CHAPTER 8 Applications of Partial Derivatives

SOLVED PROBLEMS

Tangent Plane And Normal Line To A Surface

8.1. Find equations for the (a) tangent plane and (b) normal line to the surface x%yz + 3y* = 2xz> — 8z at the point
(1,2,-1).

(2) The equation of the surface is F = x’yz + 3y* — 2xz* + 8z = 0. A normal line to the surface at (1, 2, —1) is
No=VF| 5= Quyz—22)i + (P2 + 6y)j + (xy — daz + 8k | 5,y

=—6i+ 11j + 14k

Referring to Figure 8.1:
The vector from O to any point (x, y, z) on the tangent plane is r = xi + yj + zk.
The vector from O to the point (1, 2, ~1) on the tangent plane is r, =i + 2j — k.
The vector r — 1y = (x — Di + (v — 2)j + (z + DK lies in the tangent plane and is thus perpendicular
to N.

Then the required equation is

(r-1) Ng=0 ie, {(x—Di+(y-2)j+ @+ DK} [=6i+11j+ 14k} =0

=6(x— D+ 11y -2)+14(z+ 1)=0o0r6x—11y—14z+2=0

(b) Letr=xi+yj + zk be the vector from O to any point (x, y, z) of the normal N,. The vector from O to the
point (1, 2, —1) on the normal is ry = 2i + 2j — k. The vector r —ry, = (x — Di + (y — 2)j + (z + 1)K is col-
linear with N,,. Then

i j k
(r—rR)xXN,=0 ie, |x-1 y—-2 x+1[=0
-6 11 14

which is equivalent to the equations

1(x—1)==6(y—2), 14(y—2) = 11(z + 1), 14(x — 1) = ~6(z + 1)

These can be written as

=1, s ? gkl
-6 11 14

often called the standard form for the equations of a line. By setting each of these ratios equal to the parameter
1, we have

x=1-61, y=2+11t, z=14r-1
called the parametric equations for the line.
8.2, In what point does the normal line of Problem 8.1(b) meet the plane x + 3y — 2z = 10?

Substituting the parametric equations of Problem 8.1(b), we have

1-6r+32+11H-2(14t-1)=100rt=-1

Thenx=1-6t=7,y=2+ 111=-9, z=14r - 1 =-15 and the required point is (7, - 9, —15).

8.3. Show that the surface x* — 2yz + y* = 4 is perpendicular to any member of the family of surfaces x2 + 1 =
(2 — 4a)y* + az® at the point of intersection (1, -1, 2).
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Let the equations of the two surfaces be written in the form

F=x-2y7+y ~4=0and G=x*+1-2—4da)y’ - az’=0

Then
VF=2xi+ (3y*—22)j - 2k, VG =2xi - 2(2 - 4a)yj — 2azk

Thus, the normals to the two surfaces at (1, —1, 2) are given by
N, =2i—j+2Kk, N, =2i+ 22 - 4a)j — 4ak

Since N, - N, = (2)(2) — 2(2 — 4a) — (2)(4a) = 0, it it follows that N, and N, are perpendicular for all a,
and so the required result follows.

8.4. The equation of a surface is given in spherical coordinates by F(r, 8, ¢) = 0, where we suppose that F is
continuously differentiable. (a) Find an equation for the tangent plane to the surface at the point (ry, 8,, ¢).
(b) Find an equation for the tangent plane to the surface » =4 cos 0 at the point (2 «f2— , ™ /4, 3w /4). (c) Find
a set of equations for the normal line to the surface in () at the indicated point.

(a) The gradient of @ in orthogonal curvilinear coordinates is

vpolo® 100 100

——e, +——e

hy du, = hy du, ° hy Outy
1 or 1 dr 1 or
where g =———, €=———, e;=——
hy duy h, du, hy du,

(see Pages 170 and 172).

