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Abstract

From Goursat’s transformation formulas for the hypergeometric
function F(«, 3,7;z), we derive several double sequences given by
mean iterations and express their common limits by the hypergeomet-
ric function. Our results are analogies of the fact that the arithmetic-
geometric mean of 1 and x € (0,1) can be expressed as the reciprocal
of F(1,1,1;1 —2?).
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1 Introduction

Let m; and msy be the arithmetic mean and the geometric mean:

r+y

ml(x7y) = 9 m2(x7y) = \/@

For 0 < b < a, we give a double sequence {a,} and {b,} by the iteration of
two means m; and my with initial (a,b):

(a0> bO) = (a7 b)> (an+17 bn+1) = (ml (am bn)7 mQ(am bn))

This double sequence converges and has a common limit, which is called
the arithmetic-geometric mean of a and b, or the compound m; ¢ ms(a, b).
It is known that the arithmetic-geometric mean can be expressed by the
hypergeometric function, that is

my o mao(a,b) =

where

F(a,B,7v;2) = Z—z .

n=0

We remark that the Gauss quadratic transformation formula for the hyper-
geometric function implies this fact, refer to Section 3 for details.

In this paper, from Goursat’s transformation formulas in [G] instead of
Gaussian, we induce several double sequences given by mean iterations and
express their common limits by the hypergeometric function F(«, 3,7;2).
We list pairs of means and their common limits induced from quadratic
transformations in Theorem 2 and those from cubic ones in Theorem 3. It
turns out that the parameters (a, 3,7) of the hypergeometric function in
Theorem 2 satisfy

{ 1 1 1 }:{2,2,00}, {2,4,4},

1=~y —a—=p|" a7

and that those in Theorem 3 satisfy

1 1 1
{‘1—7|’|7_a_ﬁ|7|a_ﬁ|}—{2,3,6}.
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B.C. Carlson considers in [C] the twelve double sequences given by the
iteration of means m; and m; (1 <i,j <4, i# j), where

r+vy
T

Tr+y
5 Y.

2

7TL3(ZE,y> - m4(x,y) =
They converge and their common limits m; ¢ m;(a,b) admit integral repre-
sentations of Kuler type. Theorem 2 can be obtain by these results together
with some functional equations for the hypergeometric function in Lemma 2.

J.M. and P.B. Borwein study in [BB1] two double sequences given by the
iteration of ms and mg and by that of m; and mg, where

x+ 2y s 2+ Yy + y>?
ms(z,y) = o ome(,y) =\,

3 3
x + 3y T +y
m7(:B,y) = 4 ) mg(x,y) = Yy 2 .

They converge and their common limits mjs ¢ mg(a, b) and my7 o mg(a,b) can
be expressed as

a a
P32 L1- (2P F(L3L1— (222

respectively. We remark that Theorem 3 is independent of the results in
[BB1] and [C].

The above expressions of common limits of double sequences in [BB1] are
extended to those of multiple sequences by the hypergeometric function Fp
of multi variables, refer to [KS], [KM] and [MO]. Similar extensions of some
results in Theorem 2 are studied in [M].

A list of transformation formulas for the generalized hypergeometric func-

tion 5Fy( OéoéquéQO@ ;z) is given in [K]. We attempt to find double sequences

whose common limits can be expressed by 3F5. It turns out that we can not
get proper expressions of common limits by 3F5 because of the reduction and
the Clausen formula for 3F5, refer to Section 6.

Acknowledgment. The authors express their gratitude to Professor M.
Kato for informing them of his results in [K].
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2 Mean iterations

In this section, we formalize the notion of mean iterations, for which we refer
to Section 8 in [BB2].

Let R be the multiplicative group of positive real numbers. A mean is
a continuous function m : R} x R} — R satisfying

min(z,y) < m(z,y) < max(z,y),
m(tr,ty) = tm(z,y),

for any z,y,t € R%.. A mean m(x,y) is strict if
m(z,y) =x or m(z,y)=y = x=uy.

