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QUIVER VARIETIES AND MCKAY CORRESPONDENCE
— LECTURES AT HOKKAIDO UNIVERSITY, 2001 DEC. —

HIRAKU NAKAJIMA

LECTURE ANNOUNCEMENT

The theme of lectures is an interplay of representation theory and geometry. We will explain
the author’s old results [N3] in 1995, a geometric construction of affine Lie algebras and their
representations. These are constructed by using convolution products on homology groups of
so-called quiver varieties, which was introduced by the author. But here, we use the language
of Hilbert schemes, instead of general quiver varieties, hoping this makes more accecible to
readers. Drawbacks are

(1) We can treat only affine Lie algebras, not general Kac-Moody algebras.
(2) We can treat only basic representations, not whole irreducible integrable representations.

But the main feature of the theory still survives.

We also discuss on a construction of Kashiwara’s crystal structure on the set of irre-
ducible components of lagrangian subvarieties in Hilbert schemes. This construction is due to
Kashiwara-Saito [KS].

Our method is an application of more general technique which has been used successfully
in the representation theory during the last several decades (see [CG, G]). It is the construc-
tion of algebras by the convolution product, defined on homology groups (or their variants)
of manifolds. For example, Weyl groups and affine Hecke algebras were constructed by con-
volutions on homology groups and equivariant K-homology groups of flag varieties (Springer,
Borho-MacPherson, Lusztig, Ginzburg, Kazhdan-Lusztig, etc). Also upper triangular parts of
quantum enveloping algebras and their canonical bases were constructed by convolutions using
perverse sheaves on moduli spaces of representations of quivers (Lusztig).

We also discuss a geometric explanation of McKay correspondence given in [N2]. The McKay
correspondence is roughly a correspondence between nontrivial irreducible representations of a
finite subgroup I' of SLy(C) and irreducible components of the exceptional set of the minimal
resolution X — C?/T". The original correspondence was constructed by identifying both with
vertices of the Dynkin diagram corresponding to I'. In [N2] we described irreducible compo-
nents in terms of representation theory of I', where the minimal resolution was identified with
a special quiver variety. Here we use the language of Hilbert schemes also. The explanation
turns out to be same as one found afterward independently by Ito-Nakamura [IN].

Acknowledgement. The author is grateful to D. Matsushita who invited me to give talks
in the workshop at Hokkaido University, 2001 Dec. The author also thanks to A. Ishii and
K. Yoshioka for their comments on the preliminary version of this paper.
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1. CONVOLUTION PRODUCT
The first two sections are general theory of convolution products.

1.1. General definition. Let X, Y be finite sets. Let F(X), F(Y) the vector space of C-
valued functions on X, Y. If a C-valued fuction K(x,y) on X X Y is given, we can define an

operator F(Y) — F(X) by
F(Y) 2 f)— (K= @) € D K(@.9)/(y) € FX).

This is called the convolution product of K and f.
Suppose X, Y, Z are finite sets. For given functions K(z,y) on X x Y and K'(y, z) on
Y x Z, we consider the composition of operators given by the convolution products:

K x( Zny (ZK'(y,z)f(z))

yey z€Z

This is equal to

> (ZK (z,y) K" (y, z)) f(2).

z2€Z \yey

Hence if we define (K * K')(z,z) = oo > yey K(z,y)K'(y, 2), then the composite of operators is
given again by the convolution product.

If we take X =Y, then the vector space of C-valued functions on X x X, which we denote
by F(X x X) is an algebra by the above convolution product K x K’. It is clearly associative:

(K+«K')x K"=Kx* (K x K").
And the unit is given by the characteristic function of the diagonal Ax:
1 ifx=y,
0 ifx#y.

The algebra F(X x X) has a natural representation. Namely F(X) under the convolution
product !

K+xAx =Ax*K =K, WhereAX(x’x):{

Example 1.1 (Trivial). Suppose #X = n. Then F(X x X) is the matrix algebra of n x n
matrices. F(X) is the vector representation.

This example means that we need to consider a subalgebra of F(X x X) in order to get an
interersting algebra.

1.2. Iwahori-Hecke algebra (due to Iwahori). The Iwahori-Hecke algebra H, is a ¢-
analogue of the group ring of the Weyl group W associated with a complex simple Lie algebra
g. Here ¢ is an indeterminate (parameter). We consider the simplest case g = sly. In this
case, the Weyl group W is Z/27Z. The Iwahori-Hecke algebra H,, is the C[q, ¢~']-algebra with
generator T and the defining relation

(T —q)(T+1)=0.

Note that the relation reduces to T? = 1 if ¢ = 1.

Let k = IF, be the finite field of ¢ elements. We consider the projective line P*(k) of k, the
space of 1-dimensional subspaces of k?. We consider a natural action of SLy(k) on P'(k), and
the diagonal action on the product P'(k) x P*(k). Let F(P'(k) x P'(k))%"2*) be the vector
space of C-valued functions on P!(k) x P*(k) which is invariant under the SLy(k)-action.

By the following elementary result, F(P(k) x P!(k))%2®) is an associative algebra (with
unit) by the convolution.
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Lemma 1.2. Suppose a group G acts on X. Let F(X x X)% be the vector space of functions
on X x X invariant under the diagonal action of G. Then it is a subalgebra of F(X x X) with
respect to multiplication given by the convolution.

The vector space F(X x X)% has a base given by characteristic functions of G-orbits in
X x X. In our case X = P!(k), G = SLy(k), it is easy to see that the diagonal action has two
orbits: the diagonal A and the complement of the diagonal U =5 P(k) x PY(k) \ A. Let us
denote the characteristic functions by the same notation: A and U. In order to identify the
algebra F(P'(k) x P'(k))S2(®) it is enough to compute the convolution products A% A, AU,
UxA, U=xU. But the first three are trivial. A is unit, so Ax A=A AxU=U,UxA="U.
Let us compute the last one:

(U U)w,2) = Y Ulw,y)U(y,2) = #{y € P'(k) |y # x,y # 2}
yePl(k)
g if z =y,

where we have used #P!(k) = ¢ + 1. Thus we finally get
UxU = (¢q— 1)U+ qA,
Or, equivalently
(U—-qA)*(U+A)=0.

After the substitution U — T'; A — 1, this is the defining relation of the Iwahori-Hecke algebra
for sls.

This example can be generalized to the case of arbitary Iwahori-Hecke algebra associated
with a complex simple Lie algebra g, by considering the flag variety G//B instead of P*(k).

1.3. The quantum universal enveloping algebra U,(sl;) (due to Beilinson-Lusztig-
MacPherson). Consider the Lie algebra sly(C). It is the complex Lie algebra generated

by
0 1 00 1 0
ol G BN R E

with the defining relation

[hae]ZQG’ [haf]ZQfa [eaf]:h'

The universal enveloping algebra U(sly) is the associative algebra with generators e, f, h and
the same defining relation, where [x,y] is understood as zy — yz. Geometrically sl (C) is the
space of left invariant vector fields on the Lie group SLy(C), and U(sly) is the ring of invariant
differential operators on SLy(C). (A vector field is a 1st order differential operator.)

Let us define a g-analogue of U(sly), called the quantum enveloping algebra of Drinfeld-
Jimbo, attached to sly. Let v be an indeterminate. (We will use the finite field F, again, and
the parameter v will be given by ,/g.)

Let us introduce v-intergers:

vt — o™

[n], = o — o1
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Let U,(sly) be the associative C(v)-algebra with generators e, f, k* and the defining rela-
tions

Kkl =k k=1,

(1.3) kek™ = v2e, kfk™' =v72f,

v—ov L’

Heuristically we can think k¥ = v". If we make v — 1, then we recover the defining relations of
5[2.

The representation theory (finite dimensional representations) of U,(sly) is known to be
the same as that of sly(C). In particular, we have the unique irreducible representation of
dimension N + 1 for each N € Z>. It is realized on the space of polynomials in  with degree
< N as

IN—d+1],2%! ifd>0,

def. _ def.
k‘l’d et UN 2dl'd, GJZd et ' 7
0 if d=0,

fad def. [d+ 1], 241 ifd < N,
0 ifd=N.

(The defining relation (1.3) follows from the identity [N — d],[d + 1], — [d],[N — d + 1], =
[N - 2d]v')

We give a geometric realization of U, (sly), which is nothing to do with the ring of differential
operators on SLy(C). In fact, the Lie group SLy(C) is absent in the following construction.

Let k = [, be the finite field of ¢ elements. Set v = ,/g. Fix a positive integer N. Let G
be the Grassmann variety of all subspaces of k™V. It is a disjoint union of G; with 0 < d < N,
where Gy is the Grassmann variety of d-dimensional subspace of k%. We consider the action
of GLy(k) on G and the diagonal action on G x G. Then the vector space F(G x G)GLn (k) of
C-valued GLy(k)-invariant functions on G x G is an associative algebra by the convolution.

It has a base given by the characteristic functions of orbits.

Lemma 1.4. The GL,(k)-orbits in G X G are parametrized by 2 X 2-matrices

a11 a2
A21 (22
with entries a;; € Z>o satisfying aiy + aiz + ag1 + aga = N. The corresponding orbit is the set
of pairs (V, V') of subspaces of k™ with
dlm(V N V’) = daiy, dlm(V/V N V’) = a9,
dim(V'/V V') =ag, dim(E™/V + V') = ag.

. Let e4 be

Let Ay denote the diagonal in G; X G4. The corresponding matrix is {g NO_ d]

the orbit
{(V, V’) |V C Vi idimV =d—-1,dimV’' = d}.

d—1 0

1 N— d} . Exchanging the role of V' and V', we also define

The corresponding matrix is [

Ja:

. . d 0
fa={(V, V)|V DOV dmV =d+1,dmV’'=d} «— L N—d—l}'
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Let us denote the characteristic functions by the same symbol as orbits. Let e def. ij\;(} €d,

]7 et Zizv:o fa. We compute the convolution products of these functions. The followings are
obvious:

Ad*Ad’ :5dd’Ada Ad*g: € * Ad+1, Ad*f: f* Ad—l-

Let us compute the commutator [¢, f] = € * f— f* e. We have
Ex HV,V)=#{V" CcEN |V c V"2V, dmV" =dimV + 1 = dim V' 4 1},
(F)(V V) =#{V" CkN |V O V"V dimV"” =dimV — 1 =dim V' — 1}.
In particular, the both are 0 unless dim V' = dim V’ and dim VNV’ = dim V —1 (or equivalently
dimV + V' =dimV +1). Moreover, if V' 2 V', then we must have V" =V 4+ V' V" =V V"
This means that the both functions take values 1 on this pair (V,V’). The only remaining case
is V =V’'. We have
Ex HVV)=#{V" CkN |V Cc V" dim V" =dimV + 1} = #P(kV V),
(F+)(V,V)=#{V" CkN |V O V" dimV" =dimV — 1} = #P(V*),
where P( ) is the projective space of 1-dimensional subspace of a given vector space. We have

#P(k’N/V) -1 +q+q2 4. +qN—dimV—1’ #IP)(V*) — 1+q+q2 4. _}_qdim\/—l.

Thus we have

vl—N(fev* f)(V, V) _ Ul—N(J’F* é’)(V, V) — N (U2dimV 4p2dimVH2 v2N—2dimV—2)

— p2dimV=N+1 4 2dimV-N-1_ |  N-2dimV-1l _ [N —2dim V],.

We define

def. d—N def. —d
€ = § v €d, f = E v fd7
d

d

and also define
k= Z UN_2dAd.
d

Then the above computation means that e, f, k satisfy the defining relation (1.3) with param-
eter v = ,/q. Thus we have an algebra homomorphism

O: Uy yy(sly) — F(G x G)FE),

This cannot be an isomorphism since dim F(G x G)'v*) < oo, while dim U, valsly) = oo.
However one can show that

Proposition 1.5. The homomorphism ® is surjective. So F(G x G)S*N®) s a quotient of
U, jq(sl2) divided by a two-sided ideal Iy.
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Consider the constant function ¢g on G;. Then we have

kxcg = vV "%,
(excg)(V) = v N4V |V C V' dimV +1=dim V' = d}
~_J0 if dmV #d—1,
v NH#P(EN V) otherwise,

=[N —d+1], car(V)
(fxc)(V)=v V' |V DOV dimV — 1 =dim V' = d}

o it dimV £d+1,
v H#P(VF)  otherwise,

= [d + 1]1} Cd+1(V).

These equations mean that the representation F(G)~®*) of F(G x G)SE~v k) is isomorphic to
the (N + 1)-dimensional irreducible representation of U, (sly) via the homomorphism ®.

This example can be generalized to the quantized universal enveloping algebra U,(sl,) by
considering the n-step partial flag varieties

{0=Vy,cVvic---cV,=k"}
instead of the Grassmann variety. Here the dimensions of V; is not fixed as above. So the
above variety is a disjoint union of varieties of various dimensions.

However, a generalization of this example to U,(g) for arbitary g is still open, even for g of
classical type.
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2. CONVOLUTION ON BOREL-MOORE HOMOLOGY

2.1. Convolution on cohomology. We can replace finite sets by the Euclidean space R™,
the summation over the finite set by the integration in the definition of the convolution product.
Namely, if X = R™ Y = R" with coordinates (z1,...,Zn), (y1,...,Yn), then a given function
K(x1,...,Tm,Y1,---,Yn) on X X Y defines an operator from the space of functions on Y to
the space of functions X by the formula

(K f)(z1,...,2m)

d;f Rn K(:L‘:L?' M ’xm7y1’ A '7yn) f(y17' A ’yn) dyl A 'dyn'
The Fourier transform is an example of an operator given by the convolution. Strictly speaking,
we must impose some restrictions on functions to have convergence of the integration.

We can further replace R™, R™ by oriented C'*°-manifolds and functions by differential forms
on the manifolds. Let M and N be oriented C*°-manifolds. Let A*(M), A*(N) be the vector
space of all (complex valued) differential form on M and N. If a differential form K on M x N

is given, we want to define an operator A*(N) — A*(M) by
(2.1) A*(N) BQMK*ONE'/ K Ao e A*(M).
N

More precisely, K A « is the exterior product of K and the pullback of a to M x N, and [ N
is the integration of K A « over each {x} x N. If M and N are compact, the integration is
well-defined. We assume this condition for a moment. However it will be too restrictive for
our later purpose.

The composite of this convolution is again a convolution of this type: If K (resp. K') is a
differential form on M x N (resp. N x O) with the above condition, then we have

K*(K’*a):/o(/NKAK’)Aa.

The space A*(M) of differential forms is too big. We work on the de Rham cohomology
group H*(M), which is by definition, the space of closed forms modulo the space of exact
forms:

HY (M) def. {a € AK(M) | da = 0} .
{do € AH(M) | § € AM1(M)}
(We always consider the cohomology group with complex coefficients. So we do not write
H*(M,C). Moreover, all results which we will use on cohomology can be found in a standard
textbook, e.g., [3].)
If K is a closed p-form on M x N, then we have

dM(/K/\Oé)I/dMXNK/\OJ /K/\dNOé
N N

where we put the suffix to the exterior differential operator in order to emphasize the manifold
where the relevant differential form is defined. In particular, the convolution product maps
closed (resp. exact) forms to closed (resp. exact) forms. Therefore, we have a well-defined
operator

(2.2) K - H*(N) — H*(M).

Let us consider the degree more precisely. If « is a k-form, then K A « is (k + p)-form, so
Jy K Aais (k4 p — dim N)-form.

Moreover, if K is written as K = dy;«nF', then the operator on the de Rham cohomology
group is 0 as

/K/\CY:/(dMXNF)/\Oé:/dMXN(F/\CY):O,
N N

N
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where we have used the Stokes theorem in the last equality. This means that the operator
(2.2) depends only on the class in

[K] € H*(M x N).

Take M = N. Then the cohomology group H*(M x M) has a structure of an associative
algebra by the convolution.
Example 2.3. Suppose that M is a compact oriented C*°-manifold as above. By the Kiinneth
isomorphism H*(M x M) = H*(M)® H*(M), together with the Poincaré duality (H’“(M))* =
HImM=F()) the algebra H*(M x M) is isomorphic to the matrix algebra End(H*(M)).
2.2. Borel-Moore homology. As illustrated by above example, the condition that M is
compact is restrictive, and we do not get an interesting algebra by the convolution product on

cohomology groups.
If we carefully see the definition (2.1), we find that it is enough to impose the following:

the restriction of the projection M x N — M to the support of K is proper.

Recall that a continuous map between topological spaces is proper, if the inverse image of a
compact set is again compact. Then the above integration is convergent. Thus the operator
is well-defined.

In our later examples, we have the following situation: Let Z be a fixed closed subset
Z C M x N such that

the restriction of the projection M x N — M to Z is proper.
Then we consider a variant of the de Rham cohomology group

{K | dyxnK = 0, the support of K is contained in a small neighbourhood of Z}

{dpxnF' | the support of F' is contained in a small neighbourhood of Z}

Then the operator H*(N) — H*(M) is well-defined. Namely the integration is convergent,
and the result is independent of the choice of the representative in the above coset.

The above definition is a little bit naive. A rigorous defintion is given by the relative
cohomology group

H*(M x N,M x N\ Z),
which is, by definition, the cohomology groups of the following complex:

d 0
-—>A’“(MxN)@Ak‘l(MxN\Z)LJ—dLAk“(MxN)eaA’“(MxN\Z)—»--,

where j: M x N\ Z — M x N is the inclusion. For most of our purpose, the above naive
definition is sufficient.

For the study of the convolution product, it is more natural to consider the above cohomology
group than the usual cohomology group. The above is (a variant of ) the so-called Borel-Moore
homology group. We give the definition and list its properties.

When X is a topological space which can be embedded as a closed subset in an oriented
C*°-manifold M, we define

Hy(X) S g™ M=k M\ X).

The relative cohomology group is defined as above. (NB: We will never use the ordinary
homology group. So there is no confusion in the notation.)

We must check that the right hand side is independent of the choice of M. Let us study it
in an example.

0 ifk#n,

Hi(R") = HHR") = {(C it k= n.
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In particular, our Borel-Moore homology is different from the usual homology. Consider the
embedding R™ in R™"! as a linear subspace. So we might define as

Hk(Rn) — HnJrlfk(RnJrl, Rn+1 \Rn)

Let us check that this gives us the same answer. By the Kiinneth theorem, the above is equal
to

P HR" e H(RR\{0})

So the assertion follows from

Lemma 2.4.

0 ifqg#1,

HIR R\ {0}) = {C A

Since the proof is so simple. We give it.

Proof. Obviously the cohomology group vanishes unless ¢ = 0, 1. Consider the case ¢ = 0
first. Let j: R\ {0} — R be the inclusion. By the above definition of the relative cohomology
group, a class is represented by a closed form « such that j*a = 0. A closed 0-form on R is
nothing but a constant function. And j*a = 0 means that the constant must be 0.

Next consider the case ¢ = 1. A 1-form o on R is written as

a = f(x)dz.

By the definition of the relative cohomology group, H*(R,R \ {0}) is represented by a pair
(f(z)dz, g(z)) of 1-form on R and a function on R\ {0} such that dg = j* f(z)dx, i.e., ¢'(z) =
f(z) for x € R\{0}. If there exists a function F'(z) on R such that F'(z) = f(z), j*F(x) = g(z),
then the class (f(x)dx, g(x)) is zero. We define a map

H'(R,R\ {0}) > (f(z)dz, g()) — /E f(x)dr = (g9(c) — g(—¢)) € C,

where ¢ is a positive real number. It is independent of the choice of the representative of the
class. Namely, if F'(x) = f(x), 7*F(x) = g(z) for some F(z), then the above is 0. Moreover,
since ¢'(z) = f(x) outside {0}, the above is independent of .

Obviously the map is linear and surjective. Let us show that is is injective. Define

F(x) = / ")+ g(—o).

It defines a function on R and satisfies df = f(z)dx. It satisfies F(—¢) = g(—¢). If
(f(x)dx,g(z)) is contained in the kernel of the above homomorphism, then it means that
F(e) = g(e). Then (f(x)dx, g(z)) = dF, so it is 0 as a cohomology class. O

Note that we can take a representative (f(z)dz,g(z)) so that its support is contained in a
given arbitrary small neighbourhood of 0. In this sense, we recover the naive definition.
Our canonical isomorphism

Hn—k:(Rn) N Hn+1_k(]Rn+1,Rn+l \ {0})
is given by
[a] — [ A f@n)den, a A g(zna)] = [0] A Lf (@n41)dTnia, 9(Tnga)],
where (f(x)dx, g) is a class such that

[ 1@ = (g) - g2 = 1.

This [f(2pt1)dTni1, 9(Tni1)] is an example of the Thom class.
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Theorem 2.5. If E is an oriented C* vector bundle over a C'*°-manifold M of rank r, then
there exists a unique class ® € H(E, E\ M) such that

[ o=

for each fiber E, of E. Here M is embedded in E as the 0-section.

This class is called the Thom class of E. And as above, the support of ® is contained in
arbitrary small neighbourhood of M.

If S is an oriented closed submanifold of M, then its tubular neighbourhood is diffeomor-
phic to the normal bundle Ng/;. We can consider the Thom class of Ng/ as a class of
HeedmS(Af M\ S). If X is a closed subset of S, then the homomorphism

HI™Sk (S S\ X) > arsandc HMWmMF(A M\ X)

is an isomorphism. This means that two definitions of the Borel-Moore homology group Hy(X),
one using S and the other using M, are canonically isomorphic. Based on this result, one can
prove

Proposition 2.6. The Borel-Moore homology group Hy(X) = HM=F(M M\ X) is inde-
pendent of the choice of the umbient manifold M.

We list up properties of the Borel-Moore homology, which we will use later.
(Fundamental class of manifolds) Suppose M is a connected oriented C'*° manifold.
Then

Hy(M) = H¥M=k(pr),

If k£ = dim M, then a constant function on M with value 1 is a generator of H°(M). We call
the corresponding element in Hyiy, 3 (M) the fundamental class of M, and denote it by [M].
Note that it is always nonzero. If M is not necessarily connected, its fundamental class is
defined as a sum of the fundamental classes of connected components.

If S is an oriented submanifold of M, then the fundamental class [S] is identified with the
Thom class of the normal bundle under the two realization of the Borel-Moore homology:

H°S) 21 «— & HM™S(M M\ S)
| ! ) I
HdimS(S) > [S] — [S] - HdimS(S)

(Pull-back with support) Suppose that M and N are oriented C°° manifolds with
dimM = m, dimN = n, and f: M — N is a smooth map. If X € M, Y C N are
closed subsets with f~1(Y) C X, then we have a homomorphism

[ Hy(Y) = Hypypm(X)
as a composite
H™MN,N\Y) 55 HH O, M N fH(Y)) — B0 (g, M X).
This map depends on manifolds M, N, f. A continuous map f: X — Y does not necessarily
induce a homomorphism f*: Hi(Y) — Hy_pim(X).
In particular, we consider the following situation:

e X is an open subset of Y,
e Y is a closed subset of an oriented C'*°-manifold N.

Then we take M = N\ (Y \ X)), which is an open submanifold of N containing X as a closed
subset. Then we have a homomorphism
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(Pushforward) (See also Remark 2.11 below) Suppose f: X — Y is a proper continuous
map. Then we have a homomorphism

This is defined as follows. Suppose that X (resp. Y) is embedded in (0,1)™ (resp. R") as a
closed subset. Then the composition

X 25y % (0,1)™ =Y x [0,1]™ — R" x R™
is a closed embedding. The properness of f is used to show that the image is closed. Thus
Hy(X) = H™™FR" x R™,R" x R™\ X).
We have a map
H™ M FR® x R™ R" x R™\ X) — H™™FR" x R™,R" x R™\ Y x [0,1]™),
ie.,
Hy(X) — Hp(Y x [0,1]™).
By the Kiinneth theorem, we have H(Y x [0,1]™) = H,(Y) ® H,([0,1]™). But it is

p+q=k *°P
easy to see

0 ifg#0,

H,(0.1]7) = {(C if ¢ =0.

The isomorphism for ¢ = 0 is given by

Hy([0,1]™) = H™(R™,R™\ [0,1]™) 3 [o, 5] — aeC,

Rm
where we suppose «a, 3 have support contained in a neighourhood of [0, 1]™ as before.
Thus we have a homomorphism

fo: H(X) — Hp(Y).
Ezercise 2.7. Show that f, is independent of various choices. Show that (g o f). = g« o f..

If X is compact, then the projection P: X — point is proper. Thus we have a map
P,: Hy(X) — Hy(point). But Hy(point) is isomorphic to C, where the constant function on
point with value 1 corresponds to 1 in C. This map is identified with

Ho(X) = H™M(M M\ X) 3 [o, 5] — /Ma € C,

where we take the representative [, ] so that its support is contained in a small neighbourhood
of X.

FEzercise 2.8. Check the above assertion from the definition.

(Long exact sequence) Let U be an open set of X, and Y = X \ U be the complement.
Let i: Y — X, j: U — X be inclusions. We have a long exact sequence

co Hy(Y) 25 Hy(X) S H(U) S Hya(Y) = -

where 6* is the boundary homomorphism.
(Intersection with support) Suppose X, Y are closed subsets of an oriented C* manifold
M with dim M = m. Then we can define a cap product (in M)

N: Hy(X) @ Hi(Y) = Hiyi—m (X NY)
from a cup product in the relative cohomology:
U: H¥(M, M\ X) ® H(M,M\Y) — H*'(M, M\ (X NY)).
Note that this depends on the umbient space M.
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Exercise 2.9. Suppose that X and Y are oriented submanifolds of M. Assume that they
intersect transversally. Namely, T,X +T,Y = T,M for all z € X NY. Then X NY is an
oriented manifold with dimension dim X + dim Y — dim M, where the orientation is induced
from that of X and Y. We have the following formula:

(X]N[Y]=[XnNY]
in Hgim X -+dimy —dimm (X NY).

(Self-intersection and Euler class) We suppose X, Y are oriented submanifolds of M.
We want to compute the intersection product [X] N [Y] without assuming the intersection
is transverse. The most extreme case is when X = Y. In this case [X] N [X] is called
self-intersection. Let ® € H<M™X (A M \ X) be the Thom class of the normal bundle.
Let ¢: H*(M,M \ X) — H*(M) be the natural homomorphism, and let i: X — M be the
inclusion. Then it is easy to check that [X]N[X] is identified with *¢® under the isomorphism
HeodimX (X) = Haim X—codim x (X). In general, the pullback of the Thom class of an oriented
vector bundle E is called the Fuler class of E. Thus ¢*9® is the Euler class of the normal
bundle.

If 7/ is a small pertubation of i: X — M, then ¢ and 7’ is homotopic, so the class i*9P is
equal to /*9®. Using the above argument backwords, we find

9@ = j. ([('X] N [X]),

where j: /X N X — X is the inclusion. We can choose 7' so that i’ X and X is transversal.
Then the right hand side is j.([’X N X]). Combining all these discussions, we get

(X] N [X] = [('X N X].

(Fundamental class of subvarieties) Let M be a complex manifold, and X C M be a
closed subvariety (not necessarily irreducible) with dim¢ X = n.

Proposition 2.10. We have Hi(X) =0 for k > 2n and Hs,(X) has a base corresponding to
irreducible components of X of dimension n.

Proof. If X is nonsingular, this is obvious from Hy(X) = H?"7*(X). We prove the assertion
for general case by induction on dim¢ X. The case dim¢ X = 0 is obvious. We have a closed
subvariety Z C X with dim Z < n such that and X \ Z is nonsingular, of pure dimension n.
We consider the long exact sequence

s HY(Z) S Hy(X) D H(X\2) S Hy(Z2) — -

By the induction hypothesis, Hi(Z) = 0 if & > 2(n — 1). And we have Hx(X \ Z) = 0 if
k > 2n, and Hy,(X \ Z) has a base given by fundamental classes of its connected components.
Since the connected components of X \ Z are the irreducible components of X with dimension
n, we get the assertion. O

If X is irreducible, we denote by [X] the class in Hs,(X) given by the above lemma, and
call it the fundamental class. If X is not irreducible, its fundamental class is the sum of
fundamental classes of irreducible components of dimension n.

Remark 2.11. Tt is known that our Borel-Moore homology group Hy(X) is isomorphic to ho-
mology group of infinite singular chains with locally finite support. More precisely, a formal
infinite singular chains ), a;0;, where o; is a simplex, a; € C, is called locally finite, if for any
compact subset D C X there are only finitely many nonzero a; such that DN Supp o; # (). One
can define the boudary operator exactly as in the usual finite singular chains. It preserves the
locally finiteness condition, so one can define the associated homology group. It is canonically
isomorphic to our Hy(X).
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Moreover, it is clear that a proper continuous map f: X — Y induces a homomorphism
fer Hp(X) — Hi(Y) exactly as in the case of usual homology groups, since the locally finiteness
condition is preserved under the proper map f.

2.3. Lagrangian construction of the Weyl group (due to Ginzburg). Let M;, My, Mj
be oriented C'*° manifolds with dim M; = m;. Let Z15 C My X My, Zs3 C My x M3 be closed
subsets satisfying

the restrictions of the projections M; x My — My, My X My — My to Zio, Zs3 are
proper.

Let p1o: My x My x M3 — M x Ms, etc, be the projection. Then we can define the convolution
product by

Hy(Z19) @ H(Zy3) 2 K® K’
> D1ge (P19 K NP3 K') € Hipyomy (p13(Z12 X My 0 My X Zag)).

More precisely, we take the cup product of pio K € Hyym,(Z12 X M3) and pis K" € Hyyp, (My X
Zs3) in My x My x Mj. Then the restriction of pi3 to Z19 X M3 N My X Z,3 is proper by the
above condition. Thus the pushforward is well-defined. Note that pi3(Z192 X M3 N My X Za3)
is a closed subset of M; x Mj.

Let M = T*P!(C), the cotangent bundle of the complex projective line. It is the set of pairs

T*P'(C) = {(V,€) € P'(C) x End(C?) | {(V) = 0,£(C*) C V'}.
Note that £ is nilpotent by the condition. We define the Steinberg variety
7 {(Vi. V. ) € P1(C) x P(C) x End(C?) | (V1,£), (V2,€) € T"P(C)}.

It is a closed subvariety in T*P!(C) x T*P*(C). If £ # 0, then V; = V5 = Ker{. Thus it
is contained in the diagonal of T*P!(C) x T*P!(C). Thus Z is a union of two 2-dimensional
complex submanifolds

Apepigy U (P'(C) x P(C))
where P!(C) is contained in T*P'(C) as £ = 0 (0-section). Thus
Hy(Z) = C[Appic)] ® C[P'(C) x P'(C)].

By the definition, the map Z — T*P!(C) is proper. Hence we have the convolution product
on Hy(Z):

HA(Z) % Hi(Z) > (K, K') v pus. (5K N plg ") € Ha(Z),
where we should notice p13(Z x MNM x Z) = Z.

Theorem 2.12. Hy(Z) is isomorphic to the group ring C[Z/27Z] of the Weyl group Z./27 of
5[2.

Proof. Let us compute the convolution product
[Aripig)] * [Appig)],  [Arpig] * [P'(C) x P'(C)),
[P'(C) x PY(C)] * [Ar-prg],  [P'(C) x PY(C)] * [P'(C) x P'(C)].
The first threes are easy. The intersections are transversal, and we easily get

[AT*PI(C)] * [AT*Pl((C)] = [AT*Pl(Q],
[Ap-pig)] * [P'(C) x PY(C)] = [P'(C) x PY(C)] * [Apprq)] = [P*(C) x P*(C)].

Namely [AT*PI((C)] is the unit. This holds in general.
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Let us consider the last one. We have
[P(C) x PY(C)] * [P*(C) x PY(C)] = pus. ([P*(C)] x ([P*(C)] N [P*(C)]) x [P(C)])
= P, ([P1(C)] N [P'(C)]) [P*(C) x P*(C)],
where [P'(C)] N [P!(C)] is the intersection product in My = T*(P'(C)), and P: P! — point is

the projection to the single point. So P, ([P'(C)] N [P'(C)]) is an element in Hy(point). But it
is considered as a real number by the isomorphism H,(point) = C.

Ezercise 2.13. Compute the self-intersection [P*(C)] in T*P'(C):
[P1(C)] N [P}(C)] = —2[point],

where point is the fundamental class of a point in [P!(C)]. (It is independent of the choice of
points.)

By this exercise, T < [PY(C) x PY(C)] + [Ap+pi(q)] satisfies T? = [Ap-pi()]. Thus we get
the assertion. O

Remark 2.14. The result of this section and that in §1.2 is deeply connected. The result of §1.2
can be reformulated by using SLs-invariant mixed perverse sheaves on P!. Functions appeared
in §1.2 are traces of the Frobenius homomorphism on stalks of perverse sheaves on rational
points. Forgetting the mixed structure, one can formulate the result on equivariant D-modules
on the complex manifold P!(C) (the Riemann-Hilbert correspondence). It gives the group ring
Z[W], the specialization of the Hecke algebra H, at ¢ = 1. There is a natural passage from
D-modules to cycles in cotangent bundles, i.e., characteristic cycles.

Ezercise 2.15 (See [16]). By considering the cotangent bundle of the Grassmann variety, con-
struct U(sly).
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3. HILBERT SCHEMES OF POINTS

3.1. Definition. In this subsection, we define the Hilbert scheme of points on the complex
plane, and study its geometric properties. We do not use a general construction due to Gro-
thendieck, and give an elementary treatment which works only our special case.

First we do not restrct ourselves to the case when dimension is 2. Let X be the N-dimensional
complex affine space CV. We define the Hilbert scheme of points by

Xl {I |1 is an ideal of Clzy,...,zy] with dim¢ Clzy,...,2x]/I = n}.
So far, we consider X just a set. It can be considered also as
X = {Az | Az is a quotient ring of Clxy, ..., zx]| with dimc Az = n}.
The correspondence is given by
0—1—Clzy,...,2n] = Az — 0.

(The notation Ay is borrowed from algebraic geometry. Z is a 0-dimensional subscheme of
CN, and Ay is the coordinate ring of Z.)

The Hilbert scheme X[ is related to the symmetric product S"X in the following way. If
we have distinct n points p1, ..., p, in X, then it defines both a point in S™"X and a point in
X In fact, if we set

= {f € Clzy,...,xzn] | f vanishes at p1, ..., P},

it is an ideal with dim¢ Clzq,...,2x]/I = n. (The correspondence subscheme is of course,
Z = {ph s 7pn}

However, the difference occurs if some points collide. Consider the case n = 2. In this case,
there are two types of ideals in X2, The first type is an ideal given by two distinct points p,
q. The other type is an ideal given by

(3.1) I=A{f1f(p)=0, dfp(v) =0}

for some point p € X and nonzero tangent vector v € T,X. This ideal is a limit of ideals
of the first type when ¢ approaches to p. And the information of the direction in which ¢
approaches to p is remembered in /. In the symmetric product, the limit is simply 2p, and
this information is lost. When the number of points is greater than 2, much more complicated
ideals will occur.

Ezercise 3.2. Show that the Hilbert scheme X[ coincides with the symmetric product S*X
when the dimension of the base space is 1.

We give a matriz description of X", Let V def. Clxy,...,zN]|/I, considered as a vector

space. We define linear operators B; on V' by
B;(f mod I) i f mod 1.

We define a vector v € V as v 2 1 mod I. Then it is clear that they satisfy the following
properties
(3.3.2) v is a cyclic vector, i.e., if a subspace S C V contains v and is invariant under B;’s, then
it must be the whole space V.

Conversely, if a vector space V' and such (Bj, ..., By,v) is given, we can define an ideal [
as a kernel of a surjective homomorphism

C[l’l,...,l’N] Bf(l'l,...,{L‘N)l—>f(Bl,...,BN)UEV
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Here f(Bi,..., By) makes sense since [B;, Bj] = 0. Moreover, the surjectivity follows from
the cyclicity of v. Thus I is a point in X" This I is not changed under the action of GL(V)
given by
(Bla SRR BNa U) — (gBlgila s 7gBNg717g'U>‘
Moreover, it is easy to check that these maps are mutually inverse. We have a set-theoretical
bijection
XM {(By,...,By,v)](3.3.1),(3.3.2)} / GL(V).

When a GL(V)-orbit through (B, ..., By,v) is considered as a point in X" we denote it by
[(Bl, ey BN, U)]

For example, consider the case n = 2. Since [B;, B;] = 0, we can make B;’s simultaneously
into upper triangular matrices as

Ty ap T a2
B, = , By = ,
1 {0 yl} i {0 yz}
If (z1,29,...,25) # (Y1, Y2, - - -,Yn), then we can simultaneously diagonalize all B;’s. This case
corresponds to the ideal given by distinct two points. Suppose (1, Za, ..., 2n) = (Y1, Y2, - - -, YUN)-
Then the cyclicity implies that (ai,az,...,ay) # (0,0,...,0). Now it is not difficult to see

that this case corresponds to an ideal of type (3.1) with v = (a1, as, ..., an).
From now on we assume N = 2.

Theorem 3.4. X" is a nonsingular complex manifold of dimension 2n.

The following proof will be not used later. So an uninterested reader can safely skip it.

Proof. Let X < {(By, By, v)|(3.3.1), (3.3.2)}, i.e., X[ = X[/ GL(V).

Step 1. We first show that X[ is a nonsingular complex manifold of dimension 2n + n?.
Let

p: End(V) x End(V) x V' — End(V)
be a map defined by
(B1, B, v) = [By, Ba].

