs, eg 7=7+¢cand 6 = ¢&'/(1 — ). The remaining argument is exactly the same. O

Completing the proof of Proposition . It remains to prove fR 2" u(dt) < +oo, assuming
that [, t*" A(dt) < +o0 and [, t*" v(dt) < +oo, where X := pu > v. Take a domain V. 5 on
which F, ! can be defined, and set w = F, (iy) for each y > ¢§'. Then F\(w) = F,(F,(w))
yields F,(iy) = F)\(F, (iy)). By Propositions and , we can_expand Fy\(¢) and F, ! (iy)
into truncated Laurent series. Following the lines for computing (p.11)), we obtain a truncated
Laurent series of F),(iy) = F\(F, '(iy)), from which we can conclude that [ ¢*" u(dt) < +oo.

O

B.1. Notes. Lemma @ was proved by Noshiro and Warschawski [128, [158]. Proposition @
was proved by Bercovici and Voiculescu [32]. Proposition is due to Benaych-Georges |29,
Theorem 1.3]. The coefficients ¢, ¢o, c3, . .. in Proposition B.3 are called the free cumulants of
p. There are combinatorial formulas relating (¢,),>1, the moment sequence (m,(4)),>1 and
the Boolean cumulants (b,),>1 and monotone cumulants (k,(u)),>1; see [13] and references
therein.

APPENDIX C. ONE-PARAMETER SEMIGROUPS OF HOLOMORPHIC SELF-MAPS
This section collects results that have been used in the proof of Theorem .

Definition C.1. Let D be an open subset of C. A one-parameter semigroup of holomorphic
self-maps of D is a family (f;);>0 consisting of holomorphic functions f;: D — D such that

i) t — f; is continuous with respect to locally uniform convergence, i.e., for any sequence
i) t i ti ith t to locall ift i.e., f
(tn)n>1 C [0, 4+00) converging to t, the function f;, converges to f; locally uniformly on
D,

(ii) fore = foo fi forall s,¢ >0,
(iii) fo = idp.
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If D is a simply connected domain of C and is not equal to C, then D is conformally equivalent
to C* by the Riemann mapping theorem. Then, according to Proposition .29, condition (i) is
equivalent to the weaker condition that the map ¢ +— f;(z) € D is continuous for every z € D.

It turns out that any one-parameter semigroup is differentiable with respect to t.

Theorem C.2. Let D be an open subset of C and (f;)i>0 be a one-parameter semigroup of
holomorphic self-maps of D. Then the limit
—id
g := lim Jizidp (C.1)

t—0t+ t

exists locally uniformly, g is holomorphic on D, and (d/dt)fi(z) = g(fi(2)) holds for (t,z) €
[0, 4+00) x D, where d/dt at t = 0 is to be interpreted as the right-derivative. The function g is
called the infinitesimal generator of (f;)>o.

Proof. Let B C D be a compact ball of positive radius. By conditions i) and of Definition
, there exist 0 < a < 1 and a compact ball B’ C D with the same center as B and a larger
radius such that
{fi(2) : (t,2z) € [0,a] x B} C B'.
Let us consider the identity
d

fe(2)
fgt(z)—th(z)—i-z—/ Tu

where the integration is performed over the line segment connecting z and f;(z), which is
contained in B’. By Cauchy’s integral formula,

d
@(ft(w) —w)

where B” is a compact ball in D with the same center as B’ and a larger radius, and C; > 0 is
a constant depending on the distance of B" and 9B”. Selecting sufficiently small g € (0, o], we
can bound the right side of (@) by 1/10 for all 0 < ¢ < 3, and hence

|for(2) = 2fi(2) + 2| < %O‘ft(z) — 2|, (t,2) €[0,8] x B.

By the triangular inequality, this implies (19/10)|f;(2) — z| < |fa(2) — 2| and so | fi(z) — 2] <
272/3) f3(2) — z|. This further yields
|fi(2) — 2| < Cot?/3, (t,z) €[0,1] x B (CA4)

for some constant Cy > 0. Indeed, for ¢ € (3, 1] this is obvious by selecting Cy large enough.
For each t € (0, ] and 2z € B we pick n € N such that ¢ € (827", 327""!] to get

[fo(2) = 2] S 2725 fon(2) — 2 <o S 27 fiug(2) — 2] < Cot?P,

where Cy := 8223 sup{|f,(¢) — (| : ¢ € B, s € [3,28]}.
Inequality ((C.4) also holds on [0, 1] x B” witl_a constant C5 possibly larger than Cy, as the
ball B was arbitrary. Combining this fact and () and (@) yields

| far(2) = 2fi(2) + 2] < 0103t2/3|ft(2’) — 2] < 010203154/?’, (t,2) €[0,a] x B.
Selecting t = t,, := 27" and setting no(«) := |log,(1/a)], we obtain
fror(2) =2 fu(2) = 2| _ 010203251/37
th—_1 tn - 2 "
Combined with Weierstrass’ M-test, this estimate implies that

fu)—: . —,z—l—é <ftk(2_ 2 Jua(2) - z)

tn lp—1

(fi(w) —w) dw, (t,z) € [0,a] x B, (C.2)

