2025 FRE BERE N RS HTAAES HORRIEE EP 2 560H5E

The magnitude of graphs and
the magnitude homology as
its categorification

2264257 A B
IBEEHE . BFIF X EHIE 2026 1A30H



Contents

1 Introduction

2 The Magnitude of Graphs

2.1
2.2
2.3

The Definition of the Magnitude of Graphs . . . . . . . ..
Basic Properties and Examples . . . . ... ... ... ..
Main Results on the Magnitude of Graphs . . . . . .. ..

3 The Magnitude Homology of Graphs

3.1
3.2
3.3
3.4
3.5

3.6

The Definition of The Magnitude Homology of Graphs
Induced Maps on Magnitude Homology . . . . . . . .. ..
Magnitude Homology of Disjoint Union of Graphs . . . . .
Magnitude Homology of Cartesian Products . . . . . . ..
The Mayer-Vietoris Sequence of Magnitude Homology of
Graphs . . . . . ..
Diagonal Graphs and its Property . . . . . . .. .. .. ..

4 Motivation: The Magnitude of Enriched Categories

4.1 The Magnitude of a Matrix . . ... ... ... ... ...
4.2 The Definition of Enriched Categories . . . . . . . . .. ..
4.3 The Magnitude of Enriched Categories . . . . . .. .. ..
4.4 The Relation of The Magnitudes of Graphs and Enriched
Categories . . . . . . . ..
Appendix

A The calculation of Graph Automorphisms

24
24
29
32
33

36
37

38
38
41
47

49

50

50



1 Introduction

In many fields of mathematics, there is a canonical measure of size. Sets
have cardinality, vector spaces have dimension, and topological spaces
have Euler characteristic (under some finiteness condition). Many of these
cardinality-like invariants arise from a single general invariant, which we
call magnitude.

We take one of examples of magnitude, graphs, to explain the idea of
magnitude in Section 2 of this thesis. The full definition of magnitude is
framed in the very wide generality of enriched categories having finitely
many objects, as introduced by Leinster [3]. Indeed, each graph is a
special case of enriched categories, and the magnitude of graphs is a
special case of the magnitude of enriched categories. We shall see this in
Section 4.

Given a finite graph G, let X4 be the generalized finite metric space
consisting of the set of vertices of G equipped with the shortest path
metric (see Example 4.2.7(iii)). By abuse of notation, we denote this
metric space Xg simply by G. The magnitude #G of a graph G is a
rational function of ¢ over Q. By the identification of graphs and metric
spaces above, the distances of graphs take values in integers, which has
the consequence that the magnitude of a graph can also be expressed as a
power series in g over Z. We write it as #G = #G(q) to avoid confusion
with the usage of G for the number of vertices of G, while still evoking
the analogy with cardinality. One of the cardinality-like properties of
magnitude is that

#(GOH)=#G-#H ([4] Lemma 3.6),

where [0 denotes the cartesian product of graphs (defined in Defini-
tion 2.2.6). For example, let G = K, [0 K3. Then we have

i = I - H i E (see Example 2.2.8).

Also, for the disjoint union LI of graphs, we have

#GUH)=#G+#H ([4] Lemma 3.5).



The invariant number of vertices (the trivial invariant) also satisfies these

equations, and indeed, the number of vertices can be recovered from its

magnitude as #G(0), but of course, magnitude is much more informative
1 d

than that. For instance, the number of edges is —5 7-#G(q) (see
q=0

Corollary 2.2.11). However, there are graphs with the same magnitude
that are easily distinguished by well-known graph invariants (see Exam-
ple 2.2.8, easily distinguished by bipartiteness). In that sense, magnitude
seems to capture genuinely new aspects of a graph, at the same time as
having uniquely good cardinality-like properties.

There is a certain property that we would like graph invariants to
satisfy, the inclusion-exclusion formula:

#GUH)=#G+#H —#(GnNn H) ([4] Theorem 4.9).

For this we must impose some hypotheses. Indeed, Leinster [4] shows
that there is no nontrivial graph invariant that is fully cardinality-like in
the sense of satisfying both multiplication and inclusion-exclusion formula
without restriction (cf. Lemma 2.3.3). However, the hypotheses we im-
pose are mild enough to cover a wide range of examples, including trees,
forests, wedge sums, and certain graphs containing a cycle of length at
least 4. For example, let G be a graph shown figure 1.

NVAVG

Figure 1: A 3-cycle with edges attached to two distinct vertices

Then we can calculate the magnitude of G by decomposing it into one
three-cycle and two-edges as Example 2.3.14:

#G = (#C5 + #Coy — #C1) + #Coy — #C1 = #C5 + 2#Cy — 2#C.

Later, Richard and Simon [1] categorify the magnitude of graphs by
defining the magnitude homology of graphs. This is a bigraded homology
theory M H, .. It is functorial with respect to maps of graphs that send
vertices to vertices and preserve or contract edges, and its graded Euler
characteristic recovers the magnitude:

Z (=1)*rank(M Hy(G))¢' = #G in Z[q] ([1] Theorem 2.8).

k>0



For example, consider the cycle graph C5. We easily check that the
graded Euler characteristic of the magnitude homology of Cs5 recovers
the magnitude of C5 as follows:

5 — 5¢q

5—10q + 10¢*> — (10 — 10)¢® + (10 — 30)¢* — -+ - = —— =~
¢ +10¢> — (10 — 10)¢° + (10 — 30)g P

= #Cs

(see Table 1 and Example 2.2.4). Being a bigraded abelian group rather
than just a power series, the magnitude homology has a richer structure
than the magnitude. We will see below that various properties of magni-
tude described by Leinster, as mentioned above, are shadows of properties

of magnitude homology.

Table 1: The ranks of MC};(Cs), the magnitude chain groups of the five-
cycle graph [1].

k
1 2 3 4 5 6 7 8 9 10 11
0
1 10
2 10
3 10 10
4 30 10
) 50 10
Il 6 20 70 10
7 80 90 10
8 180 110 10
9 40 320 130 10
10 200 500 150 10
11 560 720 170 10

Actually, Leinster first introduced the magnitude in the context of en-
riched categories in [3]. Generalized metric spaces are examples of en-
riched categories (see Example 4.2.7(iii)) and the magnitude is defined
for them if they are finite.

As mentioned above, finite graphs are generalized finite metric spaces. |
would like to summarize the main results presented in [1] and [4]. Based



on these results, we confirm in the final section that the magnitude of
graphs coincides with that defined for enriched categories.

This thesis is laid out as follows. In Section 2, following [4], we define
the magnitude of a graph, expressing it as both a rational function and
a formal power series over Z. We also review basic properties and ex-
amples, including a simple formula for the magnitude of vertex-transitive
graphs, prove that magnitude has cardinality-like properties, and derive
the inclusion-exclusion formula. In Section 3, based on [1], we define the
magnitude homology of graphs. We show that its graded Euler charac-
teristic recovers the magnitude and that it satisfies categorified versions
of the cardinality-like properties, including a Kiinneth theorem for carte-
sian products and a Mayer-Vietoris theorem for unions. In Section 4,
referring to [3], we introduce the definition of the magnitude of enriched
categories and discuss how the magnitude of graphs is derived from this
general theory.

We denote ~ as isomorphisms of graphs and groups.
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2 The Magnitude of Graphs

This section introduces the magnitude of a graph G, along with fun-
damental examples and properties following [4]. Throughout this thesis,
a graph means a finite undirected graph with no loops or multiple edges.
The set of vertices of a graph G is denoted by V(G), and the set of edges
of G is denoted by E(G). For vertices z,y € V(G), the distance dg(z,y)
is defined as the length of a shortest path between them, where the length
of a path is the number of edges it contains. If x and y lie in different
connected components of G, we set dg(z,y) = co. Now, we say that two
vertex x,y in G lie in the same connected component if there exists a
path between them.

2.1 The Definition of the Magnitude of Graphs

We begin by defining the magnitude of a graph. The magnitude is
defined to take values in the field of rational functions over Q. It can also
be interpreted as taking values in the ring of formal power series over Z,
a property that will be discussed in a later lemma. Let Q(g) denote the
field of rational functions in a variable ¢ over Q. We also write Z[g] and
Z[q] for the polynomial ring and the ring of formal power series in ¢ over
Z, respectively.

Definition 2.1.1. Let G be a graph. We define the G-matriz Zg = Z¢(q)
over Z[q] whose rows and columns are indexed by the vertices of G, and
whose (z,y)-entry is given by

Za(q)(z,y) = ¢@Y)  for z,y € V(Q),
where by convention ¢* = 0.
G-matrix is the square synmetric matrix.
Proposition 2.1.2. A G-matriz is invertible.

Proof. By definition, the determinant of Z; has constant term 1, which
implies that det Zg # 0. ]



Definition 2.1.3 (Leinster [4] Definition 2.1). The magnitude of a graph
G is defined to be the rational function given by

#G(g) = > (Zalg) ' (z,y).
z,yeV(G)

Remark 2.1.4.

