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1 Reviews — Dynkin diagrams ADE

The following are related with Dynkin ADE

(1) Finite subgroups of SL(2, C), Regular polyhedra
(2) 2-dim simple sing. (deformation-stable critical pts)
(3) simple Lie algebras ADE, II;-factors etc.

(4) Partition func. of SL(2,Z)-inv. conformal field th.

(5) Finite simple groups the derived group of the Fisher
Fo4, the Baby monster B, the Monster M, are related

with (Eg, E7, Eg) (McKay’s 3rd observ.)
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Partition function of SL(2, Z)-inv. CFTs

Definition: Z = Tr(qL0+E0), where

q=e*"V=IT 1 c H: upper half-plane

Assumptions

1. 3 Unique vacuum(31 state of min. energy)

2. X : Q Agl)-character corresp. to a particle

(or an operator in a physical theory)

3. Partition func. Z is a sum of X?,

(X5 X':Agl)-characters)

4. 7Z is SL(2,Z)-inv., invariant under 7 — —r—1



Classification of Z

Cappelli, Itzykson-Zuber, A.Kato

Type k + 2 | Partition function Z(q, 0, q, 8)
A, n+1 | >3 |xal?
D, ar —2 | 3070 Ixeact + Xars1-2al? + 2]x2e-1]?
Dy, 11 4r Zirzl X2r—1]% + Z;;ll (X2aX4r—2x + X2aXar—2x) + [x2r|?
Eq 12| xa+xal® + Ixa + xsl® + Ixs + xl
E~ 18 Ix1 + xa7l® + x5 + xasl® + [x7 + x11l® + [xo/?
+(x3 + x15) X9 + Xo(X3 + X15)
Ey 30 Ix1 + x11 + x19 + x29l® + X7 + x13 + x17 + Xx2s3/?




Fact| : Indices of x = Coxeter exponents of ADE

Type Partition function Z and Coxeter exponents
Eg Ix1 + x7|? + Ixa + x8% + x5 + x111?
1,4,5,7,8,11
Er Ix1 + x171% + x5 + xa3l® + Ix7 + x11l® + Ixol?
+(x3 + x15)X9 + Xx9(X3 + X15)
1,5,7,9,11,13,17
Eg | |x1+ x11 + x19 + x29? + Ix7 + x13 + x17 + x23/

1,7,11,13,17, 19, 23, 29




(5) McKay’s 3rd observation in the Monster case|]

3 only 2 conj. classes of involutions of Monster M.

(Fischer) is one of the classes (Fischer involution).

1. {the conj. class of a - bja,b € (Fischer)} = 9 classes

2. {order of a-b;a,b € (Fischer)} = {1,2,2,3,3,4,4,5,6},

the same as mult. of vertices of Eg, extended FEg.
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Recent progress

Topic(4) : Kawahigashi and other (Ann. Math. )

Topic(5) : Conway, Miyamoto, Lam-Yamada-Yamauchi



For G C SL(2)
McKay correspondence (1) =— (0)

[Ito and N. 1999] explains McKay (1) = (0) + (2)
by Hilbert scheme of G-orbits G-Hilb(C?)

Missing in [Ito and N. 1999] is the extended Dynkin

Today| the extended Dynkin appears ([N, 2007; €])

(0) Dynkin diagrams ADE
(1) Finite subgroups of SL(2, C)

(2) 2-dim. Simple sing. and their resol.



History| |well known and trivial results

1. From finite groups to singularities : (1) = (2)

2. From singularities to Dynkin diag.[0 (2) =— (0)

(0) Dynkin diagrams ADE
(1) Finite subgroups of SL(2, C)
(2) 2-dim. Simple sing. and their resol.

