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Motivation
o

m Want to understand phase transitions & critical phenomena.

E.g., percolation on Z?, with bond-occupation probability p = 0.2, 0.4, 0.6, 0.8.
(https: //www ams. org/publ1coutreach/feature column/fcarc percolation)
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m Important to know the exact value of the critical point pg.
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Models and results

00000000

m Self-avoiding walk (SAW): a statistical-mechanics model for linear polymers.
] g{ = (2¢,Er): the spread-out lattice with spread-out parameter L € [1, ).
LiixyjeE
B ={tey)cZ:0<lxyil <L) A=deg@l) =0, Dix.y) =~

m SAW 2-point function GSAW((), x): the generating function for SAWSs from o to x.

w)=0, Wy =x \__V__/ (SAW)
self-avoidance

m Critical point p¢: the radius of convergence of the susceptibility y,.
Pc = sup{p >20:xp= Z Gplo,x) < oo}.
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Scaled SAW on (1)’
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Models and results
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m Removal of self-avoidance =  random walk (RW):

oo n o o
(I-p~ ifp<l,
G (o, x) = E P E | |D(0)j—l,wj)9 X = E pt=

n=0 w=(w,....wp): j=1 n=0 o if p= L.
WH=0, Wy=x
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Models and results
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m Removal of self-avoidance =  random walk (RW):

- = (I-p" ifp<l,
Mo =" Y ﬂD(w, L), A=Y= {
n=0

W=(W(s.sW): n=0 0 pr > 1
WH=0, Wy=x

m For percolation on Q‘I{ with bond-occupation probability pD(x,y) = %]1((,(,},,5&,,

||

G (0,x) = P ( U ﬂ {wj-1,w;} is occupled}) (sGﬁAW(o,x)).

u)o%xj

Theorem 1 (with v.d.Hofstad, 2005)

Let U(x) o 1yx <1y be the uniform distribution on the Euclidean ball of radius 1, and let U™
be its n-fold convolution inR¢. ¥d > d. (the model-dependent upper-critical dimension),
pe=1+CLY+0L ") as L — o, where
5, U™ (0) for SAW & the contact process on G4,
C=31%> U () for oriented percolation on Z.,x G+*,

U2(0) + 32, BLU™(0)  for percolation on G4>5.
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Models and results
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Best bounds before Theorem 1

m SAW:
m Madras & Slade (1993): d>4 = pc=1+0(L™).
0 ifd >3,
m Penrose (1994): ICL27logL > po — 1> {3cL2logL ifd =2,
FeL43 ifd=1.

m Percolation:
m Hara & Slade (1990): d>6 = pc=1+0L™).

m Oriented percolation:
m v.d.Hofstad & Slade (2002): d >4 = pc=1+0L™%).

m The contact process:

L ifd >3,
m Bramson & Durrett & Swindle (1989): pe —1 = f(L) ={L2log? ifd =2,
L3 ifd=1.
. . ope—1 S, U (0) ifd >3,
m Durrett & Perkins (1999): lim =
(1999): fin "5y {23” ifd =2,

m v.d.Hofstad & Sakai (2004): d>4 = p,=1+O0L™).
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Models and results
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m Lattice animals (LA): a statistical-mechanics model for branched polymers.
m Lattice trees (LT): LA with no loops.
m LT 2-point function G/L,T(o, x): the generating function for LTs containing o and x.

Ry
|ET|
LT _ p
Gp (0,x) = Z (f)
T30,x
(L)
oy n n p ‘Ek’k‘
:ZP” Z l_[D(wj—lij) Z (K) l—[ L(RynRi=0)-
n=0 w=(wy,....wn): j=1 k=0 Ry3wy 0<s<t<n
WO=0, Wy=Xx (LT)
difference from SAW
|ER| 1
m Removal of self-avoidance = pCZ(&) “x” . SoPe = —.
A e
R0
(L)
[Ek] 2\ (A pel ¢ e
Pc Pc Pc I
e S SO - B e
Z A Z(k) A A Lte ¢ ¢
R30 k=1
(L)
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Models and results
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Theorem 2 (with Kawamoto, 2024)

1
OnGP8, pii™h = — 4 L + (L") as L — oo, where
@

i+ 1
CLT:Z
= 2e

* I — .
U™ (o), Cia=Cir— 22 Z U™ (o).
n=3

Best bounds before Theorem 2

1
m Penrose (1994): d>1 = pi™ =- 40w 10gL).
e
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Models and results
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Theorem 2 (with Kawamoto, 2024)

1
OnGP8, pii™h = — 4 L + (L") as L — oo, where
@

n+1 1 <
Cir= U Ca=Cr—— U™ (o).
LT Z 2% (0), LA 7= 552 ; (0)

n=2

Best bounds before Theorem 2

1
m Penrose (1994): d>1 = pi*= +0(L’2d/710gL).