For two means m; and ms and two positive real numbers a and b, we
define a double sequence {a, } and {b,} with initial (ag, by) = (a,b) by

(an+17 bn+1) - (ml (anv bn)7 mQ(ana bn))

This double sequence is called the (mq, msy)-sequence with initial (a,b). If
(my, my)-sequence with initial (a,b) converges and has a common limit, this
value is called the compound of my and my with initial (a,b) and denoted
my o ma(a,b).

If a > b and two means m; and my satisfy

my(x,y) > me(x,y), forany (z,y) € R x RY, (1)

or
(x —y)(mi(z,y) —ma(z,y)) >0, forany (z,y) € R, x RY, (2)

then the (mq, my)-sequence with initial (a,b) satisfies
bp<by <by<---<b,<a, < <ay<a <ap.
If @ > b and two means m; and my satisfy
(x —y)(mi(z,y) —ma(z,y)) <0, forany (z,y) € Rl x RY, (3)

then the (mq, my)-sequence with initial (a,b) satisfies

bp <ay <by <o < by < agpt1 S bopgr < ag, <o <ag < b < ap.
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Lemma 1 Suppose that two means my and my satisfy (1) or (2) or (3).
If either my or my is strict, then the (mq,ms)-sequence with initial (a,b)
converges and has a common limit, and the compound my ¢ my becomes a
mean. Moreover, the convergence is uniform on any compact subset of R x
R* .

Proof. For a proof of the cases (1) and (2), refer to [BB2]. Suppose that (3)
is satisfied. We may assume that a > b. Let {a,} and {b,} be the (my, my)-
sequence with initial (a,b). Then both of four sequences {aa,}, {a2ns1},
{ban} and {bg, 11} are monotonous and bounded. Thus they converge; we set

lim Aopn = Q, lim Aon+1 = Qq, lim bgn = ﬁo, lim bgn+1 = 61.
n—00 n—00 n—00

n—oo

Let n — oo for the inequalities
An—1 < bap < a2pg1 < bopy1 < agn < boyoy,
we have
ap << <P << B, e, fo=ai, [i=ay a1 <ap.

Let n — oo for the equalities

Aop+1 = ml(a2n> b2n); b2n+1 = m2(a2n> bzn),

we have

ay = mi(ag, Bo) = mi(ag, 1), g = B =ma(a, ) = ma(ag, ar).

Since either m; or my is strict, ag should be equal to a;.

Let us show that y = m; ¢ my is a mean. In order to show that u is
continuous, take any (a,b) € R x R%, any € > 0, and choose N € N such
that

lan(a,b) — p(a,b)| <e

for any n > N. We fix a natural number n satisfying 2n > N. We can regard
as, and ag, 41 as continuous functions of initial terms (a, b). Thus there exists
0 > 0 such that

’% - CL| < 57 \agn(x,y) - a2n(aab>’ <g,
‘y - b‘ < 57 ‘a2n+1<xay) - a2n+1(a’7b)| <E&.
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If | —al <9, |y —0b| <6 and x >y then we have
M(Iay) < a2n(xay) < a2n(a7b) te< :u(a7b) + 257

p(@,y) 2 agna (2,y) > agnia(a,b) — & > pla, b) — 2¢;
ie.,
(@, y) — pla,b)| < 2e.
If |[vt —a| <9, |y —b| <6 and z <y then we have

p(z,y) < agny1(z,y) < agnqi(a,b) + ¢ < p(a,b) + 2,

w(z,y) > azn(@,y) > azn(a,b) — e > pla,b) — 2¢;
ie.,
[z, y) — pla,b)| < 2e.

Hence p is continuous at (a,b). It is clear that

min(z,y) < p(z,y) < max(z,y),
p(tz,ty) = tu(z,y),

for any z,y,t € RY.