Then X is an open subset of ~(0). The differential of y at (By, By, v) is given by
d,u(éBl, 532, 51)) = [Bl, 532] + [5B1, BQ]

It is enough to show that the cokernel of du is dimension n for any (B, B, v) € XM, We
identify the dual space of End(V) with itself by the inner product given by trace. Then the
cokernel of dy is
{C € End(V) | tr (Cdu(6By,dBs, dv)) = 0 for all (§By,dBs,dv)}
={C € End(V) | [By,C] = [B,,C] = 0}.

This space is isomorphic to V' under the map C' +— Cv thanks to the conditions (3.3.1), (3.3.2).
This completes the step 1. _

Step 2. Next we show that the action of GL(V) on X is free. Suppose that g € GL(V)
stabilizes (B, By, v), i.e.,

gB1g™! = By, gBayg! = By, gv=.

Then S < Ker(g — 1) is a subspace of V' which is invariant under By, By and contains v.
Hence S =V by the condition (3.3.2). Thus we have g = 1.

Step 3. We show that every GL(V)-orbit in X" is closed. In fact, the closure of an orbit
is a union of orbits, but any orbit cannot be contained in the closure of another orbit since
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both have the dimension dim GL(V) by Step 2. In particular, the quotient space X/ GL(V)
is Hausdorff.
Step 4. We show that a bijection

GL(V) x X" - T {(z, gz) € X x XM | g € GL(V)}
is a homeomorphism. Thus we want to show that the inverse of the map is continuous. Suppose
iliglo((Bu, Bai,v;), (9:B1.49; ", 9iBa.ig; *, 9ivi)) = ((B1, By, v), (9B1g ™", gBag ™", gv)).
We need to show that g; converges to g. Set
By, =9iBiig; ', By, = 9iBagi ', v = givi.
We have
9iB1; = Bi,igz‘, giBa; = Bé,igz‘-

We consider h; = g¢;/||g;||. Then ||h;]| = 1, so we may assume that h; converges to an en-
domorphism h € End(V) with ||h|| = 1 if we replace h; by a subsequence. Therefore, we
have

hBy = gBig~"h, hBy=gByg~'h.
Suppose ||g;|| — oco. Then

hv = lim hv; = lim vi = 0.
=00 i=o0 | gill
This means the kernel of h contains v and invariant under By, By. Thus h = 0 by (3.3.2).
This contradicts with [|h]| = 1. Therefore ||g;|| is bounded, and may assume g; converges to

g € End(V). As above, we have
gBi=gBig™'g, ¢By=gBg'g, gv=gv.
By Step 2 (we do not need the invertibility of ¢’), we have g = ¢’. This completes the proof of
Step 4.
Step 5. The rest of the proof is a standard argument (see e.g., [40, Theorem 2.9.10]). So
we explain it only briefly.
Take (By, By,v) € X, Consider the deformation complex at (By, By, v):

End(V) % End(V) x End(V) x V 2 End(V),
where ¢ is the differential of the GL(V')-action, i.e.,
L(g) = ([ga Bl]a [57 B2]7 £U)

By the arugment in Step 1, we know that ¢ is injective. We can take a submanifold S of X
passing through x such that

(1) its tangent space TS is complementary to Im ¢,
(2) GL(V) - S is an open subset of X and the map GL(V) x S — GL(V) - S is an

isomorphism of complex manifolds.

We can give a structure of a complex manifold to the quotient space XM /GL(V) = X" 5o
that the natural map {1} x S — GL(V)-S — X[ is an isomorphism onto an open set of
X[l 0

Remark 3.5. (1) Theorem 3.4 is originally due to Fogarty [13]. Our proof here is completely
different, and somehow similar to the construction of a moduli space in the gauge theory.

(2) It is known that X[ is a hyperKihler manifold [Lecture, §3]. This result is based
on the matrix description of X[ a well-known correspondence between the GIT quotient
and the symplectic quotient, plus a misterious lemma in linear algebra. An existence of
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a holomorphic symplectic form (weaker than the existence of a hyperKéhler structure) was
proved by Beauville [2] earlier.

3.2. The Hilbert-Chow morphism and the punctual Hilbert scheme. Let S"X be

the nth symmetric product of X = C2. It is an orbifold, locally isomorphic to an open set

of the Euclidean space divided by an action of a finite group. In particular, it has a natural

topology and complex structure. It is an affine algebraic variety, whose coordinate ring is

CA1, s - - -5 Ay 1) ©™. Tt is known that the ring is generated by > AP pd for various p, ¢.
The symmetric product has a natural stratification indexed by partitions of n:

S"X =| |SyX,  where S}X = {Z \it; € S"X
A )

T #x](z#j)}

For example, if A = (1") = (1,...,1), then S(”ln)X is the open set consisting of distinct n
points. It is a nonsingular locus of S"X, i.e., S"X has singularities along the complement
S"X\ Sy X. The other extreme is A = (n). Then 57, X is the set of points with multiplicity
n. Hence S(”n)X is isomorphic to X.
Let [(By, By, v)] € X" Since [By, By] = 0, we can make B; and B, simultaneously into
upper triangular matrices as
A ...k 1 ... %
Bi=1|: . ], By=1|: .
0 ... A\ 0 ... py
We define a map m: X" — S"X by

m([By, By, v]) = (Ar, pia) + -+ + (A, i)

From the above remark on the coordinate ring of S™X, it is clear that this is a morphism
between complex analytic varieties. It is called the Hilbert-Chow morphism. 1f [(By, Ba,v)]
corresponds to an ideal given by distinct n points, then it is easy to see that the corresponding
matrices By, By are simultaneously diagonalizable, and the eigenvalues are the given points.
This shows that 7 is an isomorphism on an open set consisting of ideals given by distinct
points, i.e., 7 }( (1mX)-

The other extreme is the inverse image of a point in SFR)X . We define

] def.

XU o), X (S X)

where 0 is the origin of X = C?. The formar X([]n] is called the punctual Hilbert scheme. These
are closed subvarieties of X[ and we have X" = X" x X If n =1, xl! = {0}. If n = 2,
X(EQ] >~ P! by the description explained in §3.1. The inverse image of the other points can be
easily described. If C' € SYX, then
(3.6) 7 O) = X x xPPl
where A = (A1, Ay, - - +) is a partition of n.

It is known that
Theorem 3.7. Ifn # 0, X([]n] is an (n — 1)-dimensional irreducible subvariety. (If n =0, we
understand X([]n] = {point}.)

This result is due to Briangon [4] (see also larrobino [19]).

Theorem 3.8. m: X" — S"X is a resolution of singularities. Namely, T is a proper surjec-
tive morphism such that

(1) X[ 4s nonsingular,

(2) m is an isomorphism on Wﬁl(San)X).
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(3) 7T_1(S(”1n)X) is a dense subset in X",
Moreover, X" is irreducible.

Proof. We do not prove that « is proper yet. For example, it becomes obvious if we consider
the Hilbert scheme (]P’Z)M of points on projective plane. Then (]P’Q)[n] is a projective variety
since it is a subvariety of the Grassmann manifold. In particular, it is compact. We can define
the Hilbert-Chow morphism (]P’2)M — S™(P?). Tt is clearly proper. Then X" = 7=1(S"X),
where S"X is an open subset of S"P2. Thus the properness is clear.

Another way to show the properness is to identify S™X with the quotient in the geometric
invariant theory:

S"X = ;710 GL(V).

Then the properness follows from a general theory in the geometric invariant theory. This
argument is necessary for quiver varieties.

Now we check other conditions. The surjectivity of 7 is clear. The remaining one is the
condition (3). We have proved that X" has dimension 2n. Thus the condition (3) follows if
we show that dim 7= 1(S"X \ ShmX ) < 2n. And this follows easily from the previous theorem

and (3.6). Since it is clear that S{mX 1s connected, it also implies that X "l is connected. [

Remark 3.9. For the proof of this theorem, the full strength of Theorem 3.7 is not necessary.

It is enough to prove the weaker statement ‘there is only one (n — 1)-dimensional irreducible
component in X([]n]’. In fact, even weaker statement dim X([)”] < n — 1 is enough. There is a
very simple proof of this statement based on the symplectic geometry on X ([Lecture, 1.13]).

Remark 3.10. Using Theorem 3.7, one can show that
1
dim 7~ (C) = n — # of nonzero entries in A = 5 codim SYX", C € SyX".

Thus the map 7 is semi-small. This immediately gives us a formula of Betti numbers of X ™.
(See [Lecture, Chapter 5].)
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4. QUIVER VARIETIES (OR ['-HILBERT SCHEMES)

Quiver varieties were introduced in [N1]. They arised a natural generalization of moduli
spaces of anti-self-dual connections of the so-called ALE spaces, studied in [29]. However, we
give a different geometric description in these lectures.

4.1. I'-fixed point set. Let " be a finite subgroup of SLy(C). The classification of such
subgroups has been well-known to us, since they are symmtry groups of regular polytopes via
the double covering SU(2) — SO(3). The classification table is the following:

type affine Dynkin graph group
An (n>0) { :zj;o {[5.%]]e™™ =1}, the cyclic group Z/(n + 1)Z
> . i i _
D, (n>4) ;>:>—w $ the binary dihedral group of order 4(n — 1)
o
Eg 00000 the binary tetrahedral group
(]
E; e o0o0-bo00o0 the binary octahedral group
O
Ey 0000000 the binary icosahedral group

TABLE 1. finite subgroups of SLy(C) and affine Dynkin diagrams

The link between this classification and that of simple simply-laced complex Lie algebra of
type ADFE will be explained soon.

The group I' acts on the complex plane X = C?, and also on the Hilbert scheme X, We
want to consider the fixed point variety

(X" = {T € X | y- T =T for any v € T}.
IfI e (XM)F, then C[z,y|/I is a I-module.

Since X[ is smooth and T is finite, the fixed point set (X [”])F is a union of nonsingular
submanifolds (of various dimensions). The I'-module structure of C[z,y]/I is constant along

each connected component of (X [”])F. For a given isomorphism class v we set

def.

X(v)= {[ c (X[n])F ’ Clz,y] /I = V} ,  where n =dimV,

where V' is a I'-module in the isomorphism class v. A priori, this is a union of connected

components of (X [”])F. However, a stronger result is known: X (v) is connected. This follows
from a general result for quiver varieties by Crawley-Boevey [9].

Example 4.1. This example was first given by Kronheimer [28] (in a slightly different lan-
guage), and was a starting point of later works on quiver varieties [29, N1, N3]. It was
rediscovered later by Ginzburg-Kapranov (unpublished), and then Ito-Nakamura [IN] inde-
pendently.

Consider the ideal I of functions vanishing at points in a free I'-orbit. The action of T"
on X is free outside the origin 0, therefore the orbit consists of #I'-elements. The I'-module
Clx,y]/I is the regular representation of T'. Let R be the regular representation of T', and r its
the isomorphism class. Then X (r) of the fixed point set in the Hilbert scheme X" (n = #I),
which contains ideals consisting of functions vanishing on a I'-orbit. The corresponding fixed
point set (S™X) in the symmetric product is isomorphic to X/T" in this case. Thus we have a
proper morphism 7: X (r) — X/T", which is a resolution of singularities. This is easy to check.
In fact, it is an isomorphism on Wﬁl((S("ln)X)F) =7 1((X\{0})/T). And X(r) is connected,
so the complement is lower dimensional. (There is a very simple proof of the connectedness
for this X (r). See [Lecture, Chatper 4].)
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Since X (r) is a symplectic manifold, its canonical bundle is trivial. So X (r) is the so-called
minimal resolution of X/I'. Such a resolution is unique, and has been studied from various
points of view (much before the theory of quiver varieties is developed). In particular, it is
known that the inverse image 7~'(0) of the origin 0 under 7 is a union |J C; of projective lines,
whose intersection graph is a Dynkin graph of type ADE. (Delete the black vertex from the
affine Dynkin graph in the table.) In other words, the intersection matrix C; - C; is (—1) times
the Cartan matrix of type ADFE. This is a reason why the classification of finite subgroups of
SLy(C) is related to the classification of simple Lie algebras.

In fact, it is possible to study the exceptional fiber 771(0) in the language of Hilbert schemes,
or quiver varieties. See Example 6.3.

4.2. simple Lie algebras and root systems. We briefly recall the theory of simple Lie
algebras and their root systems.

Let g be a Lie algebra defined over C. It is said simple if dimg > 1 and it contains no
nontrivial ideals. Such a Lie algebra is known to be classified by its root system.

A simple Lie algbra contains a maximal abelian subalgebra, unique up to an inner automor-
phism. Such a maximal abelian subalgebra is called a Cartan subalgebra, and denoted by b.
It is known that the adjoint action of an element h € § is semisimple. Therefore we have a
direct sum decomposition

g= @ [ where g, ={z € g]|[h,z] = (a, h)z for all h € h}.
ach*

When g, # 0 and « # 0, « is called a root. The set of roots is denoted by A. It is known
that dim¢ g, = 1 for a € A. It is known that if « is a root, then —« is also a root. Since g,,
g_o are 1-dimensional, the commutator [g,,g_o] is at most 1-dimensional. It is known that
(80, 8_0] is, in fact, 1-dimensional. It is also known that the subalgebra g, ® g_o ® [ga, 9_o]
is isomorphic to sly. We can choose 4 € gas Yo € 8-, ha € [fa, -] so that the standard
relation for sly holds: [ha, o] = 224, [ha)Ya] = —2Va, [Ta)Ya] = ha. We normalize h, by
(o, hy) = 2.

For a root a € A, we define a linear automorphism s, of h* by s,(§) = & — (£, ha)a. The
Weyl group W C GL(b*) of g is the group generated by s,’s (a € A). It is known that W
permutes roots.

def.

The lattice @ C bh* generated by roots is called the root lattice. Let hrg = {h € b |
a(h) € R for all « € A}. We have hr @z C = . Connected components of hr \ U,ca{l |
a(h) = 0} are called (open) Weyl chambers. 1t is known that the Weyl group W acts simply

transitively on the set of Weyl chambers. Once a Weyl chamber W is chosen, we define the

set A, of positive roots by A, et {a € A | a>00nW}. We say a postive root « is

indecomposable if it is not written as a = By + (B with 31, B2 € A;. The indecomposable
positive roots are called simple. Let II = {ay,...,a,} be the set of simple roots. It is known
that II gives a base of h*, and any root [ is written as 3 = >, m;a; with integral coefficients
m; € Z all nonnegative or all nonpositive. Therefore, A = A, U —A,. We define the Cartan
matriz of g by (¢ij)ij=1,..n With ¢;; = (aj, ha,). We define a partial ordering < on h* by setting
A < pif g — X is a sum of positive roots or p = A. There exists a unique § € A, which is
maximal with respect to <. It is called the highest root.

It is known that c¢;;c;; = 0, 1, 2, or 3 for @ # j. Define the Dynkin diagram of g as follows.
The vertices correspond to simple roots «; € II. If |¢;;| > |eji|, two vertices oy and o are
connected by |c;;| lines, and these lines are equipped with an arrow pointing toward o if
|c;j| > 1. The Lie algebra g is said simply-laced if ¢;; = 0 or 1.

The reconstruction of g from the Cartan matrix will be explained in §5 in the context of
Kac-Moody Lie algebras.

Example 4.2. Consider g = sl,,,;. We choose a standard basis of C*""! so that g is the
Lie algebra of tracefree matrices. Let e;; be the (n 4+ 1) x (n + 1) whose (7, j)th entry is
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1 and all other entries are 0. Then {e;;(i # j),€i; — €it1,+1(¢ = 1,...n)} is a base of g.
The subalgebra of all tracefree diagonal matrices is a Cartan subalgebra. Let us denote it
by b We define v; € b* (’L = 1,. .., n —+ 1) by <Uz'7€j,j — ej+1,j+1> = 5@',j — (SZ'J‘Jrl. We have
h* = @?jll Cv;/ (v1 + -+ + U1 = 0). The root spaces are

b if =0,
go = § Ce,;; if a=v; —v; with ¢ # j,
0 otherwise.

So A = {vi—wv; | i # j}. Let 2y, = €ij € Guimvjs Yoimv; = €ji € Buy—vyr Poymv; =
€i; — € € [gvi,vj, gvj,vi]. Then @y, v, Yo,—v;5 Nu;—o, satisfy the standard relation for sl,. The
normalization condition (v; —vj, hy,—o;) = 2 is satisfied. The reflection s,,_,; corresponding to
a root v; — v; exchanges v; and v; € h* and fixes the other v;. Therefore the Weyl group W' is
the symmetric group S, 41 on v;’s. The subspace hg consists of all real tracefree (n+1) x (n+1)
diagonal matrices. We take a Weyl chamber W given by

W = {diag(M, - Aur1) € Bz [N > A (1= 1,...,m)} .

Then we have Ay = {v; —v; | i < j} and Il = {a; | i = 1,...,n} with q; © oy — vy, We
have Ay = {a; +---+ a5 | 7 <j}. The Cartan matrix is

2 -1 O

-1 2 -1
-1 2 -1

O -1 2

The highest root is v1 — v,41 = @1 + - - - + a,,. The Dynkin diagram is the graph in Table 1.

4.3. Affine Cartan matrix. The Cartan matrix C = (¢;;) of a simple complex Lie algebra
appeared in the previous section has the following properties:

(1) it is indecomposable (i.e., the corresponding Dynkin diagram is connected),
(2) ¢ =2 for all 4,
(3) ¢ij € Zigo for i # j,
(4) Cij = 0 < Cji = 0,
(5) all principal minors of C are positive.
Here principal minors are determinants of the matrices (¢;;); jes for subsets S C {1,...,n}.
When (¢;;) is symmetric, i.e., of type ADE, we have
(5s) C is positive definite.
In fact, it is known that the properties (1) ~ (5) ((1) ~ (4) and (5s) for symmetric matrices)
characterizes Cartan matrices of simple Lie algebras.
Affine Cartan matrices are defined as matrices satisfying (1) ~ (4) and
(5)" all proper principal minors of C are positive and det C = 0,
or for symmetric matrices
(5s)" C is positive semidefinite and det C = 0.
The classification of affine Cartan matrices is known (see [22, §4]). Symmetric affine Cartan
matrices (more precisely, corresponding Dynkin diagrams) are ones given in Table 1.
Suppose that C = (¢;;) is an (n + 1) x (n + 1)-matrix. We let indices ¢, j run from 0 to

n and 0 corresponds to the black vertex. There is a vector § € Z"! such that C§ = 0 and
entries of § are relatively prime, since C is rank n. Such a vector is unique up to £. In fact,
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type entries of §
A=

D nz )| ot

E; 1—2—3—1—3—2—1
Es 1—2—3_4434—2

it is known that all entries are positive or negative. So we take § for the positive one. For
symmetric case, the entries are given by the following table.

From the table, one can see that the entry of 4 corresponding to the vertex 0 (the black
vertex) is always 1. Moreover, it is known that the other entries of § are the coefficients of the
highest root of the corresponding simple Lie algebra g:

n

§="1,ay,...,a,), 0:Zaiai.

=1

4.4. McKay correspondence. McKay obtained more direct connection between finite sub-
groups I' of SLy(C) and the Dynkin diagrams [33].

Let po, ..., pn be (the isomorphism classes of) irreducible representations of I', where py is
the trivial representation. Let () be the 2-dimensional representation defined by the inclusion
I' C SLy(C) as above. Then we define nonnegative integers a;; by

Q®p; = @ /0@%]7

i.e., a;; = dim Hom(p;, @ ® p;)*. Since @ is isomorphic to its dual Q*, we see that a;; = aj;.
Then we define a graph as follows. The vertices are irreducible representations p;. We draw
a;; = a;; edges between the vertices p; and p;. A remarkable observation due to McKay is that
this graph is of type affine ADFE. The black vertex corresponds to the trivial representation
po- Moreover, the graph obtained by removing the black vertex is same as one given by the
intersection of irreducible components of the exceptional set. The original McKay’s argument
was based on the explicit calculation of characters of irreducible representations of I'.  Although
it is completely rigorous, it remains misterious why such a result holds. There was a geometric
approach to prove this assertion, due to Gonzalez-Sprinberg and Verdier [17], and also its
generalization to the case I' C SL3(C) [20, 5]. We will come back to two dimensional case
later.
The McKay observation gives us another description of X (v). Let

V=Pviep

be decomposition of the T-module V, i.e., V; = Hom(p;, V)''. This notation will be used for
any I'-module V" hereafter. We consider the matrix description (Bj, Bz, v) for a point in X (v).
Since v € V is given by 1 mod I, it is fixed by the I'-action, i.e., v € V5 ® po. We take a base
for pg, and identify py with C. So v is an element in Vj.

We consider the pair (By, By) as an element of Hom(V, Q ® V'), and denote it by B. It is
clear that B is contained in (Q ® Hom(V, V))'. We have

(Q ® Hom(V, V) @Hom Vi) @ Hom(p;, Q @ py)"
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Choose and fix a base for Hom(p;,Q @ p;)" for each pair (,5). (In fact, if the graph is not

Ay, then the space is at most one dimensional.) Collecting the bases for all i, j, we denote
the union by H. To each h € H, we associate an oriented edge in the affine Dynkin diagram
from the vertex [ to k, if h is an element of the base of Hom(p;, @ ® p;)'. In this case, we
denote i by in(h), j by out(h). For every edge in the affine Dynkin diagram, we can attach two
orientations. In particular, the number of oriented edges is twice the number of unoriented
edges. We decompose B as

B=@By@h,  where B, € Hom(Vou(ny, Vinr))-

The figure 1 represents the data, when I is of type A,,, where an oriented edge h is denoted
by in(h), out(h).

Vo
Big Bo,n
BO,l Bn,O
B2 B3 Br_1,k Br,k+1 Bn-1,n
Ba 1 B3 2 Bg,k—1 Brt1,k Bnon-1
FIGURE 1

An oriented graph is called a quiver. This description for Example 4.1, i.e., V is the regular
representation, is Kronheimer’s construction [28]. The description for a general V' is a special
case of the quiver variety in [N1].

From now on, we identify the isomorphism class v of a I'-module with a vector in ZT;gl as

v = '(dimVj,...,dimV,,), WhereV:@Vi@)pi.

We also denote components of v as v = (v, ..., v,).

eleeeeeelt We assume T s not trivial subgroup {1} hereafter, #iiioioioioioior

4.5. Lagrangian subvarieties. Let 7: X (v) — (S4mV X)I' be the restriction of the Hilbert-
Chow morphism. Since 7 is proper, the inverse image 7~1(0) is a compact subvariety. (Here
0 means dimV - [0], the O-dimensional cycle at the origin with multiplicity dimV'.) It can
be shown that it is homotopic to X(v), so H.(X(v),C) is isomorphic to H,(7~1(0),C). We
introduce the notation:

def. _1

L(v) =7 (0) C X(v).

We have £(v) = X(v) N X(gdim Y1 where X([]dim "I'is the punctual Hilbert scheme.
We have

Theorem 4.3. £(v) is a lagrangian subvariety in X(v). In particular, it is middle dimen-
sional.

We will give a proof, due to Lusztig, which is different from the original one [N3], during
our study of the crystal structure on the set of irreducible components of | |, £(v).

When X(r) is the minimal resolution of X/I" as in an example above, £(r) is the union of
projective lines. So the result can be checked directly.
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4.6. Roots in terms of quiver varieties. A correspondence between roots of a Lie algebra
and indecomposable representations of a quiver was first observed by Gabriel [14] and further
studied by Kac [23]. We study a correspondence from the view point of quiver varieties in this
subsection.

.....

vo be the 0th component of v, and (, ) be the standard inner product on Z™*. Then
dime X (v) = 2vg — (v, Cv).
Proof. Considering the I'-invariance in the proof of Theorem 3.4, we have
Ty X(v) = Kerdp/Imu,
where
End(V)" (Q ® End(V) & V)' 4 End (V)"

where ()I' means the T-invariant part. Also ¢ is injective and the cokernel of dyu is isomorphic
to V. Therefore

dim X (v) = dim (Q ® End(V))" + 2dim V' — 2dim End(V)".
Using the decomposition V = @, V; ® p;, we find

End(V)" = @End(V), Q@ End(V)) = @ a,Hom(V,V)), V=V
i=0 i,j=0

Now the assertion follows. O

Exercise 4.5. It should be possible to prove this dimension formula using the equivariant ver-
sion of Hirzebruch-Riemann-Roch formula (i.e., Lefschetz formula), without using quiver vari-
ety description. A similar calculation can be found in [29, Appendix|. But the details are not
worked out yet.

From this dimension formula, an importance of the bilinear form (-, C-) on Z"*! is clear.
The following is well-known (see [22, §4,85])
(1) (V, CV) € 2220,
(2) (v,Cv) =0 if and only if v € Z4, (this property characterize 6 up to %),
(3) the Z™-part of ¢ is the highest root 0 of g.
(4) if vy = 1, then (v,Cv) = 2 if and only if 6 — v, considered as a vector in Z", is a root
of g,

(4) is a consequence of the property of the bilinear form associated with the Cartan matrix
of finite type.

Consider Example 4.1. We have dimV; = dimp;, when V is the regular representa-
tion. Therefore the dimension vector r of V is equal to (dimpy,...,dimp,). We have
2 =dim X(r) = 2 — (r, Cr), and therefore (r,Cr) = 0. By the property (2) above, we have
r € Z0. Since dim py = 1, we have r = §.

Theorem 4.6. Consider the case vg = dim V' = 1. Let v/ = ‘(dimVy,...,dimV,) € Z".
Let 0 € 7 be the highest root. Then X (v) is nonempty if and only if 0 — V' is a positive root

or 0. Moreover, in the first case X (v) is a single point, while the second case is the minimal
resolution of C*/T .

Proof. If X(v) is nonempty, then
0 <dimX(v)=2—(v,Cv).

Therefore the necessity assertion follows from the above mentioned property of the bilinear
form.
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For the converse, we must show that X (v) is a single point if # — v’ is a root. This can be
proved by using the theory of the ‘reflection functors’ for quiver varieties, which says

e X(vq) and X(v2) are diffeomorphic if § — v} and 6 — v/, are in the same Weyl group
orbit.

Then it is enough to show the assertion for the special case v/ = 0, i.e., V is the trivial
representation. Then X (v) is a single point corresponding to the maximal ideal at the origin.
There is also a proof which reduce the assertion to Gabriel’s theorem (see e.g., [8].)
Here we give another argument which shows that X (v) is a single point, provided X(v) is
nonempty, due to Mukai [34]. Let I, I’ be points in X (v), and let Z, Z’ be the corresponding
0-dimensional subschemes. Then we have

dim Hom(Oyz, O2)" = dim Ext*(Oz, 0z)" =1, dimExt'(Oz, O2)" = dim X (v) = 0.

By the equivariant version of the Riemman-Roch theorem (Lefschetz theorem), the Euler
characteristic }_,(—1)? dim Ext’(Oz, Oz)F is independent of Z, Z’, so is equal to 2. Therefore,
either Hom(Oz, Oz or Ext*(Oy, Oz) = Hom(Oz, Oz)* is nonzero. In either case, a nonzero
homomorphism Oz — Oz or Oz — Oy is easily seen to be an isomorphism.

Probably it should be possible to write down the ideal in X (v) explicitly as in [IN], and
prove the assertion in a different way. But so far, I do not know..... O

Theorem 4.6 implies an existence of an isomorphism of vector spaces:

P HuaX(v).C)=be P sa=g

vivpg=1 « is a root

where mid means the middle degree, i.e., mid = dim¢ X(v) =0 or 2.

We will give a Lie algebra structure on the left hand side in §6. In fact, we drop unnatural
condition vy = 1 and embed it to the basic representation of the corresponding untwisted affine
Lie algebra.

4.7. Some cohomology groups. Let [ € X(v). We will study several cohomology groups
later. In this subsection, we describe them in terms of the matrix data (B,v).
Let us introduce the following notation.
Ax = C[z,y] (the coordinate ring of X = C?),
Ay = C (the coordinate ring of the origin),
AX _)A07 f(xay)ﬁf(ovox
m = Ker(Ayxy — Ap) (the maximal ideal corresponding to 0).

For (B,v) € X(v), we introduce two complexes:

(4.7) VESReVep SNQeV 2V,
(4.8) VEQeVvHANQeV eV,
where
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Let us rewrite the first complex in terms of the ideal I:

Clz,yl/I = Q&Clzyl/Iep -  Clayl/I

[z f mod I
f — yf mod I
0

[ £, mod I
fo mod I s (xfa —yfi +a) mod I,
a

where a € pg is considered as a scalar. The second complex also has a similar description.

Lemma 4.9. Let I € X and let Ay be the corresponding quotient. We have

Kero = Homyu, (Ao, Az), Ker7/Imo = I/ml,
Ker o’ = Homy, (Ao, Az), Ker7'/Imo’ = Exty (Ao, Az), Coker 7' = Ext} (Ao, Az).

Proof. Since Ker o = Ker ¢, the first equation follows from the third equation.
Let us prove the second equation. We define a map Ker7 — I/ml by

fimod I
fomod I'| — (xfy —yfi + a) mod ml.
a

dr
Since x fo —y f1 + a is contained in [ if f;ﬁﬁd 1] is in Ker 7, the right hand side makes a sense.
a

Moreover, if we take another representative, i.e., if we replace fi, fo by fi + g1, fo + g2 with
g1, 92 € I, the right hand side is unchanged since
xga — yg1 € ml.

It is also clear that Im o is mapped to 0. Therefore we have an induced map Ker7/Imo —

I/ml.
Suppose that [}Zﬁgﬁf] € Kerr is mapped to 0 in I/ml, ie., zfy —yfi + a € mI. We

have xfy — yfi +a - xg1 + ygo for some g1, g2 € I. Therefore, a must be 0. Let us write
x(fo—q1) = y(g2+ f1) = xzyf. Then we have

fi=xf — g9, L=yf+a.

mod /]
Therefore [}Zmod 1} € Ker7 is contained in Imo. Therefore the map Ker7/Imo — I/m/ is

injective.
Let us show the map is surjective. Suppose g € [ is given. We can write it

g=zfo—yfi+a

mod ] . . .
for some a € C, fi, fo € Clz,y]. Then [}ngdf] is mapped to g mod I = 0 by 7, i.e., it is
a
contained in Ker 7.
Next we turn to equation in the second row. We have the Koszul resolution

0—Ax = Q®&c Ax — Ax — Ay — 0.
Therefore Ext’, (Ao, Az) is the ith cohomology group of
Homy, (Ax, Az) — Homy, (Q ®c Ax, Az) — Homa, (Ax, Az).
This is nothing but the complex (4.8). O
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Corollary 4.10. We have the following equality in the representation ring of I':
(4.11) I/mI —Homyu, (Ag, A7) =Q RV — V& 4 pg.
Proof. By the above lemma, the left hand side is equal to
Ker7/Imo — Kero.
The cyclic vector condition (3.3.2) implies 7 is surjective. Now the result follows. O

Remark 4.12. Let us rewrite the left hand side of (4.11). From the exact sequence 0 — I —
Ax — Az — 0, we have

0 —— Homy, (Ag,I) —— Homy, (Ao, Ax) —— Homy, (Ao, Az)
—_— EthlL‘X (A(), I) —_— EXt}L‘X (A(), Ax) —_— EXthX (AQ, Az)
—_— EXtIQL‘X(A(),I) —_— EXtIQL‘X(A(),Ax) E— EXtiX(AQ,Az) — 0.

It is easy to show Ext’y (Ag,Ax) = 0 for i = 0,1 and Ext} (Ao, Ax) = po by using the
argument in the proof of Lemma 4.9. Therefore

EXt?AX (Ao, ]) = EXt}4X (Ao, Az) — EXtiX (Ao, Az) + £o
in the representation ring of I'. Again by the argument in the proof of Lemma 4.9, we have
Ext’ (Ao, I) = I/ml.

Therefore we have
2

I/mI — Homay (Ao, Az) = — 3 (~1)" Extiy (Ao, A7) + po.
=0
Exercise 4.13. Probably it is possible to give a direct proof of this corollary by using Lefschetz
fixed point theorem.

4.8. Tautological bundles. Each point I in X (v) defines a I'-module Clz,y]/I. When I is
moved, we get a vector bundle with a fiberwise ['-module structure. By abuse of notation, we
denote this vector bundle by V' and decompose it as V = @, V; ® p;. The homomorphisms B
and v on Clz,y|/I can be considered as vector bundle homomorphisms:

BV -Q®V, v: Oxw) — V.

We call them tautological sections.
The complexes (4.7, 4.8) above can be considered as complexes of vector bundles, when we
move point [(B,v)] € X(v).

4.9. Bases in K-theory and correspondences in derived categories. The rest of this
section will be needed only for the explanation of McKay correspondence. So readers who only
have interest in representations of affine Lie algbras can safely skip them. Moreover, we use
K-groups and derived categories of coherent sheaves, which we will not review.

We decompose the complex (4.8) according to the I'-module decomposition:

Vi — @ a;;V; — Vi.
j
We denote this complex by S;.

We consider the special case v =r = 4. Let K(X(r)) (resp. K.(X(r))) is the Grothendieck
group of the abelian category of coherent sheaves (resp. coherent sheaves with supports con-
tained in the exceptional set) on X (r). Since X(r) is nonsingular, K(X(r)) (resp. K.(X(r)))
is isomorphic to the Grothendieck group of the abelian category of algebraic vector bundles
(resp. the derived category of bounded complexes of vector bundles whose cohomology groups
have supports in the exceptional set ) on X (r). It is easy to see the complex S; has support
in the exceptional set, and defines an element in K.(X(r)).



30 HIRAKU NAKAJIMA

,,,,,,,,,, n form bases of K(X(r)) and K.(X(r))
respectively. Moreover, they are dual to each other with respect to the natural pairing
(, ) Ke(X(r)) @ K(X(r)) — Z
2
— Z )'dim H'(S ® E*) = Z(—l)idimExtex(r)(E, S),
i=0
where E* is the dual vector bundle of E.

(In [20] the pairing was defined without taking dual, and S; was replaced by its transpose.)

Corollary 4.15. Let 0: K.(X(r)) — K(X(r)) be the natural homomorphism, forgetting the
support condition. Then we have

<QSZ, SJ> = 261] — OJZ']'.

This is a consequence of §S; = > j(25z‘j —a;;)V;. This corollary gives a geometric explanation
of McKay correspondence. The identification of the intersection product with the tensor
product multiplicities is manifest | Moreover, we will identify S; with a sheaf on the exceptional
divisor, and recover the original form of McKay correspondence. (See Example 6.3.)

In stead of reproducing the original proof of Theorem 4.14, let us reformulate the result in
terms of derived categories following [24, 5].

Let Z C X(r) x C? be the universal subscheme for X (r). We have two projections

X(r) & X(r) x C? & 2

Then the bundle R is nothing but the direct image sheaf p;,Oz. Since the restriction of p;
to Z is flat and finite, it follows that p;.Oz is locally free, i.e., gives a vector bundle. The
tautological section B comes from the multiplication z, y: Oz — Oz, and v comes from the
natural homomorphism Oxyyxcz — Oz.

These define a convolution operator between derived categories. Let D(X (r)) be the derived
category of coherent sheaves on X (r) and D' (C?) be the derived category of I'-equivariant
coherent sheaves on C2. We define a convolution operator ¥: D' (C?) — D(X (r)) by

(o) = [Rpw. (02 b, L mie)]

(In [5], O% (see below) was used in stead of Oz.) We have V; = U(Oc2 ®p;). The same formula
also defines an operator between derived categories with compact supports ¥: DI'(C?) —
D.(X(r)). We have S; = ¥(Oy ® p;). This follows from the Koszul resolution of Oy:

0= NQ"®0c —Q*® 0O — Og — Oy — 0,
giving by the interior product by (z,y). Note that Q* = @ and /\2Q = po.

Theorem 4.16 ([24, 5]). VU is an equivalence of categories (for both arbitary support and com-
pact support).

Since an equivalence of derived categories induces an isomorphism of the Grothendieck
groups, this theorem implies the previous theorem together with the following statements:

Note also that a similar map gives a description of a framed moduli space of vector bundles
over X(r) in terms of representations of the corresponding affine quiver [29]. This result was
obtained much earlier.

We consider the right adjoint ®: D,(X(r)) — DI(C?) of ¥. A standard calculcation shows

@(s) = Rpa. (O3 €6, , pile@p0)) [2],

X (r)xC2
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where O = RHomoe,, 2 (Oz,0x@)xc2). Since VU is an equivalence, we should have ¥ o
is identity. By a standard calculation for convolution, we have

U o d(e) = RP, (K@Y P(e)),

where
X(r)xC* &2 X(r) xC?> x X(r) =2 C? x X(r)
pis |
X(r) I X(r)x X(r) -2 X(r),
and

* * r
K = Rpi3. (p12 o p2302) :

In fact, we can give an explicit description of K. We denote the tautological bundle of the first
(resp. second) factor by V! (resp. V?). Tautological sections are denoted by B!, v, B? v2
Then K is equal to the following complex of vector bundles over X (r) x X(r):

(4.17) Hom(V!, A*Q* @ V)" — Hom(V', Q" @ V)" — Hom(V', V)",

where differentials are given by n — B2 An —n A B'. (Note that Q* = Q and A’Q = po.)
Now, it is not difficult to show that this gives a locally free resolution of the diagonal Ox [29,
§3] or [20, §4]. Here the map

Hom(V!, VHY — Oa

is given by 1 +— tr(n|a).

In [20], we only use the complex (4.17) to deduce the isomorphism of K-groups. In [N2], we
prove a further weaker statement. Using (4.17), we calculate the intersection product in the
cohomology group.

