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CHAPTER 3 Functions, Limits, and Continuity

If [x] = largest integer < x, evaluate (a) lim {x—[x]} and(b) lim {x-[x]}. .
- 2+ x—2—

x—
Ans. (a) 0 and (b) 1

If lim f(x)=A, prove that (a) lim {f(x)}>=A"and (b} lim 34 fix)s %/Z What generalizations of

XX, X=X, XX,

these do you suspect are true? Can you prove them?

If lim f(x).=A and lim g(x), = B, prove that (a) lim {f(x)-g(x)}=A -Band (b) lim {af(x)+
X=X, XX, X=Xy

bg(x)} = aA + bB, where a, b = any constants.

If the limits of f(x), g(x), and h(x) are A, B, and C respectively, prove that (a) lim {f(x) + g(x) + h(x)} =

=X,
A+ B+ Cand(b) lim f(x)g(x)h(x)=ABC. Generalize these results. h
XX,
Evaluate each of the following using the theorems on limits.
. 2x% -1 2-3x
(a) lim -—
=2 | (Bx+2)5x-3) x"-5x+3
®) lim Bx-D(2x+3)
e (5x = 3)(4x +5)
) it 3x B 2x
ol x—1 x+1
(@ lim Lol
=ly—1lx+3 3x+5
Ans. (a) =8/21 (b) 3/10 (¢) 1 (d) 1/32
g . A8+h-=-2 ) .
Evaluate %m‘s —h— (Hint: Let 8 + h=x".)
Ans. 1/12
If lim f(x)=Aand lim g(x)=B # 0, prove directly that lim M = é
XX, XX, =xn g(x) B
. ., sin3x
Given lim =1, evaluate:
x=0 X
; il
() T sin 3x © it 6x 511.1 X
=0 x x=0 2x + 3 sin 4x
. l—cosx . COS ax — cos bx
(by lim ——— (£) lim ————
x=0 X x—0 X
toy Tk 1- cgs X @ i 1-2cos x2+ cos 2x
x—0 X x—=0 x
. . 3sinmx —sin3mx
(d) lim (x-3)cscmy (h) lim 3
X3 x=1 ¥

Ans.(2)3 ()0 (c) % (d)-1/m  (e) % (f) % (B> -a* (g)-1 (h)4dn’
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) x = . =ox o bE . X _ X
3L EhmE—d, povetinele) Tm "% =pg o) lm ST =i 2 a0
x—0 X x=0 X x=0 b
@il tanh ax N
x—=0 X

3.72.  Provethat lim f(x)=/ifand onlyif lim f(x)=1.

X=X, X

Continuity

In the following problems, assume the largest possible domain unless otherwise stated.

3.73.  Prove that f(x) = > — 3x + 2 is continuous at x = 4.
3.74. Prove that f(x) = 1/x is continuous (a) at x = 2 and (b) in 1 <xg3

3.75. Investigate the continuity of each of the following functions at the indicated points:

- 3_
@ f0=TEx20,f0=0 x=0  © fO)=5 x4 fO=3% x=2
X ¥ —
G e |A " @ ) sintx, 0< x<l1 5
W=x—|x|;x= = s
) In l<x<2

Ans. (a) discontinuous, (b) continuous, (c) continuous, (d) discontinuous

3.76. If [x] = greatest integer < x, investigate the continuity of f(x) = x — [] in the interval (a) | <x <2 and
bl <x<2

3.77. Prove that f(x) = * is continuous in every finite interval.

3.78. If f(x)/g(x) and g(x) are continuous at x = x;, prove that f(x) must be continuous at x = Xg-

3.79. Prove that f(x) = (tan™ x)/x, f(0) = 1 is continuous at x = 0.

3.80. Prove that a polynomial is continuous in every finite interval.

3.81. If f(x) and g(x) are polynomials, prove that f(x)/g(x) is continuous at eacﬁ point x = x, for which g (x,) # 0.

3.82. Give the points of discontinuity of each of the following functions.

(a) f(x)=m (©) f(x)=+/(x-3)6-x), 35x<6
(b) f(x)=x*sin l/x, x # 0, f(0)=0 (d) f(x)=+
1+2sin x

Ans. (a) x =2, 4 (b) none (c) none (d) x = 71/6 + 2mm, 11m/6 + 2mm, m=0, 1,2, . ..