#G(q) = sum(Zg(q)™") = Sun&i??;azé)()q)))

where adj is the adjugate matrix and sum is the sum of all entries of a

matrix.
Proposition 2.1.5. #G(q) takes values in Z[q].

Proof. Let det Zg(q) = 1 — qf(q) for some f(q) € Z[q] by Proposi-
tion 2.1.2. Then we have

~ sum(adj(Zg))

#G(0) = g i = s(adi(Z6) Yo" fla)"

n=0

Note that ¢ f(¢) has no constant term and then Y ¢" f(¢)" takes values
in Z[q]. O

Example 2.1.6. Let G = K3 (complete graph with three vertices as

VAN

Figure 2: Complete graph of three vertices

Figure 2).

Then, we can calculate the magnitude of K3 as follows:

1 ¢ gq . 1-¢ —q+¢ —q+¢
Z@=a 1 a|. Zo@ =g s | 9t e 1@ —at
q q 1 —q+q¢ —q+¢ 1-¢°



Definition 2.1.7 (Leinster [4]). Let G be a graph and = € V(G). The
weight of x in G is defined

we(r)(q) = Y (Zal@) ™ (z,y)

yeV(G)
The function wg : V(G) — Q(q) is called the weighting on G.

The magnitude can be expressed using the weighting as follows:

#G(q) = > wolw)

zeV(G)

Lemma 2.1.8. For any graph G, the weighting w¢g satisfies

Z wgly) =1 forz e V(Q).
yeV(G)

Proof. For any vertex = € V(G), we have

> " Mualy) = > P25y, 2)

yeVvV (@) y,2€V(G)

= Z ZG(x,y)Zél(wa)

y,2€V(G)

= > > Zoley)Zg'(y, 2)

zeV(GQ) yeV(G)

= Y (ZaZgh)(x,2)

zeV(G)

= Z I(z,2)

zeV(G)
= 1.

This equation is called the weighting equation.

Lemma 2.1.9 (Leinster [4] Lemma 2.3). Let G be a graph and let W :
V(G) = Q be a function satisfying a weighting equation. Then, Wg = wg.
Now, wg 1s the weighting on G.



Proof. Let b= (1,1,...,1)T where the length of b is |V (G)| and wg =
(wg(x))gev(G). If w¢ satisfies the weighting equation, then we have

Zawg = b.
Since Z¢ is invertible by Proposition 2.1.2, we have wg = wg. O

This lemma shows that the weighting on a graph is unique and we use
this frequently to compute the magnitude of graphs.

2.2 Basic Properties and Examples

This subsection presents fundamental properties and examples of mag-
nitude. We focus on vertex-transitive graphs, disjoint unions, and Carte-
sian products. We also discuss the properties of magnitude within Z[q].

Definition 2.2.1. Let G = (V(G), E(G)), H = (V(H), E(H)) be graphs.
A graph homomorphism from G to H is a map f : V(G) — V(H) such
that if {z,y} € E(G) then {f(x), f(y)} € E(H) or f(z) = (y).

We can define a graph automorphism using the definition above. We
denote the group of all graph automorphisms of a graph G by Aut(G).
Aut(@) includes idg and for g,h € Aut(G) and = € V(G), g(h(z)) =
(gh)(x), which means Aut(G) acts on V(G).

Definition 2.2.2. A graph G is vertez-transitive if Aut(G) acts transi-
tively on V(G). It says that for any vertices = and y of GG, there exists
an automorphism ¢ : G — G such that y = g(x).

Lemma 2.2.3. Let G be a vertex-transitive graph. Then,

V(G)|
> eV (G) gy

#G(q) =
for any vertex x € V(QG).

Proof. Let S(z) =3 cv(q) q@¥) for a vertex x € V(G). We show that
S(x) does not depend on the choice of x. Take any vertices a,b € V(G).

10



Since G is vertex-transitive, there exists ¢ € Aut(G) such that b = g(a).
Then,

Sy =Y ¢

yeV(G)

— Z qd(g(a),y)
yeV(G)

— Z g19(@:9(v)) (since g is bijective)
yeV(G)

— Z q“¥)  (since g is an isomorphism)
yeV(G)

= S(a).

Thus, S(x) does not depend on the choice of z, denoting it by S. Now,

we define a function wg : V(G) = Q(g) by we(z) = % for any vertex
x € V(G). Then w¢ satisfies the weighting equation and by Lemma 2.1.9,
we have #G = &SG)'

]

Example 2.2.4. (i) G =V, (edgeless graph with n vertices as in Fig-
ure 3).

Figure 3: The graph with no edges
Then, Aut(G) ~ &,, and G is vertex-transitive. S =1 and we have
#V, = n. Now, the empty graph can be denoted by V}.

(i) G = K,, (complete graph with n vertices as in Figure 4).

Then, Aut(G) =~ &,, and G is vertex-transitive. S =1+ (n — 1)g

and we have #K,, = 1+(:—1)q'

(iii) G = C,, (cycle graph with n vertices as in Figure 5).

Then, Aut(G) ~ D, and G is vertex-transitive. If n = 2m, then
m—+1

S:1+2(q+q2+---+qm*1)+qm=%‘ Thus, we have

11



Figure 4: Complete graph

Figure 5: Cycle graph

— _2m(l—¢ _ _ n(l—g) — i
#Cop = (qug_‘%m) = (l—i—q)(li}qm)' If n = 2m — 1, then similarly
#CQm—l - 1+q,2€1m .

(iv) G is the Petersen graph (Figure 6).

Figure 6: Petersen graph

Then, Aut(G) contains D as its subgroup and G is vertex-transitive.

S =1+ 3q+ 6¢> andwehave#G:ﬁ.

12



(v) G = K, »(complete bipartite graph as in Figure 7).

Figure 7: Complete bipartite graph

Then, Aut(G) = S, x &, if m # n and G is not vertex-transitive.
We can calculate the magnitude with other methods. Let a,b be
the weight of vertices on each part of K,,,. Then, the weighting
equation is written by two equations as follows:

{"+ (m—=1)¢* a+ngh =1,
{¢" +(n—1)¢?}b+mga = 1.

We can solve this and we have
(m+n)— (2mn —m —n)q
(I+q)(1—(m—1)(n—1)¢)

Lemma 2.2.5 (Leinster [4] Lemma 3.5). Let G and H be graphs. Then,

# K, = ma+nb=

H(GUH) = #G + #1,
where G'U H 1is the disjoint union of G and H.
Proof. Zgug = (ZOG ZOH> ’Zéiuq _ (Zgl Z?:,l).
Thus,
#(GUH) =sum(Zg,y) =sum(Z;") +sum(Z;') = #G + #H.
O

Definition 2.2.6. Let G and H be graphs. The cartesian product GUOH
of G and H is the graph defined as follows;

13



« V(GO H) =V(G) x V(H).

e B(GOH) = {{(z,y),(«",¢)} [ & = 2" and {y,y'} € E(H) or y =
y and {z,2'} € E(G)}.

Lemma 2.2.7 (Leinster [4] Lemma 3.6). Let G and H be graphs. Then,
#(GOH) =#G - #H.

Proof. For x,2' € V(G) and y,y € V(H),

deou((,y), (7',y)) = da(x,2") + du(y,y'),

Zaon((x,y), (2,y)) = qleon(@v)&y) = gda@) gduy') — 7.(2, 2\ Zy(y, 1),
Zanw = Za ® Zy and then Zgh, = 7' @ 7,

Thus, #(GOH) = sum(Z5,) = sum(Z;'®Z;") = sum(Z;")-sum(Z,') =
4G - #H.

We used the fact that (P ® Q)(R® S) = (PR) ® (QS) for matrices
P, Q, R, and S such that the products of PR and Q).S are defined. O

Example 2.2.8. G = K, [ K3.
#K, O Ky = #Ky - #K3 = 12 - 1 0 y = s

Ttq 1+2¢  (T+a)(1+2q

Remark 2.2.9. Here we use the catesian product for graph product, but
there are other graph products. However, there is a reason that we use
the catesian product. This will be clear in Section 4.

Proposition 2.2.10 (Leinster [4] Proposition 3.9). Let G be a graph.