Key elements for the proof of Theorems 1 & 2

m Lace expansion = a formal recursion equation for G (o, x):

G,S,Aw(o, X) = 6ox + Z (pD(o,y) + ﬂ,,(o.y)) G,S,Aw(y, X), np(0,y) = Z(—l)jﬂ‘”(() y).
yezd J=1
m Use translation invariance to identify p. and bound the expansion coefflments {7r }:
SAW -1 (pc=p)”!
= llwplli = T a—
( r ) ptpe 1+ ”8/1771)0”1

Sope=l=llmpe
ﬂ_;)\)(}:) = Q S0y < (pD *GSAW )(0) 60,y (/:](}) 0@)’ < G,S)AW(y)_q.

o=y

M =1+ (p+Impll) xy
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Models and results
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History of the lace expansion for the spread-out models
m Brydges & Spencer (1985), Hara & Slade (1992) for SAW in d > 4.
m Hara & Slade (1990) for percolation in d > 6.

AY

m Hara & Slade (1990) for LT/LAind > 8.

HEREN

Nguyen & Yang (1993) for oriented percolation in spatial dimensions d > 4.

Sakai (2001) for the contact process in d > 4.
Sakai (2007 & 2022), Kamijima & Sakai (2025) for the classical Ising model in d > 4.

M)

ANV AVAW/

m Sakai (2015 & 2022), Brydges & Helmuth & Holmes (2021) for the |¢|* model in d > 4.
m Kamijima & Sakai (2027?) for the quantum (or tranverse-field) Ising model in d > 4.
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Models and results
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The first example of a lace €xpansion was applied to self-rei
walk in (Brydges-Spencer 1985).

proving mean field behaviour in h
Slade, and the community they built, discovered lace expansions
throughout statistical mechanics including percolation (Hara-Slade
1990). By the percolation point of view Akira Sakai found a lace
expansion for the Ising model in 2007 and then a lace expansion
for lattice g¢* by Ising model approximation in 2015. Today | will
describe a simpler lace expansion given in
(Brydges-Holmes-Helmuth 2021).

pelling
It is now a well known tool for
igh dimensions because Hara and
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Models and results
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Best bounds for the nearest-neighbor models, as d T co:
m Clisby & Liang & Slade (2007):

2 6 27 157
+ +

|
SAW _ b
=15t e T aar T aar T aap

Pc

+---(up to O™ 1%)).

m Hara & Slade (1995):
1 7/2
perc _ 1 -
Pe "2 " 2y

+0(d™).

Cox & Durrett (1983):
P& =1+0d™).

m Liggett (1999):
PSP =1+0d").

Miranda & Slade (2013):

15 1
1,31, |2
Pc=—+ 57753
¢ et ns 1y 1 ,
2 )L @ forLA.
(24e 2g2)(2d)2 *old™) for

+od™?) for LT,
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Lace expansion for SAW

@00

Derivation of the recursion equation.
m Naive expansion of the self-avoidance constraint.

]l(w\sSAW): I_I (lfém/-,m/): Z I—[(";w;,w/-

0<i<j<lw| rey ) el
) e e LN N NN /.\ K\ /A ﬁ
E.g., g()’z =q0 T 0 1 3,0 1 %0 1 %, 0 1T 2,0 1T 2,0 1 2,0 1 3o,
@’ G g
o 02 0,2

0,2

B 6o, (C %) the set of connected graphs from 0 to n.

re%, ¢ (@)7%smel, (i)0<Yk<n, Istelsuchthats<k<t.

