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1. Introduction
m(a,b): The arithmetic-geometric mean of a, b.
F(a, 8,7v;x): The Gauss hypergeometric function.

Fact 1 ForO<z <1,
1 11

. —F(Z,21:1-42).
m(1l,x) (2 2 )

w(a,b,c,d): An arithmetic-geometric mean of a,b, ¢, d.

Fp(a, B1,062,03,7;,x1,r0,x3): Lauricella’s hypergeometric func-
tion.

Theorem 1 ForO<z3z <axp <zq <1,
1

11— 22,1 — 23,1 —x3)2.
(1,1, 22, 23)

= Fp(—,

-l>|l—l
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2. The arithmetic-geometric mean

For a > b > 0, we define two sequences {an} and {bn} as

apg =a, bg=020,

an + b
Ap4+1 — %7 bn—l—l = Vanbn.

Fact 2 {an} and {b,} converge and

n—oo n—oo

This common limit m(a,b) is called the arithmetic-geometric
mean of a, b.



Proof. It is clear that bg < b1 < a1 < ag.

For any n € N,
b=bg<b1 < - <bp<an<---<ay <ag=a.

Since {an} and {b,} are monotonous and bounded, they con-
verge.

Put «a = Ilim an, B8 = Ilim by, and consider the limit of the
. n—oo n— oo
equality
an + bn
Ap+41 = 5 as mn — oQ.
We have
a_a+ﬁ

which implies a = . []



Remark 1 The convergence of {an} and {bn} is very rapid. We
will show the rapidness by Maple.

Fact 3
m(ta,tb) = tm(a,b), (t>0)
m(a 5 b,\/%) = m(a,b).

By Fact 3,

14 1+ 2/x
Fact 4 (Shifted relation)

2/x 2
m(1, T+ :1:) =142 xm(l,x).

The study of the AGM from the elliptic integral, refer to [U].
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3. Hypergeometric function

The Gauss hypergeometric function with parameters «,(3,v is
defined by

F(a,B,7;2) = Z (a)n(ﬁ)nzn

n=0 (7)nn!
where |z| < 1,v# 0,—-1,—2,...,and (a)p = a(a+1) - - (a+n—1).

Y

F(«a, 8,7; z) satisfies the hypergeometric differential equation:

2(1=2)f"+{v—(a+ 8+ 1)z}f —aBf =0.

Fact 5 (The Gauss quadratic transformation formula)
4z
5):
(14 =)

(14 2)%F(a,a — 8+ % B+ %; 22) = F(a, 8,28
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Proof. The both sides of Fact 5 are holomorphic functions with
value 1 at z = 0 . By a straightforward calculation, their differ-
ential equations are coincident and singular at z = 0. L]

Corollary 1

11 2 1 11
G- Yy =1trpd 1,2y
22 1+ =x 2 22
Proof. Substitute a =8 =3 and z = %_T_"’; into Fact 5. ]
Fact 1 For O <z <1,
1 11
—:F(—,—,l,l—ﬂjQ)
m(1l,x) 2°2



Proof. Make {an} and {by} for initial terms a =1, b =z and put

F(z) = F(l, % 1:1 - 22), f(z) = m(1,2)F(z).

By Fact 4 and Corollary 1,
\/’
= m(1,

— (%m(l x)) (1‘; ) — m(l,:c)F(w) = f(z) = f(s_(;

f f

For any n € N,

f(—) = f( ) = f(z).

Let n — oo then f(b") — 1, since |Imooan— I|m bp and m(1,1) =

F(1) =1. Thus m(l x)F(x) = 1. ]



4. Some results for AGM'’s

J.M. Borwein and P.B. Borwein considered modified arithmetic-
geometric means mz(a,b) and ma(a,b) as the common limits of
sequences defined by the recurrence relations

an + 2bn __7 a2 + anbn + b2
,  bpy1=1/bn

Ap4+1 — 3 3 )
and
an+3bn Cln+bn
Unt1 = bnp1 = \[bn—F—
Fact 6
1 1 2
— F(_7_7 11 1 _333)7
m3(1,x) 33
1 1 3
= F(=,2,1;1—2°%)?
ma(l,x) 4" 4



As a generalization of m3z(a,b), K. Koike and H. Shiga give an
arithmetic-geometric mean among three terms and express it by
Appell’s hypergeometric function Fl(%,%,%, 1;21,22).

They studied another arithmetic-geometric mean among three
terms and Appell's hypergeometric functions Fy; with different
parameters.

5. Verification 1 by Maple

Gauss AGM, Borwein AGM


file:kumamoto2.mws
file:kumamoto3.mws

6. An arithmetic-geometric mean among
four terms

Define four sequences as follows:

ag =a, bp=0b, co=c, dg=d, a>b>c>d>0,

an + bn, + ¢, + dn, \/(an+dn)(bn+cn)
\/(an ‘|‘ Cn)(bn + dn) \/(Cln ‘|’ bn)(Cn ‘|‘ dn)
Cntl = 5 ,  dpy1 = 5 :

Lemma 1 {an}, {bn}, {cn}, {dn} converge to a common value
w(a,b,c,d), which is called an arithmetic-geometric mean among
four terms a, b, c,d.
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Proof. {an}, {bn}, {cn} and {d,} satisfy
a>ap_12>apn>2bn>cp>dn>dy_1 2>d

for any n € N. Since the sequences {an} and {dn} are monotonous
and bounded, they converge.

Since
Up+41 — dp41
1 1
= 2(Van+ by — Ve + dn)? £ (V205 — V24y)?

