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@ Statistical-mechanics models exhiting phase transitions & critical behavior:
e self-avoiding walk (SAW),
o lattice trees (LT) & lattice animals (LA),
@ percolation,
e oriented percolation (OP) and the contact process (CP).
@ The 2-point function 7,(x) & the critical point pc:=sup{p > 0: }}, 7,(x) < oo}.
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where A = {x € Z? : 0 < ||af| < L}.
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Spread-out limit of the critical points for statistical-mechanics models 1. Summary of presentation

@ Statistical-mechanics models exhiting phase transitions & critical behavior:
e self-avoiding walk (SAW),
o lattice trees (LT) & lattice animals (LA),
@ percolation,
e oriented percolation (OP) and the contact process (CP).
@ The 2-point function 7,(x) & the critical point pc:=sup{p > 0: }}, 7,(x) < oo}.
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where A = {x € Z? : 0 < ||af| < L}.
° lle pe = 1 for SAW, percolation, OP & CP; lLiTmPC = 1/e for LT & LA.
@ Want to know: the spead of convergence to those mean-field values.

-1 = 1 0 LT],
E.g., limpc—_d/e iz Z&U*"(o)— 1 (LTI
o L = 2 LY, U™(0) [LAL
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@ The spread-out edges B := {{x,y} CZ? : x —y € A}.

i
@ The 1-step distribution D(x) := — Ljxep). 02 := Z X2 D(x) = O(L?).
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@ For each E c BY, the Boltzmann weight W,(E) := | | pDx =) = (IAl) )
{x,y}eE

@ The 2-point function 7,(x) := Z W,(E), where
Ecm
o m=Q,,: the set of spread-out random-walk (RW) paths between o and x;

E.g., since 3, [(w = (wo, w1, - .., w,) € Q| = 1AL,
= 2.V = It = (=)
W= [ P = JaTp (1= p) ',

() = 650+ (pD = TR)(X) 1= Go + Y| pDO) TRV (x = ).
yezd
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@ The spread-out edges B := {{x,y} CZ? : x —y € A}.

1
@ The 1-step distribution D(x) := W]l{xe/\]. o’ = Z IxI*D(x) = O(L?).
xezd
| € p\E
@ For each E c BY, the Boltzmann weight W,(E) := | | pDx =) = (IAl) )
{x,y}eE

@ The 2-point function 7,(x) := Z W,(E), where

Ecm
o m=Q,,: the set of spread-out random-walk (RW) paths between o and x;

o m=3§,,: the set of spread-out SAWs between o and x;

o m=7,,: the set of spread-out LTs containing o and x;

o m=HA,,: the set of spread-out LAs containing o and x.
E.g., since 3, [{w = (wo, w1, ..., w,) € Q| = 1A,

W= S = T = A=y
EW = (S PR = aTp (1 - py 1,

() = 650+ (pD = TR)X) 1= Go + Y| pDO) TRV (x = ).
yezd
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0 [d > 3],
@ Penrose (1994): ICL27logL > pSAW — 1 > {3cL2logL [d = 2],
A L4 [d=1].
@ Madras-Slade (1993): d >4 =d"V = pSAW =14+ O(L™).
@ Hara-Slade (1990) & v.d.Hofstad-Sakai (2005):
d>6=d"*° = pF°=1+0L"7).
@ v.d.Hofstad-Slade (2002, 2003) & v.d.Hofstad-Sakai (2004):
d>4=d% =d" = pP, pSP =1+ 0.
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3. Previous results for the spread-out models
0 [d >3],
@ Penrose (1994): ICL27logL > pSAW — 1 > {3cL2logL [d = 2],
LA [d=1]
Madras-Slade (1993): d >4 =d>""W = pSAW =1+ 0(L™%).
Hara-Slade (1990) & v.d.Hofstad-Sakai (2005):
d>6=d"° = pP°=1+0L").
@ v.d.Hofstad-Slade (2002, 2003) & v.d.Hofstad-Sakai (2004):
d>4=d% =d" = pP, pSP =1+ 0.