In spherical coordinates u; =, 1, =0, u; =0, hy =1, hy=r, hy=rsin O and r = xi + yj + zk = r sin 0 cos
Oi + r sin 0 sin ¢j + r cos Ok.

Then

e, =sin0 cosi +sinb sin0 j + cosbk
e, =cosB cos¢i + cosB sing j — sinbk )
e; =—singi+cosdj

and

V’F:a—peI +la—Fe, _1 a—Fe3
r rdd ~  rsin® do

2

As on Page 196, the required equation is (r —x) - VF \ p=0.
Now, substituting Equations (1) and (2), we have

VF lp= ok sin®, cosd, +la—F cos, cosf, — Su_ub” ar i
or|p ry 00|, 1y sinBy 90 |,
+{~a-fi sinB, sing, +— cost, sindy, +CO:L¢0 oF | j
or|p w 96 |p 1y sinB, 99|,
+{a—F cosB, ATl G sinﬂo}k
ar |p % P

Denoting the expressions in braces by A, B, C, respectively, so that V F | »=Ai+ Bj + Ck, we see that the
required equation is A(x —x,) + B(y — y,) + C(z — zp) = 0. This can be written in spherical coordinates by using
the transformation equations for x, y, and z in these coordinates.

(b) We have F=r—4 cos 6 =0. Then dF/dr = 1, 0F/00 = 4 sin 8, dF/0$ = 0.
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Since ry =2/2 , 8 = /4, 4, = 34, we have from (a), V |, = Ai + Bj + Ck =i + .

From the transformation equations, the given point has rectangular coordinates (—\/E JE , 2), and so
rerp=(c+ V2)i+ = V2)j + (z- 2k

The required equation of the plane is thus —(x + \/5) +(y— \E) =0ory—x=2 \/_2_ . In spherical coor-
dinates this becomes r sin 8 sing — r sin @ cos ¢ = 2 \/5

In rectangular coordinates the equation r = 4 cos @ becomes x* + y* + (z — 2)?) = 4 and the tangent plane
can be determined from this as in Problem 8.1. In other cases, however, it may not be so easy to obtain the
equation in rectangular form, and in such cases the method of part (a) is simpler to use.
(¢) The equations of the normal line can be represented by

x4V2 _y=\2 _

-1 1

z2=2

Tangent Line and Normal Plane to a Curve

8.5. Find equations for (a) the tangent line and (b) the normal plane to the curve x = 1 — cos ¢, y=3+sin2tz=
1 + cos 3¢ at the point where ¢ = 1/2.

(a) The vector from origin O (see Figure 8.2) to any point of curve Cis R = (1 — cos Ni+ (3 +sin20j+ (1 +
cos 39k. Then a vector tangent to C at the point where ¢ = %—TC is

T, =R =(l+sint) i+ 2cos2t j—3sin3rkl,_ 5, =2i—2j+3k

dt |iz1im
The vector from O to the point where ¢ = 1/21t is ry = 1/2zi + 3j + k.

The vector from O to any point (x, y, z) on the tangent line is r = xi + yj + zk.
Thenr-r,=(x- %:rc)i +¥—=3)j + (z— 1) k is collinear with Tj, so that the required equation is
i J k
r-r)xTy=0, ie. |x—im y-3 z-1=0
2 -2 3
FEN Y3 ged]
= T =

and the required equations are
z=3t+1.

(b) Letr=xi+ yj + zk be the vector from O to any point (x, y, z) of the normal plane, The vector from O to
the point where ¢ = %n isry= %Ei +3j + k. The vectorr —ry = (x — %n‘)i +(y—3)j + (z— 1)k lies in the
normal plane and, hence, is perpendicular to T,. Then the required equation is (r — ry) - T = 0 or 2

(- 1m)-2(y-3)+3@-1)=0.

or, in parametric form, x =2f + %71:, y=3-2t,

8.6. Find equations for (a) the tangent line and (b) the normal plane to the curve 3x%y + y%z = -2, 2xz — x%y = 3 at
the point (1, -1, 1).