Then,
#G(q) = Z(_l)k Z g lwoa) o) (a1 ,m)
k=0 TOFET1FF Ty
=2 _end"
n=0
where
o= (=D {(x0,. .., %) | w0 # 21 # -+ # wx, d(wo, 1)+ - +d(wx_1, ) = n}.
k=0

14



Proof. Let ¢ : V(G) — Z[q] be a map defined by

= Z(—l)k Z qd(fEO@l)er(ffl7$2)+"'+d($k717$k)_

k=0 T=TOFT1F F Tk
Then, for z € V(G),

Z qd(xvy)wG

yeV(G)

Bole) + Y ¢
yeV(G)\{=}

r)+ Y (1) 3 g ) +d(zo.a) o d(wp o)
k=0

TEY=ToFL1FF )

WE

(_1)k Z qd($0,$1)+"'+d($k—17$k)
0 Y=TOFAT1F - F T

e
I

[e.e]

) + Z Z qd(I,IO)er(wo7961)+"'+d(wk71 )

TETOFT1FF Ty,

Wa
o
E E d($07x1)+”'+d(xk717xk)
k=

0 T=TOFEF Tk
o0
+ Z Z qd($,$o)+~--+d($k—1,wk)
k=0 TEZOFE - F Tk
= 1.

The last equality holds since the first term at k is the second term at
k —1 in the second term with opposite sign. Now, if k goes to infinity, the
term disappers since ¢>° = 0. Thus, by Lemma 2.1.9, we have wg = wg
and then the first equality of proposition follows. The second equality
immediately follows from the first one. [

Corollary 2.2.11 (Leinster [4] Corollary 3.10). Let G be a graph. |V (G)| =

G(0),|E(G)| = —3 I}#G(q) , Here, the derivative is taken in Z[q].
q:

Proof. From the previous proposition, we have

co = Z(—l)kl{(xo, co ) | o FA xy F - F Ty d(xe, ) + - d(Tp—1, k) = N}
k=0
= [{(xo) | 20 € V(G)}|
= [V(G)]

15



and

c1 = [{(z0) | d(xo,20) = 1} — [{(z0, 71) | T0 # 21, d(70,71) = 1}
=0—2[E(G)|
— 9|E(G)).

This corollary immidiately follows from these results. O

Remark 2.2.12. ¢g > 0,¢; < 0, and ¢ > 0 holds. The last inequality
follows from

¢ = [{(z,y,2) | d(z,y) = d(y, 2) = 1}| = {(z,9) | d(z,y) = 2}

by Proposition 2.2.10. However, in general, the sign of ¢, is not deter-

mined. For example, if GG is the Petersen graph, then #G = ﬁ =
10 — 30q + 30¢% + 90¢® — 450¢* + - --. By above formula of ¢y, ¢, = 0 if

and only if G has no cycles of length 3 and 4.

Remark 2.2.13. The magnitude does not have the data of the number
of connected components. For example, let W be the graph obtained
by the complete graph Ky with a triangle of edges removed. By easy

calculation,
6
W = .
# 1+ 4q
Since # K5 = %qu, we have #5W = 11_94(1 = #6K5. Here, nG means

the disjoint union of n copies of a graph G.

2.3 Main Results on the Magnitude of Graphs

This subsection states the inclusion-exclusion principle for the magni-
tude of graphs under specific conditions. We begin by observing that
the magnitude does not generally satisfy the inclusion-exclusion princi-
ple. We then introduce sufficient conditions for the principle to hold. In
this document, we mean GU H as a graph (V(G)UV (H), E(G)UE(H)).

Definition 2.3.1. Let R be a ring. A function ® is an R-valued graph
mwvariant if

e &(G) € R for any graph G.

16



e If G = H as a graph, then ®(G) = ®(H).
Definition 2.3.2. Let ® be an R-valued graph invariant.

(1) @ is said to be multiplicative if

o (V7)) =1.
e (GO H)=P(G) - ®(H) for any graphs G and H.

(2) @ is said to satisfy the inclusion-exclusion principle if

o O(V5) =0.
e O(GUH)=®(G)+ P(H)— (G nN H) for any graphs G and
H.

Lemma 2.3.3 (Leinster [4] Lemma 4.1). Let R be a ring containing no
nonzero nilpotents and let ® be a multiplicative R-valued graph invariant
satisfying the inclusion-exclusion principle. Then, ®(G) = |V(G)| for
any graph G.

Proof. Now, ®(V5) = 0, ®(V;) = 1 and by inclusion-exclusion principle,
we obtain ®(V,,) = n for any n > 0 by induction.

Let G be any graph and we fix e € E(G). Let v.,w, be the vertices
joined by e. Consider the two subgraphs G, = (V(G), E(G)\{e}) and
H. = ({ve,w.},{e}) of G. Then, by inclusion-exclusion principle, we

have
(I)(G) = (I)<Ge) + CI)(He) - CI)(Ge N He)
— B(C.) + D(K>) — D(Vh)
=d(G,) +e.

here, we denote ¢ = ®(K3y) — ®(V3). Repeating this process for all edges
of G, we have ®(G) = ®(Vy (o)) +¢- |E(G)| = |[V(G)| + - |E(G)].

Now, we show that ¢ = 0. Consider the graph C, = Ky, [ K5. Now,
®(Cy) =4 + e - 4 and by multiplicativity, we have

(Cy) = B(K>) - B(K>)
= (®(V2) +)(®(V2) +¢)
= 4 4 4e + €%

17



We obtain €2 = 0 and then € = 0 since R contains no nonzero nilpotents.
Thus, we have ®(G) = |V(G)| for any graph G. O

The magnitude of graphs is an Q[g]-valued graph invariant and is mul-
tiplicative and #V5 = 0. Since Q[q] has no nonzero nilpotents, we have
the following corollary.

Corollary 2.3.4. The magnitude does not satisfy the inclusion-exclusion

principle in general.

Definition 2.3.5 (Leinster [4] Definition 4.2). Let X be a graph and let
U be a subgraph of X. U is said to be conver in X if for any vertices

x,y € V(U), dy(z,y) = dx(z,y).

Lemma 2.3.6. Let X be a graph, let G, H be subgraphs of X, g € V(G),
and h € V(H) such that X = GUH and there is a path (9 = xg — x1 —
<= x, =h) in X. Then, there exists a vertex x; € V(G) NV (H).

Proof. We prove by contradiction. Let ¢ be the largest number with
x; € V(G). Ifi =n, then z, e V(G)NV(H). lf i <n, z;41 ¢ V(G) and
{zi,zi41} ¢ E(G), then {z;,x,41} € E(H) and z; € V(H). O

Lemma 2.3.7. Let X be a graph and G,H subgraphs of X such that
X=GUH. If GN H is convex in X, then G and H are also convex in
X.

Proof. We prove for G. Let g,¢9" € V(G). If dg(g,9') = o0, dg(g,9") =
o0 =dx(g,9'). Assume that dx(g,g") < oo and let n = dx(g,¢’). We can
choose a shortest path (9 =z¢9 — 21 — -+ = 2, = ¢’) in X such that it
contains the most vertices in G. Suppose there exists a vertex z; ¢ V(G)
in this path. By Lemma 2.3.6, there exist vertices z;,zx € V(G) NV (H)
such that 0 <i < j <k <n. Since G N H is convex in X, there exists a
shortest path (z; = yo — y1 — -+ — Ym = x}) in GNH. Now, we obtain
apath (9=29 > - 2T, =Y > 1 = D Y =T = ++» —> Ty =
¢') in X which contains more vertices in G than the previous path. This
is a contradiction. Thus, all vertices in the chosen path are contained in

V(G) and then dg(g,¢') = dx(g.9'). O

18



Definition 2.3.8 (Leinster [4] Definition 4.6). Let X be a graph and let
U be a subgraph of X such that U is convex in X. We denote Vi;(X) =
{v e V(X) | dx(v,u) < oo for some u € V(U)}. Then, we say that X
projects to U if for any x € Vi;(X), there exists v’ € V(U) such that for
any u € V(U), dx(z,u) = dx(z,u') + dx (v, u). For each z € Vi;(X), we
fix one such u" and denote it by m(z).

Lemma 2.3.9. If X projects to U, then w(x) is uniquely determined for
any x € Vy(X).

Proof. Let uj,uy € V(U) be a vertices such that for any u € V/(U),

dx(x,u) = dx(z,us) + dx(uz,u)
Then,
dx(z,uy) = dx(z,us) + dx (ug, us),
dx(z,uz) = dx(z,uq) + dx (uz,uy),
and we obtain dx(uq,uz) = 0. Thus, u; = us. O

Example 2.3.10. Let X be a bipartite graph and let e be an edge of X
(see Figure 8). Then, X projects to the subgraph consisting of e and its
endpoints.

Figure 8: A bipartite graph X with a highlighted edge

Lemma 2.3.11. Let X be a graph and let U be a convex subgraph of X
such that X projects to U. Then, for any u € V(U),

wy(u) = Z XDy (z).

zem—1(u)
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Proof. Let wy(u) = >, c 10 qX @Dy (x) for u € V(U). Then,

Z qu(u”)wU )

veV (U

= Z g*x(mv) Z >y (z)  (since U is convex in X.)

veV (U zer—1(v)

= Z Z gxwwx @) (since X projects to U.)

veV(U) zer—1(v)

= > ¢y (x)

zeV(X)
= 1.

The next theorem is one of the main theorems of this thesis.

Theorem 2.3.12 (Leinster [4] Theorem 4.8). Let X be a graph and let
G, H be subgraphs of X such that X = GU H. If GN H is convexr in X
and H projects to G N H, then

#X =#G+#H —#(GNH).

Before proving this theorem, we give the example of graphs for which
we can apply this theorem.

Example 2.3.13. Let G be a graph and consider the graph H formed
by identifying one of the edges of a cycle graph C),, with an edge of G as
in Figure 9. Now, let n > 4.