(3) Simple Lie algebras ADE



History| [well known, but nontrivial results

1. From Lie algebra to singularities [0 (3) = (2)

Grothendieck, Brieskorn, Slodowy
2. From finite gps to Dynkin of reps[]1 (1) = (0) (McKay)

3. Explanation for McKay 0O (1) 4+ (2) = (0) + (2)
by vector bundles and their Chern classes

(Gonzalez-Sprinberg and Verdier 1984)

4. [Ito and N. 1999] explains McKay (1) = (0) + (2)
by Hilbert scheme of G-orbits : G-Hilb(C?)

5.|Today we refine the item 4.




Today| A relative form of [Ito and N. 1999] is given.

Theorem| Let X = G-Hilb, let nx : the ideal defining

the graph X — (A?/G) x X, Define

V= Liniv/MmIuniv + 0nx, V1= Liniv/(m + nx) Tugivs
Then we have

V := Iyniv/ (mIyniv + mx) =~ D1 Op(p,)(—1) ® p;
V1= Liniv/(m + 1 x) Luniv ~ @i—g O(p,)(—1) ® p;




2 Review : what is McKay correpondencel]

Ex 1| Let ¢g = e2™V —1/6

G = G(Ds) : the dihedral group of order 12

G : generated by o and T

C¢ O 0O 1
o= , T =

0 ¢t ~10



Repres. | Tr(p) —e o o* 1 73
00 X0 1 1 1 1 1
01 X1 1 1 1 -1 -1
P2 X2 —2 1 —1 0 0
P3 X3 2 —1 -1 0 0
P4 X 4 —1 -1 1 ) —1
P5 X5 -1 -1 1 —1 )




Let pnat : G C SL(2,C) (the natural inclusion)

Then repres.p; and their tensor products with pnat

P2 X Pnat = PO+ P1+ L3y PO Pnat = P1 @ Pnat = P2,

P3 X Pnat = P2 + P4+ P55, P4 X Pnat = P3,

p5 Q pnat = p3. |Draw the graph Dynkin(Rep(G)):

- PO P2 p3 @ P4
Ds

P1 P5

Rule : Connect p; and pj <= p; ® pnat = pj + -~

Remove pg (triv. repres.).Then we get Dynkin Ds.



Ex 1| (Continued)

G = G(Ds) : a dihedral group of order 12

G : generated by o and T

C¢ O 0O 1
o = , T =

0 ¢t ~10
The quotient C?/G has a unique sing.

Invariant polynomials of G(Dj5) and their relation are
F=2°+y%G=a? H =2y’ —y°

G*—GF?+ H*>=0



Invariant polynomials of G(Dj5) and their relation are

G*_GF?’+ H*>=0

The equation of Dy is usually referred to as

X441 XY?21+27Z%2=0

A unique singularity (X,Y, Z) = (0,0,0)

The exceptional set for the sing.(0, 0, 0)

CQ+C4+C5

C1

Cs3

Cy Co Cs: Ca
p— D5
Cs

C; is P! (a line), intersecting at most transversely



The exceptional set for the sing.(0, 0, 0)

CoCy C
2+4+ 503

o Cq Co C3e Cy

p— D5
@ C5
Dynkin(C?/G)

C; is P! (a line), intersecting at most transv.

C1

The dual graph of it is Dynkin diagram Ds

Rule of dual graph : C; = a vertex, C; N C; = an edge

Conclusion : Dynkin(Rep(G))=Dynkin(C?/G)

(McKay correspondence)




McKay corresp. asserts :
3 a deep relationship between (1) and (2)
(1) Resolution of the sing. of C?/G

(2) Representation theory of G




Invariant polynom. of G(Ds5) and relation :
G*'—-GF?*+ H?*=0

A unique singularity (F,G, H) = (0,0, 0)

6 .6
(z wyy ) etc.

When resolve sing, take quotients H/G =
% — yO, zy are not G(Ds5)-invariant

But xy, % — y° belong to the same repres. of G(Ds)

Therefore Resolution of C?/G and

Repres. of G obviously relate each other.