(a) The equations of the surfaces intersecting in the curve are
F=3x2y+y2z+2=O,G=2xz—x"y-«3 =0
The normals to each surface at the point P(1, -1, 1) are, respectively,
N, =VF|,=6xyi+ 3 +2y2)j+yk=-6+j+k
N, =V Gl,p=(2z—2xy)i - x%j + 2xk = 4i —j + 2k
Then a tangent vector to the curve at P is

To=N;xN,=(-6i+j+k)x (4—j+2k)=3i+ 16j + 2k
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Thus, as in Problem 8.5(a), the tangent line is given by

r-rgxTy=0o0r {x-Di+ @+ Dj+ (- DKk} x{3i+16j+2k} =0

x—1_y+1_z-1
3 16 2
(b) Asin Problem 8.5(b), the normal plane is given by

or x=1+3t, y=16t—-1, z=2t+1

(r=rg) - Ty=0o0r [(x— Di+ (y+ Dj+ (= Dk} - {3i+ 16] + 2k} =0

3x—-D+16(y+ 1)+2(z=1)=00r3x+ 16y + 2z=-11

The results in (a) and (b) can also be obtained by using Equations (7) and (10), respectively, from Page
197.

8.7. Establish equation (10), from Page 197.

Suppose the curve is defined by the intersection of two surfaces whose equations are F(x, y, z) =0, G(x,
¥, 2) = 0, where we assume F and G to be continuously differentiable.

The normals to each surface at point P are given, respectively, by N, =V F ] pand N, =V G | p- Then a
tangent vector to the curve al Pis Ty=N, x N, =V Fl » X VG | p- Thus, the equation of the normal plane is
(r—ry) - Ty =0. Now

Ty =VF |, xVGlp =((Fi + F,j + F X)X (G,i + G,j + G,©)) I
k

e F, F| |F, F F, F,
=\F,. F, F,| = i+ i+ k
) G, GZP G, Gy G, GJ’P
G, o "
and so the required equation is
(r—r).VFI,=0 or F) ) (x—x,)+| ° o (y=y )+ = A (z—2z5)=0
e WLl G, G, T Gyl O B :
¢ Yip
Envelopes
8.8. Prove that the envelope of the family ¢(x, v, o) =0, if it exists, can be obtained by solving simultaneously

the equations ¢ = 0 and ¢, = 0.

Assume parametric equations of the envelope to be x = f(cr), y = g (o). Then ¢(f (t), g(or), o) = 0 identi-
cally, so, upon differentiating with respect to o (assuming that ¢, f; and g have continuous derivatives), we
have

O (o) + ¢, 8°(0) + 9 =0 (n

The slope of any member of the family ¢(x, y, o) =0 at (x, y) is given by ¢, dx + ¢, dy =0 or % =- ¢—‘

¢y .

dy dyldo,  g'(o
LA Ao L) Then at any point where the envelope and a

dx deldo (o)

member of the family are tangent, we must have

o _ 8@

o0, [

Comparing Equations (2) with (1), we see that ¢, = 0, and the required result follows.

The slope of the envelope at (x, y) is

0. (@) +0,8'@)=0 )
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(b) Percent error (or relative error) in T = e = ! o =-1.56%.

T 2.846

Another method: SinceIn 7= In 21t + % Inl- l In g,

ar _1dl ldg_1(-005) 1(+0.06
i o R T 9.75

]= —1.56% @)
as before. Note that Equation (2) can be written

. 1 . 1 ;
Percent errorin T = 5 Percent error in [ — E Percent error in g

Miscellaneous problems

Ix-1
8.29. Evaluate I dx.
0Inx
In order to evaluate this integral, we resort to the following device. Define
o
-1
0(@) = xr dx 0>0
0

Then by Leibniz’s rule

; 1d
Ma):-[oaa[ Inle -[o Inh:cxdx j Gt,+1

Integrating with respect to o, ¢(or) = In(ct + 1) + c. But since $(0) = 0, ¢ = 0, and 50 ¢(0r) = In(ct + 1).