E-g-, Z I—[(_E‘”iv‘”j): l—l (l_dxuiwj)v

regx/(;.z ijel I<i<j<2
[T-600p= 2 [1(-0wwp) [T (=600
re;’, ijer re€  ijer 1<i<j<2
2 [ Gowwp= 30 [ (=000
Te)) ijer Ie6, ijer

2
T G=bvep =TT G=bup + 25 D0 [T (-0uwp [T (0 =bu0).

0<i<j<2 I<i<j<2 n=1Te6, ijel n<i<j<2

2 Gp0,)=box = . pD©,Y) Gp( 1) + > 7p(0,3) Gply, ).
yeZd
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Lace expansion for SAW

oeo

Lace expansion for the connected part Z r[ (- (50,“0,/.).
Te€), ijer
B %, the set of laces (= minimally connected graphs) from 0 to n.
Construction of a lace Lr = {s;t;} € £, fromT € 6o .
ty = max{t: 0t € T}, 51 =0,

tjr1 = max{r : I < tj, st €T}, Sjs1 = min{s : stj; €T}

81
51 S92 ty 53 to 51 89 s3 1y Sy t; ty

m Resummation over compatible edges A(L) (to partially restore self-avoidance).

D 1000 = 20 T100sa) D) T (=60

re6y, ijer LeZy , steL ey, ijer\L
Lp=L
= 2 [ 10w [] (=bu0).
Le £y, st€L ijeA(L)

restored self-avoidance
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Lace expansion for SAW

ooce

Diagrammatic bounds on n‘l,”(.x‘) (assuming translation invariance).

|w|
(1) . - .
=3 P P@nt.0n) Sup [ 0 -b00)) = So.x < (PD % Gp)(0) o 1.
wosx =l ij#0lw| o
2) ot
7lw= Y [ P@rro) Y bupwdosay || (1=bww)= o $ <Gy,
WX n=1 O<s<t<|w| 1j#0t,s|w|
(jw|=1)
El t

For j > 3, if sup, (Ix| v 1)/2G,(x) is bounded uniformly in p < pc,

eventually proven by continuity & bootstrapping

2+3(d-2
Moo= (/) N\ /) < B,(—3V0 oG ‘ 7)) where Bj, = ZG (x)?
P ~op (x| v 1)3@-2)” P P

o X xX#o
Why d > 4.
a d
Dy \2 d N 1
B, < GRW(x)Z:f ( ) ) —0o(-5),  where D)=~ cosk;.
AP ot T=00) o A7) ¢ ,-Zn '
P £ T = B g < oo,
X#0 X#0 X#0
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Recap and ongoing work

m For SAW, percolation, oriented percolation (OP), the contact process (CP) ind > d,
Yy U (0) [SAW & CP],
po = 1+ cLdvow ™, c={1y® U [OP],
U2(0) + X2, L U™(0) [percolation].
m ForLT/LAind > 8§,

1 _ . 1+ 1 0 [LT]
= —+CL+oh,  C=) ——U"(0)+ ’
Pe e I ; 20 U@ ~ L 2 U0) (LA

m Key elements for the proof:
m Lace expansion for the 2-point function.
m Translation invariance for idntifying p. and bounding the expansion coefficients.
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Recap and ongoing work
L]

m For SAW, percolation, oriented percolation (OP), the contact process (CP) ind > d,
Yy U (0) [SAW & CP],
po = 1+ CL0W™ T, C=1i 3R, U0) [OP],
U*z(o) + 32, 2Ly (o) [percolation].

m ForLT/LAind > 8,

1 _ —d- n+1 [LT]
= —+CL+owh,  C= U™ (0) + ’
pe Lo e ( ) HZ; © Z 23 U™ (0) [LA]
m Key elements for the proof:
m Lace expansion for the 2-point function.
m Translation invariance for idntifying p. and bounding the expansion coefficients.
m Ongoing work with Chino & Fukushima-Kimura & Kitagawa on SAW on random
conductors X = {X;}per, (i.i.d.copies of X, nonnegative, mean 1, Az = E[eX]):
|| |wl
ke - X(AJ‘ W i 2, p/l
fxp= Y [ [pe?ieiDwjr,0p,  Elix,@l= ) (Tﬁ) ,
wix—e j=l wix—e
(SAW) (SAW)
ﬁé(uenched(x) =sup{p Shxp(x) < oo}, Panneales = SUP {p EL\A/X,/;(X)] <oof=—

m Chino & Sakai (2016): quenched(\) is a.s. an x-independent constant € [paneaieds Pce’ -

‘ Open problem: ﬁquenched = Dannealea INd > 4, OF pquenched # Pannealed @S long as d < oo?J
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