3 Moduli-theoretic resolution of C?/G

G = G(Ds), Regard C?/G as a moduli space

C?/G ={a G-inv subset consisting of 12 points}

: moduli of geometric G-orbits, |G| = 12
Resolution of C?/G = moduli of ring-theor. G-orbits

G - Hilb(C?) := {an O2-G -

module of length 12}

For a module M € G - Hilb(C?)

0 —1I— Oc2—+ M — 0 (exact)

A G-module generating I is almost G-irreducible

Example of generators of I

: Fy = xy — t(x® — y°)



4 The Hilbert scheme of n points

What is

The Hilbert scheme of n points of the space X ?

Z : n points of X
”n points” Z is a formal sum
Z =n1P1+noPy+---+n,.P (F #P])

(where n = nqy + -+ + ny)



Ex 2| Assume X = C.
I := the ideal of Z = f, - Clx]
n points Z =n1P1+ -+ n:Pp, P;: T =
LY dimg Clz]/Iz = n L
fz(z) = (x —a1))"(z —a2)"?--- (x — o)™

— 2"+ a1z '+ -+ an_1z+ an

e.g. if z =n - [0], then I = (")

Hilb"™(C) = {n points of X}

( )

n—1
="+ Zan_j LL‘J;(LjEC » = C"
\ 7=0 J




Ex 3

Assume X = C2. Then

Z =n1P;+ -+ n,Pr, (formal sum),

P; # Pj, namely,

Z € X X--+x X /order forgotten=: x(n)
N—_——

n
XM =X x-.--xX/Sn

n

x (1) g very singular, has a lot of sing.

Caution

X (") is different from Hilb™(C2).



Assume X = C2. Let X" =Hilb"(C?).

xnl = {an ideal I C C|zx, y|;dim Clx,y|/I = n}

\

I C Clx,y]; I : a vector subsp of Clx, y]
= 4 xl C I,yI C I, >

dim Clz,y]/I =n

\ /

Thm 1] (Fogarty 1968) X" is a resolution of X ("),

A natural map w : X n] 5 x(?) g defined,
w:Z +—n1Py+ -+ n.Pr where

Z| = {P1,:-- , Pr},n; = multiplicity of P; in Z.



Thm 1| (Fogarty 1968)(revisited)

The natural morphism XV = Hilb™V (C2) 5 X (V) jg

a resol (minimal) of sing. [

The map 7w sends G-fixed points to GG-fixed points.
where G C SL(2), N = |G|. Then

L G-inv. (X[N])G-inv. s (X(N))G-inv.

By Theorem of Fogarty (X [V ])G'inv° is nonsing.

G -inv. part of Fogarty = The Next Theorem



5 The G-orbit Hilbert scheme of C2

Lemma 2| (XV)Ginv. — ¢2/@,

Def 3| G- Hilb(C?) := (X NV])G-inv.
G - Hilb(C?) is called the G-orbit Hilbert scheme of C?2.

For I € G-Hilb(C?), Clz,y]/I = C[G]O regular repres.

Thm 4| (Ito and N. 1999)

G - Hilb(C?) is a minimal resol. of C?/G with enough

information about repres. of G.



Thm 4| (Ito and N. 1999)

G - Hilb(C?) is a minimal resol. of C?/G with enough

information about repres. of G.

This gives a new explanation for McKay corresp.

[] Vertices of Dynkin diagraml[]
¢ (bijective)
[ Irred. components of except. setl]
(bijective) § (McKay corresp.)

] Equiv. classes of irred. reps(7# trivial) of G[




6 McKay correspondence

For I € E : (except. set), we define
V() :=1/(mI+n)

Then V (I) is either irred. or p @ p/(p, p’ irred.)

For p, p’ irred rep of G, p # p’, define subsets of E by

E(p) :={I € E;V(I) D p}

P(p,p'):={I € E;V(I) D p®p'}



Thm 5| (Ito-Nakamura 1999)
Let G be a finite subgroup of SL(2,C). Then

(1) G-Hilb(C?) is a min. resol. of C?/G.