Let K be any compact subset of R} x R?, and K and K_ be closed
subsets of K given as {(z,y) € K | £(z —y) > 0}, respectively. Since p is
continuous on R¥ xR* and the sequences {as,+1} and {as, } are monotonous
on K, (resp. K_), they uniformly converge to u on the compact subset K,
(resp. K_) by Dini’s theorem. Thus {a,} uniformly converges to p on the
compact subset K. ([l

The key observation about my ¢ ms is the following fact in [BB2].

Fact 1 (Invariant principle) Suppose that the compound my ¢ my of two
means my and meo exists. Then my ©msy is the unique mean [ satisfying

M(ml(av b)v mQ(a’a b)) = M(a’v b)

for any a,b € RY.
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3 The hypergeometric function and mean it-
erations

The hypergeometric function F(«, §,7v;z) with parameters a, 3, is defined

- 5 e

n=0

where the variable z isin {z € C | |z] < 1}, v # 0,—1,-2,..., and («), =
ala+1)---(a+n—1)=I'(a+n)/I'(a). This function admits an integral
representation of Euler type

Plon B 2) = F(@)?(&)_ a)/ﬂ == )

and satisfies the hypergeometric differential equation

d
2(1—z)d—§+h—(a+ﬁ+1)z]d—§—a@F:o.

Theorem 1 Suppose that the compound mq ¢ mo of two means my and mo
exists. If my and mo satisfy ma(a,b)? < 2my(a,b)? and

mi(a,b) _ a q "
Fopst— (ze8)) Fletni- ()

for some o, 3,7v,p,q € R and for any a,b € R with OP < 2aP, then we have
a
F (Oé,ﬁ,’}/;l - (g)p)q.

Proof. Let {a,} and {b,} be the (m;, ms)-sequence with initial (a,b). The
equality (4) implies that

()

my o ma(a,b) =

Qg a1
b \ 7\ ¢ = b \P\ 4
Flasmi—(8))  F(asmi-(2))
ag An

] CR M AT Y
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Let n — oo, then we have

" lim a,
- = n— o0 7= my <>m2(a7b)7
Fla,8,%1-)"" F (a,ﬂ,v; 1 — lim (fﬁ)p>
since lim a, = lim b, = m; o my(a,b) and F(a,3,7;0) = 1. -

Corollary 1 Suppose that the compound my ¢ mo of two means my and my
exists and that it satisfies (5) for a,b € R% such that b/a is sufficiently near
to 1. If

t/rxl—s—‘,-ty—t7
)(t+1)/rxlfs+t

mll(xay) = ml(xrayr)(s_t)/er(xrayT)

my(z,y) = my(a’,y")eY -

/er(xr’yr y

are means for given r(# 0),s,t € R, and the compound m/ o m), exists for
such a,b € RY, then we have

at—i—l

b F(a, B3 1 = ()rm)asm

a

my o my(a,b) =

Proof. By Fact 1, we have the equality (4). Since

mh(a,b)  ma(a”,b")"

iy a.b)  m(ar, b

we can easily obtain

m!,(a, b)t*! B at+!
/ pr\ s/t prygs/r’
mIZ(a‘7 b>tF (OK, ﬁu % 1 — <:/2EZ7Z§> > th (Oé, ﬁ’ s 1 - (S) )
1 )
Fact 1 implies this theorem. O]

Remark 1 Though m/(x,y) and m)(x,y) do not satisfy the condition
min(z, y) < mj(z,y) < max(z,y) (i=1,2)

for some r, s,t in Corollary 1, it occurs that the double sequence {a,} and
{b,} obtained by m/(x,y) and m,(z,y) has a non-zero common limit ex-
pressed by the hypergeometric function.
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Corollary 2 Suppose that the compound my ¢ mo of two means my and my
exists and that it satisfies (5) for a,b € R such that b/a is sufficiently near
to 1. If the compound mjoml of m)(x,y) = ma(y, x) and my(x,y) = my(y, )
exists for such a,b € R, then we have

a

(5" Py = Ba, 71 = (L)p)s
a

(&) Py —a, B3 = (G

Proof. 1t is shown in [IKSY], p.38 that

m’ o mi(a,b)