. 1 an_dn a—d

we have lim (ap —dp) = 0.
n—oo

Thus {an}, {bn}, {cn}, {dn} have a common limit. []
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Remark 2 We have

(4ay41)2 — (4byy1)2 (an — by — cn + dn)2,
(30041 — (ent 1) = (an— b+ cu— dn)?.
(4an+1)2 - (4dn+1)2 — (an + bn —cn — dn)2

Lemma 2
p(ta, tb, tc, td) = tu(a,b,c,d) (t > 0),

w(a,b,c,d)
— M(a-l-b-l-c-l-d \/(a—l-d)(b-l-c) \/(a—l-c)(b—l—d) \/(a—l—b)(c—l—d))

4 2 > 5
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Lemma 3 (Shifted relation) Let (y1,y>,y3) be the image of
(z1,z2,23) by the map ¢

o(x1,r2,23) = (p1(2), w2(x), w3(x))

2/(1+az3)(z1+22) 2¢/(1+z2)(z1+a3) 2¢/(1+z1)(z2+23)

l4+x1+20+23 ’ l14+x1+20+23 ’ l4+x1+20+23

Then p satisfies

4

l14+x1+20+23
forO <x3z <zxzp <z <1.

p(l,21,20,23) = 1(l,y1,y2,93) (1)

Remark 3 J.F. Mestre studied in [M] a different arithmetic-
geometric mean among four terms related to periods of hyper-
elliptic curves of genus 2.
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7. Lauricella’s hypergeometric function

Lauricella’s hypergeometric function Fp of 3-variables zq, 2o, 23
with parameters «, (81, 82, 83,7 is defined as

00 3 A '
Fp(a,B,7v;2) = Y Onyngtns =1 Fidr, I1 =’

I
ni,no,n3>0 (7)n1+n2+n3 H] 17y 1=1

where z = (z1, 2, 23) satisfies |z;| < 1 (j = 1,2,3), 8 = (51, 82, 33),
~#*=0,—-1,-2,....
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Fact 7 This function satisfies the Pfaffian system given as

df = > Ajdlog(z — zj)f,
1<i<j<5

where f = *(fo, f1, f2, f3), fo = Fp(a,B,7; 2),

fi=2i% (1=1,2,3), 24 =0, z5 =1 and

v J
( )
v _ﬁj 5
A = (1 <i<j<3),
J Bj _62
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O O O OO0 OO oo o o o

~

1 0 0)
1+8+683—v 0 O
— > O O
—B3 0 0)
0 1 0
0 —(1 O
O 14+061+p83—v O
0 —[33 0)
0 O 1 )
O O —(1
O O — (5
0 0 1+4+pB1+8B2—7)

16



[ O 0 0 0
Ao — —af; y—a—p0p1—-1 -6 -6
15 0 0 0 o |’
\ 0 0 0o o0 )
[ O 0 0 0
e 0 0 0 0
> —afBy —fo y—a—PFo—-1 B2 |’
\ 0 0 0 0 )
[ O 0 0 0 \
0 0 0 0
Ass = 0 0 0 0

\—afs B3 —P3 v-a—Pz3-1)

Remark 4 For this fact, we refer to the proof of Proposition
9.1.4 in [IKSY], but the A;; and A;,41 are wrong. K. Ohara
informed us of the correct Pfaffian system given by [O].
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3. Main theorem

Theorem 1. ForO<z3 <axp <zq <1,

1 1111
=Fp(>, =, >, =, 1;1 — 22,1 — 23,1 — 23)2.
n(l,xq,x0,23) 4°4° 4 4

Proposition 1 The function F(z1,22,23) = Fp(3,%, %3, 1; 21, 22, 23)
satisfies
l1+z14+x0+23
4

F(1—2%2,1—231—x3)2
1 2 2 2\ 2

I ( —ZC]_—$2—|—$3> (1—x1+x2—x3> (1-'-561—:62—5[33) |
l14+z14+x0+23 ’ l1+z14+x0+23 ’ l1+214x0+23

Proof. We can show that the Pfaffian systems obtained by the
functions in the both sides of the above equality coincide.
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Proof of Theorem 1.
Make four sequences {an}, {bn}, {cn}, {dn} fOra=1b=2x1,c =
ro,d = x3. Lemma 3 and Proposition 1 imply that

u(1l, 21,20, 23)F(1 — "”ﬁ’ 1— .fg%, 1— .g%,);
= w(l,y1,92,y3)F(1 —y1,1 —y5,1 —y3)~.

Thus for any n € N, we have

u(1, xl,xg,xa;)F(l—w%,l 25,1 — 25)?
bn Cn dn

= u(1, >F<1—<—>21—( )21—< ))2
aﬂn, CLn an,
Since lim & = |im &2 = |im % =1 and
n—oo an n—oo an n—oo an

u(1,1,1,1) = F(0,0,0) = 1,

We have u(l,z1,25,23)F (1 — x%, 1 — x%, 1— x%)z = 1. ]

19



T heorem 2

a a+2 a+2 a—|—2 a+2
Fp(—,

: : 1—22,1—22,1—22
4" 127 127 12 1 2 5)

a a+2a+2a+2a+5 ,

L 1421+20+23 .
- ( 4 ) oy 115 12 5 A2
where
Z,l _ (1—zl—z2—|—23)2
1+ 21+ 20+ 23
o = (1—21+22—Z3)2
1421+ 204+ 23
; (1+Zl_22_z3 2

2 e
3 1+ 21+ 20+ 23

9. Verification 2 by Maple

4-terms AGM
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