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1. BEEEER . FTRTYF

AIEA R KRR
=1ty 7 (Laxie X, FEFER)  ((emERE—4 ERRTHIR)
(TUhRE)  #fEMEFE
(Souriau,Berezin) = 4 Kb 4 4G
it ERENER s ems m
(FEERHMiFEL, FEEAE NA X#HKET) (BFIR AT L) TR,

[7—<]1 5']@3_%#5/\”?53(@;5”@)&“_§|UJ?—3§

[:EE'H]'_
—1—3J)LRubk Bl A U R A Lie X S BUE AE AT
(FEBEAHER) — (Bregman# A /\—Ix0R) (Magnus AR FETES)
A A

P (Kullback-Leibler&E#R &) 155 82 48 4T S T BTy Sl

(h—=RIVE BEREILN)LRZER], T I7A 845 =
FredholmZ:®) ks TR
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1. Bxc#ElR/:2—7yrEEHTIY

A ERVN BEETFEE . B ERK*K BFEE
X € Rk BFZE, X=X(t), 0=t

1

D dX/dt = AX € Rnxk

@ dZ/dt = AZ + ZA -272 € Rh*n
Z=XXT

—@ dX/dt = AX - XXTX € Rnxk

FrvT

— @)’ dX/dt = AXB - XXTX € Rnxk
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1. BREER - ZXRNTEREDER

ExRITHIAER N ZxtF 3
1751 AT dX/dt = F(X), XERN KM

PCF = Principal Component Flow (F B %3iit)
MCF = Minor Component Flow (X4 F B %5k)

PSF = Principal Subspace Flow ( E &84 ZEfE it
MSF = Minor Subspace Flow (¥ A F#B 5> Z2 iR

i R

PCF = VIILS29MX,, X, s.t. X [SADKIE D i KEHED EH 175
PSF = VIILT29MD Xy, A X6 St X [FADKED EBLZBEF NI ILD A 5 ZERITIREER

RS R C ES TR

% MCF, MSFLRIHRICER | i mmmcestnomn
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1. BREER: B

[BEE)OEFZEELTPCFMCFEEE T AEMEHBEMFD
WO RILIOREBRELI=LVGEL)

[DEDiR]
8 F = F(X+A)—F(X)

= (gradF(x), A)+0(2)
= dX/dt = —grad F(X)

[FDILD v R)LZE )
F*(P) = syp[ (P,X) —F(X)]

:> BiRMIz. EALRTUS vILBESGE (F1
w2 LT Bh
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1. TELEE: PCFOEETETIL

[PCF:Brockett flow1988]

AlZEFES n x n ExFFRITSI,

BIZEEE L. EAEAHERELDK X kKt B1TF,

F(X) =tr(AXBXT), X €SO(n)={ X €R1*n : XTX=| }
Von Neuman{T5I & & E[ERE,
SFEESONDFI T KA TEE,

dX/dt = AXB—XBXTAX, X&S0(n)

teeg | OH=XTAX = dH/dt = [[B,H],H] FAXIRILiR
(@B=diag(b,,b,,...,b,), b#b,

H—diag(a,,...,a,) as t—oo, a.€Eig(H) * &1tk
@ B=diag(by,,...,b,), b;>=**>b,

H—diag(a,,...,a,) ast—o0, a,>++*>a J—T42%

=
HIL

7
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1. BREER: PSAOEEEETIL
[PSA:Oja flow1982,1983,1985,1989]
dX/dt = AX—XXTAX, X eRn*k
ZIT, AIZEES nx n EIEEEXNFRTE

1 ’Jd)b'f’(’b\bﬁéHebb%EEU
y=CTx+z, C= (cu)ER”"k

z, HBAT
y1IageEsc, [;g Z[ID|
' ' QR MEMFER/IMET BESEHCELEZS:
F=E[[|x-Cy||]
= tr(R)—2tr(RCCT) + tr(RCCTCCT)
ZCT, z=0Z{RE. R = E[xxT]. \
dC/dt=-1/2-8F/8C Lt
= RC—CCTRC+RC(I—CTC)

[(EELEIR—A C-X
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1. E=L%#E{H: Oja-Brockett flow
Oja-Brockett flow (X&) EE A ?

dX/dt = AXB—XBXTAX, X&Rnxk

veg| F(X)=1/2 tr(A2XB2X")—1/4 tr(AXBXT")?
CCT.0<A=ATER"M*n 0<B=BT€RK*k
J—< U E (Q,Q)=tr(AQ,BQ,T) ,Q,ERNXK

--------------------------------------------------------------------------------------------------------------------

kel = i n=2,k=1 aoBxE#E~sML Phase Portrait

0315-’-.:‘.\ “ / L oBE NS0

vv ADBINEERIMIL!

________________________________________________

X2 BHFRRT UL ILIEWNDALF CHE:
RIABRIIS DI, S F (Conley index). Z1—F Lk, HEME(T7LFILT—ILR) . BBt GO M ER)

Gotemba Theoretical Science Research ( #1835 KRR AL F K &)



1. &% Oja-Brockett flow® El5E s

We now derive an explicit description of the equilibrium points of (4) in terms
of the eigenspace decomposition of A, D). For simplicity, we assume that [J is in
diagonal form, i.e.,

B = &) =ding (it oo fluy sy Py o s) (D)

with gy > -+ > s > 0 and p; occuring with multiplicity &, kh+---+ ks =k

and let D be a diagonal form (9). Then X € B™** is an equilibrium point of the

()ja-Brockett flow (4) if and only if
Rank(X,)=r &9 %¢&
5 I, 0 ; e
A= ®yw [ ] PS5, —— (10)
0 [E%E =]
n, P and ™ are k

where 0 < r < k < n, P _and 7 _are k\x k_and n x n_permutation matrice.
respectively, and § € O(k) with § = diag(5,...

(%], [EaZE )
Lo R SRR ANIEY ATV !

_1-‘3_ == 'l'.]
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1 EREERE: KNI LR DER

AT IILEABFATIZERLG
AN I ULRNIVEEZHTIE.
FHT47 BAERIFOStTRHEEZRED,
MKEDHYHITLUARNILEES: ={X | F(X) =X,}

[t ojasiewics D FEIE1983]
(Lojasiewics T FEXNLEHIND)
ERETR BB R

D7 )L (IELLT2) B TE mXLITUNEERT B,

SEBAIZKurdykas,Ann.Math.
152,2000,pp763-792I=1. 85,
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1. BREER: JVIRFTIAFR

—{ Helmke-Shayman1995

M(r,n X K):={X € R"*k: rank(X)=r}, 1=r=min{n,k}
ETBHEMI,NXK)D @EXIZHTHEZERIE
TM(rnXK)={ A X+XA,: A, ER*" A, ERkxk]

— Helmke-Moore1994
TR TF J1F R (Rank(X(t)=