Then, we can apply Theorem 2.3.12 to X = G U H as follows:

#X = #G + #C, — #K,.

Similarly, if G and H are graphs and G V H is the graph formed by
identifying one vertex of G with one vertex of H, then we have

#(GV H)=+#G+#H — 1.
Proof of Theorem 2.3.12. We show that
Wx = Wg + WH — WenH, (1)
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'\. '\.

Figure 9: Cycle graph of four vertices

where wg, wy, and weny are defined on V(X)) by extending them by zero
to the outside of each graph. If this equation holds, then

#X = Z wx (T)

zeV(X)
= > wel@)+ > wylr)— > wenn(x)
z€V(X) zeV(X) zeV(X)

= #G + #H — #(Gn H).

We now proceed to prove (1). By Lemma 2.3.7, G,H, and G N H are
convex in X. This implies that the induced metrics on these subgraphs
coincide with the metric on X; we denote this common metric by d. Let
7 Venu(H) — V(G N H) be the projection map. We claim that

d(g,h) = d(g,m(h)) + d(x(h), h) (2)

holds for any g € V(G) and h € Vgnu(H).

First, if d(g, h) = oo, then (2) holds trivially by the triangle inequality.
Assume that d(g,h) < oco. Analogously to the proof of Lemma 2.3.7,
invoking Lemma 2.3.6 guarantees the existence of a vertex u € V(G N H)
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d(g,u) + d(u,h) = d(g,u) + d(u, w(h)) + d(mw(h),h)
> d(g,m(h)) + d(mw(h),h)
> d(g,h)
=d(g,u) +d(u, h)

This establishes (2).
It remains to show that wg+wy —weng satisfies the weighting equation
for X. That is, we show:

Z g™ Z ¢" "y (h Z ¢" " weng (u) = 1

geV(Q) heV (H) ueV(GNH)
(3)

for any z € V(X). If (3) holds, then (1) follows by Lemma 2.1.8, com-
pleting the proof. Let x € V(X).

If x € V(G)
> " Z ““oa(h) = Y " wenn(u)
geV(Q) heV(H ueV(GNH)
=14+ Z qd(h,x wH _ Z d(u:(; Z q huwH
heV (H) u€V(GNH) her=1(
heVeann (H) heVanm (H)
Y - Y
heVgnr (H) heVgnu (H)
=1.

The first equality holds by = € V(G) and Lemma 2.3.11. The second
equality holds by z € V(G),¢> = 0, and h € 7~ (u) means u = 7(h).
The third equality holds by (2).

If v € Vonu(H),

Z qd(g T wG ) + Z qd(h,x)wH(h> o Z qd(u,m)meH<u>

geV (G hGV(H) u€V(GNH)
9eV (G ueV(GNH)

Iy (Wr(w)) 41— i)
=1
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The first equality holds by x € V/(H) and (2). The second equality holds
by weighting equality for G and G N H.
If v € V(H)\Vgru(H),

> duelg) + Y @ uu() = Y q" P wenu()
)

geV (G heV (H) weV(GNH)
=0+1-0
=1
This completes the proof. Il

Example 2.3.14. The three graphs below are divided into a graph Cj,
and two graphs Cs, so they all have the same magnitude and can be
calculated as follows:

UG = #Cy +2 - #Cy — 2.

Example 2.3.15. If G is a forest, then we can calculate the magnitude

of G as follows:
q

#G =|V(GQ)| - 2|E(G)|——.
If G is a tree, then

#G = V(O] - 2V(@) - )
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3 The Magnitude Homology of Graphs

In this section, we define the magnitude homology of a graph G. We
provide fundamental examples and properties, and state the Mayer-Vietoris
sequence for magnitude homology following [1].

3.1 The Definition of The Magnitude Homology of
Graphs

Definition 3.1.1 (Hepworth, Willerton [1] Definition 2.1). Let G be a
graph. For a positive integer k, the length of a tuple (xq,...,zx) of V(G)
is defined to be

l(xo,...,xx) = d(zo,x1) + d(x1, 29) + -+ - + d(Th—1, Tk
= Z d(l'i,l, .l’l)
i=1

Now, let I(z9) = 0. We say a tuple (xo,...,zx) is good if xg # x1 # -+ #
T

We mean the tuple (zo,...,Z;,..., ) obtained by removing z; from
(33'0, . ,xk).
Lemma 3.1.2 (Triangle inequality). If (zo,...,xx) is a good tuple of
V(G), then for any 1 <i<k—1,

l(l’o,...,fﬁk) Zl(ﬂfo,...,fﬁi,...,l‘k).

Proof. We obviously have the statement by the triangle inequality of the
distance function d. O

Definition 3.1.3 (Hepworth, Willerton [1] Definition 2.2, Magnitude
chain complez). Let G be a graph. MC, .(G) is the magnitude complex
defined as follows:

MC..(G) = P MC..(G).
=0
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For non-negative integers k and [, MCy,;(G) is freely generated by good
tuples (xg,...,zx) of V(G) of length [ with the ring Z. The differential
0: MCy)(G) = MCl_1,(G) is defined by

k-1
8 — (-1)2_161',
i=1
where
(Toy ooy Tiy o ymy) i U(zo, ..o Ty xg) = Lo, .., Tk),
ai([)?(),...,l’k): .
0 otherwise.

Remark 3.1.4. For a good tuple (zg,...,z;) and 1 <i <k —1,
82-(:1:0, .. ,il?k) 7£ 0 «<— d(l’i_l, Qfl) + d(xl, .’IZ'Z'+1) = d(.fEi_l, xi—i—l)'
Lemma 3.1.5 (Hepworth, Willerton [1] Lemma 2.11). do 9 = 0.

Proof. Let G be a graph, let k > 2,1 > 0, and let (o, ...,zr) € MCyi(G)
be a generator. Now, we have

0;00; = 0j_1 00, (4)
for 0 <1i < j < k. Indeed,
(0; 00;)(zo,. .., x) = (To, ..., Tiy ..., Tj,...,7x) or 0.
holds and
(0j—100) (o, ..., xx) = (Toy ..o, Tiy oo, Ty .o, g) OF O,

also holds. Furthermore,

(81 e} 8]’)(270, Ce ,l’k) 7é 0

<:>l(l'0,...,fj,...,l‘k):l(l’o,...,Zf,',...,ffj,...,l‘k):l
< l(xg,...,Ljy...,T4,...,25) =1 (using the triangle inequality.)
<:>Z(ZL‘O,...,(L'A1‘,...71‘]§):Z(ZL‘O,...,I‘Ai,...,l’fj,...,l'k):l

— (8j_1 o 8i)(x0, C ,I’k) 7é 0,
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which induces the equation (4). Thus, we have

E

-2

o

-1

(8 o 8)(x0, . ,l’k> = ( 1)(i*1)+(j*1)(8i 9] aj)(x(], . ,.’Ek)
i=1 j=1
= Z (—1)’“(82 o) 8j)(1:0, . ,LIZ‘k)
1<i<j<k—1
+ Z —1)™7(9; 0 9;)(zo, - - -, 1)
1<j<i<k—2
and
> (=)™ (8 09)) (0, .., wn)
1<j<i<h—2
- Z (=1)7%(9; 0 8;) (w0, - .., ) (switch i and j)
1<i<j<k—2
= Z (—1)(j/_1)+i(8j/_1 o) 82‘)(1'0, Ce ,[L‘k) (j, = ] + 1)
1<i<j/—1<k—2
S () @00, (@0, z). (using (4))
1<i<j/<k—1
Therefore, we have (0 o 9)(zo,...,x;) = 0. O

Definition 3.1.6 (Hepworth, Willerton [1] Definition 2.4, magnitude ho-
mology). Let G be a graph. The magnitude homology M H, ,(G) of G is
the homology of the magnitude chain complex MC, .(G), that is,

Mijl(G) = Kerd N (MC]CJ(G))/IHI(? N (MCM(G))
Example 3.1.7. (i) G =V,,. Then,

Aﬂhﬂm>:{fﬂM|xevu@} i) =10,

otherwise,
and 0 = 0 implies that

MHkJ(Vn) ~

7zr itk=101=0,
0 otherwise.



(i) G = K,(n > 2). Then, l(xg,...,zx) = k for any good tuple
(xo,...,2x) of V(K,). Thus,

Z{({EO77ZII]§)|LL’07£LE17£7£{L‘]€} 1fl:k7

0 otherwise,

MCy(K,) = {

and 0 = 0 implies that

Zrn=D"if | =k,

MH]C,Z(K”) ~ )
0 otherwise.

(iii) G = C5. Number the vertices of C5 as shown in the following figure.
ZZIWZFINY /7 L7 05 @.%ﬁ)\
Let us consider M Hy 3(Cj). #i <

Definition 3.1.8. Let X be a finitely generated abelian group. Then,
the rank of X is defined by
rank(X) = dimg(X ®z Q).

In the definition above, rank(X) is the number of copies of Z in the
decomposition of X into a direct sum of cyclic groups (using structure
theorem for finitely generated abelian groups).

