CHAPTER 8

Applications of Partial
Derivatives

Applications to Geometry

The theoretical study of curves and surfaces began more than two thousand years ago when Greek philoso-
pher-mathematicians explored the properties of conic sections, helixes, spirals, and surfaces of revolution
generated from them. While applications were not on their minds, many practical consequences evolved.
These included representation of the elliptical paths of planets about the sun, employment of the focal prop-
erties of paraboloids, and use of the special properties of helixes to construct the double helical model of
DNA.

The analytic tool for studying functions of more than one variable is the partial derivative. Surfaces are
a geomelric starting point, since they are represented by functions of two independent variables. Vector forms
of many of these concepts were introduced in Chapter 7. In this chapter, corresponding coordinate equations
are exhibited.

Figure 8.1

1. Tangent Plane to a Surface Let F(x, y, z) = 0 be the equation of a surface § such as that shown in Figure
8.1. Assume that F, and all other functions in this chapter are continuously differentiable unless otherwise
indicated. Suppose we wish to find the equation of a tangent plane to § at the point P(xy, yp, zo). A vector
normal to S at this point is N, = VF l p» the subscript P indicating that the gradient is to be evaluated at the
point P(x, g, 20)-
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If o and r are tangent, the vectors drawn, respectively, from O to P(x,, y,, z,) and Q(x, y, z) on the tangent
plane, the equation of the plane is

(r—rn)-N0=(r—r0)-VF|P=0 (1
since r —r;, is perpendicular to N,,.
In rectangular form this is
oF aF oF
— (x—xg)+t— y—y)+—=—| (z—z5)=0 (2)
dx |p |y 9z |p

In case the equation of the surface is given in orthogonal curvilinear coordinates in the form F(it,, i, u;)
= 0, the equation of the tangent plane can be obtained using the result on Page 172 for the gradient in these
coordinates. See Problem 8.4.

2. Normal Line to a Surface. Suppose we require equations for the normal line to the surface S at P(x,,
Yo Zg)s 1.€., the line perpendicular to the tangent plane of the surface at P. If we now let r be the vector drawn
from O in Figure 8.1 to any point (x, y, z) on the normal N, we see that r — r is collinear with N, and so
the required condition is

(r—r, X Ny=(r—1) xx VF|,=0 (3)
By expressing the cross product in the determinant form '
i i k
X=Xg Y=Yy i7%
Flp -V Flp - Fls

we find that
X=X _Y=Yo _Z™2%
oF] " oF| oF “
oxlp  dyl, ozlp

Selting cach of these ratios equal to a parameter (such as ¢ or 1) and solving for x, y, and z yields the
parametric equations of the normal line.

The equations for the normal line can also be written when the equation of the surface is expressed in
orthogonal curvilinear coordinates. [See Problem 8.1(b).]

3. Tangent Line to a Curve Let the parametric equations of curve C of Figure 8.2 be x = f(u), y = g(u),
z = h(u), where we shall suppose, unless otherwise indicated, that f, g, and h are continuously differentiable.
We wish to find equations for the tangent line to C at the point P(x,, yq, zo) Where u = u,,.

Fig. 8.2
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If R = f(w)i + g(u)j + h(u)k, then a vector tangent to C at the point P is given by T, = ;iﬁ Ifrjandr
u

. . P .
denote the vectors drawn respectively from O to P(xy, o, 7o) and Q(x, ¥, z) on the tangent line, then r —r, is

collinear with T,. Thus,

(r—ry)xT, :(r—ro)xdﬁ =0 (5)

I |p
In rectangular form this becomes

x_xo :y_y[] :Z_Z() (6)
[uy) ') h'y)
The parametric form is obtained by setting each ratio equal to u.
If the curve C is given as the intersection of two surfaces with equations F (x, y, z) = 0 and G(x, y, 2) = 0,
observe that VF x VG has the direction of the line of intersection of the tangent planes; therefore, the cor-
responding equations of the tangent line are

X=X _ YW __ %% D
E B CE Rl B &
G, G|, [0: Gl |G G,

Note that the determinants in Equation (7) are Jacobians. A similar result can be found when the surfaces are
given in terms of orthogonal curvilinear coordinates.

