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1 Introduction

In many fields of mathematics, there is a canonical measure of size. Sets

have cardinality, vector spaces have dimension, and topological spaces

have Euler characteristic (under some finiteness condition). Many of these

cardinality-like invariants arise from a single general invariant, which we

call magnitude.

We take one of examples of magnitude, graphs, to explain the idea of

magnitude in Section 2 of this thesis. The full definition of magnitude is

framed in the very wide generality of enriched categories having finitely

many objects, as introduced by Leinster [3]. Indeed, each graph is a

special case of enriched categories, and the magnitude of graphs is a

special case of the magnitude of enriched categories. We shall see this in

Section 4.

Given a finite graph G, let XG be the generalized finite metric space

consisting of the set of vertices of G equipped with the shortest path

metric (see Example 4.2.7(iii)). By abuse of notation, we denote this

metric space XG simply by G. The magnitude #G of a graph G is a

rational function of q over Q. By the identification of graphs and metric

spaces above, the distances of graphs take values in integers, which has

the consequence that the magnitude of a graph can also be expressed as a

power series in q over Z. We write it as #G = #G(q) to avoid confusion

with the usage of G for the number of vertices of G, while still evoking

the analogy with cardinality. One of the cardinality-like properties of

magnitude is that

#(G□H) = #G ·#H ([4] Lemma 3.6),

where □ denotes the cartesian product of graphs (defined in Defini-

tion 2.2.6). For example, let G = K2 □K3. Then we have

# = # ·# (see Example 2.2.8).

Also, for the disjoint union t of graphs, we have

#(G tH) = #G+#H ([4] Lemma 3.5).
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The invariant number of vertices (the trivial invariant) also satisfies these

equations, and indeed, the number of vertices can be recovered from its

magnitude as #G(0), but of course, magnitude is much more informative

than that. For instance, the number of edges is −1
2

d
dq
#G(q)

∣∣∣
q=0

(see

Corollary 2.2.11). However, there are graphs with the same magnitude

that are easily distinguished by well-known graph invariants (see Exam-

ple 2.2.8, easily distinguished by bipartiteness). In that sense, magnitude

seems to capture genuinely new aspects of a graph, at the same time as

having uniquely good cardinality-like properties.

There is a certain property that we would like graph invariants to

satisfy, the inclusion-exclusion formula:

#(G ∪H) = #G+#H −#(G ∩H) ([4] Theorem 4.9).

For this we must impose some hypotheses. Indeed, Leinster [4] shows

that there is no nontrivial graph invariant that is fully cardinality-like in

the sense of satisfying both multiplication and inclusion-exclusion formula

without restriction (cf. Lemma 2.3.3). However, the hypotheses we im-

pose are mild enough to cover a wide range of examples, including trees,

forests, wedge sums, and certain graphs containing a cycle of length at

least 4. For example, let G be a graph shown figure 1.

Figure 1: A 3-cycle with edges attached to two distinct vertices

Then we can calculate the magnitude of G by decomposing it into one

three-cycle and two-edges as Example 2.3.14:

#G = (#C3 +#C2 −#C1) + #C2 −#C1 = #C3 + 2#C2 − 2#C1.

Later, Richard and Simon [1] categorify the magnitude of graphs by

defining the magnitude homology of graphs. This is a bigraded homology

theory MH∗,∗. It is functorial with respect to maps of graphs that send

vertices to vertices and preserve or contract edges, and its graded Euler

characteristic recovers the magnitude:∑
k,l≥0

(−1)krank(MHk,l(G))ql = #G in ZJqK ([1] Theorem 2.8).
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For example, consider the cycle graph C5. We easily check that the

graded Euler characteristic of the magnitude homology of C5 recovers

the magnitude of C5 as follows:

5− 10q + 10q2 − (10− 10)q3 + (10− 30)q4 − · · · = 5− 5q

1 + q − 2q3
= #C5

(see Table 1 and Example 2.2.4). Being a bigraded abelian group rather

than just a power series, the magnitude homology has a richer structure

than the magnitude. We will see below that various properties of magni-

tude described by Leinster, as mentioned above, are shadows of properties

of magnitude homology.

Table 1: The ranks of MCk,l(C5), the magnitude chain groups of the five-

cycle graph [1].

k

0 1 2 3 4 5 6 7 8 9 10 11

0 5

1 10

2 10

3 10 10

4 30 10

5 50 10

l 6 20 70 10

7 80 90 10

8 180 110 10

9 40 320 130 10

10 200 500 150 10

11 560 720 170 10

Actually, Leinster first introduced the magnitude in the context of en-

riched categories in [3]. Generalized metric spaces are examples of en-

riched categories (see Example 4.2.7(iii)) and the magnitude is defined

for them if they are finite.

As mentioned above, finite graphs are generalized finite metric spaces. I

would like to summarize the main results presented in [1] and [4]. Based
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on these results, we confirm in the final section that the magnitude of

graphs coincides with that defined for enriched categories.

This thesis is laid out as follows. In Section 2, following [4], we define

the magnitude of a graph, expressing it as both a rational function and

a formal power series over Z. We also review basic properties and ex-

amples, including a simple formula for the magnitude of vertex-transitive

graphs, prove that magnitude has cardinality-like properties, and derive

the inclusion-exclusion formula. In Section 3, based on [1], we define the

magnitude homology of graphs. We show that its graded Euler charac-

teristic recovers the magnitude and that it satisfies categorified versions

of the cardinality-like properties, including a Künneth theorem for carte-

sian products and a Mayer-Vietoris theorem for unions. In Section 4,

referring to [3], we introduce the definition of the magnitude of enriched

categories and discuss how the magnitude of graphs is derived from this

general theory.

We denote ≈ as isomorphisms of graphs and groups.
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2 The Magnitude of Graphs

This section introduces the magnitude of a graph G, along with fun-

damental examples and properties following [4]. Throughout this thesis,

a graph means a finite undirected graph with no loops or multiple edges.

The set of vertices of a graph G is denoted by V (G), and the set of edges

of G is denoted by E(G). For vertices x, y ∈ V (G), the distance dG(x, y)

is defined as the length of a shortest path between them, where the length

of a path is the number of edges it contains. If x and y lie in different

connected components of G, we set dG(x, y) = ∞. Now, we say that two

vertex x, y in G lie in the same connected component if there exists a

path between them.

2.1 The Definition of the Magnitude of Graphs

We begin by defining the magnitude of a graph. The magnitude is

defined to take values in the field of rational functions over Q. It can also

be interpreted as taking values in the ring of formal power series over Z,
a property that will be discussed in a later lemma. Let Q(q) denote the

field of rational functions in a variable q over Q. We also write Z[q] and
ZJqK for the polynomial ring and the ring of formal power series in q over

Z, respectively.

Definition 2.1.1. LetG be a graph. We define the G-matrix ZG = ZG(q)

over Z[q] whose rows and columns are indexed by the vertices of G, and

whose (x, y)-entry is given by

ZG(q)(x, y) = qd(x,y) for x, y ∈ V (G),

where by convention q∞ = 0.

G-matrix is the square synmetric matrix.

Proposition 2.1.2. A G-matrix is invertible.

Proof. By definition, the determinant of ZG has constant term 1, which

implies that detZG 6= 0.
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Definition 2.1.3 (Leinster [4] Definition 2.1). The magnitude of a graph

G is defined to be the rational function given by

#G(q) =
∑

x,y∈V (G)

(ZG(q))
−1(x, y).

Remark 2.1.4.

#G(q) = sum(ZG(q)
−1) =

sum(adj(ZG(q)))

det(ZG(q))
,

where adj is the adjugate matrix and sum is the sum of all entries of a

matrix.

Proposition 2.1.5. #G(q) takes values in ZJqK.
Proof. Let detZG(q) = 1 − qf(q) for some f(q) ∈ Z[q] by Proposi-

tion 2.1.2. Then we have

#G(q) =
sum(adj(ZG))

det(ZG)
= sum(adj(ZG))

∞∑
n=0

qnf(q)n.

Note that qf(q) has no constant term and then
∑∞

n=0 q
nf(q)n takes values

in ZJqK.
Example 2.1.6. Let G = K3 (complete graph with three vertices as

Figure 2).

Figure 2: Complete graph of three vertices

Then, we can calculate the magnitude of K3 as follows:

ZK3(q) =

1 q q

q 1 q

q q 1

 , ZK3(q)
−1 =

1

1− 3q2 + 2q3

 1− q2 −q + q2 −q + q2

−q + q2 1− q2 −q + q2

−q + q2 −q + q2 1− q2

 ,

#K3(q) =
3

1+2q
.
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Definition 2.1.7 (Leinster [4]). Let G be a graph and x ∈ V (G). The

weight of x in G is defined

wG(x)(q) =
∑

y∈V (G)

(ZG(q))
−1(x, y)

The function wG : V (G) → Q(q) is called the weighting on G.

The magnitude can be expressed using the weighting as follows:

#G(q) =
∑

x∈V (G)

wG(x)

Lemma 2.1.8. For any graph G, the weighting wG satisfies∑
y∈V (G)

qd(x,y)wG(y) = 1 for x ∈ V (G).

Proof. For any vertex x ∈ V (G), we have∑
y∈V (G)

qd(x,y)wG(y) =
∑

y,z∈V (G)

qd(x,y)Z−1
G (y, z)

=
∑

y,z∈V (G)

ZG(x, y)Z
−1
G (y, z)

=
∑

z∈V (G)

∑
y∈V (G)

ZG(x, y)Z
−1
G (y, z)

=
∑

z∈V (G)

(ZGZ
−1
G )(x, z)

=
∑

z∈V (G)

I(x, z)

= 1.

This equation is called the weighting equation.

Lemma 2.1.9 (Leinster [4] Lemma 2.3). Let G be a graph and let w̃G :

V (G) → Q be a function satisfying a weighting equation. Then, w̃G = wG.

