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5) Review of QK mfds (nz2) 2

Def (M . g) 4n-dim Riem mfd is QKmfd

if Hol(M.g) < Sp11lSpin) <SO(4n)

= (Sp(1)xSp(n))/

(1) = Einstein med e := Escal is const (Ric = eg)
(e = 0 >> locally hyper Kahler (

QK-geometry is the case of exo or eco

(2) known examples (e >0 samaraWolf space (QK symmsp)

Gra((
+

3)
,
Gri(Mm

+

4)
,

IP"
, G2/SO(4)

and 4 - exceptional cases.



(3) Le Brun-Salamon (1994) S

finitenessthe

#142-dim OK Mid
,

scal >03 < D for each n

local rigidity as QKmfd

(M
. g) Ok med It QKmfd212I !

nE4
L-S conjecture

-(M ,g) Ok mfd ,
Scal-> (M

. g) is Wolf space
Thistor 5p0 .

K
Fanc Contact

bq = 1
,

n = 6 0 . K ( - honey (
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Question

S local demetricrigidinsteinm
= 0 ??

Question Is QKmetric Stable as Einstein metric ?

Rigidity and Stability are classical but important
problem for geometry of Einstein mid

(c
.
t . Besse)

If L : Sconj is true ,
then OK is rigid

except Gr. ((m
+

4)



32. Einstein deformation and Eigenvalues of 5

M : <p + n- dim mfd

M : = [h(metric on My < PISM)
S'M = S(TM)

S : M -h vol(MSyscale vola
critical p + of$9 : Einstein metric

Rilg =Cg

Then we have to study second variation Sang

TgM = TIS'M)g



& Differn Tif : X + H(M) -> #(g) curve in M
6

-

%t It= ( g
= 0x

where f: (M) = Ct(M) -> FISM) co-div

S : TISM) -> FITM) divergence (6= Sy(

DIY F : Ye : ettyto fig fe ( °

(M)

② essential part (transversal-traceless)

TTg : = [hEP(SYM) ( trg(h) = 0
. fg(h) =0
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TM=MMTLIS L

↳ Sy":??
Syzo

5) Fact 9 : Einstein Ric = eg
(e : Coust)For he TTg

,

= Sch ,
h) = ])-(-ze)h ,

h) vol

Justable direction & : Standard Laplacian on TCSTM)

local defor X = SS"- 58 + 2(2Ro- Rick
-e



i - (0-2e) is negative except finite dim subsp
8

i . e , g is stable C( Ato

Let 111 9 is stable if SEO on TTg
(i . e

. -z2e on TTg)

(2) 9 is infinitesimally deformable
(locally) if EhyETTg Wh =zeh

⑰ locally deformable deformable.

Stability -> D on TIdoM) a eigenvalue
↳1

:

J.



53 Eigenvalues of 4 on positive @kmds. 9

mid with Ric =

e
. %, ze on I'Mn+2

O

Hol(M
.g) < Sp(i)Spcn) F

d de
HE-formalism

E = (e"TE) : of Spin)

H = ((
"

,
UH) :

natural repsp of Specs

SpillSp(n) I
*

DC = HE( = HDE) withg
(Sp(ilspin) (SO(n) re



We can extend this onto QKmfd 10

P(M) o .
n . frame bundle & Spc)Spcns

H : = P (M) X H
,
E= PLM)X E (locally defined

S P2

Then TM" = HE C = HoE) (globally defined)

1 (M) "

= S'HASHE SE
ir decompS'M" = SHSEG MoE to Q

=MXC

Here

S&H : Symm K tensor of H (S"E :.. - ofE)

(h
. w = (k) (hw. = (k

,
0

,
- , 0)



MiE : topir comp of 1PE (OEPEN I/

(hw. = ( 1
,

. . . 1 ,
0

, . . ., 01
-k

d, d
*

on 1P(M)
decompose w

.
r

.

t
. Spayspons.

6
.
6"on S'M

QK-gradients
V : ir rect bundle assoc to PCM)

Di : T(r) I PIVATM' #i, P(vi)
proj

= Vi Ok-gradient
it E
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Bi := Dipi : P(V) - P(vi) + P(V)
Di D. of

Identities
Ext D

*

D= Bi
on PCV, Casimir Spins

↓
2002 Look

Fact Weitzenbock formulas (Sem-Weingart, Hom)

[a : Bi = curvature action on PCV)
itI

i. e. certain linear combinations of 2nd order Bi are

order zero.