F(a,B,7v;2) = (1—2)"“F(y—0,a,7; z%)

1
— (1-2)PF(y— 0,87 —)

z—1

for z € C satisfying |z| < 1 and Re(z) < % By the first equality for z =
1 —b/aP and for z = 1 — my(a,b)?/my(a,b)?, we rewrite (4) as

ma(a, b)
ma(a,b) 1=pqa : m1(a,b) PN
<m1(a,b)> F (7 - ﬁa a, ;3 1- <m2(a,b)> )
b
(&) F (v = Byl = (5)")

Recall that we give m/ and m/, by changing the role of z, y and that of my, ms.
Fact 1 for m) and m/), implies

a
!/ /
my o my(a,b) = — :
()™ Fly=B,0,%1 = (2))1
Similarly we can get the second expression of m) ¢ mj(a,b). O

Let us explain how to utilize Theorem 1 and Corollary 1. The Gauss
quadratic transformation formula is as follows:

1 1 4
(1+Z)2QF(0[704—6+§,6+§;22):F(Oz,ﬁ72ﬁ;ﬁ), (6)
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where 2 is in a small neighbourhood of 0, and the value of (1 + 2)** is 1 at
z = 0. By substituting

b 1-—=z 1
a 1+z2 a=pf= 2
into the equality (6), we have
(a+b)/2 a
F(L 511 - (22 FG 3 u1- (%)

Let m; be the arithmetic mean and ms the geometric mean. It is easy to
show that the double sequence {a,} and {b, } defined by (ag,by) = (a,b), and

(an ki bn: V anbn)

2

has a common limit p(a,b), which is called the arithmetic-geometric mean
of a and b. Theorem 1 implies a well-known formula

(an+17 bn-‘rl) = (ml (an7 bn)7 mZ(anv bn))

a
L4 1-(Y)7)

for 0 < b < a. By applying Corollary 1 for (r,s,t) = (2,1,0) to (7), we have

p(a,b) = - ( (7)

a

JF(r- )

my omsy(a,b) =

for a > b > 0 and two means

1'2 + y2
my(z,y) = 5 mh(z,y) = \/TY.

By applying Corollary 1 for (r,s,t) = (1, 3,0) to (7), we have

a

JF (B r- )

my omy(a,b) =

for a > b > 0 and two means

r+y , 2xy
T my(z,y) =4/

/ —
ml(xvy)_ 9 ) x+y
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4 Compounds of means by quadratic trans-
formation formulas

In 1881 Goursat gave a list of transformation formulas of the form

Fla, 8,7:2) = e(2)F(d, B, 75 4(2)),

in [G], where ¢(z) and 9¥(z) are algebraic functions with values 1 and 0
at z = 0, respectively. In this section, we give a list of the compound
means expressed by the hypergeometric function derived from Theorem 1
and quadratic transformation formulas G(25),...,G(52) in [G].

It turns out that parameters («a, 3,7) of the hypergeometric function sat-
isfy

1 1 1
{ ] 5|} ={2,2,00}, or {2,4,4}, or {00, 00,00},
a —_—

1=A vy —a-p

for our consideration. We classify our results by these data. For the case
{00, 00,00}, we have the classical arithmetic-geometric mean explained in
the previous section.

Theorem 2 We have the following table.

{2,2,00}
No. | mi(a,b) | ma(a,b) |type my © mo(a,b)
)| Vab | PVEB gy a/F (1,1,3;1-2)
;11—

Va(/a+Vb) /ab
N ab

(1)
@
Q)| Uyt | e
0
8

(
(

{2t | fe5tar | () a/F(g,Q,Q, - )
(4

2ab atb a/F(2,1,1,1—- ) = Vab

a+b 2

SN——
[\
N——

w\~9|°‘ @|@@Io~
N—"

ab
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{2,4,4}
No. | my(a,b) | ma(a,b) |type my © ma(a,b)
Q(6) | YD | Vab | (4 a/F (1.5.5:1-

)

) Vab Va(ya+vb)
QE) | it | e

)