4, Normal Plane to a Curve Suppose we wish to find an equation for the normal plane to curve C at P(x,,
Vo Zp) in Figure 8.2 (i.e., the plane perpendicular to the tangent line to C at this point). Letting r be the vector
from O to any point (x, y, z) on this plane, it follows that r — r;, is perpendicular to T,. Then the required
equation is

(rHrO).Tc,:(r—rO).dﬂ;P:O 8)
When the curve has parametric equations x = f (1), y = g(1), z = h(u) this becomes
I (ue)x — xg) + & (up)(y — o) + B (up)(z — 2) = 0 &)
Furthermore, when the curve is the intersection of the implicitly defined surfaces
F(x,y,z)=0and G(x, y,2) =0
then

a
F4 X

G, G,

z

G, G,

Ry <, y
(x—x5)+ " (z—75)=0 (10)

P

Fx
=¥y ) +
=) G, G,

P P

5. Envelopes Solutions of differential equations in two variables are geometrically represented by one-
parameter families of curves. Sometimes such a family characterizes a curve called an envelope.

For example, the family of all lines (see Problem 8.9) one unit from the origin may be represented by x
sin 0 — y cos & — 1 = 0, where 0. is a parameter. The envelope of this family is the circle x* + y* = 1.

If ¢(x, y, z) =0, is a one-parameter family of curves in the xy plane, there may be a curve E which is tan-
gent at each point to some member of the family and such that each member of the family is tangent to E. If
E exists, its equation can be found by solving simultaneously the equations

olx, y, &) = 0, d(o(x, y, 4} =0 an

and E is called the envelope of the family.
The result can be extended to determine the envelope of a one-parameter family of surfaces ¢(x, y, z, o).
This envelope can be found from

dx, v, 2, 0) =0, dolx, ¥, 2,00 =0 (12)

Extensions to two- (or more) parameter families can be made.
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Directional Derivatives

Suppose F(x, y, z) is defined at a point (x, y, z) on a given space curve C. Let F(x + Ax, y + Ay, z + Az) be the
value of the function at a neighboring point on C and let As denote the length of arc of the curve between
those points. Then

lim AF _ 1im F(x+Ax, y+Ay, z+Az2)—-F(x, y, 2)
As—0 E T As—0 e

(13)

if it exists, is called the directional derivative of F at the point (x, y, z) along the curve C and is given by
dF_QFdx OFdy OFdz

= +
ds oxds dyds 9z ds L
In vector form this can be written
£= §£i+§£j+a—Fk '[-tgx"i-l-i)]-j"rfgik]:VF'ﬁ:VF'T (15)
ds dx dy" oz ds ds* ds s

from which it follows that the directional derivative is given by the component of VF in the direction of the
tangent to C.

Thus, the maximum value of the directional derivative is given by l VF | and these maxima occur in direc-
tions normal to the surfaces F(x, v, z) = ¢ is (where ¢ is any constant), which are sometimes called eguipo-
tential surfaces or level surfaces.

Differentiation Under the Integral Sign

Let :
b@=["frwydx  asaszh (16)
L
where u#, and u, may depend on the parameter ¢. Then
do i of dit, du,
— = —dx+ fu,, ot)—=-— , 0)— 17
do.  Ju, oo Fluy, ) do . @) do, e

fora < o < b, if fix, o) and df/do are continuous in both x and o in some region of the xo: plane including
U <X < iy a <0 < bandif ) and u, are continuous and have continuous derivatives fora < o < b.
In case u, and 1, are constants, the last two terms of Equation (/7) are zero.

The result (17), called Leibniz’s rule, is often useful in evaluating definite integrals (see Problems 8.15
and 8.29).

Integration Under the Integral Sign

If ¢(ct) is defined by Equation (16) and f(x, o) is continuous in x and o in a region including u; < x < u,, a
< x < b, then if u; and u, are constants, .

jtb(a)dot =j T fCx,0)dx pdo. = Tﬁf{x,a}d&}dx (18)

a |y u

The result is known as interchange of the order of integration or integration under the integral sign. (See
Problem 8.18.)
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Maxima and Minima

In Chapter 4 we briefly examined relative extrema for functions of one variable. The general idea was that
for points of the graph of y = g(x) that were locally highest or lowest, the condition g"(x) = 0 was necessary.
Such points Py(x,) were called critical points. [See Figure 8.5(z and b).] The condition g”(x) = 0 was useful
in searching for relative maxima and minima, but it was not decisive. [See Figure 8.3(c).]
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Figure 8.3 Figure 8.4

To determine the exact nature of the function at a critical point, Py, g”(x,) ) had to be examined.