(2) For any irred rep. p of G, p # trivial, E(p) = P!,

The map p — E(p) is McKay corresp.

(3) the intersections P(p, p’) = the arrows of Dynkin of

rep.
























7 The exceptional set — Dsy case

7 : G-Hilb(C?) — C?/G the natural map
:isomorphism over C?/G \ {0}
Let E = 7w~ 1(0) be the exceptional set. Then

E={I € G-Hilb(X);I C m}

where For I € G- Hilb, Clx,y]/I = C|G] : Regular rep.

m = (x,y)Clx, y] : the maximal ideal.

For I € E, weset V(I)=1/(mI +n)
where n = (F,G, H)Clx,y]. V(I) is a G-module of gen-

erators of I other than G-inv.



Define subsets of E by
Ei:={lI€E; pp CV(I)}
={I € G-Hilb; m CI,py CV({)}
Ey:={I€E; V() Dp2}
EyNEy:={I € E; p1®p2CV(I)}

Want to show
Eq1 N Eoy




Have defined
Ei:={I€E; py CV({)}
={I € G-Hilby m CI,py CV(I)}
Ey:={I € E; V() D ps}.
We will see for I(s), Is(s) explicit
Ey = {Ii(s); s € C} U Iy(o0)~ P,
Ey = {Ix(s); s € C*} U I3(0) U Iz(oc0)~ P,

E1 N Ey = I1(c0) = I3(0) (one point)



s > oo \ I1(o00) E>

I(s) I>(t)
B, t £ 0

s € C 1))

I1(s) I2(t)
EH I,(0) 0«1t

We will see
I1(oc0) = I2(0)



The coinv. algebra of G gets involved in computing FE;.

m | Vin(p) (: deg m,type p) Eq. class

1 {z,y}p, p2

2 | {zy}p, @ {x2, yz}Ps P1+ P3

3 | {z?%y, —xy?},, ® {z° +iy’} P2 + PI + ps
4 | {y*, 2%} p; ® {27y, —zy°}p, Py

5 {y% 2}, @ {wy(2® £ (—iv®)} | p2+0f + 05
6 | {2° —y°}p, ® {2y, —2y°} p1+ ps

7 | {zy® 2%}, P2

Coinv. alg. : Clz,y|/n = Clx,y]|/(F,G, H)




The exceptional set F,

How to compute FEq¢, an irred. comp. of E

Consider G-submodules of {zy},, ® {z® — y°},,
I(s) :== ({zy + s(z° —y®)}) +n (s € C)
where n := (F,G, H) = (2%+4y°%, z%y?, 2y (%—y%))Cl[z, y].
We see,
dim Clz, y|/I1(s) = 12,

I,(s) € G-Hilb(C?) (Vs € C)



As s > 00, E =7"1(0)
If E> 1, we have I D n = (F,G, H). Hence
Clz,y]/n - Clx,y]/I (surjective)

. E C Grass.(C|z, y]/n, codim 110

Grass is compact, so that the sequence I{(s) (s — o0)

converges. Now we define I7(oco) by:

Il(oo)/n = lim Il(S)/li

S— OO

To compute I1(oco) =—> McKay corresp. appears !




I1(s) = ({zy + s(z° — y%)}p,) +n (s #0)
= ({zzy + (2 — y%)},) +n (s #0)
What happens when s = oo 7 Let % = 0.

But I7(c0) # ({z% — y%},,) +n, A Correct Answer is
Ii(00) = ({2° = 4°}p) + ({z7y, 257 }po) + 0
= ({2° —4°}p)) + ({z, ¥} po - {2y} p)) + 0

Vi(p2) = {z%y, zy?},, =

{:B, y}pz : {wy}fn: Pnat ° (VZ(Pl))

This reminds us of the McKay rule : po = pnat @ p1

I1(c0) = E1 N Ey comes out from the McKay rule !




