l. A=Bifandonlyif A, =B, A, = B,, A, = B,
A+B=(A +B,A,+B,, A, +B,)
A-B=(A -B,A,-B,, A,-B,)

4. 0=(0,0,0

5 mA =m(A,, A,, A)) = (mA,, mA,, mA;)

Sl

In addition, two forms of multiplication are established.
6. A-B=AB +AB,+AB,
Length or magnitude of A =|A|=A A =[/A? + A2 + A?
A xB=(A,B;~A; By, A;B, - A By, A By, A B, - A,B))

o =

Unit vectors are defined to be (1, 0, 0), (0, 1, 0), (0, 0, 1) and then designated by i, j, k, respectively, thereby
identifying the components axiomatically introduced with the geometric orthonormal basis elements.

If one wishes, this axiomatic formulation (which provides a component representation for vectors) can be
used o reestablish the fundamental laws previously introduced geometrically; however, the primary reason
for introducing this approach was to formalize a component representation of the vectors. It is that concept
that will be used in the remainder of this chapter.

Note 1  One of the advantages of component representation of vectors is the easy extension of the ideas
to all dimensions. In an n-dimensional space, the component representation is

AALA,, ... A) .

An exception is the cross product which is specifically [/
restricted to three-dimensional space. There are generaliza- B
tions of the cross product to higher dimensional spaces, but [/
there is no direct extension. ) [/

Note 2 The geometric interpretation of a vector en- A "
dows it with an absolute meaning at any point of space. :
The component representation (as an ordered triple of A Nt >
numbers) in Euclidean three space is not unique; rather, e i el A
it is attached to the coordinate system employed. This '
follows because the components are geometrically inter- ] g
preted as the projections of the arrow representation on ; b
the coordinate directions. Therefore, the projections on
the axes of a second coordinate system (rotated, for ex-
ample) from the first one will be different. (See Figure E "\_
7.10.) Therefore, for theories where groups of coordinate
systems play a role, a more adequate component defini-
tion of a vector is as a collection of ordered triples of
numbers, each one identified with a coordinate system of
the group, and any two related by a coordinate transfor- 3
mation. This viewpoint is indispensable in Newtonian
mechanics, electromagnetic theory, special relativity, and
SO on. Figure 7.10

Vector Functions

If corresponding to each value of a scalar u we associate a vector A, then A is called a function of u denoted
by A(u). In three dimensions we can write A(u) = A, ()i + Ay(u)j + Ay (k.
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The function concept is easily extended. Thus, if to each point (x, y, z) there corresponds a vector A, then
A is a function of (x, y, ), indicated by A(x, y, 2) = A, (x, ¥, D1 + A,(x, y, 2)j, + As(x, v, Dk,

We sometimes say that a vector function A defines a vector field since it associates a vector with each
point of a region. Similarly, ¢(x, y, z) defines a scalar field since it associates a scalar with each point of a
region.

Limits, Continuity, and Derivatives of Vector Functions

Limits, continuity, and derivatives of vector functions follow rules similar to those for scalar functions al-
ready considered. The following statements show the analogy which exists.

l.  The vector function represented by A(u) is said to be continuous at u, if, given any positive number 3,
we can find some positive number & such that |A(u) — Alug) ‘ < O whenever |u — un| < 3. This is
equivalent to the statement lim A(u) = A(i).

=y
2. The derivative of A(u) is defined as
dA i Au + Au) - A(u)
du a0 Au

provided this limit exists. In case A(u) = A, ()i + A, Ay (u)j + As(u)k; then

du du du ;) d
Higher derivatives such as d*A/du*, etc., can be similarly defined.
3, If Alx, v, 2) = A (x, y, 21 + As(x, v, 2)f + Az, v, 2)k: then

dA aA oA
=—dx +—dy+—d.
S T Tl

is the differential of A.

4. Derivatives of products obey rules similar to those for scalar functions. However, when cross products
are involved, the order is important. Some examples are

dA d
@ Loa=pLtsLa,
(b) #(A By=A- a£+% B
dy dy
(c) —(A xB)=A x B_B + a—>< B (maintain the order of A and B)
dz dz- Oz

Geometric Interpretation of a Vector Derivative

If r is the vector joining the origin O of a coordinate system and the point (x, y, z), then specification of the
vector function r(u) defines x, y, and z as functions of u (r is called a position vector). As u changes, the
terminal point of r describes a space curve (see Figure 7.11) having parametric equations x = x(u), y = y(u),
z = z(u). If the parameter u is the are length s measured from some fixed point on the curve, then recall from
the discussion of arc length that ds® = dr - dr. Thus,

dr

—r= T 7
g5 (N
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5,4..(a.+ Au)-¥(u)

Figure 7.11

is a unit vector in the direction of the tangent to the curve and is called the unit tangent vector. If u is the time
t, then

drL e ®)
dt
1s the velocity with which the terminal point of r describes the curve. We have
i
yodr_drds _ds.. o )
dt dsdt dt
from which we see that the magnitude of v is v = ds/dr. Similarly,
2
iLzr =a (10)
dt

is the acceleration with which the terminal point of r describes the curve. These concepts have important
applications in mechanics and differential geometry.

A primary objective of vector calculus is to express concepts in an intuitive and compact form. Success
is nowhere more apparent than in applications involving the partial differentiation of scalar and vector fields.
[Mlustrations of such fields include implicit surface representation ®{x, y, z(x, y) = 0, the electromagnetic
potential function @(x, y, z), and the electromagnetic vector field F(x, y, z).] To give mathematics the capabil-
ity of addressing theories involving such functions, William Rowan Hamilton and others of the nineteenth
century introduced derivative concepts called gradient, divergence, and curl, and then developed an analytic
structure around them.