Note that we do not have similar description of derived categories or K-groups for general
quiver varieties X (v). When v = nr for some n € Z-, the derived category D (X (nr)) should
be equivalent to isomorphic to D'"(X™), where T',, is the nth wreath product of I by the result
of Haiman [18].

At the end of this section, let us remark a similarlity between above isomorphism of D(X (r))
and the description of framed anti-self-dual connections on X(r) in [29]. A description of
holomorphic vector bundles on P? in terms of ‘monads’ was given by Barth. This description
can be also applied to framed vector bundles, where the framing means an isomorphism between
EJ,. to a trivial vector bundle on £, where ¢, is a line in P2. (See [Lecture, Chapter 2].)
The description turns out to be the same as the ADHM description of framed anti-self-dual
connections on S* as noticed by Donaldson [10], where the framing means a trivialization of
E.,, where oo is a point in S*. The identification of two descriptions can be naturally explained
if one works over noncompact space P? \ £, = C?> = R* = 5%\ {oo}, as noticed by Donaldson
[11]. (See also Nahm [35] and Corrigan-Goddard [7] for the earlier approach for the ADHM
desciption over R*.)

The ADHM description of framed anti-self-dual connections or monad description of framed
holomorphic vector bundles can be easily adapted to [-equivariant connections/vector bundles.
Then the descriptions [29] of framed anti-self-dual connections and framed holomorphic vector
bundles on X(r) is obtained as ‘deformations’ of descriptions of I'-equivariant ones. Here
the ‘deformation’ means the stability condition imposed there is changed. (Or the value of
the moment map is changed under the correspondence of symplectic quotients and geometric
invariant theory quotients.) Therefore, two framed moduli spaces, one for holomorphic vector
bundles over X (r) and one for I'-equivariant holomorphic vector bundles over X are very
similar. (In fact, they are birational under a mild condition.) This is, of course, similar to the
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statement D'(C?) = D(X(r)). However, logically, the equivalence of derived category does
not imply the result of [29] and [29] does not imply the equivalence.
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5. AFFINE LIE ALGEBRA

We briefly recall the theory of untwisted affine Lie algebras in this section. See [22] for more
detail.

5.1. Definition. The untwisted affine Lie algebra g associated with a complex simple Lie
algebra g is
g=9®C[z, 2o CK & Cd
with the Lie algebra structure given by
I:/g\’ K] = O?
(X ®2"Y ®2"=[X,Y]® 2" + mémino(X,Y)K,
[d, X ® 2" =mX ® 2",
where (X,Y) is the Killing form of g. Note that g contains g as a Lie subalgebra by g > X +—
X®1leg.

We use an alternative description of g, as an example of a Kac-Moody Lie algebra. g has
generators e;, f;, h; (i =0,1,...,rankg), d and defining relations

(5.1) [hi, hy] = 0, [hiyd] =0

(5.2) [his 5] = cjiej,  [ha fi] = —¢jilfs,

(5.3) [dv ei] = 00i€, [dv fi] = —00i fi

(5.4) e, fi] = 6ihi,

(5.5) (ade;)' " e; =0, (ad f;)' " f; =0  fori#j.

Here ¢;; is the affine Cartan matrix. A subalgebra generated by e;, fi, h; (i # 0) is isomorphic
to g. The isomorphism between this description and the above description is given by

e B ®1, Jie— F;®1, hi — H; ®1, for i # 0,
60<—>E9®Za f0<—)F9®Z_17 h0<—>[E97F9]®1+(E9’F9)Ka

where 0 is the highest root of g, and Ejy, Fy are suitably normalized elements in the root
spaces g_g, gp respectively. Moreover, we denote the elements e;, fi, h; (i # 0) by E;, F;, H;
respectively when they are considered as elements of g.

Remark 5.6. The element d is called the degree operator. The subalgebra generated by e;, f;,
h; is also called an affine Lie algebra in some literature. It is denoted by g'(A) in [22, §1.5].

Let h = @ Ch; ® Cd C g. It is an abelian subalgebra, called the Cartan subalgebra of g.
We define «; € h* by

(e hj> = Cjis (i, d) = do;-
The «; are called simple roots.

5.2. Integrable representations. A g-module V is called a weight module if it admits a
weight space decomposition: V = EB)\E,)* V\, where

Vi={v eV |hv=(\h) forall h € h}.
A weight module V' is called a highest weight module of highest weight A € h* if there exists

a nonzero vector vy € V', called a highest weight vector such that
e;upn =0 for all 7,
hvy = (A, h)vy  for all h € b,
V =U(g)va.
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For each A € bh*, there exists a unique (up to isomorphism) irreducible highest weight
module, denoteed by L(A).

A weight module V is called integrable if all e; and f; are locally nilpotent on V. Integrable
modules are counterparts of finite dimensional modules of g. We have the following result.

Theorem 5.7. (1) The irreducible highest weight module L(A) is integrable if and only if A
satisfies (A, h;) € Zso. (A weight A satisfying this condition is called dominant.)
(2) An integrable highest weight module V' is automatically irreducbile.

For the proof, see [22, §10].
Remark 5.8. A integrable highest weight module L(A) is not finite dimensional unless A = 0.

In the next section, we give a construction of an integrable highest weight module using
quiver varieties.
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6. QUIVER VARIETIES AND AFFINE LIE ALGEBRAS

6.1. Hecke correspondences and Nested Hilbert schemes. A subvariety
Xt Ly e X X0 o )

of XM x X1 is called a nested Hilbert scheme. A remarkable feature of the nested Hilbert
scheme is that it is nonsingular of dimension 2n + 2. If we define a similar subvariety in
Xl Xk s singular for k > 1 [6, 39)].

We want to consider similar subvarieties for fixed point sets with respect to the action of a
finite subgroup I' C SLy(C) as in the previous section. For nested Hilbert schemes, Iy, I5 are
[-invariant. For Hecke correspondences, V' and S are I'-modules. The condition dim [; /I, =1
is not natural in this setting, we suppose I1/I is irreducible I'-modules. Therefore we can
define subvarieties for each p;:

Bi(v) L (L, L) € X(v—e) x X(v) |, D L},

where e; is the ith coordinate vector of Z"*!. Note that I /15 is trivial as a module of C[z, 1],
i.e., z, y act by 0. For z, y act by 7(l;) — m(I3), but this must be 0 since it is fixed by I". We
call this variety a Hecke correspondence. Let us denote two projections by py, po:

X(v—e) & Puv) 2 X(v).
The following result was proved in [N3, §5].

Theorem 6.1. B;(v) is a nonsingular complex manifold. Moreover, it is lagrangian in X (v —
e;) x X(v) if T # {1},

Sketch of Proof. Let us consider C[z,y|/I; and C[z,y]/Is as vector bundles over X (v —e;) and
X (v) respectively. We denote them by V! V2. We define a complex of vector bundles over
X(v—e;) x X(v) by

Hom(V?,Q @ V1)

- Hom(V?2 V)T
Hom(V2, V1)l 2 Vi £, &) ,
@ Ox (v—e))xX(v)
(V&)
where
Blg - fBQ
alf) = | =€) |,
0
C 2 1 1
B-NC+CANB"+0v'®0b
B a = 2
‘ (b,

Here B!, B2, v!, v? are tautologial homomorphisms
1 2 'Ul U2
V'S Qev, VP Qe 05V, 0515

Then one can show that « is injective and [ is surjective on each fiber (as linear maps between
vector spaces). Therefore Ker 3/ Im « is a vector bundle over X (v —e;) x X (v). Let us define
a section s by
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Then s vanishes exactly on 3;(v). In fact, if s vanishes, there exists &, A such that
B¢ —¢B =0, &) =0

From these equations, ¢ is surjective. Returning back to the definition V! = Clz,y]/I1,
V? = Clz,y]/ L5, we find that I} D I, ie., (I1,I5) € B;(v). So it is enough to show that the
derivative of s is surjective on ;(v). O

Proposition 6.2. (1) Let I, € X(v) and let Az, be the corresponding quotient. Then we have
p2_1(12> = ]P)(HOHIAX (AO ® pis AZ2>F>7
where the right hand side is the projective space of one-dimensional subspaces of Homa, (Ao ®

Pi; AZ2>F'
(2) Let I} € X(v —e;) and let Az, be the corresponding quotient. Then we have

pr (1) = P(Home (I /mIy, pi)"),
where the right hand side is the projective space of one-dimensional subspace of Home (I /mIy, p;)F.

Proof. We first give a proof using algebraic geometry, and then give a proof which uses only
linear algebra.
(1) If (I1, Is) € PB;(v), we have an exact sequence

00— Ay®@p; — Az, — Az, — 0.

The first homomorphism gives an element of P(Hom(A4y ® p;, Az,)"). Conversely suppose that
a nonzero homomorphism Ay ® p; — Az, is given. Then it must be injective, since Ay is
generated by 1. Therefore we can define I; so that we get the above exact sequence, i.e.,
Ay, = Az, /Ay ® p;. Therefore we get a point (I, I) € P;(v).

(2) First note that there exists a natural isomorphism Homc(/;/ml;, C) = Homy, (11, Ao).
If (I, 15) € B;(v), then we have an exact sequence

0—>IQ—>11—>A0®pZ—>0

Therefore the last homomorphism gives an element of P(Home(I; /mIy, p;)'). Conversely sup-
pose that a nonzero I'-equivariant homomorphism I; — Ay ® p; is given. It must be surjective
since there is no nontrivial submodule in p;. Therefore we can define I so that we have the
above exact sequence, i.e., Iy = Ker(l; — Ay ® p;).

Now we give a down-to-earth proof. (For general quiver varieties, we do not have the first
proof.)

Let

Homa, (Ao ® pi, Az,) = Kero = @(Kera)i ® pi,
Ii/ml =Ker7/Imo = @(Ker 7/Imo); ® p;
be the decomposition of Ker o and Ker 7/Im ¢ into irreducible I'-modules.
Let (I1, I5) € Ri(v) and let V! = Clz,y]/I,, V? = C[z, y]/I>. From the definition, we have
a commutative diagram of I'-modules

pi ——  Q&p; — D

| | |

V2 72 Q ® V2 D 00 72 V2

l | |

Vi == QeViep —— Vi
where the vertical arrows are natural projections.
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(1) Let us apply Hom(p;, )' to each term. Since Hom(p;, Q®p;)" = 0, we have Hom(p;, Ker(V? —
V1)) C K; from the left end row of the diagram:

C 0 C

| |

V2 2 (QoV2®p)i —2— V2

7

| = |
Vi = (QeV'ep) —— V!

Therefore, we have a one-dimensional subspace in K;, corresponding to (I3, I5).
Conversely if a one-dimensional subspace L in K; is given, then we define I; so that

v it
V' - 2 . . .
! V2/L if j =i.
(2) We study the right end column of the commutative diagram. Then we have
Ker(V? — V1), 2 (Ker7y); / (Ker 75);.
Therefore we have a surjection (Kerr); — Ker(V? — V1); which factors through as
(Ker7/Imoy), - Ker(V? — V1),
Conversely if a codimension one subspace S of (Ker 71/ Im o), is given, we define I, so that
V2 v} if j # 1,
’ (QeVi®p)/sS ifj=i.

The above proposition implies
PBi(v) = {(L>,9) ’Ig € X(v),S € P(Homu, (4o @ p;, Az,)") }
={(1,,8")| L € X(v—e),5 € P(Homc(I;/mIy, p;)")} .
This shows that §3;(v) is an analogue of a moduli space of coherent system [30].

Example 6.3. This example was first appeared in [N2, Theorem 5.10] (in a slightly different
terminology) and was rediscovered independently in [IN].

Consider ;(r) when r is (the isomorphism class of) the regular representation as in Exam-
ple 4.1. By Theorem 4.6, X (r — €;) is a single point if i # 0. It is obvious that X (r — e;) is
empty if ¢ = 0. So we assume ¢ # 0 from now. We consider ;(r) as a subvariety in X (r). By
Proposition 6.2, ;(r) is isomorphic to a projective space. Moreover, it is a projective line,
since B,(r) is an lagrangian subvariety in X (r). Since it is compact, it must be contained in
£(r). By Proposition 6.2, we have

I € Pi(r) <= dimHom, (A ® p;, Az)" # 0,
where Az = Clz,y]/I. Furthermore, from (4.11), we have
dim Homu, (Ag ® pi, Az)" # 0 <= dim Home(p;, I/mI)" # 0
<= [ /mI contains a direct summand p;.
If [ is contained in 7—!(0) C X(r), then multiplication by z, y on C[z,y]/I are nilpotent,
so Hom, (Ag, Az) # 0. Therefore dim Hom 4, (Ag ® p;, Az)' # 0 for some i. It means that
7 10) = U, Pi(r). By [N3, Lemma 9.8], B;(r) and PB;(r) intersect transversely if i # j
and PB;(r) NP, (r) # 0. In particular, P;(r) # P;(r) for i # j. Therefore {P;(r)}iz1, » are

irreducible components of 771(0).
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Let us show that the following formula of the intersection matrix

(6.4) (B ()], B, (0)]) = —cs5,

which gives a geometric proof of the McKay correspondence, i.e., the identification of the
intersection matrix and the tensor product multiplicities. Let I € X(r) and V' = Clz,y]/I.
Recall that we have defined a complex S;, the p;-component of (4.7):

o Daij Ti
e e A/
J
where o;, 7; is the p;-component of o, 7. Since 7 is surjective, we have a homomorphism
between vector bundles:
Vi 25 Ker ;.
The above discussion shows that
I € PB,i(r) <= 0, is not an isomorphism
< det g; = 0.

Therefore we have

c1(S;) = a(Kerr;) — eq(V; Z c¢;jc1(V;) = my(the Poincaré dual of [;(r)])

for some m; € Z-g. By Theorem 4.14 (more precisely, we apply the Chern character ho-
momorphism ch: K(X(r)) — H*(X(r),Q) and the local Chern character homomorphism
ch: K.(X(r)) - H(X(r),Q) to deduce the corresponding result for cohomology groups), we
have

(e1(V)), ea(Si)) = 0y
In particular, we have

1
‘/i ; [ =

ler(Va), [Pl = -
Since the left hand side is an integer, we have m; = 1. Using the above formula again, we get
(6.4) as

([P ()], B (r) Zczk c1(Vie), [Br(r)]) = —cij.

Since P;(r) and PB;(r) intersect transversely if they intersect, we have

([(Bi(x)], [B;(r)]) # 0 <= Pi(r) N P;(x) # 0
<= 31 € X(r) such that I/ml D p; ® p;

for i # j. (An explicit form of such an I was given in [IN].)

NB. The original argument in [N2] was slightly different. We use the fact that the vector
bundle V; extends to the 1-point compactification X (r) of X(r), which is a differentiable
orbifold (see [29]). Therefore the Chern classes of V; makes a sense as a class in H*(X(r),R).
Then the locally free resolution of Oa, mentioned in §4.9, implies

Zcm/ /\Cl Vk) — Uik

X(r)

Then we can define P;(r) as a zero locus of deto;. From the above formula, we have
([B:(r)], [B;(r)]) = —c¢ij. (There is a small gap in [N2]. We defined B;(r) by the zero locus of
det o; and claimed that it is isomorphic to P! by the adjunction formula and [3;(r)] - [B:(r)] =
—2. But we need to show the irreducibility and the smoothness of B;(r). These statements
followed from [N3] as above.)
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6.2. Convolution. Let
Z(v' v (1N 1?) € X(v1) x X(v?) | n(I') = =(1%)}.

We need an explanation for the equality m(I') = m(I?). The left hand side is an element of
(S4m V!XT while the right hand side is of (S9™V*X)T. For m < n, we have an inclusion
(S X)) — (S" X)) defined by C + C + (n — m)0. We denote by (S*®X)! the direct limit
lim,, oo (S™X)T. The notation 7 in the above equality is the composition of the previous m
and the inclusion (SI™V' X)I' — (§*°X)T, (§4mV X )T  (§=°X)I' So both hand sides are
elements of (S*X)! and the equality makes sense.
Let p;;: X(v') x X(v?) x X(v?) — X (v") x X(v?) be the projection. We define the convo-
lution
x: Ho (Z(v',v?) ®@ H(Z(v*,v?) — H.(Z(v,v?))
by
/ dif. * * / 1 2 / 2 3
C*C = P13« (pIQCmp%C) ce H*(Z(V v ))v ¢ e H*(Z(V v ))
Let us check that this is well-defined. We have
piac € Hi(ppy (Z(v',v?)),  pi (Z(v',v?)) ={(I1, I, Iy) | 7(I1) = 7(L2)},
P3¢ € Hi(pys (Z(V?, V%)), 13 (Z(v*,v%)) = {(I1, I, I) | m(I2) = w(I3)}.
Therefore
Piac N Phac € Holpiy (Z(v',v?) Npay (Z(v2,v7))),
P2 (Z(v' V) N pgg (Z(v2 V7)) = {(Ih, I, L) | w(1h) = 7 (I2) = m(I5) }.
Finally the restriction of py3 to pi5 (Z(vi,v?)) N py (Z(v?,v?)) is proper, and the image is

contained in Z(v!,v3). Thus the convolution is well-defined.
We will be intereseted in the case when degree is middle:

Hy 2 (Z(v',v?) @ Hpp s (Z(V?,V?)) — Happgs(Z(v,v?)),

where d' = dim X (v%). For abuse of notation, we denote these degrees by ‘top’, although they
are different for different components.
Let

Hiop(2) S ] Hiop(Z(v', %)),

vlv2

(v!, v? run all pairs of isomorphism classes of I-modules) be the subspace of the direct product
[ v2 Hatya2 (Z(v',v?)) consisting elements (cy1y2) such that

e for fixed v!, cy1 2 = 0 for all but finitely many choices of v?,

e for fixed v?, ¢y1 2 = 0 for all but finitely many choices of v*.

Then the convolution is well-defined on Hio,(Z), which becomes an associative algebra. The
unit is the product of diagonals.
Note also that the convolution defines

Hp,p(Z(v',v?) @ Hp(L(v?) — Hp(L(vh)).
We also denote these degrees by ‘top’. The direct sum

is a representation of Hiop(Z).
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In this subsection, we define an algebra homomorphism U(g) — Hiop(Z). We define the
image of generators and check the defining relations. We set

d— H(—UO) [AX(v)} 5
hi — H(50i - Z Cijv;) [AX(V)} )
e [[B:)]. fime (O] wBi(v)]

where Ay (y) is the diagonal in X (v) x X(v), w: X (v —e€;) x X(v) — X(v) x X (v —€;) is the
interchange of the factors, and r(v) = 3(dim X (v — ¢;) — dim X (v)).

Theorem 6.5. The above assignment extends (uniquely) to an algebra homomorphism U(g) —
Hiop(Z).

It is clear that d and h;’s make a commuting family. Thus we have the relation (5.1).
Since

[Axtven] * [Bi(v)] = [Bi(v)]  [Axw]
the relations (5.2, 5.3) follow.
Thus the relations (5.4, 5.5) are remained to be checked.

Lemma 6.6. For a fived V, eV [AX(V)] and fN [AX(V)} are 0 for sufficiently large N. In
particular, the operators e;, f; are locally nilpotent on Hio,(£).

Proof. The first case is obvious since
eZN [Ax(v)] € Hiop(Z(v — Ne;, v))

and X (v — Ne;) = ) if N is greater than v;.

The second case follows from the assertion that if

5i0 — Zcijvj +v; = 5i0 — Z CijV; — Uy < 0
J JigF
then X (v) = (). This assertion follows from the surjectivity of 7, as its p;-component
(0uC) & PV, -V
JF#

must be surjective. O

It is known that the relation (5.5) follows the rest of relations and the property in Lemma 6.6
(see e.g., §3.3 of [22]). Thus the only remaining relation is (5.4). We explain only the key point
in the proof. See the original paper [N3] for the complete proof. We consider [AX(VI)} e;f; and
[A X(Vl)j| fjei. Let us consider two triple products

X(vh x X(v?) x X(v?), XY x X(v?) x X(v?),
where
vi=vlite =vite, Vi=vi—e =v'—e,.

Note that these equations are compatible since
V2 = /V2 —+ €e; —+ ej.
Let p;; be the projection as usual. Then we have

[AX(vl)] ez’fj = Ep13« (]ffz [‘Bi(VQ)} ﬂp§3 [W‘Bj(Vz)]) )
[Axn)] fiei = £pise (Py [WB; (VD] Npss [Bi(v7)]) -
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Let us consider the set theoretical interesections:

P2 (Bi(v?)) Npog (wWPB;(v?)) = {11, [, I) | 1 D I, C L3},

P (W (V1)) N (Bi(v?)) = {(11. I3, I3) | [ C I D I3}

The crusial observation is the following: if Iy # I3, I and I are determined by I, I3 as
Igzllmjg, I£211+13

Moreover, I} N I3 € X (v?) if and only if I} + I3 € X('v?). Let U be the open subset given by

X (v1) x X(v3) given by I # I3. If i # j, then U = (). The above means that on the open set

pis (U), the intersections (6.7) and their images under the projection p;3 are all isomorphic.

Let us draw a picture when I' = {1} and all I; are ideals of functions vanishing at distinct
points, although the case I' = {1} is excluded from our discussion:

. I ( )
[1 @ [3
I

FIGURE 2. Correspondence between I} D Iy C I3 and I} C I}, D I

(6.7)

One can check the transversality of the intersections on pi3 (U) (see [N3, Appendix]). This
result was mentioned in Example 6.3. If j: U — X (v!) x X(v?) denotes the inclusion, we get
7 [Bxen] efy = 77 [Bxen] few

Thus we have checked the relation (5.4) for i # j.
Consider the case i = j. By the above and the long exact sequence in the homology groups,
we know that [AX(VI)} eifi — [AX(vl)] fje; is contained in the image of

HtOp(AX(Vl)) - HtOP(Z>‘
Since X (v!) is connected and has dimension equal to ‘top’, we have
eifi — fiei=cy [AX(V)}

for some constant ¢, € Z. The last step in the proof is the calculation of a self-intersection
product to compute the constant ¢,. For this, see [N3, §9].
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7. LAGRANGIAN SUBVARIETIES AND A CRYSTAL STRUCTURE

7.1. Crystal. Let us review the notion of Kashiwara’s crystals briefly. See [25, KS] for detail.
Let

= {0,1,...,n} (the index set of simple roots),

P L Ihd - eZh, ®Zd, PL{xep | (\PY) e}
Definition 7.1. A crystal B associated with the affine Lie algebra g is a set together with
maps wt: B — P, g;,p;: B— ZU{—00}, €, fi: B— BU{0} (i € I) satisfying the following
properties

(7.2a) i(b) = &;(b) + (hs, wt(b)),

(7.2b) wt(€;0) = wt(b) + i, €i(€:0) = €i(b) — 1, wi(€:b) = ¢i(b) + 1, if &b € B,
(7.2¢) wt(fib) = wt(b) — au, ei(fib) = ;(b) + 1, @;(fib) = @i(b) — 1, if fib € B,
(7.2d) V=fbesb=clt forb b ebhB,

(7.2¢) if ;(b) = —oo for b € B, then &b = fib =0

We set wt;(b) = (h;, wt(D)).

The crystal can be defined for finite dimensional Lie algebras g (in fact, for any Kac-Moody
Lie algebra). We give an example corresponding to the irreducible (n + 1)-dimensional repre-
sentation of sly (see §1.3).

Example 7.3. Let g = sly, [ = {1}, PV = Zh, P = ZA, where (h,A) = 1. Let B <
{6(0),b(1),...,b(n)}. We define
wt(b(k)) = (n — 2k)A,

e(b(k)) =k, @(b(k)) =n—k,

~ b(k ifk#n
f(blk)) = {O< i othefwiée
- b(k — if & ,
elb(k)) = {0( ! othefw(i]se

where we omit the suffix 7.

We give simple examples, which does not come from representations.

Example 7.4. (1) For all i € I, we define the crystal B; as follows:

B; = {bi(n) | n € Z},
wt(b;(n)) = nay,  @i(bi(n)) =n, ¢&i(bi(n)) =—n,
p;(bi(n)) = g;(bi(n)) = —oo (i #j),
Ei(bi(n) =bi(n+1),  fi(bi(n)) =bi(n - 1),
&(bi(m) = Fi(bi(n)) =0 (i # J).

(2) For A € P*, we define the crystal Ty by
Ty = {tr},
wt(ty) = A, @i(ty) = ei(ty) = —o0,
Gi(ty) = fi(t) = 0.
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A crystal B is called normal if

ei(b) = max{n | &b # 0}, i(b) = max{n | b # 0}.
For given two crystals By, By, a morphism 1) of crystal from B; to By is a map B; U {0} —
B,y U {0} satisfying ¢(0) = 0 and the following conditions for all b € By, i € I:

(7.5a) wt(¥ (b)) = wt(b), e;(1(b)) = £i(b), wi(¥(b)) = p;(b) if (b) € B,
(7.5b) E(b) = v(Eb) if P(b) € Ba, &b € By,
(7.5¢) Fab(b) = (fib) if (b) € By, fib € By.

A morphism v is called strict if 1) commutes with €;, f; for all « € I without any restriction.
A morphism v is called an embedding if ¢ is an injective map from By U {0} to By LI {0}.

Definition 7.6. The tensor product By ® By of crystals By and B, is defined to be the set
By x By with maps defined by

(7.7a) wt (b ® by) = wt(by) + wt(bs),
(7.7b) gi(b1 ® by) = max(e;i(b1), ei(ba) — Wti(b1)),
(7.7¢) @i(b1 ® by) = max(p;(b2), @i(b1) + wt;(b2)),

€ibi @by if pi(b1) > €i(be),
by ® e;by  otherwise,

ﬁbl (82/[92 if sz(bl) > Ei(bg),
by ® fiby otherwise.

(7.7d) (b @ by) = {

(7.7¢) fi(by @ by) = {

Here (b1, be) is denoted by b; ® by and 0 ® be, by ® 0 are identified with 0.

It is easy to check that these satisfy the axioms in Definition 7.1. It is also easy to check
that the tensor product of two normal crystals is again normal.

It is easy to check (By ® By) ® By = B ® (By ® B3). We denote it by B ® By ® Bs. Similarly
we can define By ® - -+ ® B,,.

The crystal was introduced by abstracting the notion of crystal bases constructed by Kashi-
wara [25]. Thus we have the following examples of crystals.

Example 7.8. (1) The lower half U,(g)~ of the quantized universal enveloping algebra has a
base which has a structure of the crystal. Let B(co) denote this crystal. Let by be the vector
corresponding to 1 € U,(g)~.

(2) Similarly the simple U,(g)-module L(A) with highest weight A has a base which has a
structure of the crystal. Let B(A) denote this crystal. Let by denote the highest weight vector
considered as an element of B(A). It is known that B(A) is normal. It is also known that the
map

([ B(OO) & TA = fil ce flnbo X tA — fil e flnb/\ S B(A) (] {O}
is well-defined and is a strict morphism. Furthermore, L(A;) ® L(A2) has a base which has a
structure of crystal isomorphic to B(A;) ® B(As).

Remark that the character of L(A) is given by
ch L(A) & ZdlmL =Y e
beB(A)

We also have the tensor product decomposition (generalized Littlewood-Rechiardson rule):

L(A) ® L(Az) = @D L(wt(by) + wi(bs)),
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where the summation runs over all b ® by € B(A;) ® B(Az) such that g;(b; ® by) = 0 for all
1€ 1.

7.2. A crystal structure on the set of irreducible components of the Lagrangian
subvarieties. In §6.1 we have studied the Hecke correspondences, pairs I; D Iy of ideals
such that I/l = p;. In this subsection we study the following generalization of the Hecke
correspondence:

P (v) L {1, L) € X(v—re) x X(v) | I, D I}
The quotient I,/ is isomorphic to pf". Let us denote two projections by py, ps:
X (v —re;) £ P (v) £ X (v).
We have the following as in Proposition 6.2:
Proposition 7.9. (1) Let I € X(v) and let Az, be the corresponding quotient. Then we have
py ' (Iz) = Gr,(Homa, (Ay © pi, Az,)'),

where the right hand side is the Grassmann manifold of r-dimensional subspaces of Hom 4, (Ap®
Pi; AZ2>F'
(2) Let I, € X(v —re;) and let Az, be the corresponding quotient. Then we have

py (1) =2 Gr,.(Home (1, /mIy, p;)Y),
where the right hand side is the Grassmann manifold of r-dimensional subspace of Home (I, /mIy, p;)F.
Let
Xiw(v) L {1 € X(v) | dimHom, (Ag ® p;, Az)" =1}
It is a locally closed subvariety since (<, Xi,s(V) is an open subset of X (v). Let us define a
map
p: Xip(v) = Xio(v —1e;)
as follows. We consider the natural homomorphism
Homu (Ao ® pi, A7) @ (Ao @ p))  — Az
£@g = &(g)
This is obviously injective. Then I’ = p(I) is given by so that the corresponding quotient Ax /I’
is the cokernel of this homomorphism. By the construction, we have (p(1),I) € ‘BZ@ (v).

Lemma 7.10. When we move I € X;o(v —re;), Home([1/mly, p;) forms a vector bundle of
rank

doi — Zcij(dimvj —10;j) = (e;,eg — C(v —re;)).
J

The first statement follows from (4.11).
It is clear that 7(p(I)) = w(I) —r[0], where [0] is the O-dimensional cycle given by the origin.
Therefore, the restriction of the Grassmann bundle to £(v — re;) gives us

p: Xip(V) N E(V) = Xip(v —1re;) N L(V —1€;),
which is still isomorphic to a Grassmann bundle. Let £;.,.(v) o Xir(v) N L(V).
Lemma 7.11. (1) We have £(v) =, .~ o Lir (V).

i,T’>0 1A

(2) We have 5 dim X (v — re;) + dim(fiber of p) = £ dim X (v).
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Proof. (1) The assertion means dim Hom 4, (A ® p;, Az)" > 0 for I € £(v). This is equivalent
to dim Hom 4, (Ao, Az) # 0. Multiplications by z,y on Az (operators B;, By) are nilpotent
since I € £(v). Therefore the statement is clear.

(2) The left hand side is

(vo — rdi0) — %(v —re;, C(v—re;)) +r{(e;,eo — C(v—re;)) —r}

1 1
= vy — 1 — i(v, Cv) +r(e;, Cv) — §r2(ei, Ce;) + 10, — r(e;, Cv) + r*(e;, Ce;) — r?

1
=Vy — §(V7 CV)7

which is equal to the right hand side. O

The second statement means that the dimension of the fiber is just half of the difference of
dimensions of total space. This remarkable observation is due to Lusztig.

Let us show that dim £;,,(v) is equal to the half of dim X (v) by induction, by using this
observation. A little bit more effort shows that £;..(v) is a lagrangian subvariety. We omit the
proof of this part.

When V' = 0, then £(0) = X(0) is a point. So the assertion is obvious. Assume that we
have dim £, (v') = £ dim X (v/) if dim V' < dim V. If V # 0, then (Kero); # 0 for some i for
any point in £(v). That is

gv)= U &)
i€1,r#0
By the induction hypothesis and the above observation, £;,,(v) is a half-dimensional subvariety.
Since the above is a finite union, the total set £(v) is also half-dimensional. Since £;(v) is

an open subset of £(v), it is also half-dimensional. This completes the induction.
By Lemma 7.10 we have the following sequence of Grassmann bundles over £;(v):

Liov) Liailv4e) - Li(v4re) o L (VA rmaxe€;)
(712) N H
Lio(v)  Liplv) - Lio(v) aa Lin(v),

where 7, = rank(Ker7/Imo); = (e;,e9 — Cv).

We consider this as the (rp.x + 1)-dimensional irreducible representations of sl and defines
a crystal structure on the set | |, Irr £(v) of irreducible components of | | £(v). (Compare
§1.3 and Example 7.3.)

Let Y be an irreducible component of £(v). We define wt(Y") by

> (50 ey

i J

We define €;(Y") so that
g;(Y) =dim(Kero); for a generic point [ in Y,

= min dim(Ker 0);.
Iey

As we remarked above, €;,(Y) > 0 for some ¢ if V' # 0. We set ¢;(Y) = &;(Y) + (wt(Y), h;).

Let r % £i(Y). A nonempty open subset of Y is contained in £;,.(v + re;) in (7.12) for

some 7,7, v. We define an irreducible component Y’ of £(v) by

Y'Y Vg, (vrtre)),
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where p is the projection of the Grassmann bundle above. We have
E; (Y/) =0
Conversely, we can recover Y from Y’ as

Y = p_l (Y’ N Si;O(V))'

Therefore we have a bijection
{Yelrl(v+re)|eY)=r}—— {Y ehrg(v)]|elY) =0}

Using above observation, we want to define maps

i fi |_|Irr £(v) — |_|Irr£(v) L {0}.
If £,(Y) = 0, then we define €;Y = 0. Otherwise, we define €;Y as the image of Y under the
composition of bijections
{Yelr(v+re)|eY)=r}— {Y ehr(v)|el') =0}
— Y el v+ (r—1)e)|eY)=r—1},
where the latter bijection is again given by the Grassmann bundle.
Similarly we define f;Y as the image of Y under the composition of bijections

{Yelrf(v+re)|eY)=r}— {Y ehrg(v)|el') =0}
—{Y"ehr&(v+(r+1)e)|elY)=r+1}.
If r = rpax, then the latter bijection does not exist. So we set ﬁY = 0 in this case.
Theorem 7.13. The above &;, @;, &, f; on L, Irr £(v) is a crystal.

Using the exact sequence in homology groups, it is not difficult to show that
fWl=c|fy]+ 3 el
Y, (Y)>ei(Y)+1
for some constants ¢, cyr. (Use the open set . yyXis(v).) In order to determine the
constant ¢, we pullback both hand sides to LJL(),:SSE(Y)Jrl Xi.s(V,W). In the right hand side, only

c [ fZ-Y] survives. Then it is not difficult to determine ¢ by using the self-intersection formula.
It is given by £(e(Y) + 1).

Using the above formula, we prove that Hi.,(£) is a highest weight module by induction
on dimV and ¢;. If v =0, £(0) = X(0) is a point. We have nothing to prove. Let Y be an
irreducible component of £(v). There exists i such that ;(Y) > 0. Suppose that we already
know that

(1) if dim V' < dim V/, then Hi,,(£(v’)) is contained in U(g) - [X(0)].

(2) if Y’ € Irr £(v) satisfies €;(Y") > &;,(Y), then [Y'] is contained in U(g) - [X(0)].

Since the value of ¢; on Irr £(v) is bounded from above, we may assume the second condition
by the descending induction. By the above formula, we have

LEY]=+a(M)Y]+ ) o Y.
Y, (Y)>ei(Y)
By (1), the left hand side is contained in U(g) - [X(0)]. By (2), terms in the right hand side,

except +¢;(Y)[Y] are contained in U(g)-[X (0)]. Therefore [Y] is also contained in U(g)-[X (0)].
This completes the proof.

Remark 7.14. Tt is known that the crystal defined above (the definition is due to Lusztig) is
isomorphic to the crystal of the highest weight module of the quantum affine algebra. See
[KS, 31, 38] for the proof.
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7.3. Sheaves on K3 surfaces. The Grassmann bundle structures between stratifications of
moduli spaces of sheaves on K3 surfaces have been studied by Yoshioka [42], Markman [32]
and Kawai-Yoshioka [27]. Let us briefly review their results.

Let X be a K3 surface. Let (H*(X,Z),(, )) be the Mukai lattice. Namely, it is the integral
cohomology group with the pairing

<:r,y>=—/ ToUys — 21 Uy + 22 Uy,
X

where x = zo+ Ty + T, Yy = Yo+ y1 + Yo with z;, y; € H*(X,Z). We also set 2V = zg— 1 + To.
If F is a coherent sheaf on X (more generally, an object of the derived category of coherent
sheaves on X)), we define its Mukai vector v(E) by

v(E) S ch(B)\/tdy = ch(B)(1 +w),

where w € H*(X,Z) is the fundamental class. Since (, ) is even, v(F) has a value in H*(X, Z).
The Riemann-Roch formula says

> dimExt'(E, F) = —(v(E),v(F))

=0

for coherent sheaves E, F' on X. Moreover, the Serre duality says the natural pairing (Yoneda
product)

Exti(E,F) ® Eth_i(F, E)—=Ca®p—tr(anp) e HQ(X, Ox)=C

is non-degenerate, where we have used Kx = Ox.

Let us take and fix an ample line bundle H over X. Let M(v) be the moduli space of
H-stable sheaves E with v(E) = v. (We omit the notation H.) By the fundamental result of
Mukai, 9t(v) is a nonsingular symplectic manifold of dimension 2 + (v, v). This is an analog
of our X (v). The analog of the sheaf Oy ® p; is a rigid vector bundle Ey on K3, i.e., a stable
vector bundle Ey with Ext'(Ey, Fy) = 0. This has dim 9(v(FEp)) = 0. In fact, Mukai shows a
stronger result: MM (v(Ey)) = {Ep}. Yoshioka defined a stratification on moduli of sheaves by

Mp,.r(v) ={E € M(v) | dim Hom(Ey, E) = r}.