We have just computed

I>(t)
t£0

Next we will compute I2(0) to see I1(co) = I2(0)

s e C EQ

I1(s) I2(t)
Eq I,(0) 0« t




Recall E; ={I € E; p; CV (1)} =: E(p;).
We saw
E(p1) = {I1(s);s € C} U I1(o0)
= P({zy}p, & {=° — y°},) ~ P!
(the set of all irred. G-submod.)
We will see I5(0) = I1(c0) and
E(p2) = I2(0) U {I2(t); 0 # t € C} U I3(o0)

— P({a:2y, CBUQ}pz D {—y5, fBS}pz) ~ P!

(the set of all irred. G-submod.)



Vs(p2) = {z%y, 2%} pys Vs(p2) = {—¥° 2"} p,
Similarly for ¢ = 0, we define
Ir(t) := (z’y — ty°, zy® + tz°) + n
V(I2(t)) := I2(t)/(ml2(t) + n) =~ p2. Then we see,
15(0) = ({z%y, xy*}p,) + ({z° — v°}p) + 0

= ({z?y, zy?}p,) + ({z, v}l py - {—¥° 2%} py) + 1

= I1(c0) +n, because

Il(OO) — ({a36 — yﬁ}P1) + ({wzyv $y2}p2) + n,

n=(F,G,H) = (% + ¢ 222, zy(«® — %))



I5(0) = ({=*y, ®y°}p,) + {=° — 4°}p)) + n = I1(c0)

Intersection of 1 and Eo !!
This comes from McKay rule because
Vo(p1) = {=° — y°}
= {z,y} - {-y° 2’} mod n + (z’y, zy?)

= pnat - Vs(p2) mod n + (z?y, xy?)

This reminds us of McKay rule : p;1 + -+ = pnat ® p2

~ PO P2 p3 @ P4
Ds

P1 P5



E(p1) N E(p2)

E(p1) I (o0) E(p2)

I,(s) (s € C) —H Ir(t) (t € C%)

I2(0)

V(I1(s)) = p1, V(12(t)) = p2,
V(I1(o0)) = V(12(0)) =~ p1 ® p2
sEC,teC (s#£0)
where V(I) = I/(mI + n)0 generators of I



P1 P5

P2 & Pnat = PO + P1 + P3

P1 & Pnat = P2

How does the total Dynkin diag. come out ?



m | Vin(p) (: deg m,type p) Eq. class

1 | {=, y}pz P2

2 | {zy}p, @ {27 v}y, p1 + p3

3 | {z%y, —zy®}p, © {2’ £ iy’} p2+ Py + P5
4 | {y*,a'}); @ {=3y, —zy3} ), pg”

5 | {y® —a®}p, ® {zy(® £ (—iv®)} | p2+pf + 5
6 | {z° —y°}p, © {2y, —2y°}p, p1+ p3

7 {333/69 C'363/};)2 P2

Decomposition of the coinv. alg. into repres. of G(Ds5)

Coinv. alg. : Clz,y|/n = Clz,y]/(F,G, H)



Deg. | 1 2 3 4

2
Rep. | p2 | [PT] + p3 | [P2] + P4 + p5 ps
Deg. | 7 6 5

Rep. | p2 | [3] + p3 | [B2] + P4 + P5

The Quiver str. of the Red part determ. the Dynkin diag.

Quiver str. of Coinv alg. connects the irred. comp. of E

{mv y} ’ {$y}p1 — {mzyv _my2}p2 mod (*)7
{CIZ, y} ’ {y57 _w5}p2 — {w6 _ y6}P1 mod (*)

connects E(p1) and E(p2).



Deg. | 1 2 3 4

2
Rep. P1 p2+ pa+ ps | PY
Deg. | 7 6 5
Rep. P1 p2 + p4+ ps

The McKay Quiver of D5 in the Coinv alg.