Now, wG is the weighting on G.
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Proof. Let b = (1, 1, . . . , 1)T where the length of b is |V (G)| and wG =

(wG(x))
T
x∈V (G). If w̃G satisfies the weighting equation, then we have

ZGw̃G = b.

Since ZG is invertible by Proposition 2.1.2, we have w̃G = wG.

This lemma shows that the weighting on a graph is unique and we use

this frequently to compute the magnitude of graphs.

2.2 Basic Properties and Examples

This subsection presents fundamental properties and examples of mag-

nitude. We focus on vertex-transitive graphs, disjoint unions, and Carte-

sian products. We also discuss the properties of magnitude within ZJqK.
Definition 2.2.1. Let G = (V (G), E(G)), H = (V (H), E(H)) be graphs.

A graph homomorphism from G to H is a map f : V (G) → V (H) such

that if {x, y} ∈ E(G) then {f(x), f(y)} ∈ E(H) or f(x) = f(y).

We can define a graph automorphism using the definition above. We

denote the group of all graph automorphisms of a graph G by Aut(G).

Aut(G) includes idG and for g, h ∈ Aut(G) and x ∈ V (G), g(h(x)) =

(gh)(x), which means Aut(G) acts on V (G).

Definition 2.2.2. A graph G is vertex-transitive if Aut(G) acts transi-

tively on V (G). It says that for any vertices x and y of G, there exists

an automorphism g : G → G such that y = g(x).

Lemma 2.2.3. Let G be a vertex-transitive graph. Then,

#G(q) =
|V (G)|∑

y∈V (G) q
d(x,y)

for any vertex x ∈ V (G).

Proof. Let S(x) =
∑

y∈V (G) q
d(x,y) for a vertex x ∈ V (G). We show that

S(x) does not depend on the choice of x. Take any vertices a, b ∈ V (G).
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Since G is vertex-transitive, there exists g ∈ Aut(G) such that b = g(a).

Then,

S(b) =
∑

y∈V (G)

qd(b,y)

=
∑

y∈V (G)

qd(g(a),y)

=
∑

y∈V (G)

qd(g(a),g(y)) (since g is bijective)

=
∑

y∈V (G)

qd(a,y) (since g is an isomorphism)

= S(a).

Thus, S(x) does not depend on the choice of x, denoting it by S. Now,

we define a function w̃G : V (G) → Q(q) by w̃G(x) = 1
S
for any vertex

x ∈ V (G). Then w̃G satisfies the weighting equation and by Lemma 2.1.9,

we have #G = |V (G)|
S

.

Example 2.2.4. (i) G = Vn (edgeless graph with n vertices as in Fig-

ure 3).

· · ·

Figure 3: The graph with no edges

Then, Aut(G) ≈ Sn and G is vertex-transitive. S = 1 and we have

#Vn = n. Now, the empty graph can be denoted by V0.

(ii) G = Kn (complete graph with n vertices as in Figure 4).

Then, Aut(G) ≈ Sn and G is vertex-transitive. S = 1 + (n − 1)q

and we have #Kn = n
1+(n−1)q

.

(iii) G = Cn (cycle graph with n vertices as in Figure 5).

Then, Aut(G) ≈ D2n and G is vertex-transitive. If n = 2m, then

S = 1+ 2(q + q2 + · · ·+ qm−1) + qm = 1+q−qm−qm+1

1−q
. Thus, we have
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. . .

. .
.

Figure 4: Complete graph

. . .

Figure 5: Cycle graph

#C2m = 2m(1−q)
(1+q)(1−qm)

= n(1−q)
(1+q)(1−qm)

. If n = 2m − 1, then similarly

#C2m−1 =
n(1−q)

1+q−2qm
.

(iv) G is the Petersen graph (Figure 6).

Figure 6: Petersen graph

Then, Aut(G) containsD10 as its subgroup andG is vertex-transitive.

S = 1 + 3q + 6q2 and we have #G = 10
1+3q+6q2

.
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(v) G = Km,n(complete bipartite graph as in Figure 7).

. . .

. . .

Figure 7: Complete bipartite graph

Then, Aut(G) ≈ Sm ×Sn if m 6= n and G is not vertex-transitive.

We can calculate the magnitude with other methods. Let a, b be

the weight of vertices on each part of Km,n. Then, the weighting

equation is written by two equations as follows:{
{q0 + (m− 1)q2}a+ nqb = 1,

{q0 + (n− 1)q2}b+mqa = 1.

We can solve this and we have

#Km,n = ma+ nb =
(m+ n)− (2mn−m− n)q

(1 + q)(1− (m− 1)(n− 1)q2)
.

Lemma 2.2.5 (Leinster [4] Lemma 3.5). Let G and H be graphs. Then,

#(G tH) = #G+#H,

where G tH is the disjoint union of G and H.

Proof. ZG⊔H =

(
ZG O

O ZH

)
, Z−1

G⊔H =

(
Z−1

G O

O Z−1
H

)
.

Thus,

#(G tH) = sum(Z−1
G⊔H) = sum(Z−1

G ) + sum(Z−1
H ) = #G+#H.

Definition 2.2.6. Let G and H be graphs. The cartesian product G□H

of G and H is the graph defined as follows;
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• V (G□H) = V (G)× V (H).

• E(G □ H) = {{(x, y), (x′, y′)} | x = x′ and {y, y′} ∈ E(H) or y =

y′ and {x, x′} ∈ E(G)}.

Lemma 2.2.7 (Leinster [4] Lemma 3.6). Let G and H be graphs. Then,

#(G□H) = #G ·#H.

Proof. For x, x′ ∈ V (G) and y, y′ ∈ V (H),

dG□H((x, y), (x
′, y′)) = dG(x, x

′) + dH(y, y
′),

ZG□H((x, y), (x
′, y′)) = qdG□H((x,y),(x′,y′)) = qdG(x,x′)qdH(y,y′) = ZG(x, x

′)ZH(y, y
′),

ZG□H = ZG ⊗ ZH and then Z−1
G□H = Z−1

G ⊗ Z−1
H .

Thus, #(G□H) = sum(Z−1
G□H) = sum(Z−1

G ⊗Z−1
H ) = sum(Z−1

G )·sum(Z−1
H ) =

#G ·#H.

We used the fact that (P ⊗ Q)(R ⊗ S) = (PR) ⊗ (QS) for matrices

P,Q,R, and S such that the products of PR and QS are defined.

Example 2.2.8. G = K2 □K3.

#K2 □K3 = #K2 ·#K3 =
2

1+q
· 3
1+2q

= 6
(1+q)(1+2q)

= #K3,3.

Remark 2.2.9. Here we use the catesian product for graph product, but

there are other graph products. However, there is a reason that we use

the catesian product. This will be clear in Section 4.

Proposition 2.2.10 (Leinster [4] Proposition 3.9). Let G be a graph.

Then,

#G(q) =
∞∑
k=0

(−1)k
∑

x0 ̸=x1 ̸=···̸=xk

qd(x0,x1)+d(x1,x2)+···+d(xk−1,xk)

=
∞∑
n=0

cnq
n,

where

cn =
n∑

k=0

(−1)k|{(x0, . . . , xk) | x0 6= x1 6= · · · 6= xk, d(x0, x1)+· · ·+d(xk−1, xk) = n}|.
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Proof. Let w̃G : V (G) → Z[q] be a map defined by

w̃G(x) =
∞∑
k=0

(−1)k
∑

x=x0 ̸=x1 ̸=···̸=xk

qd(x0,x1)+d(x1,x2)+···+d(xk−1,xk).

Then, for x ∈ V (G),∑
y∈V (G)

qd(x,y)w̃G(y)

= w̃G(x) +
∑

y∈V (G)\{x}

qd(x,y)
∞∑
k=0

(−1)k
∑

y=x0 ̸=x1 ̸=···̸=xk

qd(x0,x1)+···+d(xk−1,xk)

= w̃G(x) +
∞∑
k=0

(−1)k
∑

x ̸=y=x0 ̸=x1 ̸=···̸=xk

qd(x,y)+d(x0,x1)+···+d(xk−1,xk)

= w̃G(x) +
∞∑
k=0

(−1)k
∑

x ̸=x0 ̸=x1 ̸=···̸=xk

qd(x,x0)+d(x0,x1)+···+d(xk−1,xk)

=
∞∑
k=0

(−1)k
∑

x=x0 ̸=···̸=xk

qd(x0,x1)+···+d(xk−1,xk)

+
∞∑
k=0

(−1)k
∑

x ̸=x0 ̸=···̸=xk

qd(x,x0)+···+d(xk−1,xk)

= 1.

The last equality holds since the first term at k is the second term at

k−1 in the second term with opposite sign. Now, if k goes to infinity, the

term disappers since q∞ = 0. Thus, by Lemma 2.1.9, we have w̃G = wG

and then the first equality of proposition follows. The second equality

immediately follows from the first one.

Corollary 2.2.11 (Leinster [4] Corollary 3.10). Let G be a graph. |V (G)| =
#G(0), |E(G)| = −1

2
d
dq
#G(q)

∣∣∣
q=0

. Here, the derivative is taken in ZJqK.
Proof. From the previous proposition, we have

c0 =
0∑

k=0

(−1)k|{(x0, . . . , xk) | x0 6= x1 6= · · · 6= xk, d(x0, x1) + · · ·+ d(xk−1, xk) = n}|

= |{(x0) | x0 ∈ V (G)}|
= |V (G)|
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and

c1 = |{(x0) | d(x0, x0) = 1}| − |{(x0, x1) | x0 6= x1, d(x0, x1) = 1}|
= 0− 2|E(G)|
= −2|E(G)|.

This corollary immidiately follows from these results.

Remark 2.2.12. c0 ≥ 0, c1 ≤ 0, and c2 ≥ 0 holds. The last inequality

follows from

c2 = |{(x, y, z) | d(x, y) = d(y, z) = 1}| − |{(x, y) | d(x, y) = 2}|

by Proposition 2.2.10. However, in general, the sign of cn is not deter-

mined. For example, if G is the Petersen graph, then #G = 10
1+3q+6q2

=

10 − 30q + 30q2 + 90q3 − 450q4 + · · · . By above formula of c2, c2 = 0 if

and only if G has no cycles of length 3 and 4.