(This is an analog of the Brill-Noether locus.) In [loc. cit.] it was shown that under certain
conditions on v and the polarization H, there exists a natural homomorphism

p: 9ﬁEon"(") - gﬁEo;O(V/)?

which is a Grassmann bundle. Here v/ = v — rv(Ey) and v(Ey) is the Mukai vector of Ej.
When the rank of v’ is negative, the right hand side must be understood properly. This will
be explained later. So first consider the case the rank of v’ is nonnegative. The map is defined
by assigning F’ to F with

0 — Hom(Ey, F)® Ey — E — E' — 0.
Taking the long exact sequence for Hom(Fy, ), we get Hom(Ey, E') = 0. Therefore £’ €

M py.0(v'). (For the study of the stability condition, see the original papers.) The corresponding
extension class is an element e of

Ext!'(E’, Hom(FE,, E) ® Ey) = Hom(Hom(Ey, E)*, Ext' (E', Ey)).

The corresponding homomorphism Hom(Ey, E)* — Ext'(E’, Ey) is injective and defines a
r-dimensional subspace in Ext'(E’, Ey). This gives us a Grassmann bundle structure on
p- mEOﬂ“(") - 9ﬁEo;O(V/)'
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Next consider the case v’ is negative. Since the ranks of coherent sheaves are always non-
negative, we must interpret 9(v’) suitably. It turns out that the reasonable choice is

M(v') S om(—v"),
My (v')

= Mpyir+vizo)vy (—v")
where V is the involution on H*(X,Z) given above and £ is the dual vector bundle of Ej.
Under the assumption (which is not mentioned here), we have Ext*(Ey, E') = 0, therefore
Riemann-Roch says

dim Hom(EY, E') — dim Ext'(EY, E') = —(v(Ey)", —v") = (v(E,), V')
for £/ € M(v'). Hence
Mpyr (V') = {E' € M(—v") ’dim Ext'(Ey,E') = r} .
Now the map is defined by assigning £’ to F with
0 — EY — Hom(Ey, E)* ® Ef — E' — 0.

Here EV is the dual vector bundle of E. (If E is not locally free, we need a slight modification.)
Taking the long exact sequence for Hom(Ey, ), we get Ext'(EY, E') = 0. The above short
exact sequence defines a homomorphism

Hom(Ey, E)* = Hom(Ey, E)* @ Hom(Ey, Ey) — Hom(Ey, E').

This is injective and defines an r-dimensional subspace in Hom(Ey, E'). This gives us the
Grassmann bundle on p.

As an application of the Grassmann bundle, we can construct sls-actions on the cohomology
group of moduli spaces corresponding to rigid sheaves on K3 (paper in preparation).
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O D50 FO0OQO (E-polynomial) 0 O0OO0OO0OXOOOOO EOO (stringy E-
function) Fyu(X;uw,v) 000000000
o uv — 1
StXU'U ZEDJ,U'U HW

JcI jed
0000000000000

00 1.1 ([Ba2], [t3]). 0000 E00 Ey(X;u,0v) 000000 p:Y - X000O0
00000X0000000000000000

O000000Batyrey 00O O0O00D000O0OO0OO0O0ODOODOOOODOO ([Ba2,
Theorem 34) 000000000 pO00O0O pd HodgeOOOOOOOOOOOOOO
00000000000 (13)) 0000000000 Hodged OO O OO DO Batyrev
goboboooobbobuoooobbboo

000000000 HodgeDOOOOOO EOD0OOOOODOODOOOOO ED
0 Ey(X;u,v)0w,0000000000000000000000X00000 Hodge
O (stringy Hodge numbers) 1%/ (X) 00000000000 -
Ea(X;u,0) =Y (=1 b (X) u'e?
1,3
00 1.10000000000000000000000X000000000000
0ooo

00 1.2. 0000000000000000000000000000000000
000000000000000000000000000000000000000
F,-0000000BettiDOOO00OWellOOO [Wel] 0000000000000
Batyrev, Wang 0 pO00 00 Well 0000 0000000000000000000
BettiD 0000000 0000000(003500051000)0000000000
000 ([I61),[162),[1t3)) 0000000 Betti D 00000 Hodge 00000000 pO
Hodge 0000000000000 000000000000000000 Chebotarev
000000000000 GalisO0OO0000000000000000 (0000
§5,§6 00 0)0

OO0 1.3. 00000000p000D0COUODOODO KontsevichOD OOOOOODOO
Denef-Loeser 000 00000000000 ([Kon,[DL)OOO 1.10 pOO0OO00OOO
gbobooobbbouoobbuooobbbooobbuooobbuoobboobboo
OO0000D00O000000D0O00000 Deligne-MumfordD0ODOOOOOO0OOODO0O
00 ([Ya])O

OO0 14. 00000DOODODODODODODODODODDODOOODODO
ooboobobobobobobobooooooooooboobobobobD 110D O
OO00D00D0O0000D000 Abramovich-Karu-O O-Wlodarczyk OO0 OO0O0O00O0O
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0000000000000 (weak factorization theorem) 0000000000000
oo0C0COOoOo0OoOoOoooooooooooooooooOoboOoooooOogoooo
000000000000 0000000Borisov-Mavlyutov(BM)) OO OOO0OOO0O
oof0oo011100ooooco0o0oooooooooo

00 1.5. 000000000 HodgeDDOOOOOODOOD 00000000000
O00O00O000OBatyrey DX O COODUOODOODOODOOOODO Gorenstein0 OO0
D00000000000 E00 Eg(X;u,0)0 w,v000000000X00O0O00O
Hodge O A%/ (X)0 000000000000 DOO0DODO([Ba2], Conjecture 3.10)

2. 0ggoobbooooon

Batyrev D OO OUOO0OO0OO00O00O0O0O0O0O0O0OO0OOO HodgeOOOOODO ([Ba2])O
OO0O000boboo0booo0boboboobob0o0obOobOo0obO0obd Hodge
0000000000000000000000000000 [Ba2l0O00O0O

XOnOOUOODOOOOODOOOOOODOO (mirror variety) D YO OO (D OO
O00000000000000000000)000000X,YO HodgeOODOOOO
00000000000 (topological mirror symmetry test) 00000000

R“ (X)) = h""I(Y) for all i, j

0000000000000 (M). 0000000000000 00000O00OO Hodge
gbobobooobobodobboobobbooobbuooobbuooobboooboo
gooo

O000XO Fermat O OO
X:f(x)=2+20+25+2+2,=0CP*

00000000000000XO000000000000 X/G00000000
G c PSL(5,C)0000 f(-)00000000 PSL(,C)000000000000
(00000 G=(z/52)}000)0X/G000000000000000000 Hodge
0000 (pure) 000 ([Ded],[De5]). 00000000 HodgeDODOOOOOO

RPN (X) =101 # 1= r*2YX/G)
00000X,X/G0000000000000000000000

0000X/GO0000000p:Y - X/GO0000000 (crepant) 000000
000000000 (p:Y - X/GO000000000p Kxe=K, 0000000
00)000000000000000X,YO0OOO0O000000000000000
000000000000000000000000000000000000000
0000000000000000000000000000000000 HodgeO O
0000000000000000
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D000000000000000000000/Y(Y)=hY(X/G)000 (0 3.20
00)00000 HodgeDOODODOOOOOOOOODOOOO

h2Y(X) =101 = K272 1(X/@)
00000000000
00 2.1. 000000X/GOO0O0000000000 X/GO0000000000
00000000000 0000000000000000000000000000

gobooboodobbooobboooobobuoobbbooobbooonoobobo
Oo00o0ooOoooo@mooooo)

goboggobodgboogbbooobobooobboboobobboobbboo
gbobobuogogobood

XOoOoboboooobooboooo
X:gle)=zg+a4+5+8+5+22=0

O00000040000000000000 GCPSL6,C)ODOOOg(:)DOD00O0
000 PSL(6,C)00000000DOODOO0OOOOODODOOOOODX0O00O0O0ODOO
0 X/GOO000X/GO0OO0000000000Y — X/GOOOOOX,Y O Hodge
HEN

WPUX) =433 =2 1(Y),  hWPP(X) =433 =h"10(Y)
D000DOA?00000
h?2(X) = 1816 # 1820 = h* 2472(Y)
D0000000000000000000000
D000X0O 20421=0, :o=23=2,=2=000004000000 C*/{=+id}
D00000000000000000000000000000000000X00
D000000000D000000 (0000000 CY/{+d}000000)0onon

gbobobooobuoodgobboobobbooobbuooobbuooobboogoboo
OO0O0000000000D0 HodgeDODOOOOO

h22(X) = 1816 + 4 = 1820
0000000000000000000000000000

ddddddodoooooooooododooodooooooooooodn
00000000000 HodgeOOOOOOOOOOODOOOODOOOOooooooOOQ
000000000000000 Hodged OO OO O OBatyrev-Borisov [BB|U Batyrev-
Dais [BD]O Borisov-Mavlyutov [BM] 00 000000000000
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. uggoagoooo

gb1li1obobobbbouuoooooooobobbboodligooooon
gboobooon

0 3.1 ([Ba2], Corollary 3.6). XO COOOOOOOOOOOOOOOOODO
Ey(X;u,v) = B(X;u,v) = Y _(=1)" dim H/ (X, Q%) u'?
0,3

gooo

O00.0000d:X—-X0XO00000000000000o00000 Eg(X;u,v)
goboboooon 0

O 3.2 ([Ba2], Theorem 3.12). X0 COOO0OODOOO0OO0OOOOQ-Gorenstein 0 00O
0000000000000 0000000ooooD p:Y—-X0O0OODOOO (00
00 p*Kx =K,y 0OOOO)DXOOOOO HodgeOO YO HodgeODO O OO

A (X) =R (Y) for all 4,

OO0O0XOOOooOOhooooboooboOobUoOobUOoO HodgeOUDOOOoooo

ob0.00b00 FOD E,0000000000O00O 0

00 3.3. 03200000 McKay OO (McKay correspondence) 000000000
OO000OO00OO0000b0ob00o0ob00b00bD00b0Ob00Y O HodgeODOOOO
(DOOoOoO0OoOooooO)0oDooo v:Y -X0O0 E,000000000000
gobooo

0 3.4 ([Bal],[Ba2],[Wal, [It1],[It2)). X, YO COOO00OO0O00000000000Ky, Ky
000 (nef) 000000 (00000 X,YOOOOOO (minimal model) 00 0)0 0
000000 X,YOOOOOOOOOOOX,Y O HodgeDOOOD -

(X)) =h"(Y) foralli,j
Oo0. f: X ---Y0OOOOODODODODODODOOOCODODOooooooooooo 2z
O0000g¢g:Z— X, h:Z—-Y OOOOOfog=h, ¢Kx=h*Ky OOOOO0O
00000 (0000000000000 00000o0oDOO00O0O0O It2], [Wal OO

0)00000g:Z— X, h:Z—>YOOOO X, YOOOOO HodgeDOOODODOO
O0000¢' Ky =hK,y00OO

E(X;u,v) = Eq(X;u,v) = Eq(Y;u,v) = E(Y;u,v)

O0000X, YO HodgeOODOOOOOODOOODO 0
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OO0 3.5. X,)YUO BettiDDOODODOODOOOOBatyrev, WangO OO pO0O0OO Weil O
00000000000 ([Bal],[Wa])O OO OO[It1], [It2) 0 O O O O Batyrev, Wang O
000 p0 Hodge OO O OOOODOOO HodgeDOOOOODOODOOOODOODO [It3] 00O
0000 1100000000000 000 0 0OKontsevich, Batyrev O 3.400 00
000000000000 ([Ba2l,[Kon|, 00000000000 [DL], [Ya] OOO)O

4 pO0O0O

OooooooboodpbbOOObbOpibOdzZ, 0000000000 X0007p
DDDDDDD(DDDpDDDDDDDDDDDDDDDD)DU:@;—>ZDDDD
Oo000000000x2zeQ, 000

pW x#0
||, == o
0 z=0

0 pO 000 (p-adic absolute value) D00 0O 0X/Z,000000 nO0 Dw € I'(X, Q2% 7 )
On000000000

00000x07%Z,-00000000 %(Z,)0000000p00000000%(Z,)
0p000000 {z,...,2,)00%(Z,) 0000 U00(Z,)"0000 VOO pO0
0000000000000000000 w=f(z)dnA---Adz, 000 (f(z)0 V
00 p00000000)0wdUOOp0000

[ loi= [ 176, don -

000000000|f(2),0 f000 p0000000Odz; - dz, 0 (Z,)" 0 HaarO
000(z,)"000000010000000000000000000000000
O00000wO X(Z,) 00 pO0O0 (p-adic integration)

/ 1w,
X(Zyp)

O00wO X00000000000000 (000000 ox0o0oopoooooog
0000000000000 p00000000000000000000)02 € X(F,)
O00000Omod p0000 ¢: X(Z,) — X(F,) D00 20000U =¢ Hz)ODO
00000000 p000000 {xy,...,2,; 00000000

r=(21,...,2,): U — (pZ,)" C (Z,)"

0p000000000000000000000wD w=f(z)dzyA---Adz, 000
D0wD00O0000000000f000p0000000000000 |f(z)],=10
000 (pz,)"0 (Z,)"000 p"000000000

1
/|w|p:/ dry---dr, = —
U (PZp)™ p

gobooboogg
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00000000 2eX(F,)0000000000000000000

X(F
/ o, = [XE)
X(Zp) p

b 4.2. 000o0oogoobooo

00 4.1 ([We2], 2.2.5).

(DDDDDDpDDDD)z@}DDDDDD)XE

0000000000000000000000F,000000000000000
000000000000000000000000000000([@000000000
0000000 [We2)0OD)

0000000000000000000000000weN(X,Q%,)0X00n
000000000000 diviw) =Y, 0 %/Z,0000000000000
0000007 :={1,...,r}0000JCI, J#00000 D, :=,,9,0000

@WZXDDDDDDDQy:@A<ugV©)DDDDDDDDDprDDDDD
afsfslslslaiafslsls

oo 4.3.

1
i = S SN i

diviw)=000000043000410000000004300000004.10
gbbbuooogbbbuoooobbbtuypboobbbuooobbbuooon

00 4.4. 00 ky,... k,>—-10000

k k —
/(pr)n 21 fp o ]y - oo H phitl — 1

gbooobdao

gbo.0booboooogn

(pr)n pr pr

gooooo
1 p—-1
k
dr = - .2~
/pzpmp ! p pFtl—1

Ok>-10000000000
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pZ,0 pZ, = 12, (0'Z,)\(p**'Z,) D00 000000000000 z € (p'Z,)\(p'Z,)
oood \x|/;:p_kiDDDD(pr)iD p00000p 0000

/ |$|l;; dr = Zp—ikVOl ((pZZ z+1Z Zp—zk (z—l—l))
PZLyp i=1

=(1—=p ")) (p Ny

i=1
00DOk>-100000000000000
—(k+1) 1
4P
=) =
L—p~(+)p phtl —1
0ooOoo O

00 45. 0043000000 FOOODOODODODO0ODOODOODOOODOOD
O00000000000000 $3)|000000 1.1 0000000000000000
0043000000 pOOD00ODOO0ODOODO0ODODOO0ODODOO pO Hodgel OO
gboboboodgobboooobobod

OO0 46. 00 44000000000000p0 000000000000k, >-10
gboboboogogobbbuoooglliobooogobobooooobbbbon
gobobgoobobooobboogobbooooooobboooobbuoooobooo
O00000000000000000000000 (Ba2)DOoooooop0OoooO
gobobboooooobobobuooooobbiligogoobbooooobboboa
gboboboogobboooobobod

5. GAaLois O O

0000000000XO0QOO00000000000000 (00000000
D0000000)0I000000000000X;=X®Q0!00000000
000 Hy(XQ) 00000 Gal(@/Q)000000p0000000Q,0p000
00000000Q—Q,000000000000Gal(Q,/Q,)C Gal(Q/Q) 000
000000000000000000

0 I, Gal(@/(@p) - Gal(E/Fp) — 0

[,O p0 000000 (inertia group) 0 0000 0 0 Gal(F,/F,) 00000 Frobenius
O (geometric Frobenius element) 0 0000 F, 00000 Frob, : z — 270000
D000o0O0O0o0ooooo

HE(X5,Q) 00 Gal(@,/Q,) 0000000 200000000000000

ep#!00X0Z, 0000000000000 Xx00000000(00O00XO
pO00000O (good reduction) 00 0O 0O0O)
e« p=10000



58

00000000 WellOOOODOOOOOO pO HodgeOODOOOOO (p#A10 X
OpO00000 (bad reduction) 000 00000Galois0 000000000 ODODOO
O000000000000000)ID0OO0O0D0D0OD0OO0O000000OO0O0dChebotarev
gobobgoobbooobobbuooobbooobbooobuooobbuoooobooo
gboboboogobobobooobbobooooboo

5.1. WeilOO. p#10 X0OpOOOOOOOOOOOOOOO 1,0 HQ(X@,@Z)DD
0000000000000 FrobeniusO Frob, DO OUOOOOO0O0O0ODOOQODO Hasse-
Well DOOOOOODOO Weil OO (Weil conjecture) 00000000000 ([De2],
De3) 0000000 0OOOO0O0O0ODOOOODOOOD 2000000000

o (Lefschetz0 0D O000D0) [X(F,)| =) (—1)" Tr(Frob,; Hf (Xg, Q)

k
e (Riemann 000 00) Py(t) = det(1—¢-Froby; HE(Xg, Q) 00000 P(t) O
00000000000000000000000 ¢ %0000

00 5.1. 0000000 F,000000000000000F,,000000000
0000000000000000000000000000000000O :000
r>1000 |X(F,)| = |9F,) 000 XcO Yo O Betti 0O 0000000 Batyrey,
Wang 00O OOO0OOD0O00O000O00000D00000 BettiDOOOO0OOOO0O
00 ([Bal),[Wa))DO OO OBettiD 0000 00Hodge 0000000000000
000 pd HodgeDOODODODOOOO

52. pd HodgeODO. p=100000000 [,0 Hi(Xg,Q)OOOOOOOO0OO
0000000000 p0O Hodge OO (p-adic Hodge theory) 00000000 0O0OO
HodgeO O Galois 0 0000000000000 DOC,0Q,0p000000000
0000 FaltingsO 0 0 0 0 Hodge-Tate O O (Hodge-Tate decomposition) 0 0O 00O
Gal(Q,/Q,) 0000000 DODODODODO
@ Hj(XvaQg(@p) Q®q, Cp(—i) = HQ(X@’ Q) ®q, Cp
i,j s.t. it+j=k

000000000 (—4)0 TateD00000000Gal(Q,/Q,) 0000 HY (Xg,, Q, )
00000000000000000000 (0000 [Fa), [Ts]000)0(C,)%(@/%) =
Q,00D0i#£000 (Cp()%@/%) —ooO00

dimg, HI(X, Qi) = dimg, (H (X5, Q,) @, Cyl0)) %@/

€

000000000 HY(Xg,Q,) 00 Gal(Q,/Q,) 00000 HodgeD DO OOO DO

o0 5.2. DDDHQ(X@,QP)DDDDDDD Gal(Q,/Q,)0D0000D00000000
O0000 HodgeDODOODOODOODOODOODO Galois O OO Grothendieck 00 OO0
OO0 HodgeODOOODOOOOODODOOOODOOODOODO 110000 GaloisOOO
Grothendieck 0000000000 0ODODOODOOODOODOODODO
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5.3. Chebotarev000O00. 00000000 Chebotarev 0 0000000000
Frobenius 0 0 0 0 {Frob,} 0 Gal(Q/Q)00000000000000D0 (0000
[Se)00000)0000000000 Chebotarev 0000000000000

00 5.3. V,V'0 Gal(Q/Q)00000000000000000000 p0000
000 [,00000000Tr(Frob,; V) = Tr(Frob,: V) 000000000 V,V' O
Gal(Q/Q)0000000D00OODODOO0

00 5.30 Grothendieck DO DO OOOOOODOODOODOOOO :

00000000000 p000000/,000000000000 Gal(Q/Q)
000000000 Grothendieck 000000000000000 2000
V],V |0000000000000000000 p000 Te(Froby; [V]) =
Tr(Frob,; [V/)) 0000000000000

OO000D00DO00O000DO00O000O000D000dGrothendiekODODOODOODOO
gbobobooooboo

54. HodgeOODOOO. DOOOOODOODOODOOODOODO GaloisO OO HodgeO O
gbbbuoooobbboodb 1rioooobbbooooboo

OO0 54. X,)YOQUUODOOUODOOODOODOODx,YO XY DO ZOOOOOOO
gbobboooobboboodgb pbbDbO

| X(Fp)| = [D(Fp)]
000Xc.O0YeO EODDOOOOO
E(X(C7 u, U) = E(Y@, u, U)

O00.0000000000 Leray0 0000000 ODOOOODOOO ([De400O0O)O
X, YyoQboooooooooooboo

00 /00000Gal(Q/Q) 000 Grothendieck 00000
[Hia(Xg Q)] =) (D [Hia(Xg Q)] [Hia(Ye Q) =) (-1 [Hiw(Yg Q)]

k k
goooodn HsétDDDDDDDDDDDlDDDDDDDDDDDDDDDDDD

0000000000000 p0000WellOO (Lefschetz0 0000000)0000
Tr(Froby; [H, 4 (Xg, Q)]) = [X(Fp)| = [Y(F,)| = Tr(Froby; [H 4 (Yg, Qu)])

000000Chebotarevd 0000 (00O 5.3) 0000 Gal(Q/Q) 00O Grothendieck
gooadd

[H; (X5, Qu)] = [H 4 (Yg, Q1)
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0000O0WellOO (RiemannO0O00O00)0000000000000000000C0
000000 (000000000 Frobenius 000000000 000000000)C
00O0p0 HodgeDOODOOO 4,j000 [HY,]DOODO i+,00000 HodgeO
000000 (00 52000)000000

> (1)FR (Gl HE(Xe, Q) = Y (—1)Fh (GrlY HE (Ye, Q)

k k
00000000 E(Xcju,v)=E(Yeu,0)0000 O

6. 00 1.1000000

gbooboooooobbiigoboboooogboo

e JJ0IDDOUIDDOODOOOODODODOUDODUD(DODODODOUODOODQUDOO)OT

e J000O0O00OOODO pOOOO0pOOOOODOOF,-000000 (OOOOO
0)0D000000ooo

e Weil 0O (LefschetzOODOOOOOD)0DOD0O0O0OO GaloisOO (DOODOOO)
000000 Frobenius DO OO ODOOOODOOOOOOODOODO

e ChebotarevD 0O 00 (0O 5.3)0000Galois00 (D00 00O )0 Grothendieck
ggbboogoobbogo

e Weil O (Riemann OO OO0 )0 pUO HodgeOO OO OO HodgeD (DO OOO
0)0o00oooooooo

00 6.1. 000 (0DCO0O0O00)DDDOOODOO0OO0O0OOOO GrothendieckOOOOO
gbbobuooogbbbuoooobboboooon

00 1.1000000.p:Y—-X,0:Z—-XUO020000000000000000
p00000D00OO00O0ODO FOODUOUeeUOOO0DOOobOoOOO0o FpOOOOODOOO
oobooo0y,Zzo0obooboobdobO Zzobobooboobooo 1agbd r7:Z2-Y
UOpeor=c0000000000O0000ODOOO0OOODOO

Dell0 00000 0000000000 OOODO0OOOODOOOOOODOOOO Hodge
Ooooobooboooboobonh XY, Z,p,oe,r 00000000000 DO0OO
OoooboboobooobooooboboQQuouobobobooonog

0000000000 p0000X,Y,Z02,00000000000000 %,9,3
D000XOO0O00.0000000000X00000000000000 w €
I(%,Q4,)00000000000

O0000Opor=000 ™(p'w)=0c*'w 00007:3—-YP0O000 p0O0000OO

Ogo0oooodg
/ ol = / 7 (o W), = / o"wl,
D(Zp) 3(Zp) 3(Zp)

P
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Oooboooob430000F,-000000000000
1 R p—1
EZW‘I(FMHW

JCI jeJ

OYOOzZOOOOOODOOOOOO (50000 84000000)0O

O00000000D00D00D0000 pO00000000OWeilOO (LefschetzO OO
O00000)0 ChebotarevD0 0 OO0 (00O 5.3)0000
* o p_l
> Ha(D9)g @) ] ]
JcI jel (@(=a; =11
O0YOOZ0OOOOOOOOOOO (DOOoOoOoooODoDOoOoOoOoooooOoOooooo
00 Gal(@/Q) 000 Grothendiek 00000000000 00000)0

Oooooos40000oooooogno
o uv — 1
> By [ o=
Jcl jeJ

OYQOOoZ0OOOoOoooooooo
gbooodligobodd 0

00 6.2. 0000000000000 0O0OO0O0O0O0OOO(0OO0O M3)]000)0

e OO KxUO @—CartierDDDDDDwEF(%,Q?E/Zp)DDDDDDDD rgon
D(Qg/zp)®TDDDDDDDDDDDDD§4DpDDDDDDDDDDDDDDD
goboooodod

oDDDDDDDD}ZDDDDDDDDDDDDDDwEF(%,Q?{/R)DDDDDD
O0ZariskiDO OO pOOOO0O0O0O0O0OD0OO0OO0ODOOOODODOODOODODOOO
gogboog

e KxUOCartier UODODOOOODO 110000000 MDODO TateDDD@l(i)
gbobobooboooobonog Tateb OO Oooboooooboboboooool
OlogiOexp0OO0OUOOODOOOOODODO TateOODOODOODO pO Hodge
ggbobobooooobboooooboobobooobbbboooobbobooon

00. 0000000000000000 ((11])00000000 (t2)0000000000
0000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000
0000000000000000000000000000000
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Abstract

In this talk I discuss some aspects of string theory on manifolds with G2 holonomy from
the viewpoints of exact conformal field theory. We first present an infinite series of consistent
superstring vacua corresponding to non-compact G manifolds based on [1]. Secondly, we con-
struct the exact partition functions for the superstrings on compact (G2 manifolds of the type
(CY3 x SY)/Zs, where the Calabi-Yau 3 sectors are given by arbitrary Gepner models. The latter

part is based on our second paper [2].



1 Introduction

Recently 7-dimensional manifolds with G5 holonomy are receiving a lot of attentions [3]-[22]. These
manifolds provide N/ = 1 4-dimensional compactifications of M-theory which are of fundamental
physical interest. They also play an interesting role in a novel duality involving gauge and gravi-
tational fields. In the duality conjectured by Vafa [4] Type ITA theory compactified on deformed
conifold with D6-branes and Type ITA theory on resolved conifold with RR flux are related. This
duality has been explained by lifting the Type ITA configurations to the M-theory backgrounds
on three different manifolds of G2 holonomy which are smoothly connected to each other due to
quantum effects [5, 7, 18].

In the non-compact cases explicit Ricci flat metrics on manifolds of exceptional holonomy (Go
and Spin(7)) have been known for some time [23, 24]. Recently new metrics have been discussed by
various authors [25, 26, 27] while the existence theorems of metrics in the compact cases are given
in [28].

On the other hand, perturbative string theory compactified on GG manifold is also an important
subject, since it is a tractable problem exactly analyzed at quantum level. Quite interestingly, such
world-sheet description is known to possess some exotic features, i.e. existence of tricritical Ising
model and extended conformal symmetry [29, 30, 31].

In this talk I review the recent our two papers [1, 2] studying the world-sheet description of string
theory on G2 manifolds. In the first paper [1] we presented an infinite series of consistent superstring
vacua corresponding to non-compact Go manifolds. In the second paper we constructed the exact
partition functions for the superstrings on compact G manifolds of the type (CY3 x S1)/Zs, where
the Calabi-Yau 3 sectors are given by arbitrary Gepner models [32].

The recent related references are [33, 34, 35, 36, 37].

2 SCFT on Non-compact G Manifolds

We first try to construct CFT models corresponding to non-compact G2 manifolds. We start with
the “Gepner model like” ansats: N = 1 Liouville + > (A =1 minimal)). The sector of N’ = 1
Liouville system describes a non-compact space-time and consists of a scalar field ¢ coupled to the
background charge and a free Majorana fermion field ¢. Thus the total system consists of a CFT
describing the geometry of the G5 manifold, the A/ = 1 Liouville theory and an additional free boson
and fermion associated with the transverse direction of the Minkowski space R?3.

Now, the problem is to construct a CF'T model possessing the following properties:

21
e c=T7+ g =3 (critical dim.)

e world-sheet NV =1 (with suitable GSO projection)
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e realize 3-dim. space-time N' =2 SUSY (4 SUSY charges)
e modular invariance

e stable (no tachyon in normalizable physical spectrum)

We have found the next infinite series of solutions;

MN ' x Mm-}—?
"1 "

xRy, (m=234,... 2.1
0] )

Here MX=! denotes the m-th A’ = 1 unitary minimal model (with central charge ¢(m) = 3/2(1 —
8/m(m + 2))) and the symbol “Z,,1” stands for some orbifoldization. R, denotes the N' = 1
Liouville sector. Because of the criticality condition the Liouville background charge should be

equal to
1 N 2
2 m(m+4)

More precisely, we define N' = 1 superconformal field theories with a parameter m = 2,3,4, ...

Q=2 (2.2)

as the models with the following conformal blocks of toroidal partition functions (we only denote

the part depending on GSO projection) ;

m+1 —~ o~
F(m) (7_) — i l% (m)NS, (m+2)NS _ 1% (m)NS | (m+2)NS (2 3)
rs - 1 2 /’7 r?p p’s 2 /’7 ,r‘7p p7s :
p:
— ) xRy AR (2.4)
p=1

where Xﬁ?)l (I = NS,NS, R) denotes the character of MN=1. The sum of p runs over

r—-p=s—p=0 (mod 2) for NS
r—p=s—p=1 (m0d2) for R

A single power of 6; is interpreted as the contribution of a transverse fermion in Minkowski 3-space
and the fermion of the /' = 1 Liouville sector.
£ (1) are also characterized by the following identity;

774(93 — 04 =2 Z Fm (o)™ (7). (2.5)

m—2
0=x"7?(r)-

Because of this identity (2.5) FT(T) are expected to vanish for all values of m,r, s,
EM(ry=0, allm,r,s. (2.6)

as is expected from the existence of space-time SUSY. In fact, one can verify that Fr(;n ) (1) has the

following structure for arbitrary m;
F) (1) = Fy(7) Ay (T) + Fo(7) By (7), (2.7)

70



where

/93 r1 / 04 ~ r1 / 92 ri
03 ri 04 ri 02 ri
By(r) = t1/10 Xt1/10 \/ 9 X?s/so ’ (2.9)

(X, ¥4 : N = 1 character of tricritical Ising model =2 M$= ¢ = 7/10) A,s(7), Bys(7) are
characters of some (N = 0) unitary RCFTs. We can prove that the functions Fj, Fy identically

vanish. This fact leads us to (2.6), and is consistent to the claim by Shatashvili-Vafa [29].
)

As is obvious from the construction, blocks F,ST have a good modular properties

m—+3
F (=2 Z > SETSEER ) (2.10)
|s’+7"\ 5/O_Emod 2)
1 r? 52
E™(r 41) = 27 — — ——— |} FM(7) . 2.11
@G+ 1) exp{m<3+4m 4(m+4)>} () (211)
(k) _ 2 (! . : o
Here S,/ = PR G denotes the modular matrix of SU(2);. The following combination
of conformal blocks gives a modular invariant partition function:
m—1 m+3 [
2(r,7) = Zo(r, PY N NG o+ NN ) B () FOs(7)
r,r=1s,5=1
s+r=5+4+7=0 (mod 2). (2.12)

Here we may use any coefficient set of modular invariants N,E;?_Q), NS(?H) of SU(2)m—2, SU(2)m+2

theories. Zy denotes the trivial part of the partition function which does not enter into the GSO

projection
1 +eo 1 1 (cr +1)
Zy = dpd —4 2 2_ 217
O ML (=) /—oo b pLeXp( e (2p TPty Q 24 ))
1
= ) (2.13)
aln(7)|*

where ¢y, denotes the Liouville central charge ¢, = 1+ 3Q? and 7 = Im 7. pr, (p) is the Liouville
(Minkowski) momentum. As is well-known, Liouville spectrum has a gap h(L) > Q?/8.

We note that there exists a unique operator (in each chiral sector) which generates the analogue
of the spectral flow in N/ = 2 theories between NS and Ramond sectors and is identified as the

space-time SUSY operator in the above partition function. In fact the operator ¥ = (1"21) (27,71”2)

(m) | p(m+2)

contained in R sector has a dimension hj 5’ +hy; " = 3/8 for any values of m. When it is properly

dressed by the superconformal ghost and spin fields, it gives a current of conformal dimension 1
Jir=e 28, Uy g, (2.14)
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(spin field S,, contains the contribution from the fermion of N' = 1 Liouville theory and has dimension
2/8). In this way we have confirmed that our models possess the correct number of space-time SUSY
(3-dim. N = 2).

Dimension of the fields gb,(fz)@gﬁ) which appear in the block FT(T) is in general given by

s 1( 7“—1—3)2 ((m +4)r —ms)? — 16
hy®=—(p—
b 2 16m(m +4)

+ (2.15)

€
8’
where e = 0 for p+ r,p+ s = 0 (mod 2) in NS sector and e = 1 for p+r,p+ s =1 (mod 2) in R

4

sector. Thus in the “graviton orbit” r =s =1,
hy' = i(p—1)2+§, p<m+1. (2.16)
Hence fields in the NS sector of graviton orbit all possess integer conformal dimensions. This suggests
the existence of an extension of the chiral algebra to some algebra involving higher spin fields in
our construction. In fact hy® and h;’iz differ by integers for any p,r,s and it seems quite likely
that the sum over the product of minimal characters >_, Xﬁf’;)*xl(,’ﬁ“” provides a character of an
irreducible representation (r,s) of the extended algebra. Such an extended algebra for manifolds
with exceptional holonomy was first introduced by Shatashvili and Vafa [29] and further studied in
refs.[30, 31]. We also note the pairing of NS and Ramond states
hyiy — hy® = % + % + integer, p = odd. (2.17)
The dimension 3/8 is compensated by the spectral flow operator ¥ and 1/2 is consistent with the
GSO condition for NS sector incorporated in the conformal blocks (2.4). If we recall the OPE of the

minimal model
GrpP1,2 R Prpt1, (2.18)

we note that the operator ¥ in fact generates a spectral flow. We identify the state r =s=1,p =3
in the graviton orbit as the associative 3-form ® of the G5 holonomy manifold since it has dimension
3/2 (contribution from the fermions is added) and acts like the square of the spectral flow operator.

We also note that due to the presence of the gap in Liouville spectrum, the dimension of the
Ramond ground state satisfies an inequality h(m)+h(m+2)+h(L) > 1/24(c(m)+c(m+2)+c(L)) =
3/8. Together with the contribution from 6, it adds up to 1/2 which is the value dictated by space-
time SUSY. Thus we believe that the partition function ( refpartG2) satisfies all the necessary

conditions for the string theory compactified on non-compact GGo holonomy manifolds.

3 SCFT for Compact Gy Manifold (CY3; x S')/Zs

Next let us study the string theory on compact G2 manifolds. We shall take the example first
presented in [28], namely an orbifold (CY3 x S')/Zy, where C'Y3 denotes an arbitrary (compact)
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Calabi-Yau 3-fold. Since we would like to work with the exact CFT approach, we shall focus only
on the Gepner point in the moduli space of the C'Y3 sector. As is well-known, Gepner model is given

by a tensor product of A/ = 2 minimal models

Mé\{:2 X oo X MA{::2:| = (kla o 'ak’f')v (31)

U(1)-projected

where M{C\[ =2 denotes the level k A/ = 2 minimal model with central charge ¢ = kg—fQ The criticality
condition is given by
"\ 3k
=9. 3.2
; ki +2 ( )

When r = 5, the condition (3.2) becomes equivalent to the Calabi-Yau condition for the hypersurface

ZPT2 ozt (3.3)

_1 L)
k14270 ks+2/°

The sector of the circle S! is described by a free boson and fermion X, 1. Orbifoldization along

in the weighted projective space WCP*(

this direction is simply given by
X — =X, ¢ — —. (3.4)

It is somewhat non-trivial to perform the orbifoldization on the sector of the Gepner model.
Geometrically the Zs-action (we shall denote it as ) is an anti-holomorphic involution on CY3 and
have the properties 0*(K) = —K, 0*(Q) = ¢Q, where K denotes the Kihler form and € is the
holomorphic 3-form. Therefore, it is natural to assume that o acts on each sub-theory /\/li.\/ =2 as an

automorphism of A/ = 2 superconformal algebra {T, J, G, G™ };
c: T —T, J— —J Gf — GT. (3.5)

In the computation of toroidal partition functions Zs-orbifoldization is enforced by o-twisting along
the “space” and “time” directions. (3.5) implies, in the NS sector for instance, when the o-twisting
is applied in the spatial direction the moding of the G; remains half-integral while that of G is
switched to integral values (G* = Gy 4+ iG3). We next introduce characters of the A" = 2 minimal

model in various o-twisted sectors.

3.1 Twisted Characters in AN/ = 2 Minimal Model

Characters of the untwisted sector of A" = 2 theories are well- known. For various spin structures

they are given by

i (1,2) = Trygnsa™ oy =0 2) + (T 2),
b, 2) = Ty ()P gy = xi0(r,2) —xL2(r. ),
afVm) = Top g Pyl =yl ), 0
bl P(r2) = Trgp (~1)Pghr-fsy = bi(r,2) — (.2
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Here we set

xhi (7, 2) =) sz sdr (T) Oy (k42) (—st4r) 2k (kt2) (T5 2/ (k + 2)), (3.7)
reZy
and c}ljy)l denotes the string function associated to the affine SU(2) algebra at level k.