Quiver str. of Red part of Ds V3(p4)
D

////V%(P4)
Va(p1)  Va(p2) ////
b — :V4(p3)
Vo(p1)  Vs(p2) \
\\\\V%(P5)
D

Vs(ps5)



Dynkin diagram D V3(p4)

D
Vs(p4)

Va(p1)  Va(p2)

& —— & —— Vu(ps)

Vo(p1)  Vs(p2) \
V3(p5)
D

Vs(ps5)



Compute from lower degrees — V3(p4)

D
Vs(p4)
Va(p1)  Va(p2)
& —— @& —— Vu(p3)
Ve(p1)  Vs(p2) \\\
V3(p5)
D

Vs(ps5)



Compute from lower degrees — V3(p4)

D
Vs(p4)
Va(p1)  V3(p2)
& — @& —— Vu(ps)
Ve(p1) Vs(p2) \\\
V3(p5)
D

Vs(ps5)



Compute from lower degrees — V3(p4)

D
Vs(p4)
Va(p1)  Va(p2)
® —— & —— Vu(ps)
Vo(p1)  Vs(p2) \
V3(ps)
D

Vs(ps5)



Compute from lower degrees — V3(p4)

D
Vs(p4)
Va(p1)  Va(p2)
® —— & —— Vu(ps)
Vo(p1)  Vs(p2) \
V3(ps)
D

Vs(ps5)



8 The extended Dynkin diagram— Dsx-case

V(I) =1I/(mI + n) gives the Dynkin diag. Ds.
An extended version of V(I) very roughly
VI(I)=1/(m +n)I, (I € G-Hilb).

Then VT(I ) very roughly gives the extended Dynkin di-

agram Ds.



Va(po) V3(p4)

D D
v6<po>\ / Va(pa)
mm

& —— Vi(ps)
/-
Va(p1) V3(ps5)
D D
Ve(p1) Vs(p5)

Vi(po) = {z°y*}, Vs(po) = {=° + y°}



Let X =G-Hilb, minimal resol. of A2/G. Let nx the
ideal defining the graph X — (A?%/G) x X.

Theorem| [N. 2007+¢€]
V = Iypiv/ (Wmlyniv + nx) @f:1 OE(p,L-)(_l) ® p;
Vi = Lyniv/(m + nx) Inniv = @i OE(pi)(_l) ® p;

Ds-case

Let E(pg) = —FErund, E(po) fits the extended Dynkin.

L := Op(py)(—1) = OFg4(1)
L Q |O(p2)| = OE(pz)(l)v L OE(Pz) = trivial (2 # 2).




E(pO) .= _Efunda OE(po)(L) .= OEfund(_L)
OE(po)(—1) = Og, 4(1), of degree one on an irred.

comp. and trivial elsewhere

Ds-case| Eg = —E¢nd

Efind = E1+ 2E3 + 2E3 + E4 + E5

= E(p1) + 2E(p2) + 2E(p3) + E(p4) + E(ps)

— dim p2 = dim p3 = 2, dim p; = dimpg = dimps = 1

_ Eo @ E;, Ese L4
Ds
EH Ex



9 Exceptional set— Fg-case

G(FEg) C SL(2,C) (Binary Tetrahedral Group)
G(FEg) = (o, T, u) order 24

0, —i ~1,0 V2 | €5, e

where € = ¢27/8,

G(Dy4) := (o, T), normal in G(FEg)
1 - G(Dy4) — G(E@) — 7./37Z — 1.
C?/G(Dy) 25 C2/G(Eq)



Irred. rep. of Eg (irred. character)
1 -1 7 p p* optopl
@Wl1 1 6 4 4 4 4
o1 1 1 1 1 1 1
pp 2 =2 0 1 -1 -1 1
p3 1 3 3 —1 0 0 0 0
ph 2 —2 0 w? —w —w? w
pp |1 1 1 w? w w? W
py 2 -2 0 w —w? —w w?
Pl 1 1 1w W w o w?




