CHAPTER 8 Applications of Partial Derivatives ______@

The multiplier A is the Lagrange multiplier. If desired, we can consider equivalently ¢ = M + G where
$,=0,9,=0.

8.26. Find the shortest distance from the origin to the hyperbola 248y + Ty =225,2=0.

We must find the minimum value of * + y* (the square of the distance from the origin to any point in the
xy plane)-subject Lo the constraint x* + 8xy + Tyt =225. ]

According to the method of Lagrange multipliers, we consider ¢ = 2+ 8xy + Ty — 225 + MK + ).
Then

¢x=2x+8y+27\.x:0 or A+1Dx+4y=0 @]
o, =8x+ 14y +2hy =0 or . dx+Q+Ty=0 2)

From Equations (1) and (2), since (x, y) # (0, 0), we must have
’ Norkedi (- 4

-0, ie, A2 +8-9=or A=1,-9
4  h+1

Case 1: %= 1. From Equation (1) or (2), x= 2y, and substitution in K2 + 8xy + Ty* =225 yiclds —5y? =225,
for which no real solution exists.

Case 2: ) =-9. From Equation (J) or (2), y = 2x, and substitution in x2 + 8xy + 7y* = 225 yields 4552 =225.
Then 2 = 5, y* = 4x* = 20 and so 2% +y* = 25. Thus, the required shortest distance is J25 =5.

8.27.  (a) Find the maximum and minimum values of x* + y* + 2’ subject to the constraint conditions x*/4 + VA5 +
225=1andz=x+. (b) Give a geometric interprefation of the result in (a).

2 2
(a) We must find the extrema of F = x> + y* + 2* subject to the constraint conditions ¢, = xTJr is- +
% —1=0 and ¢, =x+y—2Z= 0 . In this case we use two Lagrange multipliers A, A, and consider
the function
gh ot 2
G=F + N +M9, =2+t N —Z+—5—+—2§—1}+7\2(x+y—z)
Taking the partial derivatives of G with respect to x, y, z and setting them equal to zero, we find
M x 2A 20z
G, =2x+——+k =0, Gy:2y+——ly—+?x.2=0, G, =2z+=——-M =0 (1)
2 7 5 235
Solving these equations for x, v, z, we find
20, -5 25
M M @

x=—"- V= » &=
N4 2, +10 23, +50

From the second constraint condition, x + y—z=0, we obtain, on division by Ay, agsumed different from
zero (this is justified, since otherwise we would have x = 0,y = 0, z= 0, which would not satisfy the first con-
gtraint condition), the result

2 5 23
- -
A t+4 24 +10 2N + 50

Multiplying both sides by 200 + B + 5+ 5)(A, + 25) and simplifying yields

17A, + 245, + 750 =0 or (A + 10)A7\, +75)=0

from which A, =—10 or =75/17.
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Case 1: )\, =-10.
From (2), x = ~31— Ay y= %KZ, 2= 5/61,. Substituting in the first constraint condition, x*/4 + y2 /5 + ;125
=1, yields A%, = 180/19 or Ay =+6+/5/19 . This gives the two critical points

(2\/5/19,3\/5/19,5\/5/19) (—2\/5/19,-3«/5/1 ,—5\/5/19)

The value of x2 + 2 4 22 corresponding to these critical points is (20 +45 + 125)/19 = 10,

Case2: A\, =-7517.
From (2), x = 34/7 Ay y= =17/4A,, 7 = 17/28%,. Substituting in the first constraint condition, x%/4 + Y45
+2%25 =1, yields Ay =£140/(17 /646 ) which give the critical points

(40 /646 , -35./646 . S/x/646) (40 IN646 , ~35646 , - 5//546 )

The value of x2 + )2 4. ;2 corresponding to these is (1600 + 1225 + 25)/646 = 75/17.
Thus, the required maximum value is 10 and the minimum value is 75/17.

(b) Since x? +y2 4 ;2 represents the square of the distance of (. ¥ 2) from the origin (0, 0, 0), the problem is
equivalent to determining the largest and smallest distances from the origin to the curve of intersection of
the ellipsoid x*/4 + y¥/5 4 72125 = | and the plane z = x +y. Since this curve is an ellipse, we have the
interpretation that \/1_0— and v/75/17 are the lengths of the semimajor and semiminor axes of this el-
lipse.

The fact that the maximum and minimum values happen to be given by —A, in both Case 1 and Case 2 is
more than a coincidence, It follows, in fact, on multiplying Equations (I)byx, v, and zin succession and add-
ing, for we then obtain

2 2 2
2
2x2+——k‘; +Ayx +2y% R;y +7\2y+222+-—_27;152 —Az=0

2

2 2
2 2 2 X o <
Y AN [ —+ X |4 x+y—-2)=0
X+ y 4z 1(4 5 25J 2 (x+y-2)

Then, using the constraint conditions, we find x2 + y? 4 72 = A
For a generalization of this problem, see Problem 8.76.

Applications to errors

8.28.

The period 7 of a simple pendulum of length / is given by T=2./l/g . Find (a) the error and (b) the percent
error made in computing T'by using I =2 m and &=9.75 m/ sec?, if the true values are /=19.5mand g =
9.81 m/sec?.

(@ T=2nl"g"12 They
YL Ry 2y, 1 39 n 1
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Etrorin g = Ag = dg =+ 0.06; error in [ = A = dl=-05

The error in T'is actually AT, which is in this case approximately equal to 4T, Thus, we have from Equa-

tion (1),
Error in T =47 = i (-0.03) -1t 2 > (+0.06) = - 0.0444 sec (approx.)
V(2)(9.75) (9.75)

The value of T for | = 2,8=9751sT =21 ’ }9—:;—5 =2.846 sec (approx.)