(A
(
SR i
(
(

=
=
L—
—_
o=
— Ot ot

N L N
= |
IOt | ot

5N
S
~
|

)
)
)
)
)
)

b 2
Q(Q a/F( , 5,201 g ’
Q(10) | {/2at2 | {2 | (4) | ofF (1,3.31-(2)°) = Vab
Q1) | {/5tar | (/2a | (4) |a/F (5,3.51-(2)°)" = Vab

Here b/a is sufficiently near to 1, the type (M) means the (mq, ms)-sequence
is monotonous, i.e., they satisfy

bn S bn+1 S Ap41 S an  OT bn 2 bn+1 2 Ap41 Z Qnp,;
the type (A) means the (my, my)-sequence is alternative, i.e., they satisfy
bo <ap < by < Kby < agpyr S bopyr Sag, <o <ap < by < ag.

Proof.  We show Q(3). The quadratic transformation formula G(41) in [G]
1s

. 1
Fla-az) = @-ar (152 T8 -

1—
= (1_2)71(1_22)]?(7—12—04,7—1—2 a,’y;4z(1—z)).

Substitute

1 3 b
« 27 fy 27 a Z?

into the first row of this formula, then we have

m(a,b) a
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where

ala+b a-+b
(2 ), ma(a,b) = 5

We can easily show that the (m;, my)-sequence converges and has a common
limit by Lemma 1. Theorem 1 implies that

mi(a,b) =

my o mao(a,b) = 0 T
F<§,5,§;1—(;)>

We list used formulas in [G] and substitutions to prove this proposition:

Q(1) a=p=1b/a=(1- 22>
G(38): F(a, B, 24 ) = (1 — 22)F(2f, 21 a+ﬂ+l 42(1 — 2))
Q(2) a=1/2, =32, bja=1—=
G(35) F(Ox, o+ %7’7? Z) = (@)720{17(2&, 20+ 1 —v,v; 1+%)
Q(3) a=1/2, 7 =3/2, bla=1-2
GU1):  F(o1—ai2) = (1- 2~ (52, HaL 0 aa(1 - 2)
Q(4) a=1/2, y=1/2, bja=1—-2z
G(41) F(a, 1l—a,v; 2 ) — (11;)22 WF(’V42r6¥7 'y+1 a7%42(1 _ Z))
Q(5) =1, 5_1/2 b/a:l—z
G F(a, 8,26;2) = (1Z)<—““>/2 F(B+5% 5% 0+ 2’4(,221))
Q(6) a=1, 6=3/4, bla=1+2)7/(1-2),
G(49): Fla,B,a— f+12) = TP 41 B, a—f+1; £%)
Q(7) a=1, B=1/2, bja=1/(1—22),
G(39):  Flo,f, 2 2) = (11— 22) @ F(g, oL, =24, ety
Q(8) o =871 =5/, Bja=1/0-22).
GUD:  Flol=ami2) = $55FOF 252 7 7755
Q) a=1/2, B=1/4, bja=(1+2)/(T-2),
GM48):  F(a,B,a—=p+1;2) = (1 - 2)F(5, 52, a—f+1; 1755)
Q(10) a=1/4, y=3/4, bja= 1/(1 —22),
G2 Flool = 0v7:2) = (e FU3% P % 1)
Q1) @ =12, F=3/1, ba=(1+2)/0 2]

G49): Fla,fa=BtLi2) = i F(*41, 5410, a—B+1 =)

Here we remark that the formulas (G38), (G41) and (G42) consist of some
equalities. 0
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Lemma 2 We have

— -1 1—

2 72 )

F((; a+15+ 1—t2)— (ﬁ——ﬁ —6+ t2>,

for t in a small neighbourhood of 1. Especially,

113 3
Fl=,==1—-¢) = tF(1,1,=;1—¢),

27272 2

115 2\ 3.5 )
P(AASame) < (3aiee),

135 A 1.5 A
PL22e) = (5 2a).

Proof. By substituting ¢ = 1—2z into the formula (G41), and ¢ = QT*/I? into
(G45), we obtain the first and second equalities in this lemma, respectively.
In order to get the rest, put (a,v) = (1/2,3/2) and (a,v) = (1/4,5/4) in
the first equality, and (o, 3) = (1/2,3/4), v/t = t' in the second. O