>0 counterclockwise rotation (relative minimum)
g"(x) <0 implied aclockwise rotation (relative maximum)
=0 need for further investigation

This section describes the n ecessary and sufficient conditions for relative extrema of functions of two
variables. Geometrically, we think of surfaces S represented by z = f(x, ¥). If at a point Py(x;, ¥o) then f.(x,
¥o) = 0, means that the curve of intersection of S and the plane y = y, has a tangent parallel to the x axis.
Similarly, f,(xo, yo) = 0 indicates that the curve of intersection of S and the cross section x = x, has a tangent
parallel the y axis. (See Problem 8.20.)

Thus,

Sdx yo) = Oafy(xo, »=0

are necessary conditions for a relative extrema of z = f(x, y) at Py; however, they are not sufficient because
there are directions associated with a rotation through 360° that have not been examined. Of course, no dif-
ferentiation between relative maxima and relative minima has been made. (See Figure 8.4.)

A very special form f,, — f, f}, invariant under plane rotation and capable of characterizing the roots of a
quadratic equation Ax? + 2Bx + C = 0, allows us to form sufficient conditions for relative extrema. (See
Problem 8.21.)

A point (x,, y,) is called a relative maximum point or relative minimum point of flx, y) respectively accord-
ing as £ (xg + b yo + K) <F (s Yo) OF £ (g + hy Yo + &) > f (%, yo) for all hr and k such that 0 < |h| <8, 0< | k|
< 8 where 8 is a sufficiently small positive number.

A necessary condition that a differentiable function f(x, y) have a relative maximum or minimum is

of df
ox dy 09
If (x4, yo) is a point (called a critical point) satistying Equations (19) and if A is defined by
2 2 2,V
A= 8_{ a_i:_ = & f (20)
x> | 9y” dx dy
then (x0,0)
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. . . - o f o f
1. (xg o) is a relative maximum point if A > 0 and —- < 0| or 5 <0 |
(xp: ) ay (xp.%0)
) s % 9’ f 2 f
2. (xp, ¥p) 1s arelative minimum point of A > 0 and e >0 |or 5 >0 |
il EA) % iz 30

3. (xp, yo) is neither a relative maximum nor a relative minimum point if A < 0. If A < 0, < 0, (x,, y,) is
sometimes called a saddle point.

4. No information is obtained if A = 0 (in such case further investigation is necessary).

Method of Lagrange Multipliers for Maxima and Minima

A method for obtaining the relative maximum or minimum values of a function F(x, y, z) subject to a con-
straint condition ¢(x, y, z) = 0, consists of the formation of the auxiliary function

Glx, y, 2) = F(x, y, 2) + Mo(x, y, 2) 20
subject to the conditions
% . a—G=0, %5 (22)
ox dy oz

which are necessary conditions for a relative maximum or minimum. The parameter A, which is independent
of x, y, z, is called a Lagrange multiplier.

The conditions in Equation (22) are equivalent to VG = 0, and, hence, 0 = VF + L V ¢.

Geometrically, this means that VF and V¢ are parallel. This fact gives rise to the method of Lagrange
multipliers in the following way.

Let the maximum value of F on ¢(x, y, z) = 0 be A and suppose it occurs at Py(xg, Yo, zo)- (A similar argu-
ment can be made for a minimum value of F.) Now consider a family of surfaces F(x, y, z) = C.

The member F(x, y, z) = A passes through Py, while those surface F(x, y, z) = B with B < A do not. (This
choice of a surface, i.e., f{x, y, z) = A, geometrically imposes the condition ¢(x, y, z) = 0 on F.) Since at Py
the condition 0 = VF + A V ¢ tells us that the gradients of F(x, y, z) = A and ¢(x, y, z) are parallel, we know
that the surfaces have a common tangent plane at a point that is maximum for F. Thus, VG = 0 is a necessary
condition for a relative maximum of F at P,. Of course, the condition is not sufficient. The critical point so
determined may not be unique and it may not produce a relative extremum.

The method can be generalized. If we wish to find the relative maximum or minimum values of a function
F(xy, Xy, X3, . . ., X,,) subject to the constraint conditions §(x;, . . ., x,) =0, ¢(x;, . . ., x,) =0, . . ., Olx,, .
x,) =0, we form the we form the auxiliary function

.oy

G(xy, X0 - 2 X)) S F + M + Ay + - - + M0, (23)
subject to the (necessary) conditions
G G G
—=0, a—=0, ........... ,a—s (24)
ox, ax, dx,,
where Ay, Ay, . . ., Ay, which are independent of x |, x,, . . ., x,, are the Lagrange multipliers.

Applications to Errors

The theory of differentials can be applied to obtain errors in a function of x, y, z, etc., when the errors in x,
¥, Z, elc., are known. See Problem 8.28.



