Calculus 1: Final Exam (Sample) Solution

Solve, justifying your answers, the following exercises at home. We will
correct in class next thursday.

Exercise 1. Let C the curve in the space parametrized by
fR—R?
t — (t* —sin 2t, te', t* — cost)

1. compute velocity and acceleration of a particle moving along the curve C
at time ¢t = 0; (10)

2. compute the tangent line to C at t = 7; (7.5)

3. compute the normal plane to C at ¢ = 5. (7.5)

Solution Exercise 1.

1. Velocity and acceleration of a particle moving along the curve C at time
t = 0 are, respectively, the first and second derivatives vectors of the
curve C evaluated at t = 0, that is:

d
%(t‘% — sin 2¢, te’, > — cost) =g = (3t* — 2cos2t, €' + te', 2t +sint)—o = (—2,1,0)
d
%(St2 — 2cos2t, e’ + te', 2t + sint);—g = (6t + 4sin 2¢, 2¢’ + te', 2 + cost)—o = (0,2, 3).

2. The tangent line to C at ¢t = 7 has equation:

T—To Y—Y <Z— %0
dx ody Codz
dt t=% dt [t=% dt|t=2

where (0,10, 20) = f(5). That is:

v—(5) _ y—3Fer _z—(3)
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3. The normal plane to C at ¢ = 7 has equation
L _ ot el ¢ t =0
%( —sin 2t,te’, t° — cost)j=z - (¥ — To, Yy — Yo, 2 — 20) =

where (0,10, 20) = f(5) and - is the scalar product. Hence we get:
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P+ (65 4+ DeB)ly - Sef) + (r+ (e - (5)) = 0.
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Exercise 2. (25) Find maxima, minima and saddle point of the function
z = f(z,y) defined by:

flz,y) =2 +y* +20° —day + 1

Solution Exercise 2. Maxima, minima and saddle point of a function
z = f(z,y) have to zeros of the gradient of f:

Vf(z,y) = 2z — 4y, 4y + 4y — 42) = (0,0)

that is P = (0,0), N = (2,1), M = (=2, —1). In order to classify these points
we need to study the determinant of the Hessian matrix:

o%f  o°f
H = Ox2 Oz0y — 2 —4
oo 4 12244

Oyox oy

evaluated in each point. We have that detH(0,0) = —16 < 0 hence (0,0) is
a saddle point, while detH(2,1) =detH(—2,~1) =16 > 0 and 24 =2 > 0
hence (2,1) and (—2,—1) are minimum points.

Exercise 3. Consider the surface S defined by z3y?z — 322 = 4oy — 52 + 2z.
1. Find the tangent plane to S at the point (1,1,0); (7.5)
2. find the normal line to § at the point (1,1,0); (7.5)

3. find the tangent line at the point (1,1,0) to the level curve C obtained
intersecting S with the plane 7 defined by the equation z = 0. (10)

Solution Exercise 3. The surface S is defined by F(z,y, z) = with
F(z,y,2) = 2°y*2 — 32° — 4oy + 5z — 2x.
1. The tangent plane to S at the point (1,1,0) has equation
VFai0 - (x—1,y—1,2)=0

where - is the scalar product and VF is the gradient of F', that is VI =
(3z2y%2 — 4y — 2, 223y z — 4w, 23y* — 62+ 5), evaluated in the point (1,1,0).
Hence we get:

—6(x —1)—4(y— 1)+ 62 =0.



2. The normal line to S at the point (1,1,0) has equation:

x—1 y—1 z
oF = or = oF
Oz |(1,1,0) 9y |(1,1,0) 0z |(1,1,0)

that is:

-6 -4 6
3. The tangent line at the point (1,1,0) to the level curve C obtained inter-
secting § with the plane 7 defined by the equation z = 0 has equation

x—1 . y—1
oF = "or
9y |(1,1,0) 9z |(1,1,0)
z=0
from whom we get:
z—1 _ y—1
4 ~ 6
z=20

Exercise 4. Consider the two variables function defined by f(x,y) = log(v/z? + y?).
1. Compute the domain of f; (5)

2. compute the Laplacian Af(z,y) = 88722 + 8%22; (5)

3. consider polar coordinates © = rcosf, y = rsiné (r > 0). By the chain

rule, compute the partial derivatives % and % in terms of % and %5; (5)

4. show that for any function z = f(z,y) the following equality holds:(10)

Of o, 1 0f o Of o Of
(5) ﬁ(%) _(8x) +(8y)'

Solution Exercise 4.

1. The domain of the two variables function defined by f(z,y) = log(v/2? + y?)
is given by /22 + y? > 0, that is R?\ (0,0).

2. The gradient of the function f is

aof of T Y
vf('r7y):(%7@):($2+y2’x2+y2

hence the Laplacian
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3. consider polar coordinates © = rcosf, y = rsinf (r > 0). By the chain

rule
05 _0fow 070y
or Oz or Oyor

and
of _0fox 050y
00 Ox 90 Oy 00

Hence, by simple computations we get:

of  «x o4 . e_rcos29+7"sin29_1
(3r_x2+y2COS x2+y25m 2 2 r
and 5 0 g
810‘:7“0:28 r(—sin@)—i—rs;;l rcosf = 0.
4. If z = f(x,y) is a function, then
9f o 1 0fn_ Of Of dnov+ L%, of 2 _
(87") +r2(86) —(axCOSH—i—aysmG) +r2(8x( TSlDG)—i—ay(rcos@)) =
_Of 2 o Of 2 . o of of - Of 2 . o
_(093) Cos 0+(0y) sin 0+28I o COSQSID0+(8x) sin” 0+
Of 2 o ofof o
+(0y) cos” 0 2(% ycos@smé’—

(gi)Q(cos2 6 + sin® 0) + (gjyc)z(cos2 0 + sin?0) =
0f 2 (Of

= G+ (5"