L [d > 3],
@ Bramson-Durrett-Swindle (1989): pS —1 =< A, :={L2logL? [d=2],
L2 [d=11.
CP — 1 (o) *N
o Durrett-Perkins (1999): lim =1 = J 22 U7(0) [d' 231,
Lleo A > [d =2],

where U is the uniform distribution on the d-dim. ball {x € R¢ : ||x]| < 1}.
1
@ Penrose (1994): ptT, ptA = — + O(L 27 logL) "d > 1.
e
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Spread-out limit of the critical points for statistical-mechanics models 3% Results for the nearest-neighbor models

@ Clisby-Liang-Slade (2007):

1 2 6 27 157
SAW _ —10
=14+ — )
De +2d+(2d)2+(2d)3+(2d)4+(2d)5+ (upto O(d™™))
1 7/2
@ Hara-Slade (1995): pP®° =1+ 2" (22)2 +0(d™3).

@ Cox-Durrett (1983): pPP =1 + 0(d™?).

@ Liggett (1999): pCP =1+ 0(@d™).

@ Miranda-Slade (2013):

IR {;}j ol +0(d ™) [LT],
e 2e2d (382 = 55 ) + 0@ [LAL

Pc =
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Spread-out limit of the critical points for statistical-mechanics models 4. Main results

Theorem 1 (v.d.Hofstad-Sakai (2005))

d>d. = p3W, pP° pOP pSP =1+CL+ 0L "), where

C

>, U™ (0) [SAW & CP],
C=13 2, U™0) [OP],
U*(0) + Yoy L U™(0)  [percolation].

Theorem 2 (Kawamoto-Sakai (2022))

C

1
d>8 = pl ptA=—+CL+0L "), where
e

S n + 1 *Nn 1 S *Nn
Cir=), —-U"). Cua=Cur— 55 ) U"0).

n=2 n=3
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@ Lace expansion (e.g., Brydges-Spencer (1985), Hara-Slade (1990)):
6o+ (pD + 1)) x 7, [SAW],
Tp =18p00 + 7y + (8,0, +7p) * pD x 7, [LT],
8p0o +hy + 1, + (8,00 + hy +1y)x pDx7, [LA],
where

o m, = Z(—l)”nﬁ”: the model-dependent lace-expansion coefficients,

n=1

° g, := Z W,(T) or Z W,(A): the 1-point function,

TeT, AeA,

© hy(0) = (1=6,) D WylA) Ljpms xinar

A€Ay x
(1=p=-#,)" [SAW],
-1
. A e _ A =1
S Xp=Tp= Z Tp(x) = ((g/, +7r,)7" - p) [LT],
x A -1
: ~ \-1
((gp +hp +7Tp) _P) [LA]
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@ Hara-v.d.Hofstad-Slade (2003) (& Chen-Sakai (2015)):

7y (x) = 8o, (pD % 7,)(0),

ne — 0o 2 v v
SAWonz = [ = TEvne ['n>2,"p < pel,
L>1 o
T/)g (X) = (“X0||(5L)3—2 [vx * 0],
Xp = (pe — p)_] [p 7T pl

Lpe=1-f, =1+2) + 0L
=1+ + (pe = 1) 9%, +O(L7%)
N——
O(L~) O(L%)

=1+ D=*1)0)+ 0L

=1+ i D*(0) — Z D(x) Z Wi (w) +O(L™2).
n=2 X

W€ \Sy

O(L—zd)

oo *1 _ y-dy > *1 —d—-1
N.b., >, D"(0)=L"“)",U"(0)+ OL™“").
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© Hara-v.d.Hofstad-Slade (2003) & Liang (2022):

1<g,<4 ["p < pel,

() = QLD 2 1.p < pel,
LT&LAONZEE = {h,(x) < (1= 6,,) 7p(0)2,

7,0 = g2 ["x # ol,

Xp = (pe—p) 12 [p 1T pel-

1
8pe

. -1 h, +#,
pe=(gp +hp +7,) = (1 - %) +O(L™).
Pc
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© Hara-v.d.Hofstad-Slade (2003) & Liang (2022):