Let us now consider sectors with o-twisting. We denote the twisted characters as chf((;’)T)(T)
where I runs over the spin structures NS, NS, R, R, and S, T = 4 describes the spatial and temporal
boundary conditions of the o-twist. Since the twisting ¢ : J — —J leaves only the states with
vanishing U (1)-charge, it is obvious that the twisted characters are labeled only by the “l-index”.
nHF

Recall that the usual twisting by (— insertion acts as

-0t T —1T J—J G — -G (3.8)
Thus under the combined twist o - (—1)F (= (=1)F - o) we have
o- (-0 T —T J— —-J GfF— —GT. (3.9)

(3.9) differs from (3.5) only in the exchange of G; and G2 and thus leads to the same character

formulas. These facts imply the following relations among the twisted characters;

k (NS) k (NS) k (NS) k(R) k (NS) k(R)
Chl(+ )( T) = hl(+7 )( 7), Chl(,,Jr)( T)=c h( )( ), Chl(,7 )( )—chl(7 7)( ), (3.10)

S R S
e (r) = hk((R))( ), chf(<§ D (r) = ey (), chf(@_))(ﬂ:chf(@_)(f). (3.11)

Characters in the 2nd line above actually all vanish due to a fermion zero mode and we are left with

3 independent characters which are related to each other by the modular transformations;

k(NS S k(NS T k(NS

ey G = e T () o e TP (), (3.12)
k(R s k (NS T k (NS

ey iy (r) < ey E () o e B (). (3.13)

Fortunately we can make use of the results given in [38, 39, 40] to calculate these character
functions. As in [39], we first consider the sector I = NS, (S,T') = (—,+), which is known as the
“twisted A/ = 2 minimal model”. In this sector J and G have half-integer modes and G2 has integer

modes. Making use of the well-known decomposition [38, 41]

[Zy-parafermion theory| x U(1)

MY =2 , (3.14)
Zy
the primary fields (in NS sector) in the twisted minimal model are constructed as
(I)l(Z) = QOZ(Z) U(Z)v (l :Ovla"'vk)a (315)

where ¢;(z) are “C-disorder fields” [38] in the Zj-parafermion theory [42] and o(z) is the twist field
of the U(1) sector. ®;(z) has the conformal weight

k—2+(k—20)% 1

(3.16)
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Since we have the field identification ®; = ®;_;, we can assume the range [ = 0,1,..., [g] The

character of the representation associated to the field ®; has been calculated in [43] (See also [39, 40]);

k(NS))( )

Xéc(_,-i-)( T)(=c h( + —7_) (@l+1—%,k+2(7) - @—(l+1)—%,k+2(7)> (3.17)

1
04(
1
m (@2(l+1)—(k+2),4(k+2) (m) + @2(l+1)+3(k+2),4(k+2) (7)

=0 o4 1) - (k+2)4k+2) (T) = © 2015 1)+3(k+2),4(k+2) (T)) -

Characters in other sectors are found from the modular transformation

M+ = emlimmm) b @), (3.18)
() = lio St (~1)" 7 xb oy (), (3.19)
where we have
Xy = 9317) (@2(l+1)—(k+2),4(k+2)(7—) + (=1 Oo41)430k+2) (k42 (T)
H(=1)'O a4 1)kt 2) akr2) (T) + (_1)k—H@—2(l+1)+3(k+2),4(k+2)(T)> , (3.20)

2
Xy = { 6a(7) (@2(l+1),4(k+2)(7)+(—1)k@2(l+1>+4(k+2)v4<k+2)(7)) (I + even),
0 (I : odd).

(3.21)

In (3.19) S(l/) =,/ k—2|—2 sin (%) is the coefficient of the S-matrix of the SU(2) WZW model
at level k.

Modular properties of Xf( +(7); Xf(_ _)(T) are similarly obtained as

i (hy— = 1 - K
= mlesmm) b @), (0 = S DS ). (3.22)

K
X4, (T +1) p

1'=0
X;C(_,_)(T + 1) _ 627T’i(hz 8(k+2 ) Xl( )(7—)’ Xl(— _) — Z Sl 0 Xl’ ) (323)
Here h; = lélfg) and we set Sl(l/) — T (Hr+2-17) Sl(l,) in the last line. In summary
NS R
Xf(,7+)(7') = ch; (( Jr))(T) ch, (( )Jr)( ), nonumber (3.24)
k(NS R
Xf(_7_)(7') = Chl((_7_))(7') = Chl((_}_)(T), nonumber (3.25)
k(NS k(NS
Xf(ﬁ*)(T) = chy ((4-7—))(7—) = chy ((4_7_))(7)- (3.26)

Remaining characters all vanish since they contain a free Majorana fermion with the (P,P) boundary

condition.
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3.2 Partition Function of SCFT for G, Orbifold (CY3 x S')/Z,

Now we are ready to discuss the construction of toroidal partition functions of string theory on
the orbifold (CYs x S!)/Zs where the CYj3 sector is described by an arbitrary Gepner model
(k1, k2, ..., k). We first consider the partition function of the A/ = 1 non-linear o-model on this
orbifold (using the standard diagonal modular invariant), and then go on to the construction of the
partition function of type II string theory on R*! x (CV3 x S')/Zs.

According to the standard argument of Zs-orbifold, partition function of o-model has the fol-

lowing form

Z 3 ZéI)T : (3.27)

I ST
where I runs over spin structures NS, 1\ATJS, R, R and S, T = =+ characterize the boundary conditions
for the o-twist. The overall factor 1/4 comes from the Zs-orbifolding and the GSO projection.
The partition function in the untwisted sector is quite simple. If the partition function of the

Gepner model (ky,- -, k) is given by
1 I
Zoys = 9 Z Zé’S)/ga (3.28)
I
then the partition function for the orbifold is given by

I I I
z0, =25 - 73, (3.29)

Amplitudes of the S! sector Z éll) are given by the standard expressions

Ns) _ |03 NS) _ |04

Zél Zs1(R), Zél = Zs1(R), nonumber (3.30)
0 5|6
78 = 2| Za(R), 28 =|2| Zsi (R) ( equiv0), (3.31)

where Zg1(R) denotes the partition function of a compact free boson X (R is the radius of S*). We
later discuss the general structure of the partition function Zcy, in the Gepner model.

Now let us turn to the twisted sectors. Since twisted characters include only states with vanishing
U(1)-charge, the orbifoldization enforcing the integrality of total U(1)-charge acts trivially in these

sectors. We combine the conformal blocks in, say, the NS (4, —) sector as;

Z T

=0 =1

0462

(NS) ks NS) NS)
AN Z HN”flch chy (¥ -

) (3.32)
l;,l;=0 =1

Here ./\/ ki ~ denotes the coefficient matrix for the modular invariants of the sub-theory of level k;.

Summlng over spin structures we obtain

LIS O | A
Ii,li=

0302
n3

020,
773

) (3.33)
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As it turns out, in the case of general Gepner model describing CY 3-fold we have to be careful in

choosing the coefficient matrices N, Uil in order to ensure a suitable projection onto Zs invariant

states. When not all levels k;(i = {l, e ,}7") are even, we can use the diagonal invariant for all sub-
theories. On the other hand, in the special case with all k; even, a particular mixture of A-type and
D-type invariants has to be used as we discuss below.

Other twisted sectors are obtained from the (4, —) sector by modular transformations. Partition

functions are given by

k; 9
I _ {ki} 2 9293 ‘93‘92
225 = Z M{li},{l}H| X1 ()l < e )
I l3,l;=0
k; 9
an _ {k:} o ([0203] | |636a
; Ana —”z_:OM l}{l}H!xl . < el F (3.34)

The matrix M}l }} (i is obtained from the matrix []; _/\/llj’L by modular transformations.
Let us now consider the partition function of type II string theory on R*! x (C'Y3 x S')/Z5. Our

remaining task is to;

1. Fix the coefficient matrix of modular invariant.

2. Incorporate the contribution from the space-time R*! (we only consider the transversal degrees

of freedom).

3. Take account of the GSO projection as the type II theory. Namely, we sum over the spin structures

of left and right movers independently, while the o-twist acts in a diagonal manner. Due to 2 and

3, the partition function should have the following form;

1 I I
Zstri A ®) 7, = Imr. (3.35)
s = 5 v o 5 Ao

where we factored out the contribution from the transverse boson of R?! while that of the fermion

(Ir.Ir)

Is incorporated in Zg 7"’ to take account of the GSO projection. The overall factor 1 /4 is due to
GSO projection while an additional 1/2 is due to Zg-orbifolding.

Let us now introduce some formulas obtained in [44] which are convenient for the discussion of
the general structure of Gepner models (see Appendix B). Contributions of the tensor product of

minimal models are organized into orbits F; generated by the spectral flow

Filr) = 2NSi(r) - RSi(r) - 2 Ri(r) - 2 Ralr) (3.36)

where NS;(7), NS;(7), R-(T), R;(7) are the conformal blocks of the C'Y3 sector defined by

Zoy, = Z D (INSi(r)P + [NSi(7)[2 + [Ra(7)? + [Ri(r) ), (3.37)
D, are non-negative integers with the properties

Dzsz] == D]’Sij (110 sum on i, J) (338)
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where §;; is the S-transformation matrix of the conformal blocks F;. Blocks F; actually all vanish
identically F; = 0 due to some theta-function identity reflecting the space-time SUSY in Calabi-Yau
compactification. After a little algebra, we obtain string theory amplitude in the untwisted sector
S 2B = Za(R) Y DilF()P (3.39)
I, Ir i
Now we consider the twisted sector (+,—) and discuss a suitable projection onto Z, invariant
states when combined with the untwisted sector. Under the action of Zy symmetry U (1) charge flips
sign and thus in the twisted sector we should consider only neutral states. Let us consider a state,

for instance, ch (750) in the NS sector of a sub- theory In the orbit of this state generated by the

spectral flow, there appears another neutral state ch (N )

o if k is even. These two representations of
spin /2 and (k —[)/2 are paired and they contribute an off—dlagonal term to the partition function.
Therefore when the level k is even, we have to adopt an analogue of D-type modular invariant. On
the other hand when k is odd, we use the standard A-type modular invariant.

In the case of a general tensor product of minimal models additional neutral states appear when

all the levels k; of sub-theories are even. In this case an additional neutral state in the orbit of

IL chl“mN%) has a form [[;cg, chkl,leén 0 H]€SQ chl n(l 0) Here the two sets S1, S5 are defined as
D
;€ S7 if = odd 3.40
1€51 1 ) odd, ( )
j €Sy if PR = even. (3.41)
and
D = Least Common Multiple of {k; +2(i=1,---,7)}. (3.42)

We then see that the D-type pairing has to be used for the sub-theories in the set S; while A-type

invariant is used for sub-theories in Sy. Thus we introduce

k;
N{{l }}{z} 11 o5 1T G varty + 040, 1) (3.43)

1€Sy JEST

Then the amplitude in the twisted sector (4, —) is given by

2

(Ip0Rr) Ak 03 |050% 04 |0403
ZZ+,LR—Z< whay L, ﬂ)‘\/?\/?_ n\ P
ILJR li,li

when all level are even. When an odd level is contained in the tensor product, coefficient N, {{l }}{l )

(3.44)

is replaced by the product of Kronecker delta’s.

Amplitudes in other twisted sectors are now obtained by modular transformations. When all

|

levels are even, we obtain

Z Z(—I,]:&-JR Z ( Zesl )H |Xl ,Jr

Ip,Ir l;

(3.45)
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2
[0, [0462 [0, [0,62
n\ n n\

In checking modular invariance of these formulas we have to cancel some unwanted sign factors by

Z Z(,I’L,’IR) — Z (1 + (_1)Ziesl li) H |Xii(—,—)|2

Ip,Ir l;

using

(1) D is an integer divisible by a factor 4.

(2) The set Sp is not empty and its number of elements is even.
(3) When a sub-theory of level k; belongs to Sy, k; € 4Z + 2.

These facts are easily derived by using the criticality condition (3.2).

When an odd level is contained in the tensor product, a factor (—1)Zi€51 " is absent in the above
formulas (3.45),(3.46). Note that all the twisted amplitudes vanish identically, which is consistent
with the existence of SUSY in our orbifold construction.

Space-time SUSY charges are constructed as vertex operators in the untwisted sector and hence
are the Zs-invariant combinations of SUSY charges of the C'Y3 compactification. Since the o-twisting
commutes with (—1)fZ, (=1)F% such SUSY charges consistently act on the Hilbert space of twisted
sectors also, and give rise to the manifest cancelation of amplitudes in twisted sectors. Thus our
string vacuum possesses the space-time SUSY charges which are half as many as those of Calabi-
Yau compactification % x 8 = 4. This is of course the expected number of SUSY charges in the
compactification on a G manifold.

Let us next check the consistency of our results with the general argument by Shatashvili and
Vafa [29] of string compactification on G5 manifold and in particular the existence of tricitical Ising
model. As is shown in Appendix B, conformal blocks F; of C'Y3 compactification are expanded in

terms of functions g1, go defined by

7 () 03 ©o3/2 @éo,:w 029323/ ’ (3.47)
nomn mon non

03 ©1,3/2 n 049132 020123/
non /i non

We then use the following identities and reexpress g¢i,go in terms of functions Fi, F5 which are

g2(1) = (3.48)

defined in (2.8),(2.9) involving tricritical Ising models.

gi(r) = () F(T) + neSy(r)Fa(r), (3.49)
a(1) = 9N T)F(T) + nesy(r) Fa(r), (3.50)

Here X", ¥ denote the (N = 1) characters of tricritical Ising model of conformal dimension h and

cl(?;ZL is the level 3 string function of affine SU(2) algebra. The above relations (3.49) (3.50) can be

derived by comparing two ways of rewriting Jacobi’s identity [1, 33]

1
0=3 (0 -01-8) = 0" 00 (G0 ) @

= F(1)x2 (1) + Ba()x72 (7). (3.52)
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Here XZ-SU(S) i = b, f, f denote the level 1 SU (3) characters of the basic, fundamental and anti-

fundamental representations, and XG2 i = b, f denotes the level 1 Go character of the basic and

1

fundamental representations. We also remark that
(G2)1/SU(3)1 = SU(2)3/U(1)3 = Zs-Parafermion, (3.53)

as pointed out in [33].

Above formulas (3.51), (3.52) show that in CY compactification of SU(3) holonomy branching
functions g1, g2 should necessarily appear in the CFT description while functions Fi, Fo should
appear in compactification on Gy manifold. In fact Fy, F5 contain tricritical Ising model as claimed
by Shatashvili and Vafa. All these functions g;, F; vanish due to the Jacobi identity.

Let us next look at the massless spectrum contained in our amplitudes. It is easy to identify the
massless states in the untwisted sector; they are nothing but the Zs-invariant combinations of the
massless states in the string theory on R?! x S! x C'Y3. It is straightforward to count these states
and it is known that in addition to the gravity multiplet there exist by + b3 = h''! + h?! +1 massless
chiral fields where h''!, h>! are the Hodge numbers of Calabi-Yau 3-fold [29, 3, 6].

The extra massless states originating from the twisted sectors are somewhat non-trivial. We first
recall the formula for conformal weights of primary fields in the twisted A/ = 2 minimal model
k—2+ (k—20)* +i

16(k +2) 16

hi(= h(®)) = (3.54)

Thus we find

k 1 E+2\?
hi — = I+1-=-22) >0. :
L 8(k+2) 4(k+2)<+ 2 > =0 (3.55)

Therefore, when k is even, the inequality (3.55) is saturated at [ = k/2, while when k is odd, there
is no saturation. This leads to the following rules on the existence of extra massless states;

1. In the case when at least one of k; is odd in the tensor product of minimal models (&, ..., k),
there are no massless states in the twisted sector.

2. In the case when all the levels k; are even, we have 2 x 2 = 4 massless bosonic states in the
twisted sector as is read off from the above partition function (a factor 2 corresponds to the choice

of NS-NS, R-R sectors). These form 2 massless chiral multiplets.

4 Discussions and Conclusions

In this talk I discussed several aspects of CFT description of string theory on G5 manifolds. In
the former part I presented an infinite series of superstring vacua corresponding to non-compact

G2 manifolds based on [1]. In the latter part we construct the exact partition functions for the
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superstrings on compact G2 manifolds of the type (CY3 x S')/Zs, where the Calabi-Yau 3 sectors
are given by arbitrary Gepner models [2].

In the latter part we observed that there appear extra massless states in the twisted sector if
and only if all the levels k; of the minimal sub-theories are even. This seems somewhat problematic

since in these cases the corresponding hypersurface
Y=o (4.1)
i

do not have fixed points under anti-holomorphic involution and we do not expect new massless states
to emerge. In [34] a possible resolution of this problem is suggested based on the behavior of the
NS B field taking discrete values in G'» manifolds. Related problem exists in the G2 manifolds with
A — D — E singularities fibered over S® which feature in gauge/gravity duality [5, 7]. Since the
moduli of the metric preserving G structure is given by b3 there exists no smooth resolution of
A — D — F singularities. These are interesting issues which require further study.

Many open problems exist for the study of world-sheet description of G5 manifold. For example,
classification theory based on the extended superconformal algebra introduced in [29] is a challenging

problem. Also the boundary CFT approach to D-branes in GG manifolds will be interesting.
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k>1
000 (0000000, ¢1)000noonooon).
0. x(X)=2(h"(X) - h2Y(X)) 00000 nd(0)/2=—x(X)/2000000.

000 Gromov-Witten 0 0 0 00O, Faber Pandharipande[FP] 0 0 00 ny™(0) =
—x(X)/2, 05 (0) =0,h #000000000. 000000000 Gopakumar-Vafa
gooooooobn.



gbo oo 101

42. 00000 BPSOOO. 00 M;00D00O0O00O0,0000000000000C
O00,000000 (contraciton)f : X — Y OOOODODODODODODOOOOOOOOOO
moduliD 0 0. Wilson 0O OO OOOOOOO (primitive contraction) 00000000
000000000 (o000 Oo W1jooooooo):

(i) Type OO ODOOOOOO 1000000,
(ii) Type I:OOODOOO0O0O0OO.
(ili) Type 00 O0OO0O0ODOOO.

OO0 TypelODODOOOOODOODODOOOOODODOODOOOOOOD BPSOODO
gboboboooobooo.

00 41 (T). Cc XO0OOOOO0OO0OO0OO0OO,0000 f: X —-YOO0OOO f(C)=p
0yOoO, f:X\C~Y\pOOODODODOOOOOOOO. 0000,

M,.c = {5 € Mn[(;}(X) | 8(5) :n-C'} C Mn[(;}.
000o0ooo BpSOOO0O

ki forh=0n=1,2,...,1
(1) nocy=4
0 otherwise.
O0o0o0O0O0d. 00010 KollarQd length, k; 0 M,cOOODOODOO.

0000000000, M,e0OOOODOOO0O Cp, ((Colrea = C,[Cu] = n[C)) O
000 Og,n<!00000000000.00000000000 M,cOC,000
Hib(X)0OOOO0O0OO0O0O0OO0OO. 0000000000000,

Gromov-Witten 00000 [BKL]OODOO o™ (n-C)00000,0000000
000.000000000 Gopakumar-VafaDOOOOOO0O00000O. 00 [BKL]O
0,C,n<l10k,-00(-1,-1)-000000000, Gromov-Witten 0000000
000000 [FPl00000000000D00000000O0.

4.3. Type IIL. Type 1 00000000 TypelO00DOOOOOCOOOO. 00,00
0000 Typel0DO0O000000, [W2]0000000000 Gromov-Witten 0 O
ooooooooo.

000 BPSOOOOOOOOOOOOOCOOOOOOOD. ECXO0000000 g0
00 CO0O conicbundleD00. 000 E—COOO0O0O00OOOOOOOO002f 000
00000000000000»f0000000000000000000 M,.;(C M)
ooo.



102 Calabi—Yau 3-fold 0 0 Gromov-Witten 000 -000000000000D0ODOODOO -
00 4.2 ([T)). EO double fiher 000 00000. 0000 M,;0000000 BPS
0ooo

QZTZOaT(r—i— 1) forh=0,n=1
(5) nx(n-f)=14 29—2 forh=0,n=2
0 otherwise.

OO000bO0o. 000« 0A-O0000O0O0DOO0ODOODODOOOODOO.

000 M, 000000000000OC0OC0O0OOOCOCOOOOO. A-000000
O00000000000000000, Typel 00OOO0OO. OO0 [(W2]00000
GromovaittenDDDDDDDDnZO”jDDDDD,DDDDDDD 210000000.

44. TypeII. PPc XOUOOD. HO PPODODOOO0O0OODOOOOD. 0OOOO
My :={E € Myp | s(€) € |dH|} C Mp).
O00OmoduliDO0OO0O0O. OOO0OOOOOOOOOOOOOON
oy Mgy — |dH] (gpd(d+3)/2)
£ = s(8),
gooooooooooo.

00 4.3 ([I)). () d=1,2000, mepy: My~ |dH|ODO DO,
3 ford=1h=0
np(d) =< —6 ford=2h=0
0 otherwise.
(i) d=3000, m3.p : Ms.g — |3H| O complete linear system |[3H| O universal family
oooo,
—10 forh =1
np(3) =< 27 forh=0
0 otherwise.
(iii) d=4000
15 forh=3
np(4) =49 —192 forh=0
0 h>4
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000000000, [KZ] O localization method 0 0 0000 OO 0O Gromov-Witten
goodoooo nZonjDDDDDD.

O0.d=4000, H*(My) O sly x s, 00000000000, A=1,20000000.
h=0,30 BPSOOOO M,y OO0 4H|000000O0OOO,000000000000
goood.

O.00del PezzoOODOODOOO, 0000000000000 0O0O0OO modulil 0O
OO0 BPSOOOOODOODOOOODOD,00000 Gromov-WittenODOOOOODO
oood. oboooboobboobbo B-boogoboobobooboboooobog
0. 000000000 BPSOOOOOOOO [HSTYKKV|ODOODODOOOOOOO
go.

d=3000, H*(M;3) O Lefschetz sly x s, 0000000 (DO00OOOOOOOO
0)0DOoOoooooooooo.ooooog,
1 9

H (M3) =(5)r @ (5)r @ (0) ® (3)r
~[(3): & 20)1] ® (5)a® (0 @ (3 — 2)a),

000. 000000 Lefschetz s,000000000, M;0 P200P-000000
H*(Msp)=(5)@(4)e(3)0000000000.000

gooog.

OoooOo,bo00bobboBpPSOOO0DOO0ODOOOOOODOOODOODOODDD
O0.000000,000BPSOODO0ODOOODOODOODOODOODOODOODO. OO
OO0000D,000d Gromov-WittenDOODOODOODOO, BPSOOODOOOODOODO
gbobboooobboooobbog.
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REFERENCES

P. Aspinwall, M. Douglas, D-brane Stability and Monodromy, hep-th/0110071.

[BKL] J. Bryan, S. Katz, N. Leung Multiple covers and the integrality conjecture for rational curves in

Calabi- Yau threefolds, J. Algebraic Geom. 10 (2001), no. 3, 549-568. math.AG /9911056

B. Dubrovin, Geometry and analytic theory of Frobenius manifolds, math.AG/9807034.

C. Faber, R. Pandharipande, Hodge integrals and Gromov- Witten theory. Invent. Math. 139 (2000),
no. 1, 173-199. math.AG/9810173.

K. Fukaya, K. Ono, Gromov-Witten invariants over Z of general symplectic manifolds, (a sum-
mary), in Proceedings of Taniguchi Symposium, 1999, Nara.

A. Givental, Gromov-Witten invariants and quantization of quadratic hamiltonians,
math.AG/0108100.

R. Gopakumar, C. Vafa, M-Theory and Topological Strings-I,II, hep-th/9809187 hep-th/9812127.
D. Huybrechts, M. Lehn, The Geometry of Moduli Spaces of Sheaves, Aspects of Mathematics,
Vol E31, Vieweg.

[HST1] S. Hosono, M.-H. Saito, A. Takahashi, Holomorphic Anomaly Equation and BPS State Counting

of Rational Elliptic Surface, Adv. Theoret. Math. Phys. 3 (1999) 177-208.

[HST2] S. Hosono, M.-H. Saito, A. Takahashi, Relative Lefschetz action and BPS State Counting, Inter-

nat. Math. Res. Notices, no. 15 (2001) 783-816. math.AG/0105148

[KKV] S. Katz, A. Klemm, C. Vafa, M-theory, Topological String and Spinning Black Holes, hep-

th/9910181.

A. Klemm and E. Zaslow, Local Mirror Symmetry at Higher Genus, hep-th/9906046.

R. Pandharipande, Hodge integrals and degenerate contributions, Comm. Math. Phys. 208 (1999),
no. 2, 489-506. math.AG/9811140.

A. Takahashi, in preparation.

P. M. H. Wilson, The Kdahler cone on Calabi—Yau threefolds, Invent. Math. 107 (1992) 561-583.
P. M. H. Wilson, Flops, Type III contractions and Gromov—Witten invariants of Calabi—Yau 3-
folds, London Math. Soc. Lecture Note Ser., 264, Cambridge Univ. Press, Cambridge, 1999.

oooooOobooog

E-mail address: atsushi@kurims.kyoto-u.ac.jp



gobobobooooobobbuooobbobboooooobooo

00 OO0 (boooooo)

1. O

0000000000000000000000000000000000000
00000000000000000000000,000000000000000
00000000000000000000 0000000000 (IKSY], [SD] 00
0)00000000000 X00000000 Y =Y",mY;e|—-Ks/0O (X,Y)
00XO0O000000 wyD,0000Y0000,00X-YOOwy0OOOO
00000000000000000000000000000000000000
0000.00000([01]00000000000000000000000000
00O00000000.

000000000000000000000000000000000000 (X,Y)
0000, 000000000000000000000000000000000
0 00000000 [SU000000000000000000000 [STal, [STT],
[STel], [STe2) 00000000000, 00000000000000000000
0(X,Y)0OOO,00000X000000000Y,,000000000000
(Kaw)0OODOOOOODOOOOOOOOOOO0O0000000000000000
00000000000000000. 00000000000000000000
0,000000200000 (200000000000000000000000
0000 (¢f. (12)). 00000,000000000000 [Sakail 00000000
oooo.

00000000000000,00000000000,00000000000,
0000000000000000,0000,00000000,200000000
000000000000000000000000000000000.

000,0000000000000000,00000000000000000
000,00000000000000000000000. 0000000000
oo,

1. 0000000000000 ooooooooooooooooooon
goddobobodooood, oo oooooooooood
ooooooooon

2. 0000000000 A,000000BacklundOODOOOOOOOOOOOO
00000000 NY2]0O0OOO,000000000000000O0O00O0O
O0o00ooooo. oo0oboobooooooooobooooboooouooooo
ooooooooooooon.
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106 00 00 (boooooo)

ggbboboboooggobbbbodoooooobobbbuooooobbb. o
gogbbbooooobbooooobbbooobbboooobon.

000000, 000)00000000O0O0OOOOOOOOCOOOOOOOO0.
2,3)0000000000000000O0O0ODO. 0000000, 00000000
gobobobbouoggooobbbbbuodoooooobobbooooooooobooboo
gobobbobouogoooobobobbbuooooobboobbooooooobooboo
gboogbouoobogbooogb.ogbbooboobbboobbaooboann
gbboooobbdooobbooobbboobbboobb obbboogoboo
go.

gbuodgbobobobod,uggbbogbuoobbooboobbogbuoobod
gboogbbooboobuoobodboooboobooooboobuoobbon
PlOO00D0O0O00O0OO0O0OO0OO0OOOODOODOOOOOOOOOOOOOOOOOGO
Oo0oboob0d. 0gbo0b0obuob0oobooboo0b00 HiggsdOoboooooo
O Hitchn OOOOODOOOOOOOO. DOO0O0OO0OOO0bOOobOoOobooboboon
gboooogo.

00000,0000000000000 [SD)j000000D000N00O0OOgd
g.bobgdbbodbbuogbobooobboobbooboboo.gboboogbo
gbboboogobbbooobbboogobobuooobbobooon.

2. 0000000
gdoogopoogooo
dx d*x d"x
Pt 8 er et
o am )
ogopoo.ggooogg

—0. (1)

F(taxmxhx%”' 7xn) € C(t)[xmxla'” 7xn]|:|

00000F(tx)0 x = (29, 21,20, ,2,) 0000000000 ¢0000000
0000.0000000

(tO,CO) - (thC())Cla"' 7Cn) S {(thCO) € Cn+2|F(t05607cla627”' ,Cn) :O}
0000000000 ()Oboooooooo

Cfitf(to):ci, (i=0,...,n). (2)
0000000000000 0000000000 )OO0 0O0O0OODOOO,000
000 (1) 0D0D0O000000 o¢)D0000, 000000 DOO0O0000OOg-
O0000,00000 (t,co)DOODODDOOOOODODOODUOODODODODOODOOOOO
(non-movable singularities) O O O .

00,000000 (1)0D000000,0000000000O00oOOoOoooOOO
O0000. 0000000000 00000 (movable singulairities) 00 0. o' = dx/dt
godd,jgduooooobbbbbboooo

(2)? =42° — gox — g3, 92,95 € C, g5 — 2795 # 0. (3)
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000.0000,0000 y*=423—gr—¢g 0000000000 7€eH={z¢€
Cllmz>0}00000,0000000 000000000 000

CEESP VI (e R )

2
< (m,n)€Z2—

000000,000,00Z+Z-000CO00000000000(z,2') = (0,a,b) €
C30 P®=4d®—ga—g¢; 00000000,00000 3)000000000

x(t) = p(t +¢)

O0O0O0ce COa=g(),b=¢(00000000) 0000000000
o) 0t =0 mod Z-+Zr020000000. 000, 0 z() = p(t+c) O
t=—c mod Z+Zr02000000.00000000000000,0000
00000000000000,00000000000000000000,000
000000000000000,00000,00000000000000000
00000000000000000000000000

00 21. 000000000 (1)0000oooooooooooooooooogod
(1)0D 00000 (Painlevé property) 0000000

OO000d, L. Fuchs, H. Poincaré¢ O OO0 OO0 00O,

00 2.1. 000000000000D0ODOO (1)U0,n=1,00000000,00
gbo¢tggooobo,.0ddbbbdog,bogobboboooobbbod

1. Weierstrass o D OO0 O O0OQOOQOQOO .
(2)? = 42° — g — g3 (4)
2. Riccati 0 OO
7' = a(t)x® + b(t)x + c(t). (5)

n=200000000000000000000 Paul Painlevé (1863-1933)) O O
gbobbuoooobbbooobobobboooobooo

00 2.2. 000000000 2000000000000000000,000A0
x//:R(x,x',t), R(z,y,t) € C(x,y,t) (6)
do0dooooooooooooooogoogn

D000D00000 B.O. Gambiee 000D ODOODDDOOO0000O00OODODO
O00000000000000000000,0000 TablelOOO 600000
0000 Py, J=1,11111,1V,V,VI00000000000000 o,8,7,6000
D000000000mOO00D, P 00000, PR, P, PRsO0OO0OOOO0O
0000000000000 DDO0000D0DO. (Cf. [Sakai], [STT]. ))



108 00 00 (0000000)

) _ 2
P[. ﬁ = 6ZE —f-t,

d2
Py d—tf = 22% +tx +q,

d*x 1 (dx\°> 1dz 1 5
P - = et - 2 3 e
R TE x(ﬁ) par 0T A

d?*z 1 (dz\> 3 I}

Py: — = — = —ad At 28 — =
8% pTE 97 (dt) +2x + 4tz + ( Oz):L‘-!-x,

d*x 1 1 dz\® ldz (z—1)? &
P — = [— i [ B S ~
Ve <2x_%1r—1> <dt> ta e \ Ty

1
+7£+5M7
t rz—1

d*x

P -__l(l_}_ 1 + 1)d_$2_(l+i+ 1)d_$
VI a2~ o9\x "ax—1 " xz—t)\dt t T t—1 "x—t)\at)

O st () )

TABLE 1

3. 000 gobbbouoooboobod

0000000000000000000000000000000000000
0000000000(OkT), [01]00000). 0000000000000000
000,00000000000000000000000000000000000
00000000000000

0000000000 P 000000000 H,0000000000000( [Mal],
(01], [IKSY], [MMT)):

dr  9H,
da Oy’

(Hy): Y (7)
@ B _aHJ
dt oz’

00000000000 Hy=Hy(z,y,t) 0000 TABLE2 000000000
00000000 H,000000%,={a, ,a}CCO(H,) 0000000
00000000000000
1 1

By =C —%; = Spec Clt, R
t—ay t—aq

!

goo.
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1

Hi(xz,y,t) = 53/2 — 2% — ta,
1 t 1
Hi(z,y,t) = 5%—-@3+5)y—<a+5>ﬁ
1
Hi(x,y,t) = n [2x2y2 — {27700t$2 + (2K + 1)z — 277075} Y+ Moo (Ko + Koo) tm],

Hyy(x,y,t) = 2wy — {:p2 + 2tx + 2/{0} Y+ Kook,

Hy(z,y,t) = % [:p(m —1)%* — {/{O(x — 1)+ rz(r —1) — ntm} Y+ Kool — 1)},
1 2 _ 2
(FL =7 {(/—so + Ke)” — HOO}),
Hyrley0) = — [o(e = Do = )g* = {ro(e — Dz =1

tt—1)
+rix(z —t) 4+ (ky — Da(z — 1)}y + Koo(z — )]

(FL = i {(/10+/11 + ke — 1) — /ng})

TABLE 2

00 C?2x By > (x,y,t)0 00000 7:C2x By — B,0000. 0000
C2x By > (z,y,¢)00000000 (H,)00000000000 0000000
0000000

C?’x B, — P?xBy

l l (8)

By = By
(H;)0ODOO0OO0OO0O,C*?x B, 000000000

~_ 0 | 90H; 0 _ 0H; d
V=5 T3y oz 0oz oy (9)

000000000, (H,))0ooo (z(t),y(t),t) 0 00000 (z0,y0,t) € C* x By
O0D0000000000000 (xe,y0,t0) 0000000 t, e B, 00000000
0000000000000 000. PPO000O0O0O0O0OOD D000 P2xB;000
Oo0ooogo
L=P*-C’00000000000,00000000 (x,y0,t) € C*x By O
000000 Lx{»L}0O0oOo0o0y eBO000O0 LOODODODDOODOOOO K000
O000000000000000000D0 accessible000 OO000O(Ki])). OOOO
0000000 p,O0000000000O0O0O0O0ODO (H)DOoOoooooooo
t=t,0000000 accessible 000000000 0O0ODO, 00000000000
0000000000000000 [01)]0000000oo0ooooooooooog
accessible 0 O 0 00O 00O O infintely near points 0 OO0 D0 0000000 OOODOOO
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P2 [ =C?
P? x BIV

AN

(x07y07t

t2 BIV

t() tl
FiGure 1. Blowing up accessible singularities

0000000000000 00000000000DOo0OoO0O000(FIcurRe 100
0). 000000P*xB,00000000000000000, 00000 smooth
Or:S§— B, 00000000000

PQXBJ L S
| a (10)

By

000000000000000000000000000. ([01)), ([Sakai]), [STal,
[STT)).

00 3.1. B,00000+¢0000,0000000 §=38,0P20 90 (Infinitely
near point 000 )000000000000000S=S000000 —K¢ODOO
00 Y=3,,mY,000000000Y000000000000000 -Néron
00000000000 000000000000000000000000000
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00 (Figure 2000. 0000000000000000000000000000
noooo.)

000 D, Ds00000000 [01]0000000000000.0000,00
0010 P, 00000000000000000000000Ds0000 8-V
0 C?0000000000000000 ([Sakai], [STa).

000000000Figue200000000000000 C~P'0O C2=—-20
000 (-200)000000000000000000 Y=-Ks0000000
ooo.

00

—Ks=Y =Y mY,.
=1
00000000, S00000000000Y00O00000000000000

Ooobobo-NronOOOOoOoooboOooOobobooboobobooobobooo
00 (cf. [Kod], [STal).

deg —(Kg)y, = —Ks- Y=Y Y, =0 foralli, 1<i<m]| (11)

0000000000000 S00000000000000000000,Y,.,,000
000000(000), 00000 |-Kg/=|Y|00000000000000000
0000000000 -Kg=Y'000,Y' 00000000 |-Kg|=|Y|~P!
Doo0o0o00o00
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FIGURE 2



00000000000000000000000000 113
4. 0000oobDoo

gbobobooogogbboobobbooooogbboboboooooobobboogo
gobobouasuoggogoo.

00 4.1. (S,Y) 00000000000 SO000 (0000000 Y €|—Kg|O
000,Y=%,,mY, 0000000000, (5,Y)00000 (12000000,
(000000)00000000 000,

0000 i,1<i<r0000

—Ks-Y; =Y -Y; = degYjy, = 0. (12)

00000000 (S,Y)O sooooooooo0ooooo.0ooooooo
gboboboooobooo.
gobooooobboooonon.

00 4.1. 1.(SY)00000000000000000 S0 P209000000
0Doooooo

2. 00000020000 dim| — nKg| = dim|nY] < 10

3.00 dim| —nKs| =dim[nY|=1n>10000, f*(cc) =nY 0000000
0oooooo f:§—P'O0O0O0OO.

00 4.2. 000000000000 (S, Y)OooooO»n0000 f*(oo)=nY O
0000000000000 f:S—PLOO00OO, fibered—type O 0O O O fibered—type
000004, “non-fibered type "0 0 O .