Remark 2.2.13. The magnitude does not have the data of the number

of connected components. For example, let W be the graph obtained

by the complete graph K6 with a triangle of edges removed. By easy

calculation,

#W =
6

1 + 4q
.

Since #K5 = 5
1+4q

, we have #5W = 30
1+4q

= #6K5. Here, nG means

the disjoint union of n copies of a graph G.

2.3 Main Results on the Magnitude of Graphs

This subsection states the inclusion-exclusion principle for the magni-

tude of graphs under specific conditions. We begin by observing that

the magnitude does not generally satisfy the inclusion-exclusion princi-

ple. We then introduce sufficient conditions for the principle to hold. In

this document, we mean G∪H as a graph (V (G)∪V (H), E(G)∪E(H)).

Definition 2.3.1. Let R be a ring. A function Φ is an R-valued graph

invariant if

• Φ(G) ∈ R for any graph G.

16



• If G ≈ H as a graph, then Φ(G) = Φ(H).

Definition 2.3.2. Let Φ be an R-valued graph invariant.

(1) Φ is said to be multiplicative if

• Φ(V1) = 1.

• Φ(G□H) = Φ(G) · Φ(H) for any graphs G and H.

(2) Φ is said to satisfy the inclusion-exclusion principle if

• Φ(V0) = 0.

• Φ(G ∪H) = Φ(G) + Φ(H)− Φ(G ∩H) for any graphs G and

H.

Lemma 2.3.3 (Leinster [4] Lemma 4.1). Let R be a ring containing no

nonzero nilpotents and let Φ be a multiplicative R-valued graph invariant

satisfying the inclusion-exclusion principle. Then, Φ(G) = |V (G)| for
any graph G.

Proof. Now, Φ(V0) = 0, Φ(V1) = 1 and by inclusion-exclusion principle,

we obtain Φ(Vn) = n for any n ≥ 0 by induction.

Let G be any graph and we fix e ∈ E(G). Let ve, we be the vertices

joined by e. Consider the two subgraphs Ge = (V (G), E(G)\{e}) and

He = ({ve, we}, {e}) of G. Then, by inclusion-exclusion principle, we

have

Φ(G) = Φ(Ge) + Φ(He)− Φ(Ge ∩He)

= Φ(Ge) + Φ(K2)− Φ(V2)

= Φ(Ge) + ε.

here, we denote ε = Φ(K2)− Φ(V2). Repeating this process for all edges

of G, we have Φ(G) = Φ(VV (G)) + ε · |E(G)| = |V (G)|+ ε · |E(G)|.
Now, we show that ε = 0. Consider the graph C4 = K2 □ K2. Now,

Φ(C4) = 4 + ε · 4 and by multiplicativity, we have

Φ(C4) = Φ(K2) · Φ(K2)

= (Φ(V2) + ε)(Φ(V2) + ε)

= 4 + 4ε+ ε2.
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We obtain ε2 = 0 and then ε = 0 since R contains no nonzero nilpotents.

Thus, we have Φ(G) = |V (G)| for any graph G.

The magnitude of graphs is an Q[q]-valued graph invariant and is mul-

tiplicative and #V0 = 0. Since Q[q] has no nonzero nilpotents, we have

the following corollary.

Corollary 2.3.4. The magnitude does not satisfy the inclusion-exclusion

principle in general.

Definition 2.3.5 (Leinster [4] Definition 4.2). Let X be a graph and let

U be a subgraph of X. U is said to be convex in X if for any vertices

x, y ∈ V (U), dU(x, y) = dX(x, y).

Lemma 2.3.6. Let X be a graph, let G,H be subgraphs of X, g ∈ V (G),

and h ∈ V (H) such that X = G∪H and there is a path (g = x0 → x1 →
· · · → xn = h) in X. Then, there exists a vertex xi ∈ V (G) ∩ V (H).

Proof. We prove by contradiction. Let i be the largest number with

xi ∈ V (G). If i = n, then xn ∈ V (G) ∩ V (H). If i < n, xi+1 /∈ V (G) and

{xi, xi+1} /∈ E(G), then {xi, xi+1} ∈ E(H) and xi ∈ V (H).

Lemma 2.3.7. Let X be a graph and G,H subgraphs of X such that

X = G ∪H. If G ∩H is convex in X, then G and H are also convex in

X.

Proof. We prove for G. Let g, g′ ∈ V (G). If dG(g, g
′) = ∞, dG(g, g

′) =

∞ = dX(g, g
′). Assume that dX(g, g

′) < ∞ and let n = dX(g, g
′). We can

choose a shortest path (g = x0 → x1 → · · · → xn = g′) in X such that it

contains the most vertices in G. Suppose there exists a vertex xj /∈ V (G)

in this path. By Lemma 2.3.6, there exist vertices xi, xk ∈ V (G) ∩ V (H)

such that 0 ≤ i < j < k ≤ n. Since G ∩H is convex in X, there exists a

shortest path (xi = y0 → y1 → · · · → ym = xk) in G∩H. Now, we obtain

a path (g = x0 → · · · → xi = y0 → y1 → · · · → ym = xk → · · · → xn =

g′) in X which contains more vertices in G than the previous path. This

is a contradiction. Thus, all vertices in the chosen path are contained in

V (G) and then dG(g, g
′) = dX(g, g

′).
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Definition 2.3.8 (Leinster [4] Definition 4.6). Let X be a graph and let

U be a subgraph of X such that U is convex in X. We denote VU(X) =

{v ∈ V (X) | dX(v, u) < ∞ for some u ∈ V (U)}. Then, we say that X

projects to U if for any x ∈ VU(X), there exists u′ ∈ V (U) such that for

any u ∈ V (U), dX(x, u) = dX(x, u
′) + dX(u

′, u). For each x ∈ VU(X), we

fix one such u′ and denote it by π(x).

Lemma 2.3.9. If X projects to U , then π(x) is uniquely determined for

any x ∈ VU(X).

Proof. Let u1, u2 ∈ V (U) be a vertices such that for any u ∈ V (U),

dX(x, u) = dX(x, u1) + dX(u1, u),

dX(x, u) = dX(x, u2) + dX(u2, u).

Then,

dX(x, u1) = dX(x, u2) + dX(u1, u2),

dX(x, u2) = dX(x, u1) + dX(u2, u1),

and we obtain dX(u1, u2) = 0. Thus, u1 = u2.

Example 2.3.10. Let X be a bipartite graph and let e be an edge of X

(see Figure 8). Then, X projects to the subgraph consisting of e and its

endpoints.

. . .

. . .

Figure 8: A bipartite graph X with a highlighted edge

Lemma 2.3.11. Let X be a graph and let U be a convex subgraph of X

such that X projects to U . Then, for any u ∈ V (U),

wU(u) =
∑

x∈π−1(u)

qdX(u,x)wX(x).
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Proof. Let w̃U(u) =
∑

x∈π−1(u) q
dX(u,x)wX(x) for u ∈ V (U). Then,∑

v∈V (U)

qdU (u,v)w̃U(v)

=
∑

v∈V (U)

qdX(u,v)
∑

x∈π−1(v)

qdX(v,x)wX(x) (since U is convex in X.)

=
∑

v∈V (U)

∑
x∈π−1(v)

qdX(u,x)wX(x) (since X projects to U.)

=
∑

x∈V (X)

qdX(u,x)wX(x)

= 1.

The next theorem is one of the main theorems of this thesis.

Theorem 2.3.12 (Leinster [4] Theorem 4.8). Let X be a graph and let

G,H be subgraphs of X such that X = G ∪H. If G ∩H is convex in X

and H projects to G ∩H, then

#X = #G+#H −#(G ∩H).

Before proving this theorem, we give the example of graphs for which

we can apply this theorem.

Example 2.3.13. Let G be a graph and consider the graph H formed

by identifying one of the edges of a cycle graph Cn with an edge of G as

in Figure 9. Now, let n ≥ 4.

Then, we can apply Theorem 2.3.12 to X = G ∪H as follows:

#X = #G+#Cn −#K2.

Similarly, if G and H are graphs and G ∨ H is the graph formed by

identifying one vertex of G with one vertex of H, then we have

#(G ∨H) = #G+#H − 1.

Proof of Theorem 2.3.12. We show that

wX = wG + wH − wG∩H , (1)
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Figure 9: Cycle graph of four vertices

where wG, wH , and wG∩H are defined on V (X) by extending them by zero

to the outside of each graph. If this equation holds, then

#X =
∑

x∈V (X)

wX(x)

=
∑

x∈V (X)

wG(x) +
∑

x∈V (X)

wH(x)−
∑

x∈V (X)

wG∩H(x)

= #G+#H −#(G ∩H).

We now proceed to prove (1). By Lemma 2.3.7, G,H, and G ∩ H are

convex in X. This implies that the induced metrics on these subgraphs

coincide with the metric on X; we denote this common metric by d. Let

π : VG∩H(H) → V (G ∩H) be the projection map. We claim that

d(g, h) = d(g, π(h)) + d(π(h), h) (2)

holds for any g ∈ V (G) and h ∈ VG∩H(H).

First, if d(g, h) = ∞, then (2) holds trivially by the triangle inequality.

Assume that d(g, h) < ∞. Analogously to the proof of Lemma 2.3.7,

invoking Lemma 2.3.6 guarantees the existence of a vertex u ∈ V (G∩H)
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such that d(g, h) = d(g, u) + d(u, h). Then,

d(g, u) + d(u, h) = d(g, u) + d(u, π(h)) + d(π(h), h)

≥ d(g, π(h)) + d(π(h), h)

≥ d(g, h)

= d(g, u) + d(u, h).

This establishes (2).