Coinv. alg. of Eg

m Vi,
1 p2
2 p3
3 py+py
4 pi+ o) +ps3
5 p2+ p5+ phy
6 2p3
7 p2+p5+ pYy
8 pl+p]+0ps3
9 py+

10 p3

11 p2




Vs(p2)

P

Vz(p2)
Va(py)  Vs(ph) Vs(py)  Va(py
e — & —Vs(p3)— & —
Vs(ph)  Vz(ph) Va(py)  Va(py

Dynkin diagram FEg



Vs (po)® Vz(po)

|

V5(p2)® Vz(p2)

Va(p}) Vs(p5) \ ‘ Vs (p% Va(p?
® — & —Ve(pz)— & — &
Va(Ph)  Vi(eh) Vilpy)  Va(ey

The extended McKay quiver of Fg



Pn Pn—

.
R



PO

P2

o © o O
Py PS5 p3 py pY

14
o O O o O O

Pl PS5 P53 P4 P3 P2 PO

&
o O o O 0 0 ©°
PS5 Py P6 P5 P4 P3 P2 PO




10 Summary

For I € E : (except. set), we define
V() :=1/(mI+n)

Then V (I) is either irred. or p @ p’(p, p’ irred.)

For pan irred. rep. of G, define

E(p) :={I € E;V(I) D p}



Thm 5| (Ito-Nakamura 1999)

Let G be a finite subgroup of SL(2,C). Then
(1) G-Hilb(C?) is a min. resol. of C?/G.

(2) For any irred rep. p of G, p # trivial,
E(p) =P(p® p) =P, p— E(p) is McKay corresp.

(3) Quiver str. of Coninv. alg.
=Decomp. rule of ppat®(rep.) into irred. rep.

—=Dynkin diagram



Thm 6| (a refined version of Th. 5, [N.20074€])

(4) Let I,,;v be the ideal of the universal G-orbit scheme
Zyuniv over X := G-Hilb(A?). Let m be the maximal
ideal of O € A2, nx is the ideal of the graph of X —
(A?/G) x X. Then

()| V := Lyniv/ (mIyniv + 1 x) = @521 OEi(_l) X p;
(ii) VT = Iuniv/(m -+ t"X)Iumiv - gzo OEi(_l) X p;

(iii) | The corresp. E; <> p; is McKay

Eg is minus the fundamental cycle, pg is triv.rep.




Thm 6] [N. 2007 +¢€]
V= Iyniv/(MIyniv +0x) =~ iy OE(pi)(_l) ® p;
Vi = Liniv/ (m + nx) Iypiv =~ ;7:0 OE(pi)(_l) ® p;

Ds-case

Let E(pg) = —FEgngs Then E(pg) fits to the extended

Dynkin diagram.

L := Op(py)(—1) = OFg4(1)
L Q |O(p2)| = OE(pz)(l)v L& OE(pz) = trivial (2 # 2).




End

Thank you for your attention.



Why 77 | VI ~ B]_( Op(,,)(—1) ® p;

Sgtg
1-+¢3
the ideal generated by

Let ¢35 =

A universal (local) deformation Z,,;, is

Dy := y° + s3x’y + ¢3x, D2 := —x° — s32y* + P3Y,
Ey = z%y + tsy* + sstzx?, Ba := —xy® + tgz’ + sstsy?,

Ag + 253A4, Ag — 2¢903A4, Ay — L303.



In VT, we have

tsD1 = yE1 — ©(Aq — t33) = 0, t3D2 = 7(t3D1) = 0,
s3B1 = zD1 + y*E2 — t32° (A4 — t3¢3) = 0, s3E2 = 1(s3E)

t3p3(Ag — t3p3) = Ay(Ay — t3¢3) = 0,

Hence

VI~ O () © O (g) © O28(py) +2E(ps) (1),
where L is a line bundle with LoE(pg) = —1, E(po) =
—E(p1) —2E(p2) —2E(p3) — E(p4) — E(p5). The divisor
(t33) is equal to 2E(p2) + 2E(p3) = —E(po) near here.