00000000000 (S,Y)000YO000000Y =Y., mY;00, M(Y) D
Pic(S) ~ H2(S,Z) 000 {v;}/_,0000000000000. 000, Pie(S)0 0
00000 Pie(S)000000 -10000.000{v}_,0MY)0000000
0000000000000000000RY)000000 M(Y)DOoOoOooooo

YOOOOO,0000000000000000000Y00000000000,
00000,00000000000000 000,0000000,0000000
00YOOOOOOOO0O000000000Mm

00000000000Y00000Y,,000000000000000000
000000000000000000000000

00 4.2. (S5,Y)0OOO0OODO0D0DO0O00000YOooooovy,.0oooooooo
O0YOOOO RY)O Table 3000000 .

00000000000000000 (cf. [STT)).

00 4.3. (S,Y)00O0OOOO0OO0O0O00O0OODO0OOOOOOUOOoOooooooOo

1. (S,Y) O non-fibered type.
9. H(S —Y,0%) ~C, 000008 -Y,w,00000000000000!

5. ugodubooboobooood

(5,Y)0O0OODOOO00O0O0000-Kg=Y=%,,mY, 00000000000
00,D=Y,q=y',Y,000.00000000 (5,D)=(S,Y,,) 0000000

1s-v,.0,00000000000000000000.



114 00 00 (0000000)

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ %

Y or R(Y) Eg D8 E7 D7 DG EG D5 D4 AT,1 AO

ooooooo |- Iy |11+ I3y | Iy |1V I} | I} I, Iy

gogooooao P[ PI[;% P]] PI[;} P[[[ PIV PV PVI none none

r=yoooooooo 9 9 8 8 7 7 6 5 T 1

TABLE 3

000 ([Kaw], [SSU] [STT)).00000000000000000 [Kaw]OO (S, D)
0Dooo0o0o0o0o0o00

H'(S,05(—log D)) (13)
gobobuoobooooobbooooobood
H?*(S,05(—log D)). (14)

goboboooon
googobuobbuogobogoboobboobboob,ogbbooboo

00000 [STT]O0 0. (JAL], [SU)).

00 5.1. 0000000000 (S,Y)Ooooooooood
1. H'(S — D,C) = 0.
HY(S,Q4(log D)) = 0.
H?(S,05(—1log D)) =
H?*(S,05) = 0.
S O0O00 non-fibered type D00 OO0 DOOODOODOODOODOODOODOO HO
000 H°S,0s(—logD)(H)) =00

O00000ooooooon [STT).

o 5.2. (S,Y)DDDDDDDDDDD?D D=Y,,00000000r (=Y0O
O0000000)0 2000000 Y # Ag-typell . 0O0DODODODODODODO.

0.

ANl

(S)=S000000000 =12, (15)
by(S) = rank H*(S, Z) = 10, (16)
dim H'(S,05) = 10, (17)

dim H'(S,05(—log D)) = 10 — r (18)

00 (S,p)00000000000O00oOO0o00 w—-ro0O0O.
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6. UOOoooooouaogn

00000 (s,Y)000000000000,Y =%",mY;,D=Y,,00000
0oooon

1. (S,Y) O non-fibered type,
2.D=Y ,00000000r>2. 000 Yv,0000000000O0O0O0O0OO
gooo

00000000000000000000000000000000000000
00000000000000000000 ([Corollary 1.9, [Gr]])

HY(S,05(—1log D)) — H°(S — D,0g(—logD)) — H},(0s(—logD)) — (19)
HY(S,05(—logD)) & HY(S - D,05(—1logD)) . (20)

(S,Y) O of non-fibered type D OO 00,00 510 5000
HO(S - D,s(~log D)) = HO(S — D, 05) = {0},
gooooon

00 6.1. non-fibered type 00D D0 00000000 (S,)Y)ODOODODOOOODOO
gobooo

0— HL(Os(—logD)) — HY(S,05(-logD)) = Hl(S—D,@S(—logD)()21>

00000000 [Too0o0O0o0000ooooo [STT)ooooooooog.

00 6.1. (S,Y)00OO0D0OD0O0O0OOOO0DOOOOOOO0OO0DO0OOOY DooooOoO.
goo

dim H(D,©4(—log D) ® Np) = 1. (22)
000 Np=0g(D)/Og. 00DO0O
H°(D,©5(~log D) ® Np) — Hp(Os(—log D)),
0oooood
dim H},(©s(—log D)) > 1. (23)
00 61000000000000000000 (S,Y)OOoOooOO
H}(©s(—1log D)) ~ H°(D,O5(—log D) ® Np) ~ C. (24)

000000 [STell.
000000 (21)00, HY(S,0g(—logD) 00000 HL(S,05(—logD)) 000
00 res0000000. 0000000000

1 _f(s.p)noooooD
HM&GNJ%D»—{S—DDDDDDDDDDDDDDDD.‘

000,0000000000000000000000000000000. ([Sakail,
[STT], [7]).
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00 6.2. R=RY)OO0OOOOOUOOODOOOOOO 42000000000,
(000000000 00ooooooo (S,Y)ooooo

dim H°(D,©5(—log D) ® Np) = 1

0000 61000000000000.) Mg O C° = SpecClay,---,a,) 000
s=9—r000000000,Brg0C=SpecC[t|]0O0D00D0O0O0OOOOOO, O
gbobbuoogoobbbuoooobboboooobn.

S —
Tl /
MRXBR

D
© (25)

1. 00000oooo (s,p)ooooong.
2.0000 200

0000000000Y 00000 YVe=D.
3.0000 (a,t) e Mrgx BROODO, (Sas,Vay,) 0000 R=R(Y)OODOOO
0D0000o00ooo.
4000000000000 (a,t) e MpxBx00O0O00,0000000000
0000

WJQ&MRXBQ——»H%%MG&J—ngMD (26)
D(moDDDDDD.DDDtDDDDDDDDDDDDp%)D

§:C =~ H (D, Osa,(—10g Dat) @ Np,.,) — H' (Sat, O5.,(—10g D).
(27)

oooooooo.
9. MRD BRD MRD BRNDDDDDDD DMR:SpeCMR,BR:SpeCBRD. S
0000000 DoD {U}4ADD 000

] € Spec Cla, t, z;, 9] ~ C*

U, ~ SpeC(MR®BR)[xi’yi’m (28)
t\y Sy 28

D00000000. 000 fi(z,yo,t) € (Mg ® Bg)lz,y) D00, D00
S—-D0O {0;}_,000000000000. 0000000 2000 ws OO

godn
- 29
wS|UZ~ fi(xiayiaaat)mi ( )
Dooo. o
6. 0000 e,y 0 UiﬂUj#QDDDDDDDDDDDD
z; = fij(xj,y5, 0, t), v = gij(xj,y;, a,t) (30)

0 z;,y,0,t0000000000
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7. 0bO0ob0bO0obo0booobo

gbobobouoooogbbobobooooobobbboooooobobbbboogao
O00000000000000000000000000000. OO0 RY)OOOO
gboobdg obbdde1nn

§:C~ H%D,Og(—log D) ® Np) — H'(S,0g(—log D)).

00 100000000000, 00100000000000 S — MpxBr0O0
000,B,0000000. Bx00000 200000000800000000
0000400000 PODOOOO0DOO0DOO000D000. 00 00000
0000040S-PO0000,000000000000000.0000000
00D00D00000000000. 00000000000000000000
000000000000000000000000000.
000000000000000000
000 0;n0, #0 00000000 (30) 00000000000 p(2) O Cech 1-
0oooo
9 9fi; 9 9gi; 0
o) =10 =5 o T or o,

€ T(U; N Uj, O /pmpxsy(—1og D)) }
(31)

goooog.
0,0 (25)000000 (Sats VYar) O non-fibered type 0000000000,
00 620 (27) 000 p(2)0 0000000000000

C~ H%D,Os,,(—1logDas) @ Np)  C Hzlxx,t (Sat: 050 (—10gDay)).

(AN l
H'(Sas, Os..(—1logDqyy)) (32)

gbobbuoooobbobooobboo

res : H'(Sat: Osa,(—10gDay)) — H' (Sai — Do, s, (—10g D)),
(33)

0000000 (ef. 006.1) 000000000 p(2) 0
H1(8a7t — Dayt,Os,.,(—log Day))
00000.0000001-00000 p(2)0
H' (S04, 0s.,,(—10g Dy y) @ Os(Day)). (34)

goboboooobbooon
gboboooobboboooobbbuoogb,bogdbobbogggn 1< <
[+k0000000O0ODO0O0OO

0 0 ~

Qi(xiv Ui, O, t) = nl(l"t) Ui, t)
Ox; y; (35)

ooooo

0000000000.01<i<I004000000,nP=000000 6;(2s,y;, ,t)
00000000000000000000.0
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00 U;n0; 0O

0 0
(E)j = (&)iﬂ%ij(a,t% (37)
googo
ot j N ot ; 3\ Tjs Yj» O i\Tiy Yi, O, ,
ooon
0 0
(a)] — Oj(lfjayj,a,t) = <a)z — Oz(xz,y“a,t) (39)
goooooon
0
{(E) - ei(xi,yi,a,t)}lgigl+k (40)

OOoo0O0bOo,SO00b00ob0oo0 DpO00O0O0U0OoO0obO0bOoboOooboOooDo
v eI'(S,05(—1logD) ® O(D))

0000.000000040007:8— MzxB;,00200000000.0
000,0000000 (cf. [STT)).

00 7.1. R=R(Y), §,D,Myx Bp00OOO0O0O00. 000,S0000000
00

7 € I(S, 05(—log D) ® Os(D)) (41)

0000 20000000000, (@) =2)00000000000000.

oobbbooos-DPUO0wspOOOOOOOOOD1I<:<I0O0,0000
U, 00

0 0 0 0
O, = = — Ui = = — Nim— —Gim— 42
Yo = oy o~ Man Sy, (42)
I I
dl’i
dt = _nz(xlayzaa?t)
p . (43)
Yi
= _Cz‘(l'iayi-a7t)

dt

O00#n GOU0,000000000.
0D00,(7)0000000000000000000000000000000.

(000, 000000000000000000000000000000000.

(Es,D;,Ds0000000). 0000000000000000000O000O,S—-D
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00000 C?000000000000,0000002000 (290000000
000000.00000+¢0000000000000000000.0

000 0000040, (200000000000 200 wsO0O0OOO0OOO0O
000.000000000000 ([STT)).

dsyan(0 - (s Adt)) =0, (44)

000 ds/v 00000,004-(wsAdt) 000300000000000000
0o.

00000000 UXMgxBrO U~C2000 (2,9) 0 wsee = dz Ady0 O
00000000000000 (44)0,00000000000000000000
ooo.

00000000000000000,0000000000000000000
0. (cf. [STT], [STe2]).

8. 000000000000 00000000O
00000000 (sY)000 (12)

—Kg-Y; =Y -Y; = deg[Y]}y, = 0.

00000000,0000000000000000000000000.2000
00000 0000000000000 00000000000000000000
000,00000000000000000000 [Sakai], [SU]O [STT]000O0
00o0000000.

00000000,00(12)0,0000000000,500000000000
0000YOOOO00O0000000000000000000000 §$0P209
O blowup000000000000000000000. 000000 (S,Y)00
000000,000000000000000000000000000000.

0000000000000000,0000000000000,00000000
00000000000000000000000000000000,000000
0000000000000000000000000000000000. 000
000000000000000000000000000000000000,00
0,000000000,00

goboboodgdgobbodgodgobooboodgoboobooodooon

goboo.
gboboggboboogbbooobbooobbouboobobboo Al:Al(l)

00000000000000000000 (NY?2). 0000 1vOO 4, =400
0000000000,000000000000000000000000000(0
00000,000000000000000000000000000000,00
000000000000000000000. (cf [NY1], [NY3))).

00000 4,=A00000000000000000000 C*»000000
000000000000 P 0000000 H=P>»_C*»0000000000
0000000000.090000)

00000 [Sakai] 00000000000 DODOOO0OO (12)000000000000000.
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00,0000000000000000,000000000000000000
000.C*000000000000000 (&1, , 2,41, ,ya) EC 0000
00O0oo000O0oooQ

w:dei/\dyi
i=1
dooood,ougooooobooooooo
de; _  OH
g My 1<i<n (45)
dt - ox;

000000. H=H(xy,t

y,)0x,y,t00000000000000000UxC>
(x%ﬂDDDDDDDDDD

46
z; ze z; 3y@ (46)

gooood.

OO0000b0OO0bOoooooboo. pOcooooooooooob. O0,2n00
000000000 A4 0000000000000 D, 00000 (X,D,)0 BOO
HEN

" (47)
B )

goboboooobbobooooboboog.
1. 0004200
wy € T(X, 9% /5(D))
gooobooobooyobooboi Vew=. 00X -DOO0O0OO0ODOOO
ODOwyOOOO200000.(00000,0000000000000D0O00O0O

gobbooooo.o
22000000000

7 € T(X,0x(—logD) @ Ox(D)) (48)

0,20700000000«n(?)=2)0000000000.040 XD
00000000000000.)

. uooooon.
d(0 - (we, A dt)) = 0. (49)
(0OO000O,»0 (D0DCUO0OOOOUODOOOOOOOOODOOOODOO
0o.o

000000 200000000.

00 8.1. 00000 (470 2000000000000000,00000000
go.

1. (4900000000 % 0 accessible 00000000 .
2. 000000 X000, (X,Y)= (X)), Nhe|-K,|0OOO,000000
DoO000 (12)0o000.
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OO00oooO0,00b00b0goobooboo,bob00o0of00o0nn accessible O
gbobboogoboboobooobboboo.gobbog.
ooobodboooboobo,bobbo.pbooooon.

D=YD,
i=1
ooooboooot:toooo p,obboooo Y, D, 00oo0oooao.
00 8.2. J00O0ODOOODOOODOOO.teBODOOO,000
Acc(0, D) :=={00 D;; 0000 accessibleD 00O } (50)
0000.000,0000 Np,,,0 D, 0000000

5 € HO(DLU @Di,t ® NDi,t/Xt>

gobooo
Acc(v,D;y) c{sO0D00OO }.
0o0,00000 ©p,, ®Np,,,2, 00000000 O0O0O0OO0OOO, 0000

Con-ld ©p,, ® Np, ,yx,) = 0 (51)
00000 D;,, U000 accesssble1 00O OOOOO.

00 8.1. 00 (51)0000,200000,00000000000 (12) L0000
O00000000. 00000000000000000000 (S,Y), Y =X>7_,m;Y;
0000 (57)oooo

c1(Oy,(Ny,/s)) =0
000.0Y,00000000, 6y, =Ky, 00 Nys=Y,y,0000,0000
00 (Ks+Y))y, =Ky, 000. 000
=Ky, + Nyyys = (—Ks = Y; + Vi), = (= Kg),
00000, ¢(Oy(Nyys) =0000
deg(—KS)m :—KS-Y;‘IO
gdoood.

9. 00DO000 A0 OO0DOO

0000000000 IVOODOOD0OO0O00000 40000000000000
00000 0000000000000 0 [NY2l. 00DO0O0Oooooooooo.
2000001(0=2,3,4,---00000I+10000 fo, f1,---, ;0 A0ooooo
0o00000000oooooo0o00odg ag,aq,---,q0000. 00 g+ oy +
-+ q=k000.0000000!00000000O0C00O0O0O0OA0O.
(=2n00:

AQn:f;:fj( Z fitor—1 — Z fj+2r> + (52)

1<r<n 1<r<n

0< 5 < 2n.



122 00 00 (0000000)

l=2n+100

1212n+11f]/- = fg( Z fj+27’—1fj+2s_ Z fj+2rfj+2s+1) (53)

1<r<s<n 1<r<s<n
k
+ 5 - Z Qjyor + % Z fj+27" ) (54>
1<r<n 1<r<n

0<j<2m+1.000,f =df/dt0000.
00,K=Cla;f) 0,00 a=(ag,--,a) 0 f=(fo,--, ) 00000000
Oo.0:=0,1,---,/00000KOOOOO s, 000000,
si(ai) = =i, ailay) =aj+o; (j=i%1), siog) =0o;(j #i,i+1),

s(f)="1n  slf) =L+ (G=ixl), si(fy)=f;(£6it1). (55)

fi
oooooogo,---,0l0,Z/(1+1)Z000000O. OO
W(Oéj) = 41, W(fj):fjﬂ (56)

O0recAut(K)ODOOO. Aut(K)ODOOOO
W= (so, -+, ,)
DDDDDDDWD,AZDDDDDDDDDDDDDDDD.DD
st=1, sis5=s;8(j #0,i+£1), s;is;8 =s;88;(j=i+1) (57)
fore,7=0,1,...,0l and
=1, ms;=s,m(i=0,1,..., (58)

00 9.1. 00000 (52), (53)0000 K=C(e:f)000 6, 0,00000000
ooooooo.

DDDDD,DDDDDDDDDDDD(52),(53)D,/~11DDDDDDDDDDDD
Oood./=20000,00000
i = folfi— f2) +
i = hfe—fo) +a (59)
f5 = falfo—fi) +
O00. ap+ay+a,=1,0000 (fot+fit+fo) = avtar+a, =100, fo+fi+fo=t
oooood, fp,=t-fi— f£00 f,000000
1= fHlh+2—1)+o (60)
fo = folt =2/ —fi) +
000, (fi,f)=@mqe DDOD00O,p,q0 CPO00000O

Hry :==(t —p—q)gp — a1q + azp
00000000000 O000D0O000O
dgq OHpy dp OHpy
dat op dat dq
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OOoooo. pO0O0O0oo
(q/)z 3 3 9 1,9 (042)2
T — (2 +2(1 — 20y — -
% +—2q q +—2( +2( a; — a))q %

000000000,0000000 Py0OOOO.
00,00000A,00000000000000 (cf [Taharal). (52)0 n =20
0000000

fi = [i(fix1 — fixo + firs — fiza) + i, (1 =0,... ,4)
00000 a4+ +as=1, fo+---+ f,=¢t00000000000. 00000
DDDDD (yl,yg,ZL‘l,ZL‘g,t)D
rvn=fi,n=fe, a=fitfs, p=fo, t=fo+ -+ [u

000000, (y,y,21,22) 0 C*000000000 w=dz; Ady; + das Ady, 00
000000000000 000000C0. 000000000000000000
00O

H: = (t—y1—y)hz + yox2) — 9190% - yﬂg —yi(z1 — 22)Yo
1
—a1ry — (a1 + ag)ys + aay + aurs + 5(2041 — g+ ag — 2ay)t

0000000000000D0O0OO0
dt  Ox; dt Oy
000000.000000,C*xCO0000000
< 0 E0H 0 2 0H 0

0y 1= — —
(DS b b BY st

=1

(61)

000000.00000004640P4xCl00D0D000000000 0004600
000
b1 € H'(P* x C,Opiypi(—log H) ® H)

D00000O00.000H=(P‘-CYxCOO0.00

000,0¢t000,6,0 H,ODO1500 accesible 000000000000 DOO0O
00 H,~P30000

c3(Ops(Np,p1)) = 15 points

0000000000000 0000000000000. 0000000 [Taharal
0,150000 500 blow-upO OO accessible 00000000000, 00000
O00D0000000D00D accessible 1000000000. 0000000000
00000000000 0000000000000.
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Calabi—Yau threefolds with infinitely many
divisorial contractions®

Hokuto Ueharaf

February 13, 2002

Abstract

We study Calabi—Yau 3-folds with infinitely many divisorial contrac-
tions and we obtain some results concerning the Morrison Cone Conjec-
ture.

0 Introduction

When a normal projective variety X over C has at most rational Gorenstein
singularities and it satisfies h'(Ox) = 0 and Kx = 0, we call it a C-Y model.
If a C-Y model is smooth, it is called a C-Y manifold. We say that a bira-
tional contraction ¢: X — Y between normal projective varieties is primitive if
p(X/Y) = 1. We classify a primitive birational contraction on a 3-dimensional
Q-factorial C-Y model according to the dimensions of its exceptional set and
its image.

Definition 0.1. We say that a primitive birational contraction on a 3-dimensional
C-Y model is of type I if it contracts only finitely many curves, of type II if it
contracts an irreducible surface to a single point and of type III if it contracts
an irreducible surface to a curve. Hence a primitive birational contraction is, so
called, a small (respectively, divisorial) contraction if it is of type I (respectively,
type IT or III). Every birational contractions on a 3-dimensional Q-factorial C-Y
model is one of types I, IT and TII.

In this article, we study C-Y 3-folds which admit infinitely many divisorial
contractions, more precisely, infinitely many contractions of type III. Let Ix (=
I) be the index of the set {¢;};cr of all possible birational contractions of type
IIT on a C-Y 3-fold X and E; denotes the exceptional divisor of ;. We show
in Corollary 1.7 the finiteness of the set I.,«o := {z el ‘ E; -co < 0}, where
c2(= c2(X)) is the second Chern class of X.

*This article is a survey of [12].
TResearch Fellow of the Japan Society for the Promotion of Science.
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Assume that the automorphism group Aut X is infinite. Then the hyper-
plane {z € N*(X) | 2 - = 0} contains a nonzero nef R-divisor by [13]. If
the divisor is a Q-divisor and if the Semi-ample Conjecture (1.1) is true, the
divisor determines a nontrivial contraction ¢ : X — Y satisfying o*H - c; = 0
for an ample divisor H on Y. We call such a contraction cs-contraction. On
the other hand, we have the remarkable classification of C-Y 3-folds X ad-
mitting a cg-contraction with dimY > 2 by K. Oguiso (see [10] and Theorem
2.4). Therefore we can expect the program above to classify C-Y 3-folds with
| Aut X| = oo works modulo some conjectures. In fact, in the case when set
Tey—o = {z e Ix | E;-co = 0} is infinite for a C-Y 3-fold X, we prove in
Theorem 2.5 that the X admits a cp-contraction and moreover according to
the Oguiso’s ! classification, we determine the structure of X. Here note that
|[I¢y=0| = oo implies | Aut X | = oo if the Morrison Cone Conjecture is true. By
this information concerning the structure of X, we also prove in Corollary 2.8
that the set I.,—¢ is finite up to Aut X. Theorem 2.5 and Corollary 2.8 are main
results in Section 2.

Fainally, in Section 3 we construct C-Y 3-folds with infinitely many bira-
tional contractions of type I or III from certain log Enriques surfaces.

Notation and Convention

(i) X always denotes a C-Y 3-fold and a C-Y model always means a 3-
dimensional C—Y model throughout this paper unless we specify otherwise.

(ii) For a n-dimensional projective variety X, A(X) denotes the cone gener-
ated by ample divisors in N'(X). Suppose the symbol * denotes > etc.
For a real divisor D on X and a constant ¢, set Dy, := {z € N1(X) ‘
(D - z)*c}U{0}.

(iii) For a C-Y 3-fold X, we can regard the second Chern class c2(X) as a
linear form on H2(X,Z). We often abbreviate it by ¢z in this article. As
is well-known, ¢o - ¢ > 0 for all x € A(X) by Y. Miyaoka ([6]).

(iv) The term contraction means a surjective morphism between normal pro-
jective varieties with connected fibers and thus contractions consist of the
fiber space case and the birational contraction case. Recall that Ix (= I)
is the index of the set {¢; }ier of all possible birational contractions of type
IIT on a C-Y 3-fold X. For ¢ € I, let E; be the exceptional divisor of ;
and F; a general fiber of ;|g, : E; — ¢(C;). It is known that E;- F; = —2.
Furthermore let us denote by V; the image of the closed cone of curves
NE(E;) under the natural map N;(E;) — Ni(X). We know that V; is a
2-dimensional cone (see Recipe (ii) below).

(v) We denote the biregular (respectively, birational) automorphism group of
a variety X by Aut X (respectively, Bir X).
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1 C-Y 3-folds with infinitely many divisorial con-

tractions
Let ¢: X — Y be a birational contraction on a n-dimensional C—Y model X.
Let H, H' denote ample divisors on X, Y respectively. Since A := —H +mp*H'
is effective for sufficiently large m, the pair (X, eA) defines a log variety with klt
singularities for 0 < € < 1. Therefore we can regard ¢ as a Kx + eA-extremal
face contraction and so we may apply theory of the log Minimal Model Program

(log MMP) to study . All of the following Recipe come from theory of the log
MMP ([2], [4]).

Recipe

(i) Since —(Kx +€A) is p-ample, the cone NE(X/Y) is rational polyhedral
by the cone theorem.

(ii) Since the image of *: Pic(Y) — Pic(X) coincides with
{D€ePic(X)|D-z=0forall z€ (¢*H ) NNE(X)}

and since X is a C-Y model, Y is also a C—Y model. We also obtain an
exact sequence

0— Ni(X/Y) — Ni(X) = Ni(Y) = 0.

Assume that dim X = 3. Pick i € I. From the exact sequence above, we
know that V; is a 2-dimensional cone in N1 (X).

(iii) Let X be a C-Y 3-fold and L an effective nef divisor on it. Since (X, €L) is
a klt pair for 0 < € < 1 and K x + €L is nef, we know that L is semi-ample
by the log abundance theorem ([3]).

Conjecture 1.1. Let X be a C-Y 3-fold and L a nef divisor on it. Then
L is semi-ample.

We have the following result by V. V. Nikulin [8], p282.

Proposition 1.2 (Nikulin). The set {i € I ‘ there exists j € I such that
either B; - F; >0 and E; - F; =0 or ;- F; >0 andEZij:O} is finite.

Lemma 1.3. Let X be a Q-factorial C-Y model with its Picard number p.
Define K; == {j €1 | E,NE; #0} foriel.

(1) Assume J C I. If |J| > p, there exist i, j € J such that E; N E; is not
empty.

(i) There is no subset J C I such that J satisfies the following property ().

(%) Assume that we have 1,...,n € J such that i € J\ Uz;ll Ky, for all
i <n. Then J\Up_, K # 0.
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(i1i) Assume J C I such that |J| = oo. Then there exists i € J such that
|K; N J| = oo. In particular, there exists an infinite subset J' C J such
that E; N E; is not empty for alli,j € J'.

Proof. (i) Assume that we have elements 1, ..., p € J such that E;NE; is empty
for all 4 # j. Then there exists a nontrivial relation ZzzlakEk + agH = 0 for
aj, € R and some ample divisor H. Then because E; - F; = 0 if and only if ¢ # 7,
the numbers ay, - ag > 0 for all k. This is absurd, since (SayEy +aoH) - H? # 0.

(ii) If J satisfies (*) then we have 1,...,p € J such that k ¢ [JI~ K; for all
k < p. This contradicts (i).

(iii) Assume that K; N.J is finite for all ¢ € J. By |J| = oo, J satisfies (x) in
(ii). The second statement follows from the first one. O

Remark 1.4. Every exceptional divisor of a birational contraction of type II does
not meet each other. Therefore the number of contractions of type II is finite
by the same proof of (i) above.

Lemma 1.5. For general i € I, NE(X) = NE(X)g,>0 + Rxo[Fi], where
NE(X)E720 = NE(X) N (Ei)ZO'

Proof. See [12]. O

Key Proposition 1.6. Let J be an infinite subset of I. Then there erist
1,2,3 € J such that E1 + Es + E3 is nef.

Proof. We may assume that NE(X) = NE(X)g,>0 + Rso[F] for all i € J by
Lemma 1.5 and that E; - F; > 0 for all different ¢, j € J by Proposition 1.2 and
Lemma 1.3(iii). Pick 1,2,3 € J. Then (Ey + Es + E5) - F; > 0 for i = 1,2, 3.
Thus Fq + E5 + E5 is nef. O

Note that the nef divisor Ey + Es + E3 is semi-ample by Recipe (iii). By
Proposition 1.6, the set {z el ‘ bz < 0} is finite for a pseudo-effective
element 2z € N1 (X), i.e. z-x >0 for all x € A(X).

Corollary 1.7. The set I.,<o := {z el ‘ E; o < 0} is finite.

Proof. Because co is pseudo-effective on minimal model 3-folds by [6], the set
I., <o is finite. O

2 The structure of certain C—Y 3-folds

We consider the following conjecture of D. Morrison concerning the finiteness
properties of the nef cones ([7], [1]). We refer 2.1 as the Morrison Cone Conjec-
ture. The following form is weaker than the original one.

Conjecture 2.1. Let X be a C-Y n-fold. The number of contractions on X 1is
finite up to Aut X.
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Definition 2.2. Let W be a normal projective surface over C with at most klt
singularities. We call W a log Enriques surface if h'(Ow) = 0, mKy = 0 for
some positive integer m. We call the integer I(W) := min{m € Zo | mKy =
O} the global canonical index of W.

We construct C-Y 3-folds with infinitely many birational contractions from
certain log Enriques surfaces in Section 3.

Definition 2.3. Let ¢ : X — Y be a contraction from a C-Y 3-fold X and a
divisor L on X the pull back of an ample divisor on Y. We call ¢ a co-contraction
if L-cy = 0. For example, a fibration ¢ : X — P! is a co-contraction if and
only if the general fiber is an abelian surface. Moreover for an elliptic fibration
@ : X — W it is a co-contraction if and only if W is a log Enriques surface by
[9] (we do not have to assume there that X is simply connected). There exists
a unique co-contraction g : X — Yj such that every co-contraction p : X — Y
on X factors through ¢y (see Lemma-Definition (4.1), [10]). We call ¢o the
mazimal co-contraction.

We have the beautiful classification of C-Y 3-folds which admit either a bira-
tional ca-contraction or an elliptic c-contraction, due to K. Oguiso (see [10]). It
plays an important role to prove Theorem 2.5. The following theorem is coarser
than the Oguiso’s original classification.

Theorem 2.4 (Oguiso). Let ¢ : X — W be a co-contraction with dim W > 2.
Then X is birational to (i) a quotient of an abelian 3-fold or (ii) a quotien of
the product of a normal K8 surface and an elliptic curve. In the latter case,
is one of the relatively minimal models over S/G of

Vv:Y L (SxE)/GE S/G,

where S is a normal K3 surface (namely its minimal resolution is a smooth K3
surface), E is an elliptic curve, G is a finite Gorenstein automorphism group of
S x E whose element is of the form (g9s,g9r) € Aut S x Awt E and v is a crepant
resolution of (S x E)/G. Moreover I(W) € {2,3,4,6}.

Theorem 2.5. Assume that Io,—o(= Ix c,=0) = {z e Ix | E;-cy = 0} 18
infinite. Then the following hold.

(i) We have an elliptic co-contraction ¢ : X — W fitting in the case of (ii)
in Theorem 2.4. Namely we have the following diagram:

\/

W = S/G<— (Sx E)/
where S, E, G are given in Theorem 2.4. Letr : S x E — (S x E)/G be

the quotient morphism. Then the normal K3 surface S contains infinitely
many smooth rational curves {l} such that
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(a) r(l x E)NSing(S x E)/G =0, and

(b) Uyeq 91 is contractible at the same time by a birational contraction
on S.

(ii) Let ® denote the birational map between X andY over W in (i). Then for
general i € I.,—o, E; is contained in the isomorphic locus of the birational
map v o ® and E; = r(l x E) under this isomorphism for some smooth
rational curve I on S satisfying (a) and (b) in (i).

Proof. (i) We supply the outline of the proof. Let us denote by ¢ : X — W the
maximal cy-contraction (a priori W may be a point). We define M(f) := {i €
Ix | E;-C =0 for all curves C such that f(C) is a point } for a contraction f
on X.

Claim 2.6. For a generali € I,—o, i € M(p).

Proof. If not, by Key Proposition 1.6 we can take 1,2,3 € I.,—o\ M (¢) such that
some multiple of E1+ Fs+ E3 determines a co-contraction, which factors through
© by the maximality of ¢. By the choice of 1,2, 3, there exists one of the elements
1,2,3, say 1, and there exists an irreducible curve C' on X such that ¢(C) is
a point and E; - C' > 0. By the proof of 1.6 we can pick 4,5 € I.,—o\M(y),
different from 1,2,3, such that some multiple of F4 + F4 + E5 determines a
co-contraction, which factors through . Thus there exists one of the elements
4,5, say 4, such that Ey - C < 0. By the same procedure, we have infinitely
many elements i € I.,—o\M(y) such that E; - C < 0. This is a contradiction
with 1.6. O

It is easy to check that dim W > 2 by |M ()| = oo. Therefore this C-Y 3-fold
must be in Theorem 2.4 and in fact, we can conclude that ¢ fits in the case (ii)
of 2.4 and also know that the set {z € Iisxg)/a ‘ E; NSing(S x E)/G = (Z)} is
infinite (see [12] for the precise argument). Note that every primitive birational
contraction on S x F is the form as f X idg, where f is a contraction of a single

smooth rational curve on S. Thus we have the conditions (a) and (b).
(ii) See [12]. O

Remark 2.7. Assume that Theorem 2.5(i) holds. Then we know that Ix c,=o is
infinite (see [12]). Namely 2.5(i) is a characterization of C-Y 3-folds X with
[x,co=0] = 00

Corollary 2.8. The set I.,—¢ is finite up to Aut X.

Proof. We may assume that I.,—o is infinite. Now X is birational to (S x E)/G
via v o ® as in Theorem 2.5. Consider the minimal resolution S’ — S. We may
assume that Y is obtained as a crepant resolution v/ : Y — (S’ x E)/G, that
is, v factors through v/. The existence of v/ is guaranteed by [11]. By 2.5(ii),
for general i € I.,—¢, E; is contained in the isomorphic locus of v/ o ® and E; is
isomorphic to the image on (5" x E)/G of [ x E for some smooth rational curve
I on S’. On the other hand, the set I(s/ )/ is finite up to Aut(S’ x E)/G by
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Theorem (2.23) in [10] (note that the proof of Theorem (2.23) in [10] works even
if G does not act on S’ x E freely). Therefore the set I.,—¢ is finite up to Bir X.
By the proof of Lemma (1.15) in [1], the set I.,—¢ is finite up to Aut X. O

3 Construction of C-Y 3-folds with infinitely
many birational contractions

The aim of this section is to give construction of C-Y 3-folds with infinitely
many birational contractions of type I or III from certain log Enriques surfaces.
First of all, given a log Enriques surface W with I(W) € {2, 3,4, 6}, we construct
a C-Y 3-fold X with a ce-contraction ¢ : X — W. Let q : S — W be the global
canonical cover and denote by G = (a) (& Z/I(W)Z) the Galois group of g.
The S may be an abelian surface in general but here we assume that S is a
normal K3 surface (this assumption is satisfied, for example, if W contains a
contractible smooth rational curve. Here a curve m on W is said contractible if it
is contracted by a birational contraction and this is equivalent to m? < 0). Let F
be an elliptic curve such that £ has an automorphism of order I(W) which fixes
the origin. Suppose that the generator a of G satisfies that a*ws = (rw)ws.
Then define the action of a! on F as a(x) = CI_(%/V)x for € E. Then G gives
a Gorenstein action on S x E. Take the minimal resolution S’ — S, then G
acts on S’ and we know that (S’ x E)/G is a C-Y model. By [11] there exists a
crepant resolution v/ : X — (8’ x E)/G. Of course this X is a C-Y 3-fold and
v: X = (S'XE)/G— (S%xE)/G— S/G=W is an elliptic co-contraction.

For a log Enriques surface W, let us denote by ¥y the locus of klt points
on W which are neither RDP’s nor smooth points.

Proposition 3.1. Let o : X 5 (S’ x E)/G £ S/G = W be as is constructed
from W above. Suppose that there exists a contractible smooth rational curve m
on W.

(i) Assume that m NSy = 0. Then there exists a contraction of type III on
X contracting a prime divisor Dgy such that ¢(Dg) = m.

(i) Assume that m N Xy # (0. Then there exists a contraction of type I on X
contracting an irreducible curve mg such that p(mgy) = m.

Proof. See [12]. O

Consider a log Enriques surface W with I(W) € {2, 3,4, 6} such that W contains

infinitely many contractible smooth rational curves. Then by Proposition 3.1,

we can construct a C-Y 3-fold X with infinitely many birational contractions

of type I or type III.

Ezample 8.2. (i) See the nice survey, [5], by S. Kondo and its references for
the details of the following. Due to E. Horikawa we know that the moduli

space M of Enriques surfaces is 10-dimensional. The moduli space N of
Enriques surfaces which contains at least one smooth rational curve is an
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irreducible subvariety of codimension 1 in M. Enriques surfaces whose
automorphism group is finite are classified by S. Kondo and the moduli
of them consists of seven families {F;}7_; and each family is at most 1-
dimensional. On the other hand for Enriques surfaces W, Aut W is finite
if and only if W contains at least one but at most finitely many smooth
rational curves. Consequently there exists the 9-dimensional moduli space,
M\ Ui7=1 Fi, whose elements are Enriques surfaces which contain infinitely
many smooth rational curves.

(ii) Let Ey, E be elliptic curves which are not mutually isogenous and S’ the
Kummer surface associated to the abelian surface F; x Fy. Consider the
involution a on S” induced by the involution (x,y) — (z,—y) on E; X Es.
Let {F;}1_,, (vesp. {F/}%_,) be smooth rational curves on S; x Sa/(—1),
the images of {x} X Ey (resp. E7 X {y}), where x € Fy (resp. y € E») is
a point of order 2. Then the fixed locus S’® consists of the eight, disjoint
smooth rational curves f'F;, f,1F/, where f is the minimal resolution
of S1 x S3/(—1). Because the every generator of the Picard group of S’
is fixed by the involution a, every smooth rational curves I’ is also fixed,
that is, a1’ = I’. Contract the eight smooth rational curves f 1 F;, f1F!
on S’ and we get a normal K3 surface S with eight Aj-singularities. The
group action of! (a) on S’ descends to the group action on S and let us
use the same letter (a) for this action. Then we obtain a log Enriques
surface W := S/ (a) which contains infinitely many contractible smooth
rational curves {m} such that mNXy # (. Here we use the fact that every
Kummer surface has the infinite automorphism group and so in particular,
it contains infinitely many smooth rational curves.