< C} sup ’ft(C) - C‘> (taw) € [0,0é] X B/? (CB)
)

n > ng(a), z € B.
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converges uniformly to a function g on B. Since B was arbitrary, we conclude that [f;, (z)—z]/tn
converges to a function g locally uniformly on D. By Weierstrass’ theorem, ¢ is holomorphic.
In addition, for each fixed z € D and t > 0 the convergence

fnsz_fsz fnfsz _fsz

t+(2 ():t(<z) ()—>g(f5(z)), n — 00
holds uniformly on s € [0, ] since {fs(z) : s € [0,t]} is a compact subset of D. Combining this
and Riemann sums yields, as n — oo,

. 21y
/ Z gn9(fra=n(2)) +o(1)
0 :
1274 —1

= [f(k+1)2—n(z) — fre—n(2)] +o(1)

k=0
= flong)2-n(2) — 2 +o(1) = fi(2) — 2.
Therefore, we have obtained

fi(z) ==z +/0 g(fs(2)) ds, t>0, z€ D,

which readily yields the desired statements. Indeed, (d/dt) f;(z) = g(f:(z)) for t > 0 is obvious.
As for (C.1)), for any compact subset K C D and ¢ > 0, we have

filz) — 2 ¢
sup | 1925 g —sup 5 [ lath2) - o2 ds
z€EK zeEK
<sup /|g £u(2)) — a(2)] ds
zEK
< sup |g(fa(2)) — g(2)],
56[0 t]
which converges to 0 as t — 07 due to condition . U

The next problem is to characterize the possible functions g that appear as the infinitesimal
generator of a one-parameter semigroup. We only prove the sufficiency part in the case of
D = C*, see also Notes

Theorem C.3. Let 4 (C*) be the set of Nevanlinna functions and %(C*) the set of the
functions of the form G(z) = N(2)(z + &)(z + €), where N is a Nevanlinna function and
¢ € CtrUR. Then any function G € 4 (C*) U %(CT1) is the infinitesimal generator of a
one-parameter semigroup of holomorphic self-maps of CT, i.e., the equation

d

—F G(F, , eCt, t>0,

T i(z) = G(Fi(2)), = (C.5)
Fy(z) = z, 2eCt

has a (unique) solution (F})i>o that forms a one-parameter semigroup of holomorphic self-maps

of CT.

Proof. The local existence of a unique solution follows from the standard ODE argument, i.e.,
for each z € C* there exists €, > 0 and a function (—¢,,¢,) 3 t — Fi(z) € C* such that (@)
holds for t € (—¢,,¢.). We show the global existence.

Case 1: G € 9(C*) and £ € C*. Let L¢: Ct — D be the conformal bijection
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Setting fi := L¢ o Fy o Lgl transforms (@) into

 hw) = —fw)h(F(w), +>0, weD,

fo(w) = w, weD,
where h(w) := —Qig(f)N(Lgl(w)). As h has nonnegative real part, we see that
d

@) = =2/ f(w) PRR(fu(w))] <0,

and hence the map t — |f;(w)| is non-increasing as long as the solution exists. This ensures
that the solution does not blow up in finite time, so that a solution f;(w) exists in D for all
t > 0. For each ¢t > 0 the map f; is holomorphic because of its iterative construction. Finally,
F, = Lgl o fy o L¢ gives the desired solution.

Case 2: G € %(CT) and £ € R. Let us take a sequence £" € C* that converges to £ € R.
According to case 1, for each n € N there is a one-parameter semigroup (F}");>o corresponding
to the infinitesimal generator G™(2) := N(2)(z +&")(2 +&"). Let B:={z € C: |z —i| < 1/2}.
There is a constant M > 0 such that |G"(z)| < M for all z € B and n € N. We see that

F6) =il < [ 167 (Pl ds < b

as long as F}'(i) € B. A standard ODE argument indeed shows that F}*(i) € B for all n € N
and 0 <t < o, where a := 1/(2M). This further implies that for any compact subset X C C*,
there is a compact subset K’ C C* such that

{F'(z):neN, te[0,a], ze K} CK'. (C.7)
Indeed, let v := L_gmgy o Ff' o (L;)~', where L, is the map defined in (@) This is a

holomorphic self-map of D fixing 0. By the Schwarz lemma, the inequality |v]'(2)| < |z| holds

on . From this inequality and the fact that F}*(i) € B, the desired claim (@) can be deduced.