Then the value of the required integral is ¢(1) = In 2.

The applicability of Leibniz’s rule can be justified here, since if we define F(x, o) = (x* — 1)/Inx, 0 < x <
1, F(0, o) = 0, F(1, ) = @, then F(x, o) is continuous in both x and ¢ for ¢ < x < 1 and all finite o > 0.

1A
8.30. Find constants a and b for which F(a, b) = j {sinx — (ax2 + bx)}zdx is a minimum.
4 .

The necessary conditions for a minimum are 9F/da = 0. Performing these differentiations, we obtain

oF ¢t d i s -
e Io P {sinx - (ax® + bx)}? ﬁ—ZL x“{sinx — (ax~ +bx)} dx =0
JF 9

o= [ = tsinx - (@ + b)) dx——2j.:x{sinx—(ax2-i—bx)}dx=0

From these we find
LI o T,
C(.J. & dx-‘-bj X dx=j x“sinx dx
0 0 0
T 3 T 2 T '
OLJ- X dx+bj X dx=J. xsinx dx
0 0 0

or

4
TC_(I_I__b_ﬂ: =
5 4
n'a wb
+—=7
4 3
Solving for a and b, we find
0:29__3&3_0_40065_ b=240 L2

——=1.24798
n? xf e
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We can show that for these values, F(a, b) is indeed a minimum using the sufficiency conditions on Page

200.

The polynomial ax? + bx is said to be a least square approximation of sin x over the interval (0, 7). The
ideas involved here are of importance in many branches of mathematics and their applications.

SUPPLEMENTARY PROBLEMS

Tangent plane and normal line to a surface

8.31.

8.32.

8.33.

8.34.

8.35.

Find the equations of (a) the tangent plane and (b) the normal line to the surface x* + y* = 4z at (2, —4, 5).
x-2 y+4 z-5
-2 -1

Ans. (@) x =2y —z=5(b)

If z = f(x, y), prove that the equations for the tangent plane and normal line at point P(x,, y,, 7o) are given,
X=Xy _Y=N_2-%
,(x_xﬂ)+f\‘ )(yuyo)and ) 0 _
P ) l! 7 2 3 g -

respectively, by (a) z — z, =

Prove that the acute angle y between the z axis and the normal line to the surface F(x, y, z) = 0 at any point is

given by secy = \[F. +F, F} I|F,|.

The equation of a surface is given in cylindrical coordinates by F(p, ¢, z) = 0, where F is continuously

differentiable. Prove that the equations of (a) the tangent plane and (b) the normal line at the point P(p,, b,
X—x - -

z,) are given, respectively, by A(x — x,) + B(y — y,) + C(z — z,) =0 and i b Byﬂ o CZO

where x, = pg €08 g, ¥y = Py 8in ¢y and A =F |p cosf, — — ¢|p sing,, B=F |p sind, + Eh |p cos{,,

andC=F |

Use Problem 8.34 to find the equation of the tangent plane to the surface 1tz = p¢ at the point where p =2,
¢ =7/2, z = 1. To check your answer, work the problem using rectangular coordinates.

Ans. 2x —my + 2nz=0

Tangent line and normal plane to a curve

8.36.

8.37.

Find the equations of (a) the tangent line and (b) the normal plane to the space curve x = 6 sin £, y = 4 cos 3t.
z =2 sin 5¢ at the point where ¢ = 7/4.

. x—3\6:y+2w/5 z+f
3

Ans. (a) : (b) 3x — 6y — 52 =262

The surfaces x + y + z= 3 and x* — y* + 2z* = 2 intersect in a space curve. Find the equations of (a) the
tangent line and (b) the normal plane to this space curve at the point (1, 1, 1).

Ans. (a) ’:1:)']_1:251 () 3x —y—27=0