If there exists a rational log Enriques surface W which contains infinitely many
smooth rational curves {m} such that m N Xy = 0, the following problem is
affirmative.

Problem 3.3. Does there exist a smooth rational surface containing infinitely
many —2 curves?

The following statement motivates us to study Proposition 3.1.

Proposition 3.4. Suppose the conditions in Theorem 2.5(i) hold. Then the
log Enriques surface W = S/G contains infinitely many contractible smooth
rational curves {m} such that m = o(E;) and m N Iy = 0.

Proof. See [12]. O

In summary, for a given C-Y 3-fold X with |I.,—o| = co there exists an elliptic
co-contraction ¢ : X — W. Here W is a log Enriques surface with I(W) €
{2,3,4,6} which contains infinitely many contractible smooth rational curves
{m} such that mN Xy = @ and m = ¢(E;) for some i € I.,—o. Conversely, for a
given log Enriques surface W with I(W) € {2, 3,4, 6} which contains infinitely
many contractible smooth rational curves {m} such that m N Xy = @, there
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exists a C-Y 3-fold X with |I.,—o| = oo which admits an elliptic cz-contraction
p: X - W.

The author does not know any example of C-Y 3-folds with |I.,~0| = oo,
where Io,~0 := {i € Ix | Ei - ¢z > 0}.
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2.1 BPS D-branes
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(2.2)
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: 2.3
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L — M : line bundle over M (2.4)
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O20000even 0 oddO0O0O0OOOODOOO

2.4 descent relations

0000000000000 D-brane OO Odescent relations 0000000000000 0OOOOO
ooooooa

B ITA B
p— _1NF _1\F,
(p+ 1) dim. 1B Dp-Dp 2" [HA non-BPS Dp| “%" [1IB BPS Dp
I /T (2 /T
v (2.18)
pdim.  |IIB non-BPS Dp-1] "—> IIA BPS Dp-1
I T

(p—1) dim. IIB BPS Dp-2

5 000 non-BPS Dp-brane 0 BPS OO 0D +/2 00 tension 0000
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O0p+10000000000000(-)r00000000000000000000 (-1)fe0
non-BPS Dp-brane 00 000 00O Chan-Paton 00 M2(C) D000 even D000 {I,00} 00000
gooogoao (IIAD)(—l)FLDDDDDDDDD 100000000 BPS Dp-brane 00O O00OOO0O
0000000000 T-duality 0000000000000 DO0OO0DOOCOODODOOOOD non-BPS
D-brane 00 DOOD0OO00OODOODOODOOOODODODOOOtopological O obstruction 0O O0OOONO
000000000000000000000000000000Dp-Dp 00 BPS D(p — 2)-brane O O
000000000 0O0Overtex 000000000 DOOODO20000000kink 000000000
oo 1o0b0o0b000oo0o 200000000000 0O0

e Dp-Dp — BPS D(p — 2)
000000000 Dp-Dp 00000 brane within brane0 0000000000000 D(p — 2)
charge 000000000 flux OODOODOOO Dp—D_pDDDDDDDDDD(p—Q)—braneDEII]
000000000000 000 D(p—2)-brane0000 QIZIRQIZIDI:II:I(7’,(9)|:||:IDDDIZIDR2
U000 r—oo O vortexOood

T ~Toe, Ay — A, ~1 (2.19)

D000000000000 vacuum manifold X25EE ~ U(1) 010 wind 0000 m(U(1)) O
000000000 fpeFt—F- =27 0000 D(p—2) charge 0000000 R*000 7=0

00000000000 00000000D(p—2)-brane 0000000000000 0OOO

e Dp-Dp — non-BPS D(p — 1) — BPS D(p — 2)
O0000000000000000102eR' 00T ~=+Tpatz— oo 000 kink 0000
0000000000 00000oDooO0d winebottle 00O ODODOOOOO0OODOODOOOO
00000000o0oooo00oo00o0oD00Do00Do0000oooooDoDO0Odn non-BPS
D(p—1)-brane D00 0OO0O0O0O0O0OO0OOOO kinkOOOOOOOOOOOOOOOOOO double
wel 0000000000000 0O0OO0OOO0O0O0O0®R({xTo})=Z, 000000

0000000000000000000 D-brane0 1000000 200000000 non-BPS O
00000000000000000000000000000000000000000000000
00000000000000000000000000000020000 D(p+2)-D(p+2)0000
000000010000 vortex 000 Dp 0000 10000 anti-vortex 100 Dp 0000000
0DpDp 000000000 vortex 10000 D(p—2)000000000000000000000

ooooo

(2.20)

ITA: non-BPS D9 O
IIB: D9-D9 O

0000000000000 D-brane00000000C0O0O0000DODclosed string0000000OO
0000 D-brane 010000 worldvolume 00000000000 O0O00DOOOODOOOOOODO
000000000000 00000000000 charge 0000 homotopy 0 7, (G/H) 00000
00000000000 D-brane charge O topological 000000000000 O0ODOOOOOODOO
ooooooo

00000 openstring 0000000000000
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3 D-brane 0 K-theory

D-brane 0O Oclosed string OO OO OOOOORR-form OO0OOO0OD0ODOO RR-charge DO OO
00000000 00DOO000 D-braned RR-OOOOOOODOOODDOOODCOODOO D-brane J RR-
charge 00 cohomology 00 000000000000 0O0OOD-brane00000000O object D000
00000000RR-form 000 OO Chern-Simoms term 000 0 00O O O RR-charge O cohomology
000000000000 K-theory OOODOOODOODOOODOOODODOO openstring00000O0O0
O00000ODO0OD-brane DOOO0ODOODODOOODOODODOODOOOD-brane 0 K-theory OO0 0O
00000000000 0000000O00o0Do0oUoO0ooOU [MooUo

3.1 TypeIIB O K(X)

Type IBOOOOOO0O0ODO D-brane 00DY9-DI 0000 OOOO00OOOOOOOODOOOOO
OOND-DIOOODDDODODOOOOODODDDDOOOO'O

(3.1)

X : 10 dim. worldvolume = spacetime
E = ET @ E~ : Chan-Paton bundle over X

OO0 10000 worldvolume M 000000000 O0COO0O0 XOODOOOOO DO Chan-Paton
bundle O fiber CV @ CY O Zy-grading 0 0 O (even) superbundle 00000000 U(N) x U(N) O
0000000 ET 0 D9DE- 0 D9 O Chan-Paton bundle 00000000000 D9-D9 000D

(even) superconnection
AT T
iA = ( ’T - ) (3.2)
i

0000000000000 00000000000000D 8000 superbundle EO0OOOOO
EndE O Zy-grading OO00DO0O0OEndE 000000 QX,EndE) 00000 Z X Ze-grading 0000
00000 z, 00000O0OOOFEFEODOOO connection 0 1-form 00 odd DO00OOO0O0OOODOCOODOO
OoddDOOODOODOO Oform 0 odd OOOOOOODOODO connection 1O0O0O0OD0OODOODOODOO
0 superconnection 00000000 even superbundle E=ET o E- 000000

(3.3)

Hom(E™,E™) EndE~

End(E) — ( EndE* Hom(E~, E*) )

00000000 even000000O0 odd 0000000 EXf0000DO AiGQl(X,EndEi)DDD
000000 7T € Q%X,Hom(E*T,E~)) 0000 (3.2) O superconnection 0 0 00
0000000000000 00000000000000000O0U000000 (90000 K-theory
JoodobooboboooooboboboboooooooDboo00oooooDbO b b0 oDobobooo
0000000000000 000O0BAfieldd 00000000 A*0T7T000000

S[AF,T] = Sy + Sos (3.4)
2000000000000 00000O0bOb0o0ooooooa

Sy = Tg/ d'Oz 6_‘T‘2 (2+£B[(A+) +£B[(A_) + CDHTD“T—I— .- ) (35)
X

1000000000000 string 0 tadpole 0000000000
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000 Lpr O (2.8) O Dirac-Born-Infeld 00000000 non-Abel 007 0000000000 AT
0A-00000000O0O0O0O00000000B00 AODOO0OOOOCOOOOO0C0O0O0C00000
O0000o0o00oooooooooooo

V(T) = 2Ty eIV (3.6)

00000000 U0ooooooT=00000 2T, 0000|T] - 0o 0000 O00ODOOOOO

gooooo 00000000007 =10000000000000 T = T goooao
00 T VIt
~ T2
V(T):2Tgexp(—1‘_Tl‘T|2)DDDDDDDwinebottleDDDDDDDDDDDDDDDDDDDDSenD

OV(0)-V(Ty)=2T,000000000000000000 |T=Ty:=c0c 000 |T|:f0::1|]|]
0000000Dbe-DI0N0NDDONONNDOOn

000000 Chern-Simons term 0000000000000 D0OODOOO superconnection A4 00
ooooooooooooooo

Scs =Ty / C A Stre” (3.7)
X

0000C=3,,C®™ 0 RR-form 000000F 00000000 supercurvature 0000

F+ —TT DT F* .= dA* —jA* A A*
iF =i dA—iANA) = | " _ _ ], e (3.8)
DT T =TT DT :=dl'+iTAY —iA™T
000Str: Q(X,EndE) — Q(X) O (even) supertrace O 0
StrM := Tr(—1)"M = TrosM (3.9)

0000000Str e O closed form 0000 cohomology class 0 T 00D 0000000000000
0000 7T=00000 Str e = tr(e’f —¢F ) = ch(E") — ch(E~) 0000 DY-brane O DY-brane
0 Chern-Simons term 00000002 O

00000Type IIB O D-brane O K-theory 000000000 [10JD000000O00OOO 2000
00000000D0000000DY-DID0DDNDNN0N0N0NNNNNNDNDNDNDDO0NNNONNONOODO
gooobobooooobooooooooooobobobooooboooooboboooobDOoboboOooDOoDbO
BPS D-brane 0 RR-charge 00000000000 DO0OO0O0ODO 2000000000000000
0000 D9-DIODDDDDDD BPSD-brane 0000000000000

000 0DY-DIONO K(X)ODDODOOOOMm

00 K(X) 0000000000000 (000 [11]000)0X O compact Hausdorff 000000
Vect(X)D X 00000000000 0000000000000 Abelian monoid 000000000
00 Grothendieck 0100 (SOO00)0000000 Abel00 X O KOODODODO

K(X):=8Vect(X))={(E,F) € Vect(X) x Vect(X)}/ ~ (3.10)

ooooo0oooooooUoU (B,F)OOO (E,F)~(EeH,FeH)OODODODUDOODOOOOOODO
reduced K-theory O inclusion i : pt.— X OO0 K(X):=keri* 000000000 rank E= rank F

2 D9-brane 0 RR-charge 0 —Ty 0000
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0000 (P, F)0D000000O00OOOOOrelative K-theory 0 X 000 closed subset Y ¢ X 00
o0oooooooo

K(X7 Y) = {(EvFa a)}/ ~ (311)

000 a:Ely > Fly0YDOOOOOOO bundlemap 00000000000 elementary O (G, H, 3)
OUO0O(E,F,a) ~ (E®G,F®H,a®) D00 Oelementary 00 G~ HOOOO B0 Idg O homotopic
0000000000X 0O non-compact(d O Hausdorff) 00 0 0O 0O O compact supported K-theory 0
K, (X):=K(X*)=K(X*,pt) 000000000 X+ 000 compact 10000000 c0000
good

000000000000K(X)Oooooo DI-DOD0DOO0DO0NO0DO0DOODNOK-theory 00O
00o0doooOoOo0o0o0ooooobOoo00oooooooDDO X 0000 non-compact DOOOOO0O

K. (X)00OOODOOoOooooooooooo
(E,F,a) = (E*,E~,T) (3.12)

00000000000000000000000000 D9ODY O Chan-Paton bundle 0 0 O 0 Obundle
map U0 00000000 0O0ODO0O0O0ODOOO0ODODO0OO0DOO0O0bDODbOOO compact support U 0O 0O
0000000000000 oO00O0o0oU000o0o0o0oUoOUO0O (3.12)D0000000UDOO00
0000200 (E,F,e) 000000000 DY-DIOOOO0ONDNODDOONONDDOOOODOOO
elementary O (G, H,5) 0000000000000 0O0000000000T(x)=Ty-1de 00000
0000000000000000DY-DICDODDNDNN0NNNNDNDNDNDDDDNONONNNDNODNDDDO
ooboooobooooboooobooooboooooboooooooboOooboboooboooooooooo
000DY-DIODDDOOODN (0DDDDOOO00D)00 Abel 0000000 DOOOOO0OOOODODODO
000D9-D9 00 Chern-Simons term 000000 cohomology 000000000 K(X) O Chern
character 0 ch(E, F,a) =e'f —¢f ¢ gov(X) DD 000000000 Stre 00DDOO00DO

000 00000000000 K(Y)— K(X)O000m

OOo0o0O0DY-DIODDDDDDNONONONDDDDONONONDNDNDDDONONONDNDDDDONNNNDNY cCcX
000000 BPS D-brane 0O0O0O0O0DDOOO0O00O0O0 X =R 00 ND9DIOOOY = RPH
O worldvolume 000 Dp-brane 000000000000 R P 0000000000 OOOOBPS
Dyp-brane 0 RR-charge 00000 K-theory K(R* ) 0000000000000 0DOO0OO0O
ooo

NDI-DIOOOOOODORPO0000O0O0O0DOOONOOONONDOOONDDOODOD UN)xU(N)
00 U(N) OD0OO 000 vacuum manifold O
U(N) x U(N)

U(N)
D000000000000000000000Rn=9-p 00000000000 S !'00 Vis(N)
0D000000DO00D0D

Vis(N) = ~ U(N) (3.13)

Z (n:even) "N >n

0 (n:odd) (3:14)

Tn—1(Vus(NV)) = mn-1(U(N)) = {

00 NOOOODOOOOOODOOODOOO0O0OO0O00O00000000 RO K-theoryOOOOOQOQOQOO
OO0 Dp-brane 0O OODOOOOODOO
Z (p:odd)

0 (p:even) (3.15)

K(R") = K(5") =m0 1 (U(N)) = {
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00 K(RP)=ZO00O0O0O00O00DO00D0 ABSOOOOOOOOOOOOOOOOD 1200000
0000000000000 000000000000onyY =RP™ O Dp-brane O worldvolume O
0000 X 0000 R*(2k=9—p) 0 fiber 000 Y 00 normal bundle N(Y,X) 00000000
00 SO(2k) O Spin(2k) 000 000000Y OO spin bundle S$* — Y 00O0O0OO0O0OO fiber O
-1 0000000000000 OClfford 00 Cy, DO000O0DDDOO0OO0ODOOOO XOODOOODO
00000000 DY-DYUO0DDNO0D0O00NON=2100 D9-D9 000000 Chan-Paton bundle
O0F=StT@S 000000 bundlemap7:St — S~ 0000000000000 O0O0OOOOOO
goooooo

2k
T(x) = upy = uZI’ixi (3.16)
i=1

000« 0000000000000, 0 (24---,2%%) e R* 00 Clifford 00 Cy, 0000000
O Clifford 0000000000000, 00000000000000R* 00 |z|=10 %10
O0000000K(B*, $21)=K($?*)=Z00000000000000000000z|>100
0000000000000 DY-DI0O000O0(z] << 0000 topological defect 00000000
0000 wuw—oo00000R*00000000RP 00O00O0D0DO BPS Dp-brane 1000000
003000000000 Chern-Simons term (3.7) 00000000000

: 0 T
Scs = Tg/ C A el Stremride’ 0O 4 = ' (3.17)
X Fi 0

. / C+D) (3.18)
Y

0000y ODODODOOOO0O00O0 BPSDp-brane 000000000 Stre” 000 Gauss 00 Thom form
O0000u—o0o0 60000 current 000000 fiber 000 1(x O0) 0000 Thom class 00
odoooXxXooooooyoooooooooo
DDDDDDDDDDDDDDD(3.15)DDDDDDchargeDK(Rg_p)DDDDDDDDDD(S.IG)
00000000 Dp-brane 0 RR~charge 0000000 OOOODOOO charge = Dp-brane charge O
agood
0000000000000 00000000000000000 DY-DYDO00N0N00DO K(X)O0O
DDDDDDDDD(3.16)DDDDDDDDDDDK(Rg_p)DDDDDDDDDDDYDDDDDDDD
Dp—branel]l]l]l]l]l]l]l]l]l]l]l]RgprDDDDDDDDDDDDDDDDYDDDDDDDDDD
O0O0ONOO Dp-brane0 NOOOODOOOODp-brane 00O STO S 000000000000
0000 Dp-brane 00 000 Chan-Paton bundle 0000 D0OO0OR?? 0000 DY9-D9 O Chan-Paton
bundle F 0000000000 FeSOD000D00O0O0OO0OOY 00000 Dp-DpOO0O0OOD
DDD9—D_9DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDp—D_p|:||:|K(Y)I:II:I
0000000000000 D-brane 0 K-theory 0000000000000 0ODOOODOf:Y —X0O
ood
fir KY) — K(X)
I I (3.19)
Dp-Dp «— D9-D9

OO0OO0O00O0O00ABSOOOODO K-theory U0 Thom OO0 O0O0O0O0O0O0QOCOCCOCOCOO

~

K(Y)® K(B*,8%-1) =, K xB?* Y x §21)
(E,F)®(S*,57) — (EQSTOFQRS,EQS ®E®ST)
38240 vortex 1000000 DDO00000O0ODOO

(3.20)
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0000000000K(Y), K(X)00O00O00O000000 Dp-Dp,DO-DI0NOONDN0O0ONO000O000
000000000000000Y 000000000000000Y 00000 X~N(Y,X)000
00000000 ABSOOOOi:Y > NY,X)0j:NY,X)—>X0000000 f=joi:Y <X
0000 Gysin 00O

fi=j"oi: K(Y)> K(N®Y,X)) - K(X) (3.21)

00000000000 spinbundle 000 X OOO0OO0O0OO0O0O0OOO obstruction 0000000
000000 0dChern-Simons term 000 ABS 00 fi O cohomology 000 000N

ch(ff1) = 7 (AN (Y, X)) fH1 (3.22)

0000000000000 7#: X —-YOOK,HOOOOO K-theory O cohomology 0000 X(Y)
0 0O Poincaré duality Dx(Dy) OO0 0O f!H:D;(lf*Dy goooooo

3.2 TypelIlA O K }(X)
Type IIA OO O D-brane 0 10 DO 0O non-BPS D9-brane 000000000 O0O0O0DOOOOS3.10
0000 K-theory O0OO0OOOOOOOON non-BPS D9-brane 00O 00O

{ X : 10 dim. worldvolume = spacetime (3.23)

E=F&F =F ®C; : Chan-Paton bundle over X

0000000000 Chan-Paton bundle d rank N OODO00O000O00 Cymodule JO0OO0OO odd
superbundle 0 0 0 00 O non-BPS D9-brane 0 0 0 0 00 Chan-Paton bundle O (odd) superconnection
ooooooooo

iA T
A = —iA+T 3.24
' (T z’A) o (3.24)

000 U(N)OOODO A O even endomorphism 00 1-form QY(X,EndF) 000000 T O U(N) O
adjoint 00000000000 odd endomorphism O O 0-form Q°(X,EndFo;) 0000000000
0000000 ATO00D000DOO0 22000000

So = \/iTg/ d10$ 6_T2 (1 + EDB](A) + CDHTD”T—F . )
X
Scs = \/QTQ/ C A Str 7 (3.25)
X

0 O Chern-Simons term 0 supercurvature O supertrace 00000000 odd 00 00O OO DY9-D9
gooooooooo

iF=iF—T?>+ DTy
F:=dA—iANA, DT :=dT —i[A,T)
Str(M + Noy) :==Tr N (3.26)

oboooooooobooboboooobooon

V(T) = V2Ty e ™" (3.27)
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0000DIDIOOOO0OO T=00000 V2T, 00007 —»+0000000000000000
007=+4100000000000007=—L5 0000 doublewell 100000000000

O0O0TypelIBOOOOODDO Type IIA 000 D-brane 0 K-theory 000000000000 [13]0
0000000000 200000000

000 Onon-BPS D9-brane 00 K~ Y(X)OOOOOOM
ooooo Kod K_I(X)DDDDDDDDDDDDDDDDDDDED XO0Oo0ooobooooo
o:F—-FEFO0000D0OD0DODDOOOOOOOODOO0ODOOODOO0
KE=H(X) ={(E,a)}/ ~ (3.28)

0000000000 elementary O (G,0) DOO00O(E,a) ~ (E®G,ad®f) DDDDDDDDDK‘I(X)
0 non-BPS D9-brane OO O O00OO

(E, ) = (F,— exp(miT)) (3.29)

000000000000000000000000000070000000000 elementary O O
gbobooobobobooobobooobobonoooobo f:diag(il,il,---)DDDDDDDD
non-BPS D9-brane 00 0000000000000 DOOCOOODOCOOOODOO

000 00000000000 K(Y)— K-Y(X) 000
§3.1 0 00 0000BPS Dp-brane 0 RR-charge 10000 K-theory K~' (R ?) 0000000

O0D00O0O0D0002N non-BPS D9-brane 00O 000000 OODO Y OOODOOO BPS Dp-brane O
000000000000 00000R>P00000o0dd9—p:=2k+10000000000000

0000000000000 T =diag®, --,1,-1,---,—-1)(00 10 10 NOODO)OOOOOOO
OU@2N)DOO U(N)xU(N)OOODOOO vacuum manifold O
Un)

2N) = ————— .

Viia(2N) TN < U(N) (3.30)

O000000000D0DOtopological defect 00000000 K-theory 00000000000 Type ITA
O Dp-brane 000 0O0O0OO0O0OOOO

KR = K1(S2H1) = 7y (Via (2N)) = Z a1
Kfl(Rmc) =0 .
00 K-Y(R**HY00ODO0O0D ABSOODODOOOON=21000
. 2k+1
(3.32)

T = e &

000000000000 a=—e? 0 K-1(B,§2%) = K-1(§%+) 0000000000§3.10
000000000000000 fi:K(Y)— K XX)0O0O0000O

0000000000000300 (k>1)0000000000000000 non-BPS D9-brane 0
0000 D8brane 0000000 Okink 0000

(3.33)



00000000000 ROODO 2000400000 D8ODIUIDODOOODND vacuum manifold
020 {£1} 00 m({£1}) = Z, 0000 K-theory 0 0 0 D8-brane charge K~1(S') =Z 0000
00000000000 D8brane JODOOO N non-BPS D9-brane JODOOOO N — co ODOO0O
0000000000000 000000000O0 N=oco000O0O0ODO0O0OOODO0OO (14000 N
non-BPS D9-brane 00 00O K_l(X)EIEIEI (329) J000000rank D0O00ODO0ODOOOOOODO
O00O0N=0c 0000000000000 0000O0 N=cocOOODOOD K- X(X)0OODOOODOOO
ooooooooooog

K YX):=[X,F*], F5*:= {self-adjoint Fredholm operators on H} (3.34)

O0000Chan-Paton 00000000 Hilbert 00 HOOOOOOOO0OO0O0O0OHOOODOOOOODOO
00000000000 00D0O0000000000 Fredholm OO0O00OO0O0O0O0OOOCOODOOOODO
00 K-Y(X)00O0O0OD40000000000000000000000000000000 rank O
00000000000000000000000000000D00O000 K(X)oooo

K(X):=[X,F], F :={Fredholm operators on H} (3.35)

0000000000000000000000000 DY9-D9 00 non-BPS D9-brane 0 (0 Chern-Simons
term) O O superbundle O even, odd 000 0000000000000 0O0O00O0ODOOOO0O0OOOO
0000000000000 Chan-Paton 000 0O0000C Hilbert 00 HOOODOODODOOOOODO
oooooo

3.3 0000 KO

O0000Type I string OO0 D ODO00O0O0D0DOBOOO0ODO0OOO0ODOOOODOODODO string 00O
0000000000 00D-brane 0 K-theory 0000000000000 O0OOOOODOOOODOO
00000000 KOOO0OOOOUOUoOooOoooooooOoOo (oo)o Gooooog orbifold X/G
0000 Type IBOOOODOODDOODOOODODOOOODY-DYOOO00OO X O0OOO D9-D9 OO
GO0D0O0000D00000GOOO000 Chan-Paton bundle 0000000000000 OGOOO
Chan-Paton bundle 00 00000 equivariant K-theory Kq(X) 000000

OO0 Typelstring0 00000 KOOOOOOTypel OOTypeIlIBO 3200 D9-brane 0O OO0O
OO worldsheet O parity Q OO0 00000 orbifolld OO0 O00O00O0CODOOOOCDOOOCOCDOOO
0 Chan-Paton bundle 00000 O(N) O0ODO0OODO0OO0DO0OOOOO0OOO Abel OO0 real K-theory
KOX)UODOOOUOOOODO Zg-orbifold 0 Q 0000000 orientifold 000 OO Real K-theory
KR(X)OOoOOouoooo

000000 BOOOODOO cohomology 0000000 [H:=dB] € H}X,Z)0OOOOO0OO00O
00000 NS5-brane 000 brane 00 0000000000000 000D0O0O00O0OO D9-D9 OO
00000 ADOODOBOODOODOOOODOODOODOO O Chan-Paton bundle O patch 0 3000
OU,NU;NU; 0000000 H3(X,Z)ODOO twist 0000 twisted bundle 00000000000
000 twisted K-theory K (X) OODDD0OO0000DO NS-brane 000000 KOOOODODODOOOO
00000000000000ONS-charge 10 0000000000000%000000000000
gooooooooo

400000 Hilbert 000 fiber 0000000000000 0000000000000000000000
5 Type IIB O S-duality 0 00 NS5-brane 0 D5-brane 0000000000

157



4 String 000D O0O0OOOO D-branes

ob0000string0000000O00OCO0DOOO0OOOOODOOODOOOOOOOOOOOO0O0O0
0000000000000 00000000000000000O0000U0O0O00oUOoOoOOO [15)
0000000000000 0 D-brane 000008 000000000000 0O0O0O (COOOODOO)
000000000000 0oooouoo0O0n §600 Chan-Paton 0000 OODODODOODO D-brane O
OO00000O0000O000b0ODoO D-brane00O00O0DOO §70D0D0OO

Ub00ob0o0db0string000000O00O0O0O0O0O0O0OO0O0O0O0DOO0O0OO0OO0OOO00O0C0O00O000n0
000000 open string field theory 2] DO0U0O00D000 string 00000000000 Ostring 00
¢fJ000D0ODLOOO0OODOOOOODODOODODODO

S:%/¢Q¢>+%/®*¢*¢ (4.1)

odboo0obdooboooboobobooobU0oobDbo0 «xobooobooboboobDoooboo
0000000 worldsheet O vertex operator 0000000000000 D0DOOOO0OD QOO ®0O
0000000000000 oo0ooO0o0b0o000obDo00oDoO0oDoooDoooDooooobOooDo

O00000000OChan-Paton 0000000000 ODOO §21 000000000030 D-brane
ONOOUOOOOOOOOOUOOOOOOUN)OOOOODOOoOOO D-brane00000O0OOOOO
O0000UMV) D adjoint 0000000000000 00000O0O0O0ODO0O0O0O0O0O 86870000

0000000000 0O0D-brane O worldvolume 0000000000000 (160000000
00O BfieldJOOOOOOOD-brane 0O0DOODOODOODOODODODODODODODODODO
00000000 D-brane 0000 D-brane 00000000000 OODO OO Oopen string O vertex
operator 000000000000 0OD0O0O0O0OO0Omode 00000000 OOO0OOODOOODOODO
aoo

4.1 open strings in B-field background

O000000B-fieldJ0OOOOO D-brane 1000000000000 OOOODOOOOOOO 17O
0000000000 gu,Byu: 000000 open string O bosonicDDDDDDDDDDBHVDDD
D-brane 0000000000000 OODOOO0O0OOODOODOODO0OOODOOOODOO D-brane
I:IWorldvolumeM:RQ”Bmi(i:1,2,~~2n)DDDDDDDDBM#ODDDDDD invertible DO OO

00000 openstring d o-model DO OO OOO0OOOOOODOOODO

1 . . . .
S = e /E (gij(’)aXlﬁaXJ — 27ra’iBijeab8aX18bXJ)
1 X g ) .
= — ij0, X0 X7 — — B;; X'0, X7 4.2
Aol /Egz] a ) /{)Z ¥ t ( )

OO0 ¥ O Disk worldsheet 0 90X 000 boundary 00 0000000000000 O0O0OOOOOO

gboogobooboobgooboooooboobooboobooobobboboobooboobon

ooooboO0oboo0obO0ooboOooboooooD-brane O 0O0O0OO0 MODOODODOOODOOODOO

OD00000000000000O0D-brane 01000000 F; =B6,; 00 lux 00000000000

00000000000 Dirac-Born-Infeld 00 (28) 0000000000000 0O
gbooobooboobgoooooboon

gijaan+27Ta/iBijath|ag =0 (4.3)
lgoooooooo B;; =00000000
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00000000 Neumann OO OO OOopen string 0000 D-brane 0000000000 DOODOO0O
B-field DO0O0O0OOO Dirichlet 000000000000 DO0D0OO0OD0OOOOODODOODOOOO
vertex operator J 0000 0000000000000 OOO boundary O 20 ¢,s 00O propagator [
ooooboooboobgoo

(X'(t) X7 (5))y, = —a/GY log(t — s)* + %Gije(t —3)

- 1 v B 1 iJ
GY = - 09 = —— 4.4
<g—|—27roz’B>S7 (g+27ra’B>A (44)
SO0AQ04 0000000000000 00O00D0OEe(t—s) 0 sign function 0000000000
tachyon vertex operator V,(t) =: e X : (1) 00000000000

Vo()Va(s) = (t = 5)2 G P e 307 pai Yy (s) (4.5)

000000000000 000000O0Ometricd ¢¥ 00 Bfield0000000000O0DOO00OOO
mode 0 (mass)? 0 GY 000000000 G O open string metric 0 00000000000 B;; #0
O00000000D00000D phasefactor 00 0000000000000 D-brane 0000000
000020000 R*™ 0000000 Moyal O

iy 0 0

f*g(z) =exp (59 O a—yﬂ

) s(@atol - (1.6
0000000000000 00200000000000
[2%,27], =2t 2d — 27 % 2t =Y (4.7

O0000OMoyal 00 OODODOOO0ODODODOOODODOOOOODOO MoyalDDDDDDRE”DDDDDD
0000000000 D-brane 00 0000000000000 OO00OO00OOOODOOO0Ometricgd G
O00000B=000000000000 Moyal DOODOOODOODODOODOODOOOODOO

0000000000 Moyal 000D O0ODOOOO0OO0O0OOOODOOOOOOODODOODOOOOOOO
0000000000000 00000000000D00000000000 D-brane 00 OO D-brane
0000000000004 Bfield OO D-brane 0O 00O D-brane OO0 O OO O worldvolume O Moyal
od M:RznﬂDDDDDDDDDD uvU(h)oNDOOUOooOoooUuU(Ww)Oooooooo MOOOO
ocoooooooooooo

O0000o00o000doo00oooooo0o0oooooooooooooooooooooooooon
O00D-brane0000000O U(1)000000OO0OO0O00OOOOOOOOOOO Dirac-Born-Infeld
oooooooodo

Spi[A] = % / d*"x+/det (g + 27/ (B + F))
{ F=da (4.8)
OrA = d\

0000000 U(1) 0000 A0Uyg,BO0O0O00OOOgs O string coupling 00000000000
0000000 A— A+446,A0N0O000CO0O0O0OOOO0OOOOOOOBfieldd D-brane 000 U(1)
flux0OOoOOoOoOoooooooO0oo0 B+ FOOOODOOODOODOOOODOOOODOOODOOOO

2 (4.5) O phase factor 0 (4.6) 00000000000000000
3000000000000000 T, = (27) 2 /gs.
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000000000o0U0oo0o0oooO0vU(l)Doo00U0O00DUo0oOoUoOooooooUooOo AD
gooooboboooooboobooboooboo

N o) 22 N
Spi[A] = % /d%x\/det (G—l— 27ra’F>

F=dA—i[A A
A

- (4.9)

O00000O0oooboO Moyal DODOOOOOODOOODOODOODOOOODOOOD Dirac-Born-
Infeld 0000000000000 0O00O00OU(1)0000000000O0Moyal DODODOODOOODO
O non-Abel 000000000000 OOOOOU(l)OD00O0OO0ODOOOOO 2000000000
000000000 0000O00o0oDObOO00oDObOOo0DOO00DO00DO0O0 Seiberg-Witten map 0O
googoogo

SW { A A(4) (4.10)

Tl A A4
gdoboodouobooooboooooooon

A+6,A LN A(A+5AA :A+(§;\A

)

o] T

A — A(A)

SW
agoooad A,[1IZIIZIDDDDIZIIZIIZIIZIIZIIZIDDDDDDDDDDDDDDDDDDDDDDDDDDD
000000000000 000000O0000D WBUUODODO0UOODO0OUOOO0OO0 (4.8),(4.9 0
00000 DOO00DO000000000DOO0D0DO00000000D000D00O0B-fieldODOODOOOO
gooood

0000000000000 00000000000D000 BfieldOOODODODOOD flux OO
000000000000 Moyal DOODOOODOOODOODOOODOOODOO

*

SprlA] = % /dQ”z\/det (G +2ma/ (P + F)) (4.11)

obooooOoo0oooobobooobOobooooonDo
1 0 1

G+ 2ra/® + 21/ g+ 27/ B

det(G + 2ma/®) \ #
o ) 412
Gs=9 (det(g+27ra’B)> (412)

0000000000 DO00o0ooooDOdD0Od 000000000000 Moyal OODOODO 60O
¢ 0000000000000 020000000000¢=BU00000 48)00P=000000
(4.9) 0000

000000000 D-brane 000000000 O0O0OODOODOOOO0OOOOOOOOOOOOOOO
0000000000000000000000000B-field 0 flux 00000 O Chern-Simons term
(211) 0000 B # 0 OO0 brane within brane0 0000000000000 D-brane JOO0O0OOO
00 D-brane OO bound state OO0 000000 OOOOOOOOOODOODOOOODDODOOOOOO
gdodboooobooouoboooobooooboodoboodoooouobOoooooOoon
000000000000 Dirac-Born-Infeld 00 Spr[A]0 o - 00000000 Yang-Mills 000
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000000000000 G, 00000 ¢ - 000000000000 DBIOO SBI[A]DDDD
Yang-Mills 00 O

A 1
Sym[A] = 172
Y M

/ N elete i (4.13)

00000000000 DBIOO Sp;[A] O non-polynomial 000 00000000000000000
00000000000000000000000000000000000000000000000
00000000000000000000000000000¢0000000000000 instanton
0 moduli 0000 small instanton 0000 00000000000000000000 (000000
000 [1900000)0

4.2 00000

000000000 BfieldJOODOOOODDOOOODO Moyal DODOOOOODOOOOODOOOO
00000000000000000000 Moyal 00 RZ™ € (z1,---,2%%), [2%,27], =¥ OO OO0
0000000000000 0 MR 00000000000000000000000000000
0000000000000 Poisson 00O (M, {,}) 0000000 C*(M) 0O Poisson 0000000
00000000 AROUOOOUOOO A=C*(M)[A)000000000000O0O0 «x00000OOO
00000000000 fxg=f-9g+h{f,9g}+--- 000000000000 *«00000UOKontsevich
0000000 [200

0000000000000 D000000 B-fieldDO0O closeddB=0000000000000 x0O
000000 D-brane 00O00000O0D0O0O0O0ODOODOKontsevich D000 ODO target 00O O Poisson
000 M 000 topological o-model 00000000000 [21]0string O o-model (4.2) 00 g;; — 0
000000 topological 0O OO DOOOOO

00 symplectic JOO0OO0O0OO0OFedosov 0000000000 O0O0ODO 220000 MOOOOO
O00 Moyal DOODODOOODO M OO smooth 0000OD0OO0OOM O0OODOOOOOODODOOOO
00000000000 D000D000bDON D-brane 00000000 0O0OOOODOOODOOODOOOO
000000000000 000o0ooUoooooo 2310

5 Uooouonon

OO0000D-brane 0000000 OCOO0O0ODOCOO00ODOOO0OODOOOOODOOOODOOOODO
OO0000000000D0OMoyal OODODOOOHibert 0O0O0O0O0O0DDOOOOODOOOOODODOO
OO00O0Onon-BPS D-brane 0O 00000000000 DDOOOOOOOODOOOOOOOOOOO
0000000000000000000000 [24 0000000

5.1 Weyl 00O

000000000000 0Moyal 00 R 3 (2!, 2?), [, 2%, =02 =i 0000000 O Heisenberg
00 [¢4,4¥ =i 0000000000000000000000000D0000 MoyalDODOOODO
0000 separable O Hilbert 00 H OOOOODOOOOODOO

C®(R2) — ACB(KH)
f o= Oy (5.1)

161



0OWeylOOODDODOOUOO B(H) D HOUOODOOOOOOOUOOO ¢c*-00000O0OOOOO

Oy = (z%o) ] & U<k>f<k>=<z%o>2 [ e e (5.2)