It remains to show that wG+wH−wG∩H satisfies the weighting equation

for X. That is, we show:∑
g∈V (G)

qd(g,x)wG(g) +
∑

h∈V (H)

qd(h,x)wH(h)−
∑

u∈V (G∩H)

qd(u,x)wG∩H(u) = 1

(3)

for any x ∈ V (X). If (3) holds, then (1) follows by Lemma 2.1.8, com-

pleting the proof. Let x ∈ V (X).

If x ∈ V (G),∑
g∈V (G)

qd(g,x)wG(g) +
∑

h∈V (H)

qd(h,x)wH(h)−
∑

u∈V (G∩H)

qd(u,x)wG∩H(u)

= 1 +
∑

h∈V (H)

qd(h,x)wH(h)−
∑

u∈V (G∩H)

qd(u,x)
∑

h∈π−1(u)

qd(h,u)wH(h)

= 1 +
∑

h∈VG∩H(H)

qd(h,x)wH(h)−
∑

h∈VG∩H(H)

qd(x,π(h))+d(π(h),h)wH(h)

= 1 +
∑

h∈VG∩H(H)

qd(h,x)wH(h)−
∑

h∈VG∩H(H)

qd(h,x)wH(h)

= 1.

The first equality holds by x ∈ V (G) and Lemma 2.3.11. The second

equality holds by x ∈ V (G), q∞ = 0, and h ∈ π−1(u) means u = π(h).

The third equality holds by (2).

If x ∈ VG∩H(H),∑
g∈V (G)

qd(g,x)wG(g) +
∑

h∈V (H)

qd(h,x)wH(h)−
∑

u∈V (G∩H)

qd(u,x)wG∩H(u)

=
∑

g∈V (G)

qd(g,π(x))+d(π(x),x)wG(g) + 1−
∑

u∈V (G∩H)

qd(u,π(x))+d(π(x),x)wG∩H(u)

= qd(x,π(x)) + 1− qd(x,π(x))

= 1.
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The first equality holds by x ∈ V (H) and (2). The second equality holds

by weighting equality for G and G ∩H.

If x ∈ V (H)\VG∩H(H),∑
g∈V (G)

qd(g,x)wG(g) +
∑

h∈V (H)

qd(h,x)wH(h)−
∑

u∈V (G∩H)

qd(u,x)wG∩H(u)

= 0 + 1− 0

= 1.

This completes the proof.

Example 2.3.14. The three graphs below are divided into a graph C3,

and two graphs C2, so they all have the same magnitude and can be

calculated as follows:

#G = #C3 + 2 ·#C2 − 2.

Example 2.3.15. If G is a forest, then we can calculate the magnitude

of G as follows:

#G = |V (G)| − 2|E(G)| q

1 + q
.

If G is a tree, then

#G = |V (G)| − 2(|V (G)| − 1)
q

1 + q
.
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3 The Magnitude Homology of Graphs

In this section, we define the magnitude homology of a graph G. We

provide fundamental examples and properties, and state the Mayer-Vietoris

sequence for magnitude homology following [1].

3.1 The Definition of The Magnitude Homology of

Graphs

Definition 3.1.1 (Hepworth, Willerton [1] Definition 2.1). Let G be a

graph. For a positive integer k, the length of a tuple (x0, . . . , xk) of V (G)

is defined to be

l(x0, . . . , xk) = d(x0, x1) + d(x1, x2) + · · ·+ d(xk−1, xk)

=
k∑

i=1

d(xi−1, xi).

Now, let l(x0) = 0. We say a tuple (x0, . . . , xk) is good if x0 6= x1 6= · · · 6=
xk.

We mean the tuple (x0, . . . , x̂i, . . . , xk) obtained by removing xi from

(x0, . . . , xk).

Lemma 3.1.2 (Triangle inequality). If (x0, . . . , xk) is a good tuple of

V (G), then for any 1 ≤ i ≤ k − 1,

l(x0, . . . , xk) ≥ l(x0, . . . , x̂i, . . . , xk).

Proof. We obviously have the statement by the triangle inequality of the

distance function d.

Definition 3.1.3 (Hepworth, Willerton [1] Definition 2.2, Magnitude

chain complex ). Let G be a graph. MC∗,∗(G) is the magnitude complex

defined as follows:

MC∗,∗(G) =
∞⊕
l=0

MC∗,l(G).
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For non-negative integers k and l, MCk,l(G) is freely generated by good

tuples (x0, . . . , xk) of V (G) of length l with the ring Z. The differential

∂ : MCk,l(G) → MCk−1,l(G) is defined by

∂ =
k−1∑
i=1

(−1)i−1∂i,

where

∂i(x0, . . . , xk) =

{
(x0, . . . , x̂i, . . . , xk) if l(x0, . . . , x̂i, . . . , xk) = l(x0, . . . , xk),

0 otherwise.

Remark 3.1.4. For a good tuple (x0, . . . , xk) and 1 ≤ i ≤ k − 1,

∂i(x0, . . . , xk) 6= 0 ⇐⇒ d(xi−1, xi) + d(xi, xi+1) = d(xi−1, xi+1).

Lemma 3.1.5 (Hepworth, Willerton [1] Lemma 2.11). ∂ ◦ ∂ = 0.

Proof. Let G be a graph, let k ≥ 2, l ≥ 0, and let (x0, . . . , xk) ∈ MCk,l(G)

be a generator. Now, we have

∂i ◦ ∂j = ∂j−1 ◦ ∂i (4)

for 0 ≤ i < j ≤ k. Indeed,

(∂i ◦ ∂j)(x0, . . . , xk) = (x0, . . . , x̂i, . . . , x̂j, . . . , xk) or 0.

holds and

(∂j−1 ◦ ∂i)(x0, . . . , xk) = (x0, . . . , x̂i, . . . , x̂j, . . . , xk) or 0.

also holds. Furthermore,

(∂i ◦ ∂j)(x0, . . . , xk) 6= 0

⇐⇒ l(x0, . . . , x̂j, . . . , xk) = l(x0, . . . , x̂i, . . . , x̂j, . . . , xk) = l

⇐⇒ l(x0, . . . , x̂i, . . . , x̂j, . . . , xk) = l (using the triangle inequality.)

⇐⇒ l(x0, . . . , x̂i, . . . , xk) = l(x0, . . . , x̂i, . . . , x̂j, . . . , xk) = l

⇐⇒ (∂j−1 ◦ ∂i)(x0, . . . , xk) 6= 0,
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which induces the equation (4). Thus, we have

(∂ ◦ ∂)(x0, . . . , xk) =
k−2∑
i=1

k−1∑
j=1

(−1)(i−1)+(j−1)(∂i ◦ ∂j)(x0, . . . , xk)

=
∑

1≤i<j≤k−1

(−1)i+j(∂i ◦ ∂j)(x0, . . . , xk)

+
∑

1≤j≤i≤k−2

(−1)i+j(∂i ◦ ∂j)(x0, . . . , xk)

and ∑
1≤j≤i≤k−2

(−1)i+j(∂i ◦ ∂j)(x0, . . . , xk)

=
∑

1≤i≤j≤k−2

(−1)j+i(∂j ◦ ∂i)(x0, . . . , xk) (switch i and j)

=
∑

1≤i≤j′−1≤k−2

(−1)(j
′−1)+i(∂j′−1 ◦ ∂i)(x0, . . . , xk) (j′ = j + 1)

= −
∑

1≤i<j′≤k−1

(−1)i+j′(∂i ◦ ∂j′)(x0, . . . , xk). (using (4))

Therefore, we have (∂ ◦ ∂)(x0, . . . , xk) = 0.

Definition 3.1.6 (Hepworth, Willerton [1] Definition 2.4, magnitude ho-

mology). Let G be a graph. The magnitude homology MH∗,∗(G) of G is

the homology of the magnitude chain complex MC∗,∗(G), that is,

MHk,l(G) = Ker∂ ∩ (MCk,l(G))/Im∂ ∩ (MCk,l(G)).

Example 3.1.7. (i) G = Vn. Then,

MCk,l(Vn) =

{
Z{(x) | x ∈ V (Vn)} if k = l = 0,

0 otherwise,

and ∂ = 0 implies that

MHk,l(Vn) ≈

{
Zn if k = l = 0,

0 otherwise.
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(ii) G = Kn(n ≥ 2). Then, l(x0, . . . , xk) = k for any good tuple

(x0, . . . , xk) of V (Kn). Thus,

MCk,l(Kn) =

{
Z{(x0, . . . , xk) | x0 6= x1 6= · · · 6= xk} if l = k,

0 otherwise,

and ∂ = 0 implies that

MHk,l(Kn) ≈

{
Zn(n−1)l if l = k,

0 otherwise.

(iii) G = C5. Number the vertices of C5 as shown in the following figure.

ここにナンバリングしたC5の図を挿入
Let us consider MH2,3(C5). 続く

Definition 3.1.8. Let X be a finitely generated abelian group. Then,

the rank of X is defined by

rank(X) = dimQ(X ⊗Z Q).

In the definition above, rank(X) is the number of copies of Z in the

decomposition of X into a direct sum of cyclic groups (using structure

theorem for finitely generated abelian groups).

Theorem 3.1.9 (Hepworth, Willerton [1] Theorem 2.8). Let G be a

graph. Then, ∑
k,l≥0

(−1)krank(MHk,l(G))ql = #G in ZJqK.
Proof.∑

k,l≥0

(−1)krank(MHk,l(G))ql =
∑
l≥0

χ(MH∗,l(G))ql

=
∑
l≥0

χ(MC∗,l(G))ql

=
∑
k,l≥0

(−1)krank(MCk,l(G))ql

=
∑
k≥0

(−1)k
∑

x0 ̸=···̸=xk

qd(x0,x1)+···+d(xk−1,xk)

= #G.

The last equality is obtained by Proposition 2.2.10.
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Proposition 3.1.10 (Hepworth, Willerton [1] Proposition 2.9). Let G be

a graph. Then,

• MH0,0(G) ≈ Z|V (G)|.

• MH1,1(G) ≈ Z2|E(G)|.