An intuitive understanding of these entities begins with examination of the differential of a scalar field, i.e.,

0P od ad
dP=—dx+—dy+—dz
ox dy dz

Now suppose the function @ is constant on a surface S and that C; x = £,(1), y = 5(1), 2= £;(#) is a curve on
de, dx, d : 1.5 ; :

T i+ 5 i+ ?zk lies in the tangent plane to the surface. Since this state-
t t f
ment is true for every surface curve through a given point, the differential dr spans the tangent plane. Thus,
.. 0D 9D oD ; ; ; : : s
the triple 3—, a—, 3— represents a vector perpendicular to §. With this special geometric characteristic in
x dy 0z

mind we define

C d
S. At any point of this cunve, ;’E -
t

o, 0. oD
= +_ —_—

Vo = +
ox dy ! 0z

k
to be the gradient of the scalar field .
Furthermore, we give the symbol V a special significance by naming it del.

EXAMPLE 1. f®(x, y, z) = 0 is an implicitly defined surface, then, because the function always has the value
zero for points on it, the condition of constancy is satisfied and V¢ is normal to the surface at any of its points.
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This allows us to form an equation for the tangent plane to the surface at any one of its points. See Problem
7.36.

EXAMPLE 2. For certain purposes, surfaces on which @ is constant are called level surfaces. In meteorology,
surfaces of equal temperature or of equal atmospheric pressure fall into this category. From the previous devel-
opment. opment, we see that V@ is perpendicular to the level surface at any one of its points and. hence, has the
direction of maximum change at that point.

The introduction of the vector operator V and the interaction of it with the multiplicative properties of dot
and cross come to mind. Indeed, this line of thought does lead to new concepts called divergence and curl.
A summary follows.

Gradient, Divergence, and Curl

Consider the vector operator V (del) defined by
Vei—tj—+k— (11)

Then il §(x, y, z) and A(x, y, z) have continuous first partial derivatives in a region (a condition which is in
many cases stronger than necessary), we can define the following.

1. Gradient. The gradient of ¢ is defined by

grad ¢ = V¢—[li+Ji+kaJ¢ Fm +J—¢+k

o ) )
2 2 . - % 4 % % (12)
=—i+—j+—k
ox ay" dz
2. Divergence. The divergence of A is defined by
divA=V. A-(lai+j§+k a] (Ai+Aj+ Ak
y
13)
o4 oa, on, -
dx dy 9Oz
3. Curl. The curl of A is defined by
cul A=VxA= ig—+'—a"—+ki X(Aji+ A j+ Ak
ax Jay dz ' A
ol
I )
ox dy oz
A4 4 A

9 of |9 2 |9 9
=i|dy Odz|-jlox 9z|+k|ox dy
A, A Al A, A| A,

o, _aa ) (9 aa) (94, o,
(ay Bz]+(az ax}'*["ay‘a“

Note that in the expansion of the determinant, the operators 0/dx, d/dy, d/dz must precede A, A,, A;. In
other words, V is a vector operator, not a vector. When employing it, the laws of vector algebra either do not



apply or at the very least must be validated. In particular, V x A is a new vector obtained by the specified
partial differentiation on A, while A x V is an operator waiting to act upon a vector or a scalar,

Formulas Involving V |
If the partial derivatives of A, B, U, and V are assumed to exist, then
L. V({U+V)=VU+VVorgrad (U + V) = grad u + grad V
V.- A+B)=V-A+V . Bordiv(A+B)+divA +divB
Vx(A+B)=VxA+VxBorcurl (A +B)=curl A + curl B
V- (UA)Y=(VU)- A+ UV - A)
V x (UA)= (VU) x A + UV x A)
V. (AxB)=B-(VxA)-A.(VxB)
Vx(AxB)=B - VA-B(V-A) - (A-V)B+A(V-B)
VA-B)=B -V)A+(A-V)B+Bx(VxA)+Ax(VxB)
see O o T ,
VVU) VU= —+—+ ——- s called the Laplacian of U.
ax*  dy* 0z
¢ 9" o

and V? = > + P + 5% is called the Lapacian operator.

R R G T

10.
i
12.

V x (VU) = 0. The curl of the gradient of U is zero.
V- (V x A) = 0. The divergence of the curl of A is zero.
Vx(VxA)=V(V-A)-V2A

y’egtofrr Interpretati_on__of Jacobia;yg_j.__ar!d _Orthggpnal Curvi_!ineay_u_gggfding"tgg_

The transformation equations

X =y tae uy). =gy Uy 1), 2= 0y, iy, Uy) (15)

(where we assume that f, g, h are continuous, have continuous partial derivatives, and have a single-valued
inverse) establish a one-to-one correspondence between points in an xyz and u; w,u, rectangular coordinate
system. In vector notation, the transformation (15) can be written

v=x0 4y ok ak = g, w)i + gluy. s ua)j + Ay s )k (16)

A point P in Figure 7.12 can then be defined not only by rec- z
tangular coordinates (x, y, z) but by coordinates (1, u,, us) as e
well. We call (i, iy, u3) the curvilinear coordinates of the point.
If u, and uy are constant, then as u, varies, r describes a »
curve which we call the u; coordinate curve, Similarly, we de- = dr
fine the u, and u, coordinate curves through P, -

From Equation (16), we have O L (g ! e}

or or or (4
ar = —du, + —du, + —du (17 :
EPR R T e : -‘

dr dr or

The collection of vectors —, —, — is a basis for the vec-
i, diy Juy

tor structure associated with the curvilinear system. If the cur-

Figure 7.12
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