Alternatively, one could also use the fact that applying a holomorphic self-map decreases the

hyperbolic distance of two points, see e.g. [40, Theorem 1.3.7]. Yet alternatively, one could use

the Nevanlinna formula ({.10) for F}*, together with the fact that F{*(i) € B, to estimate |F}*(2)|

uniformly from above and S[F}*(z)] from below, though it would require some additional work.
There are constants C, Cy, C3 > 0 such that

G™(0)] < O, CeK nel, (C.8)
1G"(G) = GM(G)| < CalGr = G, (1,6 € K', neN, (C.9)
|Ftn(C1)_Ftn(CQ)| S O3’<1_<2‘7 §17<2 GK, n€N> le [0,0é], (ClO)

where (@) and () hold due to Cauchy’s integral formula and the uniform boundedness of
G™ and F}*. Combining ( )—() and the integrated form of (d/dt)F}*(z) = G™(F}*(z)), for
all0 < s<t<aand z,w € K, we have

[F(2) = FE(w)] < | (2) = F (w)]| + [F (w) = F (w))]

<o —wl+ / GM(ER(2)) — GM(EP(w))|dr + / G (ED (w))] dr

t
<lr—wl+ 02/ Fn(2) — F(w)|dr + Gyt — 5|
0

< 01’t — S| -+ (1 + OéCQCg)|Z — U)’
Therefore, the functions (¢, z) — F{*(z), n € N, are uniformly bounded and equicontinuous on

[0,a] x K. By Arzéla-Ascoli’s theorem, there is a subsequence (Ft"(k)(z))kzl that converges
locally uniformly to a function Fi(z) on [0,a] x Ct. By Weierstrass’ theorem, each F} is
holomorphic on C*. By the maximum principle for the harmonic function z — [Fi(z)] and the
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fact that Fi(i) € B, we have F;(CT) C C*. In the integrated form of (d/dt)F*(z) = G™(F}*(z)),
passing to the limit along the subsequence n = n(k) yields

t
Fi(z) ==z —1—/ G(Fs(2))ds, 0<t<a, z€Ct. (C.11)
0

Since a = 1/(2M) > 0 is independent of z, we can define Fy(z) := F;_(F,(2)) for a <t <2«
nd z € C*. Straightforward reasoning shows that (F})o<t<2, is continuous in ¢ and satisfies
(C.11)) for 0 <t < 2a. Repeating this procedure, we obtain a global solution F;(z) defined on
[0,4+00) x C* that satisfies () for all t > 0. A standard ODE argument shows that the
family (F})i>o satisfies Fy1y = Fyo Fy, s,t > 0.

Case 3: G € 4, (Ct). The function G(z) := —G(1/2)z* belongs to %(C*), where G(1/2) :=
G(1/Z). From case 2 there exists a one-parameter semigroup (F});>o associated with G. Then
we can see that Fy(z) := 1/F,(1/z) forms a one-parameter semigroup associated with G. Al-
ternatively, one could approximate G by G™(z) := G(2)(z + ni)(z — ni)/n? n € N; then the
arguments in case 2 would work without changes. 0

C.1. Notes. Theorems @ and @ are due to Berkson and Porta [33, Theorems 1.1 and 2.6].
In the original paper, it is also shown that 4, (CT)N%(C*) = {0} and the set of the infinitesimal
generators of one-parameter semigroups is exactly 4 (CT) U %(C"). Another proof is given in
[40, Theorems 10.1.4 and 10.1.10] in the setting of the unit disk.

APPENDIX D. CAUCHY’S FUNCTIONAL EQUATION

We give a short proof of the well known fact that a measurable solution to Cauchy’s functional
equation is linear. The following proof is due to Alexiewicz and Orlicz [5].

Proposition D.1. Let f: [0,400) = R be Borel measurable such that f(z +1y) = f(z) + f(y)
holds for all x,y > 0. Then f(z) = f(1)z for all x > 0.

Proof. Since f(0) = f(0) + f(0), we have f(0) = 0. We fix x > 0 and define

o) = F(t) — @t, h(t) = m, £>0.

We see that g(s +t) = g(s) + g(t) for all s,¢ > 0, and g(z) = 0. This implies g(t + x) = g(?),
so that g and hence h has period x. Then we get

0_/xh(t)dt—/zh(2t)dt
:/o 1+|g<t>rdt‘/o ol ¢

By R R

o (L+1gONA+2l9@)])
and so ¢g(t) = 0 a.e. on [0,z]. For x = 1 this means f(t) = f(1)t a.e. on [0, 1]. Therefore, for
any x > 0 there exists t,, € (0,z] N (0, 1] such that f(¢t,) = f(1)t, and g(¢,) = 0. This implies
f(x) = [f(t)/tale = (D)2, O
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