Theorem 3.1.9 (Hepworth, Willerton [1] Theorem 2.8). Let G be a
graph. Then,

> (=1)frank(MHyy(G))g' = #G in Z[q].

k>0
Proof.
> (=1)frank(MHy(G))g' =Y x(MH.(G))d'
k>0 1>0
= X(MC.i(G))d
1>0
= Z Yerank(MCy (G))g!
k>0
e Z(—l)k Z qd($0,$1)+"'+d(l‘k_1,$k)
k>0 ToFF T
= #G.
The last equality is obtained by Proposition 2.2.10. O]
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Proposition 3.1.10 (Hepworth, Willerton [1] Proposition 2.9). Let G be
a graph. Then,

o MHyo(G)~zZVEl
o MH, (G~ ZHE@I
Proof. We calculate the magnitude homology groups directly. For [ = 0,

Z{(z) |z € V(G)} ifk =0,

0 otherwise,

MCy(G) = {

and 0 = 0 induces the first statement. For [ = 1,

Z{(l‘o,l‘l) | Zo 7& ZEl} if k= 1,

MCyq1(G) =
0 otherwise,

and 0 = 0 induces the second statement. O

Definition 3.1.11. The diameter d of a graph G is defined by
d = max{d(z,y) | z,y € V(G) and z,y lie in the same component of G'}.

If G =V, then we define d = 0. Then, for any graph G, 0 < d < oo
holds.

Proposition 3.1.12 (Hepworth, Willerton [1] Proposition 2.10). Let G
be a graph and let d be the diameter of G and assume that M Hy;(G) # 0
for given non-negative integers k and l. Then,

o - < k<.

Ql—~

o [fd>1andl >0, thené<k§l.

Proof. Since M Hy;(G) # 0, there exists a good tuple (xo,...,zy) of
length [ such that 0(xq, ..., zx) = 0. Thus, | = l(zo,...,x) = Zle d(xi—1, ;) <
S d=kdand | =" d(z;_1,x;) > k. This implies that { <k <1.

Now, assume that d > 1 and [ > 0 and suppose that k£ = é. From
the above discussion, we have d(z;, z;11) = d for all i. d(xq,...,zx) = 0.
For the (k + 1)-tuple O(zo,...,x;) is a linear combination of at most

k — 1 distinct terms of k-tuples, so d(xo, ..., zx) = 0 implies d(z;_1, x;) +
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d(x;, xip1) # d(xi_1,01) for all 1 <i < k — 1. Since d(zg,x1) = d > 2,
there exists a vertex y such that d(zo,y) + d(y,x1) = d(x¢,x1) and y #
xg, 1. Then, (xo,y,1,...,xx) is a good tuple in MCj41,(G) and

(ro,x1,...,x)) fori=1,
@(350,%331, e ,ﬂfk) = {

0 for 2 <i<k.

It is obvious for 3 < i by d(x;_1,x;) + d(zi, xiv1) # d(x;_1,x41) and is
also true for i = 2 since d(y, x1) + d(x1,22) = d(y,z1) +d > d > d(y, xs).
This implies M Hy,;(G) = 0 and contradicts the assumption. O

3.2 Induced Maps on Magnitude Homology

Definition 3.2.1. Let G and H be graphs. A map f: V(G) - V(H) is
said to be a graph map if for any {x,y} € E(G), either f(z) = f(y) or

{f(2), f(y)} € E(H).

We note that a graph map is distinguished from a graph homomor-
phism, which requires that {f(x), f(y)} € E(H) for any {z,y} € E(G).

Proposition 3.2.2. I(f(xz¢),..., f(zr)) < l(xg,...,zk) for any good tuple
(2o, ...,zx) of V(G).

Proof. For any vertices z,y € V(QG), du(f(x), f(y)) < dg(z,y) holds.
Indeed, if x,y lie in the same component of GG, then there exists a path
(x =x9 = 21 = -+ = x, = y) in G such that n = dg(z,y). Since f is
a graph map, either f(z;_1) = f(x;) or {f(zi—1), f(x;)} € E(H) for any
L <i<n Thus, (f(z) = f(ze) = flz1) = -+ = flwn) = f(y)) Is a
path in H and then dy(f(z), f(y)) < n = de(z,y). If x,y do not lie in
the same component, then dg(z,y) = dy(f(z), f(y)) = co. Then,

U(f(@o), .-, flay)) = Z Ay (f(2i1), f(23))

k
< Z de(ziq, x;)
i1

= l(l‘o, C ,QTk).
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Definition 3.2.3 (Hepworth, Willerton [1] Definition 3.1, induced chain
maps). Let G and H be graphs and let f : V(G) — V(H) be a graph
map. Then, the induced map fyu : MC, . (G) = MC, .(H) is defined by

(f(xO)a s 7f<xk)) if l(f(!L’o), ER) f(xk)) - l(x07 cee 7xk)7

0 otherwise.

f#({L‘O,...,.I‘k) = {

for any good tuple (xo,...,x;) of V(G).

Lemma 3.2.4. Let G and H be graphs and let f : V(G) — V(H) be a
map. Then, if f is a graph map, then dy(f(x), f(y)) < dg(x,y) holds for
any z,y € V(G).

Proof. Let z,y € V(G) such that dg(xz,y) = n < oo. There exists a
shortest path (r =29 - 21 — -+ =z, =y). Foreachi=0,...,n—1,
dy(f(x;), f(xis1)) < dg(xi, x;01) = 1 holds and then

n—1 n—

du(f(2), f(9) < D du(f (), flwin)) < Y da(ri,2i01) = da(z,y).

=0 %

—

Il
o

]

Proposition 3.2.5. The induced map fu : MC, .(G) = MC, .(H) is a
chain map.

Proof. We need to show that the following diagram commutes for any
k,l>0.

oo ——— MCy(G) —2 5 MCy-1,(G) ——— ---

fj;’lJ O fj;_“J

e MC’]{;’[(H) T> MCk—Ll(H) —_—

Let (zo,...,x) be a generator of MCy,(G).
If l(xo,...,28) = Uxoy ooy Tiy ooy g) = U(f(20)y ooy i), ..o, flag)),

f#Oai(.To,...,[Ek) :f#(l‘g,...,.’fi,...,.fk)

= (F(@0)s-- s f(@)s o, Fla),
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and otherwise it vanishes by definition. A
£ U, 25) = UF (o), oo F@R) = U @)y Fs)se o Fl@)),
di o fy(zo,. .. 1) = 0i(f(z0), ..., far))

and otherwise it vanishes.

Consequently, the two terms agree provided they are non-vanishing. More-
over, the conditions for non-vanishing are equivalent by Proposition 3.2.2.
Indeed, we have I(f(zo),..., f(xr)) < I(zg,...,x;) and then

k) =Uwxe, o Ty ) = U f (o), ooy f(2), 0y fxg))
xe) =Uxo, ooy Tiy ooy my) = U(f(20)y oy f2), -0, k)

U(f(xo),. ., flag)) < Uxo,...,zx)

(o ) = U, ooy iy ) = L(f (o), f(2), ., fa))

(F@o)s- ., Fln)

(w0, o wx) = 1(f(w0), -, Flan) = U F(@o), -, F(3), -, flan)

holds. Thus, we have the commutativity of the diagram. O]

l(xo,y ...,
<~ l(zg, ...,
<
=
=l
<— l(zg
Definition 3.2.6 (Hepworth, Willerton [1] Definition 3.2, Induced maps
in homology). If f : G — H is a graph map, the induced map in homology

fo: MH, . (G) - MH,.(H) is the map induced by the chain map fy :
MC, .(G) — MC,.(H).

Definition 3.2.7. A is called a bigraded abelian group if A = eBk:JZO Ay
where each Aj; is an abelian group. A bigraded homomorphism f: A —

B between bigraded abelian groups A and B is a homomorphism such
that f(Ay;) C By, for any k,l > 0.

Proposition 3.2.8. The assignment G — MH, ,(G) and f — f. de-
fines a functor from the category of graphs and graph maps to the cate-

gory of bigraded abelian groups and bigraded homomorphisms, denoting
by Graph — BADb.

Proposition 3.2.9. Let f : G — H be a graph map.

o f.: MHyo(G) - MHyo(H) is given by f.(x) = f(z) for any
z e V(G).
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o f.: MH,1(G)— MH,,(H) is given by

(o) = {(()fw’f(%)) if F(zo) # £ (o),

otherwise.
for any (xo, 1) € MHy1(G).

Proof. The first statement is obvious.

For the second statement, we obtain by definition;

otherwise.

for any (xg,x1) € M H;1(G). Since f is a graph map, I(f(xo), f(x1)) =1
if and only if f(xg) # f(z1).

Corollary 3.2.10. Let f : G — H be a graph map. f. is an isomorphism
if and only if f is a graph isomorphism.