00000000000f(k):= [d?xe**f(z) 0 f O Fourier 00 00U (k) = e~*% O Weyl-Heisenberg
000000000 UkUKK) =e2? ¥ U(k+ k) 0000000000000Moyal 0000000
Doooo

@f*g = @f@g
@6if = —z‘egjl[a}j, @f] = &Of
/ o flz) = 270 Trn O; (5.3)

oooooooooobooo-oooboooo
OO Hilbert 0000000000DOCOOOOODDOOOOOOODOOOOO z:%(lerixQ)DD

0000000 a=tz a=-1% [a,a)=10000000 Fock 00000 Hilbert 000
= 1
H=€¥W%|W=a@|m (5.4)
000000000000 (53)0000009=0.=-tada, =0:=-%ada00000000
oooobooobooboobobobooboboobooobuoobooboboboon
k—1
Pk:Z|i><i| € K(H) rank k projection operator
=0
S:Z|n+1><n| € B(H) shift operator (5.5)
n=0

O00KMK®)OOOOOOoOOoooooouooooP, Oe)(#=0,---,k—1)0000000 projection
operator UOWeyl D000 (Weyl DDUOODO) 0000000000 OOOSO0O0O0O0OOO |m)+—
|m+1)00000000000 Fredholm operator JO0O0O0OO0O

oboobooboooooboooboooboooboobooobooboobooboobooon COO(Rg)I:lDD
O000OWeylOO (5.2) 0000000 ADOUDOOOOOODOOOODOOOOODOUOOOOOOO
000000000000000((G.3) 0000000000000 00o0oUoooooUooOoooo
O000000O00000oooDOOOO00000o0o00n0DO connection JO0OOOMoyal DD OO
gobobooobbuooobooobbboobbooobb0oubbobbU0UUdU connection OO O
00000000 Weyl 0OOOOODOOOODOOOYDO

5.2 UO0O0OOODOO

DDDDDDDDDDDDDDDDR%XRDDDDDDDD 0000 (ROODOOO)DDOOOODO
00000000000 00D0O00000 MoyalODDODO

S = /dtd2xV(¢), V(p) =crpxdp+c3pxpxop+--- (5.6)

10000 Bfield 000000000000 O000000D0O00O0DO0OO0OO0OO0OOO0OOO
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OO00O00DOOo00O000000O000O00DO0O0DO000O0O0DO0OUDD Moyal DODODODOODOO
Weyl DO OODOODOOOOODOOOO

S:%ﬁ/ﬁﬂnﬁvw) (5.7)

gooooooooooboboobooooo ¢E@¢DDDDDDDDDDDDD
_v_
=96 =
000000U0o0ooOoooooovooooo a,---, 4000000000 @=000000000

O¢(x)=XN=const. 0000000000000 0O0DO0O0O00DOOO0O0O (5.5)0 projection operator
P, O0O0DOODOOOODOODOOOO

V'(9) 0 (5.8)

¢ = NPy, P=Py=D (5.9)

0000000000 000000O0000000OUoOOoOUOO Pp=10)(0|0000000 WeylOODO
|2
goo f(x):2e_% go0oooeoopOO0U00OOOO00ODOOO0OUObODODODOODDOOOO

E = 270 Try V() = 200V (\;) Try Py = 270kV (\,) (5.10)

O00D00000000DO000000000 projectionD rank 000 O0DODODODOOODODOODODOO
ocoooooooooo0oobooo0oobOoOoOoooooooooooooooDbooooDboooD
ocooooooU0o0ooo0oUooooOo0oooO0oopDooooDoooOoooooog

0000000000 0bO0bOob00o0D0obOobOgDO solution generating technique 00 0O OO
00000000000 (bO0OOO0ODOUOOOUMH)OOO

¢p—UpU, UU=UU=1 (5.11)

gooobobo0oooobooooobooooobooboooDooboooooboooooDOoboboOoDOoDbO
O000000000000U(H)0OD0O0OO00O00000O00Onon-unitary isometry 0 0000

UU =1, UU #1 (5.12)

0000000000000000000000000000000 UU O projection operator 0 000
000000000000000000000000000000U0U=100000000000 KOO
000000000000 0Onon-unitary isometry 000 000000000000000000O000O0O
00 (5.5) O shift operator S 0 SS =1, SS=1—[0)(0| 000000 non-unitary isometry 0 0 0 0S*
000000000000 ¢=X\Idy 000000 U=S*00000006 = S*N\Idy)S" = Mi(1— Py)
00000000000000000000
O0000000000000000000000000000000000000 ¢ 0000000
0000000000000

S:%ﬂﬂwmdww@+W@@) (5.13)

0000D0D000000U(H)xUH):¢— VeU 000000000000 UU =VV=10000
0000000000000000000 ¢=1dy 00 ¢=VU 0OO0O0000000D00000O0O
000 ¢ 000 projection operator 0 000 00 ¢¢p = UU, ¢pp = VV O projection operator 0 O O O
$pp=¢ 000000000000 00 partial isometry 00 0000000000000000000O
partial isometry 0 0000000000000 OOOU=S™V=S"00000000agd
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gboobOoboooboobooooobooooooboooooboooooboOoobooboobooooon
0000000000000 0DYH)OODODLOD0OOUD0O0OD0OUO0O00D00D00o0oO0ooooooooo ADO
gooobooobooooboboobooobo

1

Vo

0000000000000 Dé—UD¢U ODODO C—UCUO0D00000000000000000
¢0CO000000D00000000000 F:=iF,:=6"YC,C]+1)000000000000
0000000000 F-6'000000000000000000000000000000000
000000000 U=5*0000000000000

D¢ =9¢—i[A,¢| = ——=[C.¢], C=a+iVoA (5.14)

6=1dy, C=a, C=a
=5 4—_1-p, C=5as", C=5*a3" (5.15)

Ub0oO0o0O0obO0o0o0oobOoboobO0bobo0bdOD exact UOOOOOOOOOOODO

5.3 000 D-brane OO0 00O

OO000000D0O0CO00D0O00OType IIstring 0000000 D-brane 00 OO BPS D-brane 000
000000000000 Type IIA OO0 non-BPS D9-braned Type IIB 0 O D9-D9 system 00 OO
D-brane 00O 0OODOO0OOO BfieldO 200000 00000000000OO00ODOOOO szRSD
0000000 +00000000ODO0ODOOONADOODOOODOOOONBOOOOODODOODOO
O00000D000000R* 000000 D7-brane 0000000000000 20 Moyal 00O Rg
0000000000000 0000000000000000%20000000000000IIAOO0O
projection operatord IIB O O partial isometry 000000000000 IBOOOOODO Rg o0 m
vortex-n anti-vortex 00 U =S5, V=87 0000000000000

T=5"5", C=5"aS", C=28"asS" (5.16)

O00mD7-nD7000000000000D0000ODDO E=(n+m)Ty 000000000000
oo00o00000O00000000ooooOOOOD0O0000d0O0 2n 00000 OOOOOABSO
O0000o0o0oooooo 250

0000000000000 BfieldOOOOO0ODO 830000 K-theory JO0O D-brane 00000
0000000000D00000000DY-DIDDON00N0NDDDOOK-theory0OOODODODOOOO
oboooooooooobono

e A0 C*00000OCO My(A) O projection operator 0 Murray von-Neumann 0000000
00000 projectionp, q 000 p~qOO0D00O0O partial isometry v D00 p=ov, ¢g=ovv 00
000000000000 Grothendieeck 0000000000 Abel O Ko(A):=S(C) 0 C*-0O00O
A0KOOOODOODOOOOODOAD D7-brane D000 R OO bounded function 0 O Cp(RZ)
O00000D0DO0OD0000 v0O tachyon OOOO0OO0OO0ODOODOnon-BPS D9-brane OO0 0O
00000 projection p 000 0D0OO0OODOO3%0O

e JJUIO0O KOOODODO (3.35)0 K(Y):=[Y,F)]OUOOOUOO F O Hilbert 00 H 00 Fredholm
0000000000 homotopy 10 DO00D0O00O0ODOON D7-D7 O worldvolume O Y = R®

21IA 000000 even 0 non-BPS 00000000000 100000000000 3000000000000000
30000003000000 K1(A®Cy(R))000D000DODO0OO
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O000MOOOO0O Chan-Paton 000 HOOOODOODOODOODr-D70O00OOOOO
gooooooo C’O(Rg)DWeyIDDDDDDHDDDDDDDDDDDDDDDDDDDDD
000000000000000000 Fredhoim 000000000000 K(Y)OOOOOO
000000IAOO00000 (3.34)0 KY(Y):=[Y,F% 000000000 F% O self-adjoint
Fredholm O OO0 OOOOOOO

3000000000000 ABSOOODOOOOOODOOOOOOOOODOOOO Dr-D7 00000
000000000000 0000000000000 D-brane 00000 D-brane 0000000 §3
0000000000000 0000do0oD0o0oDO0DO0oooOooOoDOn D-brane 00000 bound
stete 0000000 D0O0D0O0ODOOOOODOOODOODOODOOO D-brane 0 Chern-Simons term O 0O 00O
00000000000 000O0 (OO0 2700000000000 U00o0oUooooooooo
doooooooooog CO(]RE)EIChan—PatonHilbertDDDDDDDDDDDDDDDDDDDDDD
0000008 00000000000 D-brane 000000000 D-brane00000000O0OO0O

6 Chan-Paton 00O 0O0O0OOO D-brane 00O 0O

000000000000 00000000 D-braned0 0000000 D-brane 0000000 ODOO
0000000000000 00000000Chan-Paton 000000 D-braned N OOOOODOODO
0000000000000 00UN)O00O0O0O0000000 N<ooOOOO non-Abel DODO
00000000 N=co OOOOOOOODOO Chan-Paton 00000000 DOO0OODOOODOOO
000000000000 00000000D00O000D000000000000d Chan-Paton 0000
00000000000 0000000000O0O0 BPSD(—1)-brane 0000000 OOOOOOOO
000000000 D-brane 0000000000000 Omatrixmodel 0000000 DOOO0O0OOO
000 [28,2000000 [30] D000

N OO BPS Dp-brane 000000 worldvolume M OO00000O000OU(N)OO0ODOO A, (=
0,1,---,p) O U(N) O adjoint 00000000 ¢ (i =p+1,---,9)0000000Chan-Paton 000
gooooo [¢i,¢j](7§0)DDDDDDDDDDDDDDDDDDDDDDDD Myers OO OOOOO
00000000 (310000 N OO BPSD9-brane 000000 O non-Abelian Dirac-Born-Infeld O
O0000000oooo0Typellstring 000000000 T-duality COO0O000000O0ODOOO
0000000000 0éi(i=p+1,---,9 000 T-duality 000000 D9-brane O Dp-brane 00 00O
00000000004, —~¢'000000000000000000 UN)oooo Fij»—>[¢i,¢j]|:|
00 Chan-Paton 0000000000000 OOODOOOOOO BPS Dp-brane 0 Chern-Simons term
Scs (211) 000000000000 OO0OOOOOOOOSE, 0O0OOOOUOOOOOO B=00O
oom

Scs = Tp/ Tr P (1 C) N e' (6.1)
M

000000000 igig O pullback 0000 POOOOOOOOOOO M = (p,é) 000000 2-form
C® =1Cyndz™ AdzN 0O0DODO0O0000000O

. P Py
iyip 0P = ¢'l Oy = 5[925 , ¢71Ci;
P(CHD) = CHV + 2Du¢zczu + DM¢ZDV¢]CU (62>

000 D' 0 UN)DDDODOO0O0ODODDDDO0O0000Dz*0¢'0(0)0000000D0O00
00000 ¢ 0non-Abel 0000000000000 O0000 [¢8,¢/]0000000000000O0
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0000000000000 00000 TypellBO N BPSD(—1)-brane 0000000000000
oooo001wwoo0oooog o (p=0,1,---,9000'000000000000 U(N) adjoint O
oo0oooobo0ooooboobboonoobD MyecsOODODODOOOODODOOO

2
Spr = = Try/det(6! — ig,,[®r, O+
pr = T T fdet(3f — igy, [0, @)

Scs = 2 Tr (eiq’iq’é) (6.3)

S

0000(62)0 POO0OODOOOODOOOON POO0OOODOOOOOO0OO0OOO00O RR-
fomC=Y Cc"O0000®0000000C,,.,. (®) 0000000000 0-formO000000
000000000000 brane within brane00 D00 0000000000000000 Tr[®#, ] =0
0000 Cc®©Oo000000D(—1)charge J00000000000000T[®*,®]£000000
0000000000000000 RR-form C® (p>1)000000000000000 Dp-brane O
0 bound state 10 0000000000000 000 NOOOODOOOOOOODO20O

00000000 Dpbrane 100000000000 000000000000 (7.1)0000000
0000000000000 [@,&]=0 (uv=0,1,---,9)00001000000000000000
0 NOOD(-1)-brane 0000000000000Ses0 C® 000000000000000 100
0000 NOO D(-1)-brane 0000000000000000000N =00 0000000000
0ooooo

q)i
P =

2t (i=0,1,---,p), [z 27]=i0"
0 (a=p+1,---,9) (6.4)

000 N=00o00O00000 Chan-Paton 000 separable Hilbert 00 K OO0 & 0000000
00000000000000000000 D(-1)-brane0 p+1 00000000 R§+1DDDDDD
000000Ses 00 [24,2/] 00000 0-form 000000 RR-form 00000000000 B-field
DBij:Gi_leDDEI (211) 00000000 OO0OO0OO00OOO Dp-brane O RR charge 0000000
Oo0ooooooooooooooooon

' =g + 0 Ay () (6.5)

go AiIZIEII:IEI Dp-brane U0 DO OO0D0OO0O0OOOODOOODODOOOODO aj:—iej_kladmkDDDDD
googd

[q)i, (I)]] = ’L'Qij = Hij - GikaIHU, Fij = (’)iflj - (’)Jfll - ’L[Al, A]] (66)

00000D0D0000000000000000D0 S 00000Weyl0OODODODO (5.3)000003

2
B N TPy

p+1
2m) 2 N
= % /d”Hx\/det(Gij + (I)ij + F”)* (67)

0000000000 Dp-brane JOOO0O0O (4.11) OODOO0OOOODOOOOOOOOO (4.12) O
¢,; =-B,; 0000000008, 0000000000000*000000000000 &*=¢%(x)
O0000000000000000000000N =00 D(—1)-branes 00000 D-brane 00000
ooooooobo

10000 D(—1)-brane 0000000 00000
2 Ty([@+, ¥]9P) A0 0000000 NOOOOODOOOOOODOO0O0D000 D-brane 0000Myers 1000000000

+
30000 (5.3) 00000000 fdrtlz= (2w)%Pf9TrH.
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00000000000 D-brane O Hilbert 000000000000 (WeylDODODOOO)O0OChan-
Paton Hilbert 000 D(—1)-brane 000 0000000000000 UOOO D-brane O worldvolume
000000000000 CRYYH 00008 0 Hilbert 000 000000000000000O0
0000 Chan-Paton Hilbert 000 0000000000000 000000OOO0DOOOOD D-brane
0000 U(1)000000D(-1)-brane 0000 U(H)OOO [24,27]=40Y OOODODODOOO00O0O
ooooo

000000000000 D0000000D00000D0000D0000000 N=0c0000000
000000000000000000 Chan-Paton 000 My(C)~K(H) 000 Co(RET) 000D
000000000004 0000D(—1)-brane00000000D00000DODOOOODO (412)00
000 ®,;=-B,; 00000000000000000000 inner derivation 0000000000
O00D0000Chan-Paton 000 0000000000000 DODOOO0OODODOOOOOODO®H
000000000000 00000D000D0000D00000000000O00DO00DODO0O00OO
00000 D-brane 0000000000000 ODODOOOOODOO

7 K-matrix theory

0000 BPS D(—1)-brane O Chan-Paton 0000000 Dp-brane 00 0000000000000
0 0 0 bound stateld 0 O O 0 Dp-brane charge 0 0 000000 Dp-brane 00000000000 §30
OO0000000BPSD-brane 000000000 DOOCOCOOOOOO D-brane 00O bound state OO
00000000000 0DO0O D-brane00000O0O0DOODODOODOOCODOOOQOO non-BPS D9-brane
0000 D9-DIOODODOOOODO00N bound state 1000 BPS D-brane 000000000000
0000000000 0DO0O00D00O00D0O0O D-brane 00O0O0DOOOODO 0000 D-brane 00O
OO00oo0o0oo0oooDoooooooooooog

{ IIA: non-BPS D(~1) O (7.1)

IIB: D(—1)-D(-1) O

0000000000 D-brane 0000000 COCOO0O0O00O0O0O0O000O0S30000 D-braneO0O
00000 Abel OO OOOQOODODOOOOOOO K-theory 0000 K-homology 00O0OOOOOO
0000000 [1]000000000000000 K-matrix theory 0000000000000
goooodD stringd 000000000 OD0DOODOO0OO0ODOODOO0ODOOO0OODOOODbOODO0
OCO0000O0O0000O0O00DODOOO000O D-braneD0O0O00DOOOODODOOODOOOO

7.1 spectral triles

0000000000000 0000000IIADIIBOOOOODOUOODOOOOODOOODO TypellA O
0000(7.1) D 000OType ITA K-matrix theory 00000 non-BPSD(—1) 0000000 worldvolume
0000000000 bosonic 00O

{ OH (p=0,...,9) : scalar fields, (72)

T : tachyon

00000 N<ooOOOOU(N)U adjoint DOOOODO hermite 0000000000000 N =00
OO0O0O0OD0ODOOODDOOO0O Hilbert 00O HOOOODODOODO non-BPS D-brane 000 0O Zg-grading
0000000Chan-Paton 000 H=HeH=HoC, 00000 TOHOOOOO self-adjoint O
40000 U(eo) D U(H) OODDODODODO
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000000000 C,0 I0oysector 00000000000 BPSD(—1)-brane 000000 Onon-BPS
D9-brane O OO0 MyersUOOOOODOOO

So = V2T Trye T (1 1\ Jdet (8L — gy, [®7, ®1)) + c[®,,, T)[®F, T] + - )
Scs = V2T 1Stry (e*T”i@ir“l@ﬂ“lé) (7.3)

000 Stryy O C; O (odd) supertrace 0 H O trace 000000000

00000000 BPSD(—1)-brane 0000000000000 O0O0O0DOO0OO0OO0ODOOOOOO
0000000000 V(T)=v2T, e 7" 00T =410000000000000 T:\/%DD
OO0 doublewel 000000000000 00000O0000TO  N=0co000000O0O0OCOOO
0000000 matrix model 00000 NOOOOOOOOON —ooO00O0O0O0O0OO0DBOOO
000000o00O000000000000000 000000000000 000000000000
googobooobooboobuoooboobbobooboobooboobooboobooboobon
non—BPSD(fl)—braneDDDDDDDDDDDe_TzDspectruml:IDEIDDDIZIEI oobOoooooao
0000)00000000000000

00 Chern-Simons term 00 0 0000000000000000 i 000000000000
0000000000 § 00000000 D-brane 0000000000000 0000 RPT OOD
000000 BPS Dp-brane 0O0O0O0O0ABSOOOOOO0OO0O00DO0O0DOOD [32000 Hilbert 000
H=L*R\)@SO000000 S0 SO(p+1)0spinor 000 2°/200000000000000

oooHxrOOOOOODOoOoOogoo

@a:;i'a(g)]_(a:()’...’p), (I)i:()(i:p+]_’...79) (74)

00000000000004#40002*00000p,000000 —id/0z> 000 LARPYHY OO0
0D0000[E*, 3% = [pa, ps] =0, [i%,pp] =i6§ 000DDO000000 «000000004*0 SO
000000000000000000 u— oo 0 BPS Dp-brane 0000®* 00000000000
0 D-brane 00 000000000000 R 000000000 CRPTY ODOOOOOO'0000
T0O R 00 Dirac 00000000 D-brane 0000000000000000000000000
00000000 Chern-Simons teem 000000 0ien 0 (p+1) 0 CO00000000O00O0
ooo

Scs = \/§T,1up+1 Tryy (,.YO,}/I ... "prOl...p(:L‘)eilﬂTz)

= \/§T,1up+1zp/2/dp+1k (k| Cor..p(z)e " | k)
= Tp/d”Hz Cot...p(z) (7.5)

0000000 BPS Dp-brane 0 Chern-Simons term OO0 00000000 D-brane 00000 Weyl O
ooo0o0O0O0o0O0O0O0oooooooooOoogn DiracDDDDDDDDDDDDDTrH(e*TQ)EID
(p+1) 0000000000000 0O0DOOK-matrix theory 00000000000 (bound state O
O000)D-brane 000000000000

0000000000000 000000000 spectral triple 0 0000000000 OO Spectral
triple O (H,.Z,T)DSDDDDDDDDDDDDD H O separable 0 Hilbert 000 A0 HOOOODO

lgoooo000D0noonn CGRPMHoooze 000 CRPTY)YDODOOOO
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c*-00207T0 HOO self-adjoint 0O 0000
(T—N)"'eK(H) for "A¢R, [a,T] € B(H) for "ac A (7.6)

OO0000D0O0D0OO0OO00D00D0O0O0D0DO0ODOspectral triple 00000 Riemann 00000000
00 [33)0000000 Riemann 0000000 canonical triple (H, A, T) = (L2(M, S),C>=(M), D)
O00000000000000000000 C*°(M) 00 Riemann spin 00000 co 0000000
L*(M,S) 0 M 00 spin bundle S O L%-section 00 O D O Levi-Civita connection 00 00 OO Dirac
OO000DOOSpectral triple 0000000000000 O0ODO0OO0O0O0O0O Cc*-0O00 A0oDoooO
O0000000 MDOODO pe M O character DODOOO A0ooo (bpzvzl\—)(CDDDDDDDDD
TOOODO metric 0000000000 000O00OO0 20000 ¢1, oo 0O0O0O

d(61¢2) = sup { [¢1(a) = éa(a) | | [Tya] <1 | (7.7)
acA
000000000 canonical triple 000000 character 00000000 M O geodesic distance [
00000000MO000000007 00000000
000000000H O non-BPS D(—1)-brane O Chan-Paton Hilbert 00 (H 000 0)HO.A DD
0000 e+ 00000 C*0007T0000007T00000000000 spectral triple (H, A, T) O
0000000000000000000000000000000

1So] < Trpg (e7T°) (1 || (&4, @] | + || [, T] > + )

1 _p2
sl € 30 =5 1l Gl (@) Tere () T 11T @ [ ox || {07, @] || (7.8)
n {pr}
000o000o000o0o0oo0oO || -||b0o000000000000 e, O0D0DD0O0O0O0D0D0O0O0O0O
0000000000000 000000000000000030

(T — Nt eK(H) for "AZR, [®*,T], [®*,®"], YC(P) € B(H) (7.9)

C(®)0 ¢+ 000000000000 0000000000000000000 spectral triple 0 0 O
(76)0000000BH) 0 HOOODOOOODODO000O0 C+-000000K(K) 0000000000
000BH)0D0D000000000000000007TO00000000000000000000
000070 spectrum 000000 T=+00c 00000000000000000000000000
00000 TeB(K)ODOOOOOD0DO0O0O0O0O00O000 (7.6) 0

T> —1cK(H), [a,T)cK(H)for"aec A (7.10)

gooooobogo T‘QDSpectrumDDDDDD T=+1000000000000000000 87.2
gooon

000 K-matrix theory 00 0000000000000 O00DOOO0OOOOOOOODOOOOOO
0000 ®# 0 spectrum 00 00 non-BPS D(—1)-brane 00 0000000000000 00O00OO
00000000 e+ 00000 C+-00 A0000D00O0O00000O00O000 7000000000
000000000000 0000DO0O0O000DO00000O0O D-brane O worldvolume M 0000
0000000AD0000000000000 D-brane 000000

0000 D-brane OO0 worldvolume M 000 0O O OO Chan-Paton bundle £ (00000)000
O000OOspectral triple 000 0000000000000 0O0O0O0D0O0O0O0O0 UMH)OOOOO

2gpooo A0 unital 00000 Onon-unital 00000000000 (7.4) O non-unital 000000
300 S 0000000000000000000000000000000000000000000000000
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A00000O Aut(.ﬁ)l:ll:ll:ll:ll:ll:ll:ll:l spectral triple 0 0000000000000 0O040000
A000000 MN(.,Zl\)EII:IEIEII:I spectral triple 0000000000000 U(N)ODOOOOO
O00O0OO0O0OO0DOM OO0ODOOO canonical spectral triple 0 Chan-Paton bundle £ OO0 OOO00O0O
(H,A,T) = (L3(M,S ® E),C>(M),Dg) 0000000000 Dg 0 S®E OO connection 0000
00 twisted Dirac 0O 00000

Type IIB K-matrix theory 000 0000000000000 000O0OO D(-1)-D(-1)000000
00000000000 ¢09" 000000 7 00000 Chan-Paton Hilbert 00 H = H&H O even
superspace D0 000000 MMAODODOODDOODOODODODOOODOOO

ﬁ=<H>,§>“:<w _OH>,ﬁ:<QT> (7.11)
H 0o @ T

o000 nAOdOODOOOO0O0ODOOOOOO00OO0ODOOOO00O0O0ODOOOoOOoDDOO ﬁEB(ﬁ)DDDD
000000006+ 0 @ 00000000000000000000000000 A0000000O
0000 spectral triple 00000000000 0OO (71000000000

o

F?2-1eK(H), [a,F)eK(H) forae A (7.12)

O00O0IMAOOOO (grading 0000 )0000O0O

7.2 K-homology

0000 K-matrix theory D 0000 OO spectral triple 00000000 D-brane 00000000
0000000000 DO0O00D000 topological 0000000 DOOODODODOODOOOO X0O0OOO
00000000000 worldvolume O M(— X) O D-brane 000000000000 0OOOOOO
000000000000 0000b000000o0o0@ooon C-00 A0DOOx00000
p: A—-B(H)OOOOOO A\:ImqﬁzA/ker(bI:l AOD0DOODOOO  C-00000@OoOoDOooDooOoO
C*00 A00D00OD0OO0OO0O worldvolume ADDDOO0OO0OO0OOOO0 =000 o OO0DOOOOgd
00000000000 000 X=RY0O00000000000 D-brane 0000 worldvolume O 0O
00000000000 (74) 00A=CyRY) 00000 {2*,2°} 000000¢*) =3 ¢(z’) =0
OeO000D0O0D0O0ODOODO

D-brane 0000 A 000000 spectral triple (A,%,7) 0000000000000 ADO000
000 D-brane O triple (H,gb,f) 000000000000 A O analytic K-homology 0000 OO
O00D0°000000 Abel 000DO0OO0O0DOOO0ODOO [340000.A 00 odd Fredholm module O
(H,¢,F) 0 300000000000000OH O separable Hilbert 00 0¢: A —B(H) O 0000
F O B(H) 00 self-adjoint 00000

F?2-1ecK(H), [F ¢(a)]€K(H) forac A (7.13)

0000000000000000 Type ITA K-matrix theory 000000 triple (H,¢,7) 0000000
000 H O Chan-Paton Hilbert 00 0¢ 0 &# 00000 Worldvolume.,zl\:Im(bDDDDFDEIDDDEI
0000700000000000 (7.10) O (7.13) 00000 OO OO Oeven Fredholm module (ﬁ,gfb\,ﬁ)
0HO Zo-graded Hilbert 0000000000 DOOOO0O0O0OOCDOOOOOO Type IIB K-matrix theory
000000 triple (H,¢,F) 00000002 00 Fredholm module 000 (Ho & Ha, do ® b1, Fo b Fy)

{0000 [B3Iooooooo Inn(.lf)[l rv(l)D0oooooooooo Out(ﬁ)[l diffeomorphism 0000000
5000000000000000D000000analytic K-homology 0000000000000 O00000O0OOOO T
0000 unbounded Fredholm module 0000000000 OOOOO
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000 Fredholm module OO 0O O O O Fredholm module 000 O00O0OOOO0OODODOOOO analytic
K-homology 0 K%(A) (:=0,1) 0000000

K'Y(A) = {(H,¢,F) : odd Fredholm module over A}/ ~,
K°(A)

={
= {(H, o, F) : even Fredholm module over A}/ ~ (7.14)

000000003000000000000000000000000000

e unitary equivalence: 2 0 0O Fredholm module (H;, ¢, F;) (i =0,1) O000000000O00O ¢;0
F, 00000000000 B(Hy,H,) OOOOODDO0ODOD0O0UDOODOOOODO0ODODO0ODOOOOO
aoo

e operator homotopy: 000 Ho=HiO0¢pg=¢; 00 Fo O F; 00000000 O0OOOOOOO
00000000000 homotopicOOODOOOOOOONO

e addition of a degenerate Fredholm module: OO0 Fredholm module 000 (7.13) DOO0O0O0O
F?-1=[F¢(e))=000000000000000000000000000000O0O0OOOO
O0000o0000ooO0o0ooooooooooo

O0000K-matrix theory 0000000000000 AD0OO00DDOQOOO analytic K-homology
Ki(A)OODODODOOOOOOOOOOO0OO0O00 BPSD-brane 0000000000000 O0
D00070000000000000000000000

00 §30 K-theory 0000000000 X =RY 00 M =RP™ O worldvolume O 0 0 Dp-brane
O RR-charge 0 K*(R?™?) ~ K;(Co(R° ™)) 000000000 ITA O 4 =1(3.31)0IB O i = 0(3.15) O
00000000 Dp-brane charge 0 K-homology 0 0 K*(Co(RP™)) ~ K;(RPT) 0000000000

Z (p:even)
0 (p:odd),

0 (p:even)

Z (p:odd) (7.15)

KM (Co(RPT)) = { K°(Co(RPT)) = {
0000 D-brane O spectrum 0000 00O K-theory 0000 O RO7P 0O K-homology O O worldvolume
R OO0O0OD0O0DDDOOOOOOOOOOO0OODDD X=R 0000 Poincaré dual 000000000

00000000000 000000 n0O0O compact 000 X OOODO

K-homology K;(X) =~ K" {X) K-theory

! ! (7.16)
homology — H;(X;Z) ~ H"%(X;Z) cohomology

2

O000000000D00D0O0OD00000 Poincarédual 0O0DOO00D00O0OODO KOOOOOO K-dual
OD00O00O000D0OO0OD0O000 Chern-character map 0 0000QUOOODODOO Chern OOOOO0O
0000000000000 0 TypeTAOOOOUOOO non-BPSD(—-1) 000000000 non-BPS
D9-brane OO0OO00O0D00OCOO000O00O000D0DOCOO duality 0OD-brane 00000000000
0000000000000 000000000K-homology 000000 D-brane000000O00O0O
oooo

00 K-homology 000000 worldvolume RFH 00000000000 O(7.16) J000000K-
homology O 0O OOODO homology 00000 OODOOOOOOODOOOOD topological K-homology

$00000000000000000000D0D0000 30000000000000 [34 0000
T00000000000000 D-brane00000000000000000
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00000000000000000000 C*00 A=Cy(X)000000000000 K-homology
00000000 [350

Ko(X)={(M,E,p) : even K-cycle over X}/ ~, (7.17)
K1(X)={(M,E, ) :odd K-cycle over X}/ ~ (7.18)

0000X 00 K-cycle O triple (M, E,¢) 000000M 00 Spin° JOODE O M OO0OOOO
00000000 MOO XOUOOOUOOOOMOOO (ODO)0OOOOO even(odd) K-cycle O
000200 K-cycle O disjoint union (Mg, Eo, o) U (M1, E1,¢1) 000 K-cycle 000000000
0 0 bordism direct sum vector bundle modification 000 3 000000008 0EFE 000000
{(M,¢)}/ ~0000 homology 00000000 OOOO0OOOOOO Abel OO homology O F OO
000000000000 00D00000D0000000000000 D-brane O worldvolume M O
Chan-Paton bundle E 00 000000000000000O0O00O K-cycle (M, E,p) 0 BPS D-brane
000 (26) 000000000 O topologocal K-homology O Type II 000 D-brane 00 OO OO0
00000000000 analytic K-homology K*(Co(X)) 00000000 OK-matrix theory 0000
000 D-brane 0O0ODOO0ODOOODOOOO

O000BPS D-brane 000000 Chern-Simons term 00 000000000000 OCOOODOOO
(7.16) O Chern-character map 0O O

ch. : Ko(X) = Heven(X;Q), (7.19)
ch. : K1 (X) — odd(XE Q) (720)

0000000 Odtopological K-homology 0000000 OOO0OO0O
ch.(M, E, p) = ¢.(ch(E)UTd(TM) N [M]) (7.21)

O000D00000 X 0 homology D000 RR-form D000 C =Y ct) 0Oo0DO0O0OOO0O C
oooooobooogo

Scs = / C (7.22)
ch.(M,E,p)

= / ©*C A ch(E) A Td(TM) (7.23)
M

00 00BPS D-brane 0 Chern-Simons term 000 0000° 000000 M O0DOO0O0OO0OO EOO
O0000000 Chern-Simons term OO0 0000000 O0OO BPS D-brane 0 Chern-Simons term [
K-theory 0000000000 DODOOODO K-OOODOOO cohomology DO O0DOO0ODOODOOOOO
00000 ch(E) O K(M) O Chern character ch(E) —ch(IY) 0000000 Poincaré duality 00 0
0 K(X) O Chern character 0000 X 00 cohomology 000000 RR-form 00O O00D0O0OOO
00000 K-homology 00000 dual DODOOODOOOOOOODDO BPSD-braneODOOOOODO0O
0000 K-homology 00 K-theory 00 K-dual 000000000000 O0O0OODOOOOODOOO

7.3 KK-theory

00000 K-theory O K-homology 1000000000 OOO0OOODODOCOOOOOOOOOOOOO
000623 000000000 BPSD-brane 00000000000 ODOOOODOOOOOODOODOO

800000000000 [35)0000000000000000 [1]0
900000 X O topology 0000000000000 DODOODODODD (7.21)0 /A(TX) 000000000
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Type IIA O non-BPS D9-brane 0 0 Type IIB 0 D9-D9 00000 K-theory DD O0O0O0O0O0O0O0O0
O0000000ooDoooOg ABSOOT=~-20000000000001000 worldvolume O ¢+ 1
O000000OBPS Dg-brane 000000000 v 0 Dg-brane 0000 R ¢ 0 gamma 0000
000000008700 D-brane 00000000000 Type HA U0 0O non-BPS D(—1)-brane O O
Type IIB OO0 D(—l)—mDDDDDDDDDDDDD Chan-Paton 0000 00O0OODOO0OO
O0Dirac 0000 T=v-p00000000000000 000 worldvolume OO ¢g+100000
O000000000ODg-brane 0000000~ O R 0 gamma 0000000000 K-homology
000000000000 00000000K-dwal OO0OD0DOO0ODOOO0ODODOOO0ODOOOODOOODOO
0000000000000 000000000000000 D-brane0000000D0O0OOOODO0O
g48586 DO OO ODODOOOOODOOO

O00OBPSDg-brane 00 0000000000000 OCO0ODOOOOOOOO0ODOOOODOOOODOO
0000000000000 000000 non-BPS Dp-brane 0O ITA OO0 p: odddIIB 00O 0O evenl
000 Dp-DpO0OHADDOO p: evenOIIBOOO odd0 00000

T=n-z4+7p (7.24)

0000000 Dg-brane 000000000 O0O0D0O worldvolume 0000000000 O00OOODOO
000000000000 o0o0b0o0000o00oob0o0D0o0oDo0o0oo0bO00 KK-theory OO0
0000000KK-theory KKi(A,B) (i=0,1)0 C* 00000 ABO0D0000OO Abel D000
00 O Kasparov module 0 00 00O Hilbert (A, B)-bimodule 00 0000000000000 0O0OO B
oooooooooDoOo (evenorodd)Fredholmmodulel]l]l]l]l]§7.2|:|HilbertDDHDﬁDDB
00 Hilbert 00 (right B-module) 00000 00 O analytic K-homology 0000000000010
000 BO0OOCOOOKK-theory O A0 K-homology 00000000 KK%A,C)=K(A)DOD
D0ADDO0COO0D BO K-theory 0000000 KK(C,B)=K,(B)000 B=Cy(X) 00O
00 (3.34)(3.35) O K-theory 10 000000% 0000 KK-theory 010000000000000
000ob000 D-brane 0000000 0OODOOODOOOODODOOOODODODOO X=NxMDOOOO
0000 (Co(N),Co(M)) 00O odd Kasparov module O O worldvolume O M O transverse 000 N O
non-BPS Dp-brane 0000000000000 M O000O00O0O0DO Chan-Paton bundle OO fiber H O
Co(N)DUDODODODOUODOO MO Fredholm 00000000 0DO0OO even Kasparov module
0Dp-Dp 000000000000 00O00D000DDOOOO0OO D-brane 000000000000
O00O(r16) 00000000000

KK'(Cy(N),Co(M)) ~ KK"™(Cy(X),C) ~ KK (C,Cy(X)) (7.25)

OO00000000 n=dimN,m=dmM OO000O0 mod200000000000BPS D-brane O
000000 KK-theory UO000O0OO0O00D0OOOO0O0DOOOODOO

0o

O0000000000 Calabi-YauOOODOOOOOOOOOOOOOOODODODOOOOOODOODOO
oboooooobooboooooboobooboooooobOobooooboobooboooboo0ooooonag
oboooOobooooboboooobooboobooboooooobOoobooobO0obooooooDn
gooooobooooooboooooboboooboobobooooobboobOobDOobOoOoDOoDbOon

10000 [34] 0000 Kasparov module 1000000000000000 Fredholm picture 100000
e32000000000000000000000
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