Proof. We calculate the magnitude homology groups directly. For l = 0,

MCk,0(G) =

{
Z{(x) | x ∈ V (G)} if k = 0,

0 otherwise,

and ∂ = 0 induces the first statement. For l = 1,

MCk,1(G) =

{
Z{(x0, x1) | x0 6= x1} if k = 1,

0 otherwise,

and ∂ = 0 induces the second statement.

Definition 3.1.11. The diameter d of a graph G is defined by

d = max{d(x, y) | x, y ∈ V (G) and x, y lie in the same component of G}.

If G = Vn, then we define d = 0. Then, for any graph G, 0 ≤ d < ∞
holds.

Proposition 3.1.12 (Hepworth, Willerton [1] Proposition 2.10). Let G

be a graph and let d be the diameter of G and assume that MHk,l(G) 6= 0

for given non-negative integers k and l. Then,

• l
d
≤ k ≤ l.

• If d > 1 and l > 0, then l
d
< k ≤ l.

Proof. Since MHk,l(G) 6= 0, there exists a good tuple (x0, . . . , xk) of

length l such that ∂(x0, . . . , xk) = 0. Thus, l = l(x0, . . . , xk) =
∑k

i=1 d(xi−1, xi) ≤∑k
i=1 d = kd and l =

∑k
i=1 d(xi−1, xi) ≥ k. This implies that l

d
≤ k ≤ l.

Now, assume that d > 1 and l > 0 and suppose that k = l
d
. From

the above discussion, we have d(xi, xi+1) = d for all i. ∂(x0, . . . , xk) = 0.

For the (k + 1)-tuple ∂(x0, . . . , xk) is a linear combination of at most

k− 1 distinct terms of k-tuples, so ∂(x0, . . . , xk) = 0 implies d(xi−1, xi)+
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d(xi, xi+1) 6= d(xi−1, xi+1) for all 1 ≤ i ≤ k − 1. Since d(x0, x1) = d ≥ 2,

there exists a vertex y such that d(x0, y) + d(y, x1) = d(x0, x1) and y 6=
x0, x1. Then, (x0, y, x1, . . . , xk) is a good tuple in MCk+1,l(G) and

∂i(x0, y, x1, . . . , xk) =

{
(x0, x1, . . . , xk) for i = 1,

0 for 2 ≤ i ≤ k.

It is obvious for 3 ≤ i by d(xi−1, xi) + d(xi, xi+1) 6= d(xi−1, xi+1) and is

also true for i = 2 since d(y, x1) + d(x1, x2) = d(y, x1) + d > d ≥ d(y, x2).

This implies MHk,l(G) = 0 and contradicts the assumption.

3.2 Induced Maps on Magnitude Homology

Definition 3.2.1. Let G and H be graphs. A map f : V (G) → V (H) is

said to be a graph map if for any {x, y} ∈ E(G), either f(x) = f(y) or

{f(x), f(y)} ∈ E(H).

We note that a graph map is distinguished from a graph homomor-

phism, which requires that {f(x), f(y)} ∈ E(H) for any {x, y} ∈ E(G).

Proposition 3.2.2. l(f(x0), . . . , f(xk)) ≤ l(x0, . . . , xk) for any good tuple

(x0, . . . , xk) of V (G).

Proof. For any vertices x, y ∈ V (G), dH(f(x), f(y)) ≤ dG(x, y) holds.

Indeed, if x, y lie in the same component of G, then there exists a path

(x = x0 → x1 → · · · → xn = y) in G such that n = dG(x, y). Since f is

a graph map, either f(xi−1) = f(xi) or {f(xi−1), f(xi)} ∈ E(H) for any

1 ≤ i ≤ n. Thus, (f(x) = f(x0) → f(x1) → · · · → f(xn) = f(y)) is a

path in H and then dH(f(x), f(y)) ≤ n = dG(x, y). If x, y do not lie in

the same component, then dG(x, y) = dH(f(x), f(y)) = ∞. Then,

l(f(x0), . . . , f(xk)) =
k∑

i=1

dH(f(xi−1), f(xi))

≤
k∑

i=1

dG(xi−1, xi)

= l(x0, . . . , xk).
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Definition 3.2.3 (Hepworth, Willerton [1] Definition 3.1, induced chain

maps). Let G and H be graphs and let f : V (G) → V (H) be a graph

map. Then, the induced map f# : MC∗,∗(G) → MC∗,∗(H) is defined by

f#(x0, . . . , xk) =

{
(f(x0), . . . , f(xk)) if l(f(x0), . . . , f(xk)) = l(x0, . . . , xk),

0 otherwise.

for any good tuple (x0, . . . , xk) of V (G).

Lemma 3.2.4. Let G and H be graphs and let f : V (G) → V (H) be a

map. Then, if f is a graph map, then dH(f(x), f(y)) ≤ dG(x, y) holds for

any x, y ∈ V (G).

Proof. Let x, y ∈ V (G) such that dG(x, y) = n < ∞. There exists a

shortest path (x = x0 → x1 → · · · → xn = y). For each i = 0, . . . , n− 1,

dH(f(xi), f(xi+1)) ≤ dG(xi, xi+1) = 1 holds and then

dH(f(x), f(y)) ≤
n−1∑
i=0

dH(f(xi), f(xi+1)) ≤
n−1∑
i=0

dG(xi, xi+1) = dG(x, y).

Proposition 3.2.5. The induced map f# : MC∗,∗(G) → MC∗,∗(H) is a

chain map.

Proof. We need to show that the following diagram commutes for any

k, l ≥ 0.

· · · MCk,l(G) MCk−1,l(G) · · ·

· · · MCk,l(H) MCk−1,l(H) · · ·

∂

fk,l
# fk−1,l

#⟳

∂

Let (x0, . . . , xk) be a generator of MCk,l(G).

If l(x0, . . . , xk) = l(x0, . . . , x̂i, . . . , xk) = l(f(x0), . . . , ˆf(xi), . . . , f(xk)),

f# ◦ ∂i(x0, . . . , xk) = f#(x0, . . . , x̂i, . . . , xk)

= (f(x0), . . . , ˆf(xi), . . . , f(xk)),
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and otherwise it vanishes by definition.

If l(x0, . . . , xk) = l(f(x0), . . . , f(xk)) = l(f(x0), . . . , ˆf(xi), . . . , f(xk)),

∂i ◦ f#(x0, . . . , xk) = ∂i(f(x0), . . . , f(xk))

= (f(x0), . . . , ˆf(xi), . . . , f(xk)).

and otherwise it vanishes.

Consequently, the two terms agree provided they are non-vanishing. More-

over, the conditions for non-vanishing are equivalent by Proposition 3.2.2.

Indeed, we have l(f(x0), . . . , f(xk)) ≤ l(x0, . . . , xk) and then

l(x0, . . . , xk) = l(x0, . . . , x̂i, . . . , xk) = l(f(x0), . . . , ˆf(xi), . . . , f(xk))

⇐⇒ l(x0, . . . , xk) = l(x0, . . . , x̂i, . . . , xk) = l(f(x0), . . . , ˆf(xi), . . . , f(xk))

≤ l(f(x0), . . . , f(xk)) ≤ l(x0, . . . , xk)

⇐⇒ l(x0, . . . , xk) = l(x0, . . . , x̂i, . . . , xk) = l(f(x0), . . . , ˆf(xi), . . . , f(xk))

=l(f(x0), . . . , f(xk))

⇐⇒ l(x0, . . . , xk) = l(f(x0), . . . , f(xk)) = l(f(x0), . . . , ˆf(xi), . . . , f(xk))

holds. Thus, we have the commutativity of the diagram.

Definition 3.2.6 (Hepworth, Willerton [1] Definition 3.2, Induced maps

in homology). If f : G → H is a graph map, the induced map in homology

f∗ : MH∗,∗(G) → MH∗,∗(H) is the map induced by the chain map f# :

MC∗,∗(G) → MC∗,∗(H).

Definition 3.2.7. A is called a bigraded abelian group if A =
⊕

k,l≥0 Ak,l

where each Ak,l is an abelian group. A bigraded homomorphism f : A →
B between bigraded abelian groups A and B is a homomorphism such

that f(Ak,l) ⊂ Bk,l for any k, l ≥ 0.

Proposition 3.2.8. The assignment G 7→ MH∗,∗(G) and f 7→ f∗ de-

fines a functor from the category of graphs and graph maps to the cate-

gory of bigraded abelian groups and bigraded homomorphisms, denoting

by Graph → BAb.

Proposition 3.2.9. Let f : G → H be a graph map.

• f∗ : MH0,0(G) → MH0,0(H) is given by f∗(x) = f(x) for any

x ∈ V (G).
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• f∗ : MH1,1(G) → MH1,1(H) is given by

f∗(x0, x1) =

{
(f(x0), f(x1)) if f(x0) 6= f(x1),

0 otherwise.

for any (x0, x1) ∈ MH1,1(G).

Proof. The first statement is obvious.

For the second statement, we obtain by definition;

f∗(x0, x1) =

{
(f(x0), f(x1)) if l(f(x0), f(x1)) = l(x0, x1) = 1,

0 otherwise.

for any (x0, x1) ∈ MH1,1(G). Since f is a graph map, l(f(x0), f(x1)) = 1

if and only if f(x0) 6= f(x1).

Corollary 3.2.10. Let f : G → H be a graph map. f∗ is an isomorphism

if and only if f is a graph isomorphism.

Proof. If f is a graph isomorphism, then the chain map f# is obviously

bijective, which implies that f∗ is an isomorphism. Let f be a graph map

such that f∗ is an isomorphism. By Proposition 3.2.9, the isomorphism

f∗ : MH0,0(G) → MH0,0(H) means that f : V (G) → V (H) is bijective,

and the isomorphism f∗ : MH1,1(G) → MH1,1(H) means that for any

{x, y} ∈ E(G), l(f(x), f(y)) = l(x, y) = 1 and then {f(x), f(y)} ∈ E(H).