Proof. If f is a graph isomorphism, then the chain map fyx is obviously
bijective, which implies that f, is an isomorphism. Let f be a graph map
such that f, is an isomorphism. By Proposition 3.2.9, the isomorphism
fe: MHyo(G) — MHyo(H) means that f: V(G) — V(H) is bijective,
and the isomorphism f. : MH1(G) - MH,;;(H) means that for any
{z,y} € E(G), I(f(x), f(y)) = l(z,y) = 1 and then {f(z), f(y)} € E(H).
Similarly, for any {u,v} € E(H), there exists {x,y} € E(G) such that
f(x) =wand f(y) = v by using f,!. Thus, f is a graph isomorphism.
O

3.3 Magnitude Homology of Disjoint Union of Graphs

Proposition 3.3.1 (Hepworth, Willerton [1] Proposition 4.1). Let G' and
H be graphs. We define the inclusion graph mapsi: G — GUH, 7 : H —
G U H. Then,

i ®jo: MH, .(G)® MH, ,(H) - MH, ,(GUH)
s an isomorphism for each k,1 > 0.
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Proof. We show the surjectivity and injectivity.

Surjectivity. Let (zo,...,zx) € MHy, (G U H) be a generator.
By Uzo,...,2x) = I, d(zj,zj41) < oo for any 0 < j < k — 1.
Then, {zo,...,zr} C V(G) or {xg,...,zx} C V(H). Assume that
{zg,...,2x} C V(G). Then, (i, ®j.)((zo, ..., 2%),0) = (20, ..., Tk).

e Injectivity. Assume that there are generators ((zo, ..., Zg,), (Yo, - -, Yky)) €

MH, .(G)®eMH, .(H) such that (,.87.)((zo, - - -, Tky)s (Yo, - -1 Yky)) =
0.

(i* @j*)((Io, cee 733/431)7 (yO’ s 7yk‘2)) =0
ji*((x(ﬁ ce 7xk1>) +j*((y07 ce 7yk2)> =0
:>(x0,...,xk1)+(yo,...,yk2) =0

in MH, ,(GUH). Now, since {zo, ...,z } C V(G)and {yo,...,yr, } C
V(H), there is no cancellation between the two terms. Contradic-

tion.

]

We can give another proof of Lemma 2.2.5 by Proposition 3.3.1 and
X(Ax @ B.) = x(As) + X(B.).

3.4 Magnitude Homology of Cartesian Products

Definition 3.4.1 (Hepworth, Willerton [1] Definition 5.2, exterior prod-
uct). Fix [ > 0. The exterior product is the map

O: MC,.(G)® MC, . (H) — MC, (GO H)

is defined as follows. Let [J be the map

O MClil (G)XMC]QJQ(H) — MC’;C,Z(GDH) for k‘l,k’g Z 0, k= kl—f—k'g,l = l1—|—l2,

which is defined by

D((x(% cee 7xk1>7 (yo, cee 7yk2>> = ZSign(a)((xiovyjo)a (xiwyjl)? SR (xikvyjk))a

33



where the sum is over all shuffles o of type (kq, ko), that is, all sequences
((iOLjO)v (ihjl)? ) ('Lka.]k))
such that

i0:07j0:070§irSklvongSkQforOSTSkv and

(i, +1,75.) or
(trygr+1) for 0 <r <k,

(ir-‘rla jr+1) - {

and
sign(o) = (—1)",

where m = #{(i,7) € {{0,...,k1} x{0,...,ka2}} | i =i = j < j }.
Here, we extend the map [ bilinearly to the tensor product

MCkl,h (G) &® MC]Q,IQ (H) — MCk’Z(G (] H)
We denote this induced map also by L] and call it the exterior product.

Example 3.4.2. Let G = (5 0 Cy = Cy shown in Figure 10.

(z0,%0) (wo,y1)
To Yo

z1 Y1
(21,90) (x1,91)

Figure 10: Square graph

Consider the exterior product O((zo, 1) ® (y0,¥1)). We have the two
shuffles of type (1,1):

((07 0)7 (1’ 0)’ (17 1))7 ((O’ 0)7 (07 1)7 (]'7 1))
Thus,
O((wo, 1) ® (Yo, y1)) = — (0, Y0), (%1, %0), (T1,91)) + ((T0, %0), (To, ¥1), (21, 91))-
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Remark 3.4.3. As you see in the above example, the number of shuffles
is (:1 )

Proposition 3.4.4. The exterior product O : MC, .(G) @ MC, .(H) —
MC, . (GOH) is a chain map.

Proof. We show that the following diagram commutes.

s MGy 1, (G) @ MCly 1y (H) —222 5 (MCly—1.4,(G) @ MChy 1y (H)) & (MChy 1, (G) @ MCly_1,4,(H)) —— -+

o o

e MGy (GOH) MCy_y(GOH)

For this, it is enough to show that
(9oD)(x®y) = O((0x)®y) + (-1 O(x®(dy)) = (0o (929))(x®Yy),

Let x = (X0,---,XKk;),¥Y = (Yo, -- -, YKo ). Here, we should consider the
sequence of tensor products of the magnitude chain complexes defined by

0®0: MCyy 1, (G) @ MCly 1, (H) = (MCry—14,(G) @ MCh, 1, (H))
B (MCry 1, (G) @ MCy1,,(H)),
(020)(x®y)=(0x)®@y + (-1)"x  (Jy).
Then, we should show only the first equality and this follows by direct

calculation. O

From this proposition, we obtain the induced map in homology, also
denoting [.

Definition 3.4.5. (Tor functor) Let R be a ring and let A, B be R-
modules. Then, Tor(A, B) is defined by the derived functor of the tensor
product.

Theorem 3.4.6 (Hepworth, Willerton [1], Theorem 5.3). Let G and H
be graphs.

0— MH, . (G)®MH, ,(H) = MH, .(GOH) — Tor(MH,_, .(G), MH, ,(H)) — 0

is a short exact sequence and non-naturally split. In particular, if M H, .(G)
or MH, .(H) is torsion-free, then the exterior product O is an isomor-
phism.

We do not prove this theorem in this thesis.
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3.5 The Mayer-Vietoris Sequence of Magnitude Ho-
mology of Graphs

Definition 3.5.1 (Hepworth, Willerton [1] Definition 6.3, 6.4). Let X
be a graph and let G, H be subgraphs of X.

(1) (X;G, H) is said to be a projecting decomposition if X = GU H,
G N H is convex in X and H projects to GN H.
We write i : G — X, - H =+ X, j9:GNH - G, j%7:GNH —
H for the inclusion graph maps.

(2) Let (X;G,H),(X';G', H') be projecting decompositions. f : (X;G, H) —

(X';G', H') is said to be a decomposition map if f : X — X' is a
graph map such that f(V(G)) C V(G') and f(V(H)) C V(H').

(3) Let f: (X;G,H) — (X';G', H') be a decomposition map. Then, f

is said to be a projecting decomposition map if Vorng(H) = [~ (Vornm (H'))

and f(m(h)) = n(f(h)) for any h € Vgny(H).

(4) Let (X;G, H) be a projecting decomposition. MC, (G, H) denote
the subcomplex of MC, .(X) spanned by good tuples (zo, ..., zy)
whose entries all lie in G or all lie in H.

Theorem 3.5.2 (Hepworth, Willerton [1], Theorem 6.5). Let (X;G, H)
be a projecting decomposition. Then, the inclusion map

MC*,Z(G, H) — MC*,Z(X)
1S a quasi-itsomorphism for any [ > 0.

Theorem 3.5.3 (Hepworth, Willerton [1], Theorem 6.6). Let (X;G, H)
be a projecting decomposition. Then,

iG@ill
0— MH,,(GNH) =% MH, (G)®MH, ,(H) ===

MH,.(X)—0
1s a split short exact sequence.

We do not prove these theorems in this thesis.
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Corollary 3.5.4. Let (X;G, H) be a projecting decomposition. Then,
#X =#G+#H —#(GNH)
in Z[[q]].

Proof. By Theorem 3.5.3,

X(MH,,(GNH)) = x((MH.;,(G))®x(MH,;(H)))+ x(MH,.,;(X)) = 0 holds and then
X(MH, (X)) = Xx(MH.((G)) + x(MH,,(H)) = x(MH,,(G N H)).

For each [ > 0, multiplying by ¢' and summing over all [ > 0, we have

> X(MH, (X))q' =Y X(MH.(G))g'+>  x(MH.,(H))¢'=>  x(MH. ,(GNH))q"

>0 >0 >0 >0

By Theorem 3.1.9, we obtain the desired equation. Il

3.6 Diagonal Graphs and its Property

Definition 3.6.1 (Hepworth, Willerton [1] Definition 7.1). A graph G is
said to be diagonal if M Hy,(G) =0 for k # [.

Proposition 3.6.2 (Hepworth, Willerton [1] Proposition 7.2). For a di-
agonal graph, the magnitude completely determines the magnitude homol-
ogy ranks.

Proof. By Theorem 3.1.9, for a diagonal graph G,

#G => X(MH.,(G))d

>0

= Z(—l)lrank(MHz,l (@)

>0

Thus, the magnitude #G determines rank(M H;;(G)) for each [ > 0. O
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4 Motivation: The Magnitude of Enriched
Categories

In this section, following [3], we explain the motivation for studying
the magnitude of graphs in a broader context. We employ the notion of

enriched categories to define the magnitude.