Remark 2 Carlson studied in [C] compound means of two means taken from
the following four means:

my(x,y) = x+y, my(,y) =

3(x,y) \/ my(x,y) \/

Refer also to §8.5 in [BB2| for these results. Note that the compound mean
my © Mo is the classical arithmetic-geometric mean. It is shown that the
compound means mg ¢ mg(a,b) and myg © ms(a,b) are expressed as

a2 — b2
2log(a/b)’
which is called Carlson’s log expression. The other compound means m; om;

can be expressed by the hypergeometric function by Theorem 2, Corollary 1
and Lemma 2.
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For example, Q(3) in Theorem 2 coincides with the expression of ms ¢ my
shown in [BB2] and [C]. The compound mean my ¢ my is expressed as

a
a N 1/2
VI (3531 (2))
by Exercises 1 of §8.5 in [BB2]. This result is obtained by Q(1) in Theorem
2, Corollary 1 for (r,s,t) = (2,1,0) and Lemma 2.

Carlson’s log expression can be obtained by the following functional equa-
tion for the hypergeometric function.

Lemma 3 For a,n € C and x in a small neighbourhood of 1, we have

(1-a)n __ 1
n(l—x)F(n(a—=1)+1,1,2;1—2) = (1—2")F(a, 1,2; 1—2") = ’

)

a—1

where the value of x™ is 1 at x = 1. Especially, if « =1 and n € N then it
reduces

F(1,1,2:1—2) = <

_ logx

1 24 .. .4 pn—1
+ax+a4- - )F(l,l,Z;l—x”)

n x—1

Proof. Tt is easy to show that the functions n(1—z)F(n(a—1)+1,1,2;1—x)
and (1 — 2™)F(a,1,2;1 — z™) satisfy the differential equation

e nla—1)+1dp

dx? x dx
with initial conditions ¢(1) = 0 and fl—i(l) = —n. Thus these functions
coincide with (z(!=®" — 1)/(ar — 1). Note that this function converges to
—nlogx as a — 1. O

By Lemma 3 for « = 1, n = 2 and b/a = x, we have

a B m3(a, b)
.1 (b)2 i
VF (11,21 — (8)2) \/F (1,1,2;1 ~ (ep) )
m4((1,, b)

Theorem 1 implies Carlson’s log expression.
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5 Compounds of means by cubic transforma-
tion formulas

We give a list of the compound means expressed by the hypergeometric
function derived from cubic transformation formulas (G78),...,(G125) in [G],
Theorem 1 and Corollary 2.

Theorem 3 We have the following table:

| No. | my(a,b) [ ma(a,b) | type |

c) | vix, | bix, | (4) a/F (;, 1,11 (§)2>
ce | xx3 | x| oF(RiE-(9)Y)
CB) | XiX3 | X3X | ()| o/F (5231 (2)7)
C) | B XiXs | B XX, | (A) a/F(%,l,%l—(g)Z)é
C) | by | Xy | () [o/F (5,551 (Y)) = Va2
CO) | e | aivi | )| o/F (L35 (0))
o | v | v @] e [r (-]
c®) | vy | v (@] oF(LE51-())
co) | abvavs | abviva | ()| aF (2050 - ()7
C(10)| &fYs | &fYy | (A) |a/F <é7%,%,1_ (§)2> — a%h

where b/a is sufficiently near to 1,

1 1 2 11 2
3+ 3 3+ 3 3+ 3 2 1 1 2
X =418 XQ:\/& S - )

(&1,&2) is the preimage of (a,b) under the arithmetic and geometric means:
_I._
3 5 & =a, V&& =0, {&. &) ={at Va? -7},

11 2
(i=1,2), &¢ =03 e Ry

W=

and —% < arg(§’) <

=Y

i

N wolro

o
I
)
=W
|
]
==
)
B ol
+
=
N colro

1 1 2 11
y, = Wt B:\/nf’+nf’n5’+n
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(m1,m2) is the preimage of (a,b) under the geometric and arithmetic means:

m + 2

vVinne = a, 9 = ba {7717772} = {bj: \% bQ - a2}a

2

11
) <§ (i=12), nin; =as €RY.