Similarly, for any {u, v} ∈ E(H), there exists {x, y} ∈ E(G) such that

f(x) = u and f(y) = v by using f−1
∗ . Thus, f is a graph isomorphism.

3.3 Magnitude Homology of Disjoint Union of Graphs

Proposition 3.3.1 (Hepworth, Willerton [1] Proposition 4.1). Let G and

H be graphs. We define the inclusion graph maps i : G → GtH, j : H →
G tH. Then,

i∗ ⊕ j∗ : MH∗,∗(G)⊕MH∗,∗(H) → MH∗,∗(G tH)

is an isomorphism for each k, l ≥ 0.
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Proof. We show the surjectivity and injectivity.

Surjectivity. Let (x0, . . . , xk) ∈ MHk,l(G t H) be a generator.

By l(x0, . . . , xk) = l, d(xj, xj+1) ≤ ∞ for any 0 ≤ j ≤ k − 1.

Then, {x0, . . . , xk} ⊂ V (G) or {x0, . . . , xk} ⊂ V (H). Assume that

{x0, . . . , xk} ⊂ V (G). Then, (i∗⊕j∗)((x0, . . . , xk), 0) = (x0, . . . , xk).

•• Injectivity. Assume that there are generators ((x0, . . . , xk1), (y0, . . . , yk2)) ∈
MH∗,∗(G)⊕MH∗,∗(H) such that (i∗⊕j∗)((x0, . . . , xk1), (y0, . . . , yk2)) =

0.

(i∗ ⊕ j∗)((x0, . . . , xk1), (y0, . . . , yk2)) = 0

⇒i∗((x0, . . . , xk1)) + j∗((y0, . . . , yk2)) = 0

⇒(x0, . . . , xk1) + (y0, . . . , yk2) = 0

inMH∗,∗(GtH). Now, since {x0, . . . , xk1} ⊂ V (G) and {y0, . . . , yk2} ⊂
V (H), there is no cancellation between the two terms. Contradic-

tion.

We can give another proof of Lemma 2.2.5 by Proposition 3.3.1 and

χ(A∗ ⊕ B∗) = χ(A∗) + χ(B∗).

3.4 Magnitude Homology of Cartesian Products

Definition 3.4.1 (Hepworth, Willerton [1] Definition 5.2, exterior prod-

uct). Fix l ≥ 0. The exterior product is the map

□ : MC∗,∗(G)⊗MC∗,∗(H) → MC∗,∗(G□H)

is defined as follows. Let □ be the map

□ : MCk1,l1(G)×MCk2,l2(H) → MCk,l(G□H) for k1, k2 ≥ 0, k = k1+k2, l = l1+l2,

which is defined by

□((x0, . . . , xk1), (y0, . . . , yk2)) =
∑
σ

sign(σ)((xi0 , yj0), (xi1 , yj1), . . . , (xik , yjk)),
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where the sum is over all shuffles σ of type (k1, k2), that is, all sequences

((i0, j0), (i1, j1), . . . , (ik, jk))

such that

i0 = 0, j0 = 0, 0 ≤ ir ≤ k1, 0 ≤ jr ≤ k2 for 0 ≤ r ≤ k, and

(ir+1, jr+1) =

{
(ir + 1, jr) or

(ir, jr + 1) for 0 ≤ r < k,

and

sign(σ) = (−1)m,

where m = #{(i, j) ∈ {{0, . . . , k1} × {0, . . . , k2}} | i = ir ⇒ j < jr}.
Here, we extend the map □ bilinearly to the tensor product

MCk1,l1(G)⊗MCk2,l2(H) → MCk,l(G□H).

We denote this induced map also by □ and call it the exterior product.

Example 3.4.2. Let G = C2 □ C2 = C4 shown in Figure 10.

x0

x1

□

y0

y1

=

(x0, y0) (x0, y1)

(x1, y0) (x1, y1)

Figure 10: Square graph

Consider the exterior product □((x0, x1) ⊗ (y0, y1)). We have the two

shuffles of type (1, 1):

((0, 0), (1, 0), (1, 1)), ((0, 0), (0, 1), (1, 1)).

Thus,

□((x0, x1)⊗ (y0, y1)) = −((x0, y0), (x1, y0), (x1, y1)) + ((x0, y0), (x0, y1), (x1, y1)).
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Remark 3.4.3. As you see in the above example, the number of shuffles

is
(
k
k1

)
.

Proposition 3.4.4. The exterior product □ : MC∗,∗(G)⊗MC∗,∗(H) →
MC∗,∗(G□H) is a chain map.

Proof. We show that the following diagram commutes.

· · · MCk1,l1(G)⊗MCk2,l2(H) (MCk1−1,l1(G)⊗MCk2,l2(H))⊕ (MCk1,l1(G)⊗MCk2−1,l2(H)) · · ·

· · · MCk,l(G□H) MCk−1,l(G□H) · · ·

∂⊗∂

□ □⟳

∂

For this, it is enough to show that

(∂ ◦□)(x⊗y) = □((∂x)⊗y)+(−1)k1□(x⊗(∂y)) = (□◦(∂⊗∂))(x⊗y),

Let x = (x0, . . . ,xk1),y = (y0, . . . ,yk2). Here, we should consider the

sequence of tensor products of the magnitude chain complexes defined by

∂ ⊗ ∂ : MCk1,l1(G)⊗MCk2,l2(H) → (MCk1−1,l1(G)⊗MCk2,l2(H))

⊕ (MCk1,l1(G)⊗MCk2−1,l2(H)),

(∂ ⊗ ∂)(x⊗ y) = (∂x)⊗ y + (−1)k1x⊗ (∂y).

Then, we should show only the first equality and this follows by direct

calculation.

From this proposition, we obtain the induced map in homology, also

denoting □.

Definition 3.4.5. (Tor functor) Let R be a ring and let A,B be R-

modules. Then, Tor(A,B) is defined by the derived functor of the tensor

product.

Theorem 3.4.6 (Hepworth, Willerton [1], Theorem 5.3). Let G and H

be graphs.

0 → MH∗,∗(G)⊗MH∗,∗(H)
□−→ MH∗,∗(G□H) → Tor(MH∗−1,∗(G),MH∗,∗(H)) → 0

is a short exact sequence and non-naturally split. In particular, if MH∗,∗(G)

or MH∗,∗(H) is torsion-free, then the exterior product □ is an isomor-

phism.

We do not prove this theorem in this thesis.
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3.5 The Mayer-Vietoris Sequence of Magnitude Ho-

mology of Graphs

Definition 3.5.1 (Hepworth, Willerton [1] Definition 6.3, 6.4). Let X

be a graph and let G,H be subgraphs of X.

(1) (X;G,H) is said to be a projecting decomposition if X = G ∪ H,

G ∩H is convex in X and H projects to G ∩H.

We write iG : G → X, iH : H → X, jG : G∩H → G, jH : G∩H →
H for the inclusion graph maps.

(2) Let (X;G,H), (X ′;G′, H ′) be projecting decompositions. f : (X;G,H) →
(X ′;G′, H ′) is said to be a decomposition map if f : X → X ′ is a

graph map such that f(V (G)) ⊂ V (G′) and f(V (H)) ⊂ V (H ′).

(3) Let f : (X;G,H) → (X ′;G′, H ′) be a decomposition map. Then, f

is said to be a projecting decomposition map if VG∩H(H) = f−1(VG′∩H′(H ′))

and f(π(h)) = π(f(h)) for any h ∈ VG∩H(H).

(4) Let (X;G,H) be a projecting decomposition. MC∗,∗(G,H) denote

the subcomplex of MC∗,∗(X) spanned by good tuples (x0, . . . , xk)

whose entries all lie in G or all lie in H.

Theorem 3.5.2 (Hepworth, Willerton [1], Theorem 6.5). Let (X;G,H)

be a projecting decomposition. Then, the inclusion map

MC∗,l(G,H) ↪→ MC∗,l(X)

is a quasi-isomorphism for any l ≥ 0.

Theorem 3.5.3 (Hepworth, Willerton [1], Theorem 6.6). Let (X;G,H)

be a projecting decomposition. Then,

0 → MH∗,∗(G∩H)
(jG∗ ,−jH∗ )−−−−−→ MH∗,∗(G)⊕MH∗,∗(H)

iG∗ ⊕iH∗−−−−→ MH∗,∗(X) → 0

is a split short exact sequence.

We do not prove these theorems in this thesis.
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Corollary 3.5.4. Let (X;G,H) be a projecting decomposition. Then,

#X = #G+#H −#(G ∩H)

in Z[[q]].

Proof. By Theorem 3.5.3,

χ(MH∗,l(G ∩H))− χ((MH∗,l(G))⊕ χ(MH∗,l(H))) + χ(MH∗,l(X)) = 0 holds and then

χ(MH∗,l(X)) = χ(MH∗,l(G)) + χ(MH∗,l(H))− χ(MH∗,l(G ∩H)).

For each l ≥ 0, multiplying by ql and summing over all l ≥ 0, we have∑
l≥0

χ(MH∗,l(X))ql =
∑
l≥0

χ(MH∗,l(G))ql+
∑
l≥0

χ(MH∗,l(H))ql−
∑
l≥0

χ(MH∗,l(G∩H))ql.

By Theorem 3.1.9, we obtain the desired equation.

3.6 Diagonal Graphs and its Property

Definition 3.6.1 (Hepworth, Willerton [1] Definition 7.1). A graph G is

said to be diagonal if MHk,l(G) = 0 for k 6= l.

Proposition 3.6.2 (Hepworth, Willerton [1] Proposition 7.2). For a di-

agonal graph, the magnitude completely determines the magnitude homol-

ogy ranks.

Proof. By Theorem 3.1.9, for a diagonal graph G,

#G =
∑
l≥0

χ(MH∗,l(G))ql

=
∑
l≥0

(−1)lrank(MHl,l(G))ql.

Thus, the magnitude #G determines rank(MHl,l(G)) for each l ≥ 0.
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4 Motivation: The Magnitude of Enriched

Categories

In this section, following [3], we explain the motivation for studying

the magnitude of graphs in a broader context. We employ the notion of

enriched categories to define the magnitude.