4.1 The Magnitude of a Matrix

Definition 4.1.1 (Leinster [3]). Let k& be a set and let +,- be binary
operations on k, and let O, 1, be elements of k. Then, (k,+,-, 0, 1) is
called a rig if the following conditions hold:

(1) (k,+,0p) is a commutative monoid.
(2) (k,-, 1;) is a monoid.
(3) multiplication distributes over addition, that is, for any a,b,c € k,

a-(b+c)=a-b+a-c, (a+b)-c=a-c+b-c

Now, we mean a rig as a commutative rig with the operation -.
Example 4.1.2. (Z>¢,+,-,0,1) is a rig.

Definition 4.1.3. Let k£ be a rig and let I, J be finite sets. An I x J-
matrix is a function ¢ : [ x J — k.

Definition 4.1.4. Let k be a rig, and let I, .J, and L be finite sets.

(1) If (; is an I x J-matrix and (s is a J X L-matrix, then the product
(1(o is defined as follows:

(C1G2)(4,1) = ZQ(@]) Ga(g 1) (iellel)

jedJ

(2) 0 :1x I — kis called the identity matriz if 6(i,j) = 1y when i = j
and 0(i,7) = 0, when i # j.
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(3) Let ¢ : I x J — k be a matrix. We define ¢* : J x I — k by
¢*(,4) = (i, j)-
(4) Let ¢ be an I x I[-matrix. If there exists an I x I-matrix (! such

that (¢~! = ¢ and (!¢ = §, then ( is said to be invertible and (1
is called the inverse of (.

(5) w: I — kis called a vector. If ¢ is an [ x J-matrix, v is a [-vector,
and w is a J-vector, then the products Cw: I — kand v( : J — k
are defined by

(Cw)(@) =Y ¢lij) - w(ji) (i€l

(vQ)(j) = Zv(z‘) C(i.4) (jeJ)

Now, Cw is an [-vector and v( is a J-vector.

(6) If w,v are I-vectors, then the inner product vw is defined by

vw = Zv(z) ~w(i)

icl
(7) Let uy be the I-vector defined by u(z) = 1, for any i € I.

Definition 4.1.5. Let ( be an I x [-matrix over a rig k.

e A weighting on ( is a vector w : J — k such that (w = uy. w(y) is
called the weight of 7 € J.

e A coweighting on ( is a vector v : I — k such that v{ = uj. v(i) is
called the coweight of © € I.

Example 4.1.6. Let G be a graph. Then, Z;(q) is a V(G) x V(G)-
matrix over the rig Q[¢] and the weighting on Z;(q) is the weighting on
GG defined in Section 2.1.

Lemma 4.1.7. Let ¢ be an I X I-matrix over a rig k. If  has a weighting
w and a coweighting v, then



Proof. We have

Z v(i) = vuy

= v(Cw)

= (v)w

= ujw

= w()).

]

From this lemma, the sum of the weighting or coweighting on ( is unique
if they exist. Therefore, we can define the magnitude of { as follows:

Definition 4.1.8. Let ¢ be an [ x J-matrix over a rig k. If ¢ has a
weighting and a coweighting, then the magnitude of ( is defined to be

#C= v(i) = w(j),
i€l j€J
where w is the weighting on ¢ and v is the coweighting on (.

Lemma 4.1.9. Let ¢ be an invertible I x [-matriz over a rig k. Then, ¢

has the magnitude.

Proof. If C is invertible, then w = ("'u; and v = u;{! obviously satisfy
the definition of weighting and coweighting respectively. Thus ( has the
magnitude by Lemma 4.1.7. O]

Lemma 4.1.10. Let ¢ be an invertible I X I-matrix over a rig k. Then,
¢ has the unique weighting w of ¢, gwen by w(j) = Y ,;¢ (4, ) for
j € 1, and the unique coweighting v of ¢, given by v(i) = ZJEI C1(j5,1)
fori e 1. Then,
#HC=_ (G0
ijel

Proof. We should check the uniqueness and it holds from the invertibility
of ¢. O
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4.2 The Definition of Enriched Categories

In this document, we only treat locally small categories. Now, a cate-
gory C is locally small if for any objects a, b of C, the hom-set Home(a, b)
forms a set.

Definition 4.2.1. A category C is called a monoid if C has only one object
x and V' = Homg (%, *) is a monoid with the composition of morphisms
as the binary operation and the identity morphism id, as the identity
element. We denote the operation of V by ®.

VxVxV -2 oy oy

idy ><®J O ®J

VXVTVXV

Definition 4.2.2. A pair (V,®,1,a, A, p) is called a monoidal category
if it satisfies the following conditions:

(1) V is a category.
(2) ®:V xV =V is a functor.
(3) I is an object of V.

(4) « is the natural isomorphism ® o (® X idy) = ® o (idy X ®) given
by Qupw 1 (U@ V) QW = u® (v w).

(5) A is the natural isomorphism I ® — = idy given by A\, : [ @ u — w.
(6) p is the natural isomorphism — ® I = idy given by p, : u® I = .

(7) The following diagram commutes for any objects u, v, w,x of V:
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u®v
V wm
® x)

(u®(vew)

(u®v)® (w
aule /’U@wz

(w®x)) <—u® (vew)® )
& 0w,

(8) The following diagrams commute for any objects u, v of V:

(u@l) v —" % ue (I®0v)

N lidu@)w

U QU

We also call ¥V a monoidal category, omitting ® and I.

Example 4.2.3. (i) (Set, x, {*},id, Pry, Pry) is a monoidal category.
Indeed, let f; : Ay — By, fo : Ay — By and then f1 x fo: Ay x By —
Ay X Bs; (a,b) — (fi(a), f2(b)) is a map of Set for the condition (2)
in Definition 4.2.2. The rest of the conditions are obvious.

(ii) (Vecty,®, K, id, Pry, Pry) is a monoidal category, where K is a
field. We should check that for the vector spaces Vi, Vs, V3, Wi, W,
v; € V; (1 = 1,2,3), and the linear maps f1 : Vi — Wi, fo : Vo —
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(i)

(iv)

Wa, themap fi® fo : Vi®g Vo = Wik Wa; v1®@vs = f1(v1)® fa(v2)
is a linear map for (2), (v1 ®v2) ®v3 = V1 ® (V2R v3) in V1 @ Vo @ V3
for (4), and K @ Vi = V1 = V; ® K for (5) and (6). The rest of the
conditions are obvious.

([0, 0], +,0,id,id, id) is a monoidal category. Here, for a < b €
[0, o0,

Mor ‘ a b
a | {id,} 0
b {*ba} {Zdb}

Then, the condition (2) (8)follows from a; < by, as < by = a1+ay <
by +be,(a+b)+c=a+ (b+¢),04+ a=a=a+0, the uniqueness
of morphisms.

(2,®,1) is a monoidal category, where 2 is the category defined by
Ob(2) = {t, f} and the morphism sets are defined by

homy ‘ t f
t {id;} 0
oo = {ids}

and the operation ® is defined by the following table:

- *+|®
S~ |
—- =

We can easily check the conditions (1) (8) similarly to (iii).

Then, 2 is a monoidal subcategory of [0, 00| by the embedding ¢
0, f — oo and of Set by the embedding t — {x}, f — 0.

Definition 4.2.4. An enriched category A = (A, m,j) in a monoidal

category (V,®,1) is defined as follows. First, A4 consists of the objects

and the morphisms, and endowed with the following data:

(1)

For any objects a,b of A, Hom4(a,b) is an object of V.
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(2) For any objects a,b,c of A, mg,. is a morphism in V' given by
Mape - Homy (b, ¢) ® Homy(a,b) — Homy(a, c), which defines the
composition of morphisms.

(3) For any object a of A, j, is a morphism in V given by j, : I —
Hom 4(a, a), which defines the identity morphism of a.

(4) For any objects a, b, c,d of A, the following diagram commutes:

((Mor 4(c,d) @ Mor 4(b, ¢)) ® Mor 4(a, b))

W @

(Mor 4(b,d) ® Mor 4(a, b)) Mor 4(c¢,d) ® ((Mor_4(b, ¢) ® Mor 4(a, b)))

m\ id® Mabe

Mor 4(a, d) AT Mor (¢, d) ® Mor 4(a, c)

(5) For any objects a,b of A, the following diagrams commute:

I ® Mor 4(a,b) LN Mor 4(b,b) ® Mor 4(a, b)

N Jmabb
A

Mor 4(a, b)

Mor 4(a,b) ® I 8, Mor 4(a, b) ® Mor 4(a, a)

N Jmaab
p

Mor 4(a, b)
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Then, A is called a V-category.

Definition 4.2.5. Let A, A" be V-categories. A functor F' : A — A’
is called a V-functor if it satisfies the following conditions. We denote
Fup : Mor 4(a,b) — Mor 4 (F(a), F(b)) as the morphism.