M

and —% < arg(

)

Remark 3 Parameters (o, 3,7) of the hypergeometric function in Theorem

3 satisfy
1 1 1
, , — {2,3,6).
{u—v|W—a—m|a—m} 2.3.6;

We prepare two lemmas.

Lemma 4 Ifb < a then
b<b3X, <b3Xy < b3 X3 < X2X; < a,
b< Y2Y; <aiYs<aiYs<ail; <a
if a < b then
a< X2X5 < biX; < biX, < biX, <b,
a<a§Y1<a§Y2<a§Y3<Y22Y3<b.

1 1
3\3 33\3
(&) ‘;‘(52) , it is

Proof. Suppose that b < a. Since &1,&; are real and a =
easy to show that

b<biX; < biXy < biXs < X2X;
and
2 432 1 3 303 35 303 3\(c3 3\2
a” — Xy X3 = %(551 +11E7E5 + 563 )(&F —&7&5 +&3)(§8 — &)™ > 0.

In order to show the other inequalities, we assume that a = 1 by the homo-
geneity. Note that 7; do not belong to R and that

T
| =1, Re(n;) =0, —5 < arg(n;) <

Do| 3

1 1
If we take branches of 7 so that —% < arg(n’) < ¢, then we have

1 1
V3 _ni +n

=Y, <1.
2 2 !

N of=

=1,

=
ol

Ui
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Since
4Y2 -1
b=AYP -3V, Vo=, Ya=/OP-3,
we have
1
}/12_}32 = 5(1—1/12) >07
8
Y-¥i = S(1-¥) >0,
Y; - Y7 = Ya(1-Y5) > Ya(Y? - YY) >0,
1
VAR -1 = (- Y214+ 20V2)(AVE - 3) > 0,
for 2 <Y, < 1. We can similarly show the inequalities when a < b. 0

2

*

Lemma 5 For any a,b € R’ , we have

0< =<2
3 X1 3 X ’

1
X, Y, 4 2 Y

22 X, 23 X V3 YT 32
— < < — 7< <

Proof. By the homogeneity of X;, we normalize b = 1. Note that

V3

7 < X; < o0,
and that
Xy 4X2 -1 X3 4X2 —3
X, 3X? Xy, X?
are monotonous as functions of X;. Consider their limits as X; — ‘/73 and
as X; — o0o. Normalize a = 1 to show the inequalities for Y;/Y;. [
Proof of Theorem 3.  Lemmas 1 and 4 imply that the (mq,ms)-sequence

alternatively converges for (mi,msy) in Theorem 3 and for any a,b € R.. We
show C(1). Substitute &« = 1/6 into the formula G(112):

1 1 1
F(a,a+§,2a+g;z) = (1_2)3F<a+§,a+g,2a+g;z>

1
= (1-9t)*F (3@,304 + 5,204 + g;t) ;
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where 27t(1 — t)? 4+ (1 — 9¢)?z = 0. We have

1
F(5
2

L,

T
6

I

1-9¢

3t+1
D

i

1
27

Gy,

67 (1—9t)?