4.1 The Magnitude of a Matrix

Definition 4.1.1 (Leinster [3]). Let k be a set and let +, · be binary

operations on k, and let 0k, 1k be elements of k. Then, (k,+, ·, 0k, 1k) is
called a rig if the following conditions hold:

(1) (k,+, 0k) is a commutative monoid.

(2) (k, ·, 1k) is a monoid.

(3) multiplication distributes over addition, that is, for any a, b, c ∈ k,

a · (b+ c) = a · b+ a · c, (a+ b) · c = a · c+ b · c.

Now, we mean a rig as a commutative rig with the operation ·.

Example 4.1.2. (Z≥0,+, ·, 0, 1) is a rig.

Definition 4.1.3. Let k be a rig and let I, J be finite sets. An I × J-

matrix is a function ζ : I × J → k.

Definition 4.1.4. Let k be a rig, and let I, J, and L be finite sets.

(1) If ζ1 is an I × J-matrix and ζ2 is a J × L-matrix, then the product

ζ1ζ2 is defined as follows:

(ζ1ζ2)(i, l) =
∑
j∈J

ζ1(i, j) · ζ2(j, l) (i ∈ I, l ∈ L)

(2) δ : I × I → k is called the identity matrix if δ(i, j) = 1k when i = j

and δ(i, j) = 0k when i 6= j.
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(3) Let ζ : I × J → k be a matrix. We define ζ∗ : J × I → k by

ζ∗(j, i) = ζ(i, j).

(4) Let ζ be an I × I-matrix. If there exists an I × I-matrix ζ−1 such

that ζζ−1 = δ and ζ−1ζ = δ, then ζ is said to be invertible and ζ−1

is called the inverse of ζ.

(5) w : I → k is called a vector. If ζ is an I × J-matrix, v is a I-vector,

and w is a J-vector, then the products ζw : I → k and vζ : J → k

are defined by

(ζw)(i) =
∑
j∈J

ζ(i, j) · w(j) (i ∈ I)

(vζ)(j) =
∑
i∈I

v(i) · ζ(i, j) (j ∈ J)

Now, ζw is an I-vector and vζ is a J-vector.

(6) If w, v are I-vectors, then the inner product vw is defined by

vw =
∑
i∈I

v(i) · w(i)

(7) Let uI be the I-vector defined by u(i) = 1k for any i ∈ I.

Definition 4.1.5. Let ζ be an I × I-matrix over a rig k.

• A weighting on ζ is a vector w : J → k such that ζw = uI . w(j) is

called the weight of j ∈ J .

• A coweighting on ζ is a vector v : I → k such that vζ = u∗
I . v(i) is

called the coweight of i ∈ I.

Example 4.1.6. Let G be a graph. Then, ZG(q) is a V (G) × V (G)-

matrix over the rig QJqK and the weighting on ZG(q) is the weighting on

G defined in Section 2.1.

Lemma 4.1.7. Let ζ be an I×I-matrix over a rig k. If ζ has a weighting

w and a coweighting v, then∑
i∈I

v(i) =
∑
j∈J

w(j).
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Proof. We have ∑
i∈I

v(i) = vuI

= v(ζw)

= (vζ)w

= uJw

=
∑
j∈J

w(j).

From this lemma, the sum of the weighting or coweighting on ζ is unique

if they exist. Therefore, we can define the magnitude of ζ as follows:

Definition 4.1.8. Let ζ be an I × J-matrix over a rig k. If ζ has a

weighting and a coweighting, then the magnitude of ζ is defined to be

#ζ =
∑
i∈I

v(i) =
∑
j∈J

w(j),

where w is the weighting on ζ and v is the coweighting on ζ.

Lemma 4.1.9. Let ζ be an invertible I × I-matrix over a rig k. Then, ζ

has the magnitude.

Proof. If ζ is invertible, then w = ζ−1uI and v = uIζ
−1 obviously satisfy

the definition of weighting and coweighting respectively. Thus ζ has the

magnitude by Lemma 4.1.7.

Lemma 4.1.10. Let ζ be an invertible I × I-matrix over a rig k. Then,

ζ has the unique weighting w of ζ, given by w(j) =
∑

i∈I ζ
−1(j, i) for

j ∈ I, and the unique coweighting v of ζ, given by v(i) =
∑

j∈I ζ
−1(j, i)

for i ∈ I. Then,

#ζ =
∑
i,j∈I

ζ−1(j, i)

Proof. We should check the uniqueness and it holds from the invertibility

of ζ.
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4.2 The Definition of Enriched Categories

In this document, we only treat locally small categories. Now, a cate-

gory C is locally small if for any objects a, b of C, the hom-set HomC(a, b)

forms a set.

Definition 4.2.1. A category C is called amonoid if C has only one object

∗ and V = HomC(∗, ∗) is a monoid with the composition of morphisms

as the binary operation and the identity morphism id∗ as the identity

element. We denote the operation of V by ⊗.

V × V × V V × V

V × V V × V

⊗×idV

idV ×⊗ ⊗⟳

⊗

Definition 4.2.2. A pair (V ,⊗, I, α, λ, ρ) is called a monoidal category

if it satisfies the following conditions:

(1) V is a category.

(2) ⊗ : V × V → V is a functor.

(3) I is an object of V .

(4) α is the natural isomorphism ⊗ ◦ (⊗× idV) ⇒ ⊗ ◦ (idV ×⊗) given

by αuvw : (u⊗ v)⊗ w
∼−→ u⊗ (v ⊗ w).

(5) λ is the natural isomorphism I ⊗− ⇒ idV given by λu : I ⊗u
∼−→ u.

(6) ρ is the natural isomorphism −⊗ I ⇒ idV given by ρu : u⊗ I
∼−→ u.

(7) The following diagram commutes for any objects u, v, w, x of V :
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((u⊗ v)⊗ w)⊗ x

(u⊗ v)⊗ (w ⊗ x)

u⊗ (v ⊗ (w ⊗ x)) u⊗ ((v ⊗ w)⊗ x)

(u⊗ (v ⊗ w))⊗ x

αu⊗v,w,x

αu,v,w⊗x

αu,v,w ⊗ idx

αu,v⊗w,x

idu ⊗ αv,w,x

⟳

(8) The following diagrams commute for any objects u, v of V :

(u⊗ I)⊗ v u⊗ (I ⊗ v)

u⊗ v

αuIv

ρu⊗idv

idu⊗λv
⟳

We also call V a monoidal category, omitting ⊗ and I.

Example 4.2.3. (i) (Set,×, {∗}, id, Pr2, P r1) is a monoidal category.

Indeed, let f1 : A1 → B1, f2 : A2 → B2 and then f1×f2 : A1×B1 →
A2×B2; (a, b) 7→ (f1(a), f2(b)) is a map of Set for the condition (2)

in Definition 4.2.2. The rest of the conditions are obvious.

(ii) (VectK ,⊗K , K, id, Pr2, P r1) is a monoidal category, where K is a

field. We should check that for the vector spaces V1, V2, V3,W1,W2,

vi ∈ Vi (i = 1, 2, 3), and the linear maps f1 : V1 → W1, f2 : V2 →
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W2, the map f1⊗f2 : V1⊗KV2 → W1⊗KW2; v1⊗v2 7→ f1(v1)⊗f2(v2)

is a linear map for (2), (v1⊗ v2)⊗ v3 = v1⊗ (v2⊗ v3) in V1⊗V2⊗V3

for (4), and K ⊗ V1 ≈ V1 ≈ V1 ⊗K for (5) and (6). The rest of the

conditions are obvious.

(iii) ([0,∞],+, 0, id, id, id) is a monoidal category. Here, for a < b ∈
[0,∞],

Mor a b

a {ida} ∅
b {∗ba} {idb}

.

Then, the condition (2) (8)follows from a1 < b1, a2 < b2 ⇒ a1+a2 <

b1 + b2, (a+ b) + c = a+ (b+ c), 0 + a = a = a+ 0, the uniqueness

of morphisms.

(iv) (2,⊗, t) is a monoidal category, where 2 is the category defined by

Ob(2) = {t, f} and the morphism sets are defined by

hom2 t f

t {idt} ∅
f {∗} {idf}

and the operation ⊗ is defined by the following table:

⊗ t f

t t f

f f f

We can easily check the conditions (1) (8) similarly to (iii).

Then, 2 is a monoidal subcategory of [0,∞] by the embedding t 7→
0, f 7→ ∞ and of Set by the embedding t 7→ {∗}, f 7→ ∅.

Definition 4.2.4. An enriched category A = (A,m, j) in a monoidal

category (V ,⊗, I) is defined as follows. First, A consists of the objects

and the morphisms, and endowed with the following data:

(1) For any objects a, b of A, HomA(a, b) is an object of V .
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(2) For any objects a, b, c of A, mabc is a morphism in V given by

mabc : HomA(b, c) ⊗ HomA(a, b) → HomA(a, c), which defines the

composition of morphisms.

(3) For any object a of A, ja is a morphism in V given by ja : I →
HomA(a, a), which defines the identity morphism of a.

(4) For any objects a, b, c, d of A, the following diagram commutes:

((MorA(c, d)⊗MorA(b, c))⊗MorA(a, b))

(MorA(b, d)⊗MorA(a, b))

MorA(a, d) MorA(c, d)⊗MorA(a, c)

MorA(c, d)⊗ ((MorA(b, c)⊗MorA(a, b)))

mbcd ⊗ id

mabd

α

id⊗mabc

macd

⟳

(5) For any objects a, b of A, the following diagrams commute:

I ⊗MorA(a, b) MorA(b, b)⊗MorA(a, b)

MorA(a, b)

jb⊗id

λ
mabb

⟳

MorA(a, b)⊗ I MorA(a, b)⊗MorA(a, a)

MorA(a, b)

id⊗ja

ρ
maab

⟳
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Then, A is called a V-category.