(1) The following diagram commutes for any objects a, b, ¢ of A:

Mor 4 (b, ¢) @ Mor 4(a, b) Mhabe Mor 4(a, c)

Fbc®Fab O Fac

Mor 4/ (F(b), F(c)) ® Mor 4 (F(a), F(b)) —— Mora/ (F(a), F(c))
Mp(a)F(b)F(c)

(2) The following diagram commutes for any object a of A:

[ — Mor 4(a, a)

. O Foa
JF(a) J

Mor'y (F(a), F'(a))

Remark 4.2.6. The family of all V-categories and V-functors form a
category, which is denoted by V-Cat.

Example 4.2.7. (i) Let V = Set be a monoidal category described
in Example 4.2.3 (i). Then, (Cat,o,id) is a V-category. Indeed,
Mor(C, D) is a set for any categories C, D, mepg : Mor(D, E) x
Mor(C, D) — Mor(C, E); (F,G) — FoG and j¢ : {*} — Mor(C,C); * —
idc are maps of Set, F oidc = F = idp o F holds for F : C' — D,
and (FoG)oH = Fo(GoH) holdsfor F: D —- E,G:C — D,H :
B—C.

(ii) Let V = Vectk be a monoidal category described in Example 4.2.3
(i1). We say that a category is a K -linear category if it is enriched
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(iii)

over V. Then, V is a K-linear category. For any vector spaces
V,W, T, U, Mory,(V,W) = homg(V, W) is a vector space, mywr :
homg (W, T) @ homg (V,W) — homg(V,T);(f,g9) — fogisa
linear map, and jy : K — homg(V,V);a — a-idy is also a linear
map. (fog)oh= fo(goh),and foidr = f,g =idy o g for any
linear maps f: T —U,g: W =T h:V — W.

Let V = [0, 00] be a monoidal category described in Example 4.2.3
(iii). We say that a pair of a set X and a map d : X x X —
[0,00] is a generalized metric space if d satisfies that for any ele-
ments a,b,c € X,d(a,b) + d(b,c) > d(a,c) and d(a,a) > 0 hold.
Then, a generalized metric space is a V-category with morphisms
Mor(a,b) = d(a,b). Indeed, for any points z,y,z of a general-
ized metric space (X,d), Mor(z,y) = d(z,y) € [0,00], My, :
Mor(y, z) ® Mor(x,y) — Mor(x, 2);d(y, 2) + d(x,y) — d(z, z) and
Jz : 0 — Mor(z,z);0 + d(z,x) are morphisms in [0, 00| by the
definition above, d(x,y) +0 > d(z,y),0+d(y, z) > d(y, z) holds for
any points z,y of X, and d(x,y) + d(y,z) > d(z, z) holds for any
points z,y, z of X, which arrows the composition of morphisms.

Let V = 2 be a monoidal category described in Example 4.2.3 (iv).
Then, a preorder is a V-category. Indeed, for any elements a,b, c
of a preorder P, Morp(a,b) = t if a < b and Morp(a,b) = f if
a % b, Mg : Morp(b, ¢) ® Morp(a,b) — Morp(a,c) and j, : t —
Morp(a,a) are morphisms in 2, a < b implies a < b holds for any
elements a,b of P, and if a < b and b < ¢, then a < ¢ holds for any
elements a, b, ¢ of P.

Indeed, each enriched category above corresponds to the definition of

each structure.

Definition 4.2.8. Let (V,®,I) be a monoidal category and let A, B be
V-categories. Then, the tensor product A ® B is a category defined as

follows:

(1)
(2)

Ob(A ® B) = Ob(A) x Ob(B).
For any objects (a,b), (a/,0') of A® B,
Homye5((a,b), (a’,b")) = Hom4(a,a’) ® Homp(b,b').
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4.3 The Magnitude of Enriched Categories

Definition 4.3.1. Let C be a category. The isomorphism classes of
objects of C is defined by the quotient classes Ob(C)/=2, where a ~ b if
and only if there exists an isomorphism f:a — b in C.

In this section, we consider only monoidal categories (V, ®, I) satisfying
that V/ &~ forms a set.

Lemma 4.3.2. Let (V,®,1) be a monoidal category. Then, the bi-
nary operation ® on V induces a monoid structure on Ob(V)/~, that
is, (Ob(V)/~,®,1) is a monoid.

Proof. e well-definedness: Let wu,u’,v,v" be objects of V such that
u~ v and v &~ v’. Then, there exist isomorphisms f : v — v’ and
g:v—v in V. Since ® is a functor, f R g: u®@v — v ® v is an
isomorphism in V. Thus, u ® v =~ v’ @ v'.

e associativity: For any objects u,v,w of V, by the natural isomor-
phism « in Definition 4.2.2, (u®v) ® w = u ® (v ® w) holds.

e identity element: For any object u of V', by the natural isomor-
phisms A and p in Definition 4.2.2, I ® u ~ v and u ® I ~ u hold.
O

Remark 4.3.3. Let (V,®, ) be a monoidal category and let k be a rig.
Then, we define | - | to be a monoid homomorphism:

|-]: (Ob(V)/~,®,1) = (k,-,1;).

We endow a monoidal category V with |- | and also call this four tuple
(V,®,1,]-]) a monoidal category.

Here, we can choose various monoid homomorphisms depending on the
purpose.

Example 4.3.4. (i) Let V = FinSet be a monoidal category de-
scribed in Example 4.2.3 (i) restricted to finite sets and endowed
with the cardinality monoid homomorphism |- | : Ob(V)/~ —
Qx0; X — #X.
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(ii) Let V = FDVectx be a monoidal category described in Exam-
ple 4.2.3 (ii) restricted to finite vector spaces over K and endowed
with the dimension monoid homomorphism | - | : Ob(V)/~ —
Lo,V = dimg V.

(iii) Let V = [0, 00] be a monoidal category described in Example 4.2.3
(iii) endowed with the monoid homomorphism |- | : Ob(V)/~ —
Rzo; T e ",

(iv) Let V = 2 be a monoidal category described in Example 4.2.3 (iv)
endowed with the monoid homomorphism |-| : Ob(V)/~ — Z; f —
0,t+— 1.

Definition 4.3.5 (Leinster [3] Definition 1.3.2). Let V be a monoidal
category and let A be a V-category which has finitely many objects.

(1) An Ob(A) x Ob(A)-matrix (4 is defined by
Cala,b) = [Homy(a,b)| (a,b € Ob(A))
This (4 is called the similarity matriz of A.

(2) A weighting on A is defined to be a weighting on (4, similarly to a
coweighting on A.

(3) Aissaid to have the magnitude if (4 has a weighting and a coweight-
ing, denoting it by #A4 = #(4.

(4) A which has the magnitude is said to have Mdbius inversion if (4
is invertible, denoting its inverse by p4 = C;tl.

Example 4.3.6. (i) Let ¥V = FinSet be a monoidal category de-
scribed in Example 4.3.4 (i) and let A be a V-category (i.e. a cate-
gory with finitely many objects and finite hom sets). Then, |A| € Q
is defined.

(ii) Let V = FDVectx be a monoidal category described in Exam-
ple 4.3.4 (ii) and let A be a V-category (i.e. a K-linear category with
finitely many objects and finite-dimensional hom linear spaces).
Then, |A| € Q is defined.
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(iii) Let V = [0, 00] be a monoidal category described in Example 4.2.3
(iii) and let A be a V-category (i.e. a generalized finite metric space).
Then, |A| € R is defined.

(iv) Let V = 2 be a monoidal category described in Example 4.2.3 (iv)
and let A be a V-category (i.e. a finite preorder). Then, |A| € Z is
defined.

4.4 The Relation of The Magnitudes of Graphs and
Enriched Categories

Theorem 4.4.1 (Leinster [3], [4]). The magnitude of a graph G defined in
Definition 2.1.3 coincides with the Mébius inversion of the |0, co|-category

corresponding to G.

Proof. We show that a graph G is [0, oo]-category and its magnitude co-
incides with the magnitude of GG defined in Definition 2.1.3.

First, as we see in examples, generalized metric spaces are [0, oo]-categories,
which shows that G is [0, oo]-category with the metric dg.

Second, let a monoid homomorphism |- | : [0,00] — Q(gq) defined by
|z| = ¢*. Then, the similarity matrix (s of the [0, co]-category corre-
sponding to G is given by

Cala,b) = |Homg(a, b)| = |da(a, b)| = ¢%e@?),

This coincides with the Zs(q) defined in Definition 2.1.3.
Therefore, the magnitude of the [0, co]-category corresponding to G co-
incides with the magnitude of GG defined in Definition 2.1.3. O]
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Appendix
A The calculation of Graph Automorphisms

Proposition A.0.1. Let G = K,,,,. Then, Aut(G) = (6,, X &,,) x5 Zo,
where s : Zo — Aut(G); 0 — idg, 1 — 7 and T is the automorphism which
interchanges the two parts of K, .

Proof. Now, A
0= 6, x &, L% Aut(G) > Zy — 0

is exact and this sequence splits. Thus, we have Aut(G) = (S, x G,,) X
L. Il
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