Put u=(3t+1)/(1 —9¢), then t = (u — 1)/(3(1 4+ 3u)) and

1
F (_717
2

Solve the equation

7

6;

4(1 + 2u)
3(1 + 3u)

(3)

)

2

1
F —,1,Z;1
2776

4u3

:1+3u

with variable u for given a,b > 0. Then we have

4u?
143u/)’

1> 1 X2
= ShiX,, — =13
W= X, a’
4 1420 (b\*11/u+2 1 X34+2b5 X}
1+3u 3  \a/ w2 3 X 3 XV
and
my(a,b) B a
, ma(ab F<1111_22)
F(%’l’%’l_(mfga,b;)) 277767 (a)
for

Theorem 1 implies

mi(a,b) = b3 Xy, moa(a,b) = b3X,.

my o mao(a,b) =

19
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In order to get (C2),...,(C5), we use the following.

C2) a=1/6, 21+ 32)/(1=92), (b/a)* ="/ (Bu+2)
G(119): (1 —z)%’ aF(% —a,2—a,2a+ 2;2)
= (1-92)"F(a,a + 3,20+ 2; —_%IZ%Z)? )
C(3) a=0, t:1—4/(1+3u), (b/a) = 4u? /(1 + 3u),
GE7): Fla+1,2—a,82) =00 p30 4 L a+2 30

(t—9)2t+27(1 —t)*2 =0
C(4) a—1/6 t=1—4/(143u), (b/a)* = 4u*/(1 + 3u),
G@®7): (1—2)3F(1—a, a+2,3:2 ):%F@aqL%,aﬁt%,%;t)
(t—9)%t +27(1 — t)2z = 0
a= /6 t=1—4/(143u), (b/a)* =4u?/(1 + 3u),
G(86): (1—2)3F( —a,a+1 1) =1 —t)*F(Ba,a+ 1,11
(t —

312 6727

9)2t+27(1 —1)?2=0

We remark that formulas G(86),G(87) and G(119) consist of some equalities.
The equality C(5 + k) is obtained by Corollary 2 for C(k) (k =1,...,5). O

6 Compounds of means by transformation for-
mulas for ;F5

The generalized hypergeometric function 3£ is defined as
Qp, 1, Qg - (Oéo)n<051>n(052)n
F. A z) = 2"
342 ; )
< 617ﬁ2 ; (1)n<61)n<62)n
where (1,32 #0,—1,—2,..., and |z| < 1. Note that this function reduces to
the hypergeometric function F'(«g, oy, 1;2) when ay = (5. In this section,

we attempt to find pairs of means whose compounds can be expressed by 3 F5
by using transformation formulas for 3F5 in [K].

Proposition 1 We have functional equations of the form

() o ().

~—
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where {ag, an, an}, {61, B}, ¢(2) and ¥(z) are given as

No. | {ap, a1, 0} | {51, Bo} | w(2) (z

KO 50 | G5 | & | (o)

K| (bl | (0 | o | 1- ()

K@ | (50 | (o) | e [1- e

K| (008 | (58] | i |1 ColsT
Proof. We can easily show these functional equations by the formulas (2.1)
and (2.2) in [K]. ]

Remark 4 Non-trivial functional equations of the form (8) can not directly
obtained any more by the formulas (2.1),...,(2.5) in [K].

Note that each 3F; in the functional equations K(2) and K(4) has a com-
mon parameter in the sets {ag, a1, as} and {0, 52}. Thus these functional
equations reduce to

2
F(l’lé;z) _ 1 Ia l,lé;l— l+= ’ 9)
47274 V1—z2 4°2° 4 1—2
117
626

L 1 117 (1-2)(1+82)
2) = ﬁF< 1 ) (10)

which appear when we study Q(9) and C(6), respectively.
By the Clausen formula

3F2( 20,28, 0 + B .):F(&7ﬁ,a+ﬁ+1/2;z)2a

626 (1—4z)3

2a+25,a+ﬁ+1/2’2

we have
1/2,3/41 \ 115
3F2( 5/4’3/2 aZ> - F(Z7§7Z7Z)7
1/3,2/3,1 \ _ 117
3F2( 7/6,4/3 ,Z) - F(67§7672) :

Thus the functional equations K(1) and K(3) reduce to (9) and (10), respec-
tively.

Hence we conclude that proper expressions of compounds of means by
3% can not directly obtained by transformation formulas for 3F;, in [K].
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