1<g, <4 ['p < pel.
n o5 o~y
A = Ldlm— Unz1"p<pd,
d>8
LT&LAONZ D = () < (1 =6, 7,(x)%,
-2
.(X) = g ["x # o],
Xp = (pe—p) ' [p T pel.
A -l 1 h,. + 7, _
n Pec = (glh + hpc +7TI7C) = (1 - u) + O(L 2(1)'
g[h gl’c
@ Inductive approach: let pig, =1, {1 =1, £ =1 +4 5 (so that £; 1 2).
0 0<l—f =t hethe O(L“”l).
Pe 8p) 8p1
\.ﬂ/__/
@ gy — 8p (1__)ZTeTn Z‘Eﬂ( ) WI’I(T):...:_%F
=F

1
23Xp)

(1)7 F
o Pe—DP1 = D1 g; +F +O(L—2d) S pe—p1 = O(L—di,') S pe—p1 = O(L—dijﬂ)'
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Spread-out limit of the critical points for statistical-mechanics models 5. Key ideas to the proof (4/5)

@ Identifying the dominant contribution to g, for LT:

where

N.b.,

gmzf),,\\: A - A >

A =Z( ) [T 2 (|A|)lERy|

veY ReT,\T,
pi\ p1 \Ewl p1 \Ewl
SEITZ R -2 &)
8pi T )
) [0
YCA IA] yey 8nm

Oy Y o1 - O(A[™
Srea(i) =1+ @) =e(1-gx)+00A1).
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Spread-out limit of the critical points for statistical-mechanics models 5. Key ideas to the proof (5/5)

@ Identifying sub-dominant contributions to g, for LT:

Sl (0221 2" 2,75

@#+ZCY yeZ
B Z l—l —Tp, ») ( )|Z| Z (L)\Y\Zl
7+0 yeZ 8pi IA] Y>Z N
75, () 1A\
‘Zﬂ( : D(y))( A |)
Z+0 yeZ
= ) it 4+ ) e
Z:|Z|=1 Z:|Z|>2
N——— —
O(L—Zd)
Tp IAl-1 o0 *1 -
Nb., Sz = —(j «D)o) (1+ ) =—-e X, D"(0) + O(L™).
Similarly, ° = e 23 LD (0) + O(L7%).
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Spread-out limit of the critical points for statistical-mechanics models 6. Concluding remark and potential future work

@ For SAW, percolation, OP, CP for d > d.,

22, U™(0) [SAW & CP],
pe=1+CLY+0WL™ "), C=313, U0 [OP],

U*(0) + Yoy LU (0)  [percolation].

@ ForLT & LAford > 8,

1 - o o 1+ [LT],
e =—-+CL+0L ", C= U*™(0) +
Pe=7 Z:;A 2e —L 32 U(0) (LA

@ The critical point is a divergent point of y, = >\, 7,(x). E.g., for SAW,

Lace expansion = 1,=8,+(pD+n,)x7, = x,=(1-p-#,)"

Akira Sakai (Hokkaido Univ) Probability & Analysis on Random Structures August 8-10, 2022 12/12



Spread-out limit of the critical points for statistical-mechanics models 6. Concluding remark and potential future work

@ For SAW, percolation, OP, CP for d > d.,

22, U™(0) [SAW & CP],
pe=1+CLY+0WL™ "), C=313, U0 [OP],

U*(0) + Yoy LU (0)  [percolation].

@ ForLT & LAford > 8,

1 - o o 1+ [LT],
e =—-+CL+0L ", C= U*™(0) +
Pe=7 Z:;A 2e —L 32 U(0) (LA

@ The critical point is a divergent point of y, = >\, 7,(x). E.g., for SAW,
Lace expansion = 1,=8,+(pD+n,)x7, = x,=(1-p-#,)"
@ p=e¢"X (X = {Xb}pepa: ii.d., integrable) = SAW on random conductors.

Theorem 3 (Chino-Sakai (2016))
If the law of X is translation-invariant and ergodic, then the quenched critical point
hx(x) is a.s. independent of the starting point x of SAWs.
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