&
Yet The Standard Laplacian = dd

*

+ d
*

d

Lichenowiz on SPM&= D
*

D + Re on Piri : Case on G/k
· O: D+ Scallo Spinor
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Fact commutator relations (Sem-Wein
, 2019)

①
Bet

,

5%1 I P(VI ↑ (V)

iro bule VI z :, Di P Di

P(Vi) ↑(vi)
*

Cor T(V); = (4 + P(r) 184 =Xy] eigen sp
Then Di : T(V - +U: ))

·:) Y = x 4 => XDiY = DiDY = XDiY)



#Howto use them 14

D O = D'D + gIRI =I (l+ wi) Bi (by Gandouchona

↳.-Bill(b : 20
itI V
: Edr . Scal zeigenvalue estimate)

< 1 = dr > 0 => harmonic part = o (vanishing



15& Y ( P(V/1 = DiYeT(Vi)x
If x < smallest eigenvalue of Vi,

↑(v), T(Vi)x is zero map

& YeTIV)x
,
by W- Formulas,
-o

-> BiY = <
,
)x + 2) Y

Then Di : P(V1x -> Fix is injective



Example on TM'= HE 16

HED HE =(SHAS'HAEOS'E) )SHSE1EAC)
2

A CTM)
53H S'H :ME

-> [CHEHE)E
M : T(HE)

1
D... )

Di.2

D+, 1

SE#
D+. -

&F HE#j1
M D1. 2 X SHSE&

+-

10



say
- B11 + B1 . 2

+ (2n + 1) B1
. 1

- B
+1. 1

+ Bi
. 2
+ (2n+1)+.= Scal

I - B1
. 1

- B1
. 2

- B1.- 3 (B+. 1 + B1
. n + B

+. -1) = 4+zScal *

B1
.
2 + (2n+ 1) B1. 1

- 3 B-. = 0

8 = did + dd
*E31 + B1

,

- 1 + f)
.

2) + 44B--

** (B1
. 1 + B12 + B1

.
- 1) +

n + 1
Scal12 24(n+2)

5H SHE*P... SE · -ze on R(M)

&HE
10 Di (M

.g) OK with e = InScal > o
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#m (Alekseevsky et1 .
(1994)

,
LeBrun (1995), --)

M : QKmAd with Rice . g 70

Then nonzero eigenvalue of < on (O(M) satisfies

*2

(They also showed
"

=

"

E M=P")

prof 11t1t, - 1-* a QK-version
or

twister space E3

Example Eigenspace TCHE)ce = -iMice ,

e = S
(Ric = eg)



By Hodge-de Rham on CpTM
,

THE)ze:HEcetker* THEze End
x4

!
-X= 66-1 +

22 on Einstein/
zeX = oX= 66X-Le,
. 8

*

X = 0 X is killing r.

f.

prop CHElze = isom(M
.g) @d( *Mice



D12 : PCHEIce-PISHElse-doS ,
Die X= o

: X killing vf # D..zX=0
.
D
,
x=0

,
D+ X = 0

17 DicX=0 ( /
: ) (f

"

= 2 (B11 + B+. c
+ B

+1)
,

(* =44B-

ByN& *, Bi
.
- X= X, By, X=XYo

: D . . 1
:THEle-PISH(((M) ,

inj jtaE
D1

. 1 : PLHE)ce -PLEIze(e(M) , inj

I



Stop SHC1
"

(M)
,

the bundle of self dual 2-forms.

Then
111 P1S"HireE isom (M) (Alekseevsky etl .)

12) 142e ,
ze<-PISH)x = 103 (H-s)

D . 1:
H ·E -JH 5H · E

- =B1. 1 +2e

mine ze
E - B.1 +2B+ 1

= En+2)
↓

for x72e
B1., Y= (x - 2e)y

Y



34
.

Main thu
22

TT = <Y ( (((M) / +ry = 0
,
6y =0)

G

S'M = NoE@dHdE@1ctrace
part

(TT)x = 14 TT/04 : x4)

PINE)x
,

TISHSEx
,
CM)x ...

Our concern is eigenspaces with 1 Eze

ze
i



C3

Thm (H-Semmelmann 2024)
↑ ISHS'E(x = (TT)x

(1) for x= ze, E PLAEEMIE THE)x
(M = HP = (Y M(x = b0))

(2) for Aze/ < 2e

(M)x THE) TETISHSE)xET(1E)y
(3) for 1 : ze

-

M)x=IETISHSExET(1E)y
P(HE)xE isomIM . g) D ( ·(M)x



↓ Le + M be OK with Ric = exo
,
MEAP"2

(1) If M is stable as Einsteinmfd,

Then the nonzero eigenvalue on (PM) zze

(2) If joh = index (DE) = 0,

M is Stable honzero eigen on (M) z2e

(3) M is rigid # Le is not eigenvalue on COIM)

Thus
,
Einstein Stability (eigenvalue on TTg) problem

corresponds to minimal eigenvalue prob on (CM)



Ex Wolf spaces M (FIP" Gra ((m
+

4) 25

[ Einstein Strictly Stable
& on (P(M) satifies &Le

Ex M = A ph

· x= Le ExCTT) = 0 Ex(M) #o

· Einstein Strictly Stable

· The second nonzero eigenvalue on (O(M) Tze

Ex M = Gra ((
*+

2)
· Einstein Stable .

· Don((M) E2e

· Eze(M) = ( infinitesimal deform ofg) +