Definition 4.2.5. Let A,A′ be V-categories. A functor F : A → A′

is called a V-functor if it satisfies the following conditions. We denote

Fab : MorA(a, b) → MorA′(F (a), F (b)) as the morphism.

(1) The following diagram commutes for any objects a, b, c of A:

MorA(b, c)⊗MorA(a, b) MorA(a, c)

MorA′(F (b), F (c))⊗MorA′(F (a), F (b)) MorA′(F (a), F (c))

mabc

Fbc ⊗ Fab Fac

m′
F (a)F (b)F (c)

⟳

(2) The following diagram commutes for any object a of A:

I MorA(a, a)

Mor′A(F (a), F (a))

ja

j′F (a)
Faa

⟳

Remark 4.2.6. The family of all V-categories and V-functors form a

category, which is denoted by V-Cat.

Example 4.2.7. (i) Let V = Set be a monoidal category described

in Example 4.2.3 (i). Then, (Cat, ◦, id) is a V-category. Indeed,

Mor(C,D) is a set for any categories C,D, mCDE : Mor(D,E) ×
Mor(C,D) → Mor(C,E); (F,G) 7→ F◦G and jC : {∗} → Mor(C,C); ∗ 7→
idC are maps of Set, F ◦ idC = F = idD ◦ F holds for F : C → D,

and (F ◦G)◦H = F ◦ (G◦H) holds for F : D → E,G : C → D,H :

B → C.

(ii) Let V = VectK be a monoidal category described in Example 4.2.3

(ii). We say that a category is a K-linear category if it is enriched
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over V . Then, V is a K-linear category. For any vector spaces

V,W, T, U , MorV(V,W ) = homK(V,W ) is a vector space, mVWT :

homK(W,T ) ⊗K homK(V,W ) → homK(V, T ); (f, g) 7→ f ◦ g is a

linear map, and jV : K → homK(V, V ); a 7→ a · idV is also a linear

map. (f ◦ g) ◦ h = f ◦ (g ◦ h), and f ◦ idT = f, g = idT ◦ g for any

linear maps f : T → U, g : W → T, h : V → W .

(iii) Let V = [0,∞] be a monoidal category described in Example 4.2.3

(iii). We say that a pair of a set X and a map d : X × X →
[0,∞] is a generalized metric space if d satisfies that for any ele-

ments a, b, c ∈ X, d(a, b) + d(b, c) ≥ d(a, c) and d(a, a) ≥ 0 hold.

Then, a generalized metric space is a V-category with morphisms

Mor(a, b) = d(a, b). Indeed, for any points x, y, z of a general-

ized metric space (X, d), Mor(x, y) = d(x, y) ∈ [0,∞], mxyz :

Mor(y, z) ⊗Mor(x, y) → Mor(x, z); d(y, z) + d(x, y) 7→ d(x, z) and

jx : 0 → Mor(x, x); 0 7→ d(x, x) are morphisms in [0,∞] by the

definition above, d(x, y)+0 ≥ d(x, y), 0+ d(y, z) ≥ d(y, z) holds for

any points x, y of X, and d(x, y) + d(y, z) ≥ d(x, z) holds for any

points x, y, z of X, which arrows the composition of morphisms.

(iv) Let V = 2 be a monoidal category described in Example 4.2.3 (iv).

Then, a preorder is a V-category. Indeed, for any elements a, b, c

of a preorder P , MorP (a, b) = t if a ≤ b and MorP (a, b) = f if

a ≰ b, mabc : MorP (b, c) ⊗ MorP (a, b) → MorP (a, c) and ja : t →
MorP (a, a) are morphisms in 2, a ≤ b implies a ≤ b holds for any

elements a, b of P , and if a ≤ b and b ≤ c, then a ≤ c holds for any

elements a, b, c of P .

Indeed, each enriched category above corresponds to the definition of

each structure.

Definition 4.2.8. Let (V ,⊗, I) be a monoidal category and let A,B be

V-categories. Then, the tensor product A ⊗ B is a category defined as

follows:

(1) Ob(A⊗ B) = Ob(A)×Ob(B).

(2) For any objects (a, b), (a′, b′) of A⊗ B,

HomA⊗B((a, b), (a
′, b′)) = HomA(a, a

′)⊗ HomB(b, b
′).
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4.3 The Magnitude of Enriched Categories

Definition 4.3.1. Let C be a category. The isomorphism classes of

objects of C is defined by the quotient classes Ob(C)/≈, where a ≈ b if

and only if there exists an isomorphism f : a → b in C.

In this section, we consider only monoidal categories (V ,⊗, I) satisfying

that V/ ≈ forms a set.

Lemma 4.3.2. Let (V ,⊗, I) be a monoidal category. Then, the bi-

nary operation ⊗ on V induces a monoid structure on Ob(V)/≈, that

is, (Ob(V)/≈,⊗, I) is a monoid.

Proof. • well-definedness: Let u, u′, v, v′ be objects of V such that

u ≈ u′ and v ≈ v′. Then, there exist isomorphisms f : u → u′ and

g : v → v′ in V . Since ⊗ is a functor, f ⊗ g : u⊗ v → u′ ⊗ v′ is an

isomorphism in V . Thus, u⊗ v ≈ u′ ⊗ v′.

• associativity: For any objects u, v, w of V , by the natural isomor-

phism α in Definition 4.2.2, (u⊗ v)⊗ w ≈ u⊗ (v ⊗ w) holds.

• identity element: For any object u of V , by the natural isomor-

phisms λ and ρ in Definition 4.2.2, I ⊗ u ≈ u and u⊗ I ≈ u hold.

Remark 4.3.3. Let (V ,⊗, I) be a monoidal category and let k be a rig.

Then, we define | · | to be a monoid homomorphism:

| · | : (Ob(V)/≈,⊗, I) → (k, ·, 1k).

We endow a monoidal category V with | · | and also call this four tuple

(V ,⊗, I, | · |) a monoidal category.

Here, we can choose various monoid homomorphisms depending on the

purpose.

Example 4.3.4. (i) Let V = FinSet be a monoidal category de-

scribed in Example 4.2.3 (i) restricted to finite sets and endowed

with the cardinality monoid homomorphism | · | : Ob(V)/≈ →
Q≥0;X 7→ #X.
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(ii) Let V = FDVectK be a monoidal category described in Exam-

ple 4.2.3 (ii) restricted to finite vector spaces over K and endowed

with the dimension monoid homomorphism | · | : Ob(V)/≈ →
Z≥0;V 7→ dimK V .

(iii) Let V = [0,∞] be a monoidal category described in Example 4.2.3

(iii) endowed with the monoid homomorphism | · | : Ob(V)/≈ →
R≥0; x 7→ e−x.

(iv) Let V = 2 be a monoidal category described in Example 4.2.3 (iv)

endowed with the monoid homomorphism | · | : Ob(V)/≈ → Z; f 7→
0, t 7→ 1.

Definition 4.3.5 (Leinster [3] Definition 1.3.2). Let V be a monoidal

category and let A be a V-category which has finitely many objects.

(1) An Ob(A)×Ob(A)-matrix ζA is defined by

ζA(a, b) = |HomA(a, b)| (a, b ∈ Ob(A))

This ζA is called the similarity matrix of A.

(2) A weighting on A is defined to be a weighting on ζA, similarly to a

coweighting on A.

(3) A is said to have the magnitude if ζA has a weighting and a coweight-

ing, denoting it by #A = #ζA.

(4) A which has the magnitude is said to have Möbius inversion if ζA
is invertible, denoting its inverse by µA = ζ−1

A .

Example 4.3.6. (i) Let V = FinSet be a monoidal category de-

scribed in Example 4.3.4 (i) and let A be a V-category (i.e. a cate-

gory with finitely many objects and finite hom sets). Then, |A| ∈ Q
is defined.

(ii) Let V = FDVectK be a monoidal category described in Exam-

ple 4.3.4 (ii) and let A be a V-category (i.e. aK-linear category with

finitely many objects and finite-dimensional hom linear spaces).

Then, |A| ∈ Q is defined.
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(iii) Let V = [0,∞] be a monoidal category described in Example 4.2.3

(iii) and letA be a V-category (i.e. a generalized finite metric space).

Then, |A| ∈ R is defined.

(iv) Let V = 2 be a monoidal category described in Example 4.2.3 (iv)

and let A be a V-category (i.e. a finite preorder). Then, |A| ∈ Z is

defined.

4.4 The Relation of The Magnitudes of Graphs and

Enriched Categories

Theorem 4.4.1 (Leinster [3], [4]). The magnitude of a graph G defined in

Definition 2.1.3 coincides with the Möbius inversion of the [0,∞]-category

corresponding to G.

Proof. We show that a graph G is [0,∞]-category and its magnitude co-

incides with the magnitude of G defined in Definition 2.1.3.

First, as we see in examples, generalized metric spaces are [0,∞]-categories,

which shows that G is [0,∞]-category with the metric dG.

Second, let a monoid homomorphism | · | : [0,∞] → Q(q) defined by

|x| = qx. Then, the similarity matrix ζG of the [0,∞]-category corre-

sponding to G is given by

ζG(a, b) = |HomG(a, b)| = |dG(a, b)| = qdG(a,b).

This coincides with the ZG(q) defined in Definition 2.1.3.

Therefore, the magnitude of the [0,∞]-category corresponding to G co-

incides with the magnitude of G defined in Definition 2.1.3.

49



Appendix

A The calculation of Graph Automorphisms

Proposition A.0.1. Let G = Kn,n. Then, Aut(G) ≈ (Sn ×Sn)⋊s Z2,

where s : Z2 → Aut(G); 0 7→ idG, 1 7→ τ and τ is the automorphism which

interchanges the two parts of Kn,n.

Proof. Now,

0 → Sn ×Sn
incl−−→ Aut(G)

s−→ Z2 → 0

is exact and this sequence splits. Thus, we have Aut(G) ≈ (Sn ×Sn)⋊s

Z2.
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