CHAPTER 3 Functions, Limits, and Continuity

Then by the absolute value property 2 on Page 4,

l=6l = [l -+ 10 -] < 10—+ [ -bl<er+er=e

ie. |1 =1 | is less than any positive number € (however small) and so must be zero. Thus, /; = /,.
3.18. If lim g(x)=B # 0, prove that there exists & > 0 such that
X=X,

|g(x)|>%|B| for O<|xﬂx0|<6

; 1
Since lim g(x) = B, we can find & > 0 such that |g(x) -B | <= |B| for 0 < i.x —-Xq l <3d.
x-1x, 2

Writing B = B — g(x) + g(x), we have

1
1Bl < B-g + gl 2o | Bl +| gtol

1
ic. 18] < 2181 + 100 |, trom whien 5] > % I

3.19.  Given lim f(x)=Aand lim g(x)=B, prove (a) lim [f(x)+g(x)]=A+B.(b) lim f(x)g(x)=AB,
X=X, XX, XX, X=X,
f@) _A

(c) ]imL=%ifBatO, and (d) lim EifB-?&O.

Xy g(_x) X3y g(x)
(a) We must show that for any € > 0 we can find & > 0 such that

[Lf(x) +g(x)]-(A+B)|<e  when  0<|x—ux)|<8

Using absolute value property 2, Page 4, we have

1) + g1 -+ B)| = 7 - A1 + s - B < fw-Al + g - Bl 0]

By hypothesis, given € > 0 we can find 8, > 0 and & , > 0 such that
lf - Al <er2 when 0< |x—x0| <§, (2)
|g(x)—B| <€f2 when 0< |x#xﬁl <8, (€))

Then, from Equations (1), (2), and (3),
|[f(x)+g(.x)]7(A+B)!<e/2+e/2=e when 0<|x~x0|<5

where  is chosen as the smaller of §, and §,.
(b) We have

| fog( - AB| = | foolex) - Bl + Bifx) - Al “
<lfwllg-8l + Bl -4l

< ol gy -8l + (Bl + D7 -4l

Since lim f(x) = A, we can find 8, such that ‘f(x) ~Al <1for0< |x—x(, | < S, le, A-1<f(x)<A
X=X, 5

+ L. so that f(x) is bounded, i.e., | Jx | < P where P is a positive constant,

Since lim g(x) = B, given € > 0, we can find 8, > 0 such that |g(x} -B \ < €2 Pfor0< |x7.r0| <9,

XX,
i £
Since lim f(x) =A, given € > 0, we can find 8, > 0 such that | f(x})— Al<——— for0 <lx—xl <8,
x—x, i 2(B1+])

Using these in Equation (4), we have
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€

£
If(x)g(x)—ABI<P-§+(IBI+1)-m—s

for 0 < |x 7x0| < §, where & is the smaller of 8,. &, 8,. ;. and the proof is complete,

(c) We must show that for any € >0 we can find & > 0 such that

L_i!_g_(x)—_]i’l(e when O<lx—x,1<8 (5)
g(x) B| [Bligx)|

By hypothesis, given e >0, we can find 8, > 0 such that

|g(.\')—B|<%Bje when 0< |x=x,l <8,

By Problem 3.18, since lin}] g(x) =B # 0, we can find 8, > 0 such that
X

1
|g(x)|>5 |B| when 0<|_r—x0|<82

Then. if § is the smaller of 8, and 8,, we can write

1 _ 1| _lg(x)-Bl 4 %Bze
g(x) B| |Bllg(x)l I'BI-%IBI
and the required result is proved.

(d) From parts (b) and (c).
; X y 1 ; i
lim —J—c(——)= lim f(x)-——=lim f(x)- 11m-1%=A-l
X=Xy g(x) X=X g(x) x=xy X%, g(x) B
This can also be proved directly (see Problem 3.69).
These results can also be proved in the cases x = xy+. x = Xy — x = 90, x — —»,
Note: In the proof of (a) we have used the results |f(x) -A | <el2and |g(x)-B | <e/2. 0 that the final result
would come out to be | f(x)+g(x)—(A+B) | <e. Of course. the proof would be just as valid if we had used 2e (or
any other positive multiple of €) in place of e. A similar remark holds for the proofs of (»). (), and (d).

=& whenever 0<lx—x,I<d

v A
B

3.20. Evaluate each of the following, using theorems on limits.
(a) lim(x* —6x+4) =lim x* + lim (—6x) +1lim 4
x—2 x=2 x=2 x—2
= (lim x)(lim x) + (lim—6)(lim x) + lim 4
x=2 x=2 x=32 X2 x—2
= () +(-6)(2) +4=—4
In practice, the intermediate steps are omitted.

 (x+3)2x-1)  HImE+)Im@x-1) 5.3 3

(b lim — - 2 —
==l x4+ 3x -2 lln_ll(x +3x-2) -4 2
3 1
2— S+
2x* -3x% +1 2,4
¢) Iim=—=——~— "~ =lim—2* %
@ e 6x* +x° —3x e 13
%K
lim2+lim_—3+limL
_ Ao X D X—yeo x

_2_
lim 6+1im = +1im —> 6

X—oo X—doo X X—re0 X

W | =
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by Problem 3.19.

. Nd+h-=-2 . NA+h=2 JA+h+2
@ lim——= =lim .
h=0 h h=0 h ‘I4+h +2

o 4+h-4 =1 1 !
0 p(A+h+2  P04+h+2 242

-
4

. _sinx . sinx oSt
(e) lim = lim Alx=1lim—=-lim+x=1-0=0,
x=0+ fx =0+ x X—0- - x =0+

Note that in (c), (d), and (e) if we use the theorems on limits indiscriminately we obtain the so-called
indeterminate forms «fe and 0/0. To avoid such predicaments, note that in each case the form of the limit is
suitably modified. For other methods of evaluating limits, see Chapter 4.

Continuity

(Assume that values at which continuity is to be demonstrated are interior domain values unless otherwise
stated.)

3.21. Prove that f(x) = x® is continuous at x = 2,

Method 1: By Problem 3.10, lim f(x) =f(2) = 4 and so f(x) is continuous at x = 2,
x—2

Method 2:  We must show that, given any € > 0, we can find & > 0 (depending on €) such that |f(x) - f(2) |
=|e-4 | <ewhen |x—2| <§. The proof patterns are given in Problem 3.10.

xsinl/x, x#0 . .
3.22. (a) Prove that f(x) = 5 0 is not continuous at x = 0. (b) Can we redefine f(0) so that f(x)
; x=

is continuous at x = 0?
(a) From Problem 3.13, lin(} f{x) = 0. But this limit is not equal to f(0) = 5, so f(x) is discontinuous at x = 0.
X

(b) By redefining f(x) so that f(0) = 0, the function becomes continuous. Because the function can be made
continuous at a point simply by redefining the function at the point, we call the point a removable discon-
tinuity.

25" —6x° +x7 +3
3.23.  Is the function f(x)= u-i—i_i_— continuous at x = 1?
x—
J(1) does not exist, so f(x) is not continuous at x = 1. By redefining f(x) so that f(1) = 1'er11 f(x)=-8 (see

Problem 3.11), it becomes continuous at x = 1; i.e., x = | is a removable discontinuity.

3.24. Prove that if f(x) and g(x) are continuous at x = x,, so also are (a) f(x), + g(x), (b) f(x)g(x), and

(c) F) if f(x,)=#0.
8(x)
These results follow at once from the proofs given in Problem 3.19 by taking A = f(x ;) and B = g(x,) and

rewriting 0 < | x — .rul <8as |x- —"u| < d, Le., including x = x,.
« 3.28. Prove that f(x) = x is continuous at any point x = x,,.
We must show that, given any € > 0, we can find 8 > 0 such that |f(x) ff(x0)| = |x- .rol < € when

| x - X | < 8. By choosing & = e, the result follows at once.

3.26. Prove that f(x) = 2x* + x is continuous at any point x = x,.



3.27.

3.28.
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Since x is continuous at any point x = x, (Problem 3.25), so alsois x - x = x%, x* - x = x*, 2x%, and, finally,
25 + x, using the theorem (Problem 3.24) that sums and products of continuous functions are continuous.

Prove thatif f(x)=./x—5 for5 < x £ 9. then f(x) is continuous in this interval.
If Xy is any point such that 5 < x, <9, then lim f(x) = lim x -5 = Jx5 =5 = flx,). Also,

X=X, X%,
lim \x-5=0=f(5)and lim ./x—5=2 f(9). Thus the result follows.
x—5+ x—9-
Here we have used the result that lim .Jf(x) = J lim f(x)= \/f(xo) if f(x) is continuous at x,. An
X=X, X=X,

€, & proof, directly from the definition, can also be employed.

For what values of x in the domain of definition is each of the following functions continuous?

@ f(x)=

|
1+cosx
b =
®) f(x) 3+sinx
1
(c) X) = ——
o W Y10+4

(d) f(x) - I 0—[.‘{.\‘ -3)2

~1(x-3)
- f(x)={10 y W

0, x=3
—lxI
) fO)=—TF
X
x—lxl L6
@ fly=3y =z °
2 x=0

(h) f(x)=xcscx= L
sin x

(i) flx)=xcscx flO)=1.

(a) All x except-x == 1(where the denominator is zero)
(b) Allx

(c) Allx>-10

(d) Allx #+3 (see Problem 3.55)

(e) All x,since lxliral fx)=f(3)

X+x

) Ifx>0, f(x)= xx;x =0. If x<0, f(x)= =2. At x =0, f(x) is undefined. Then f(x) is con-

tinuous for all x except x = 0.
(g) Asin(f),f(x) is continuous for x < 0. Then, since

O, O R ‘
x—0- X x=0-  x x—0-

it follows that f(x) is continuous (from the left) at x = 0.
Thus, f(x) is continuous for all x < 0, i.e., everywhere in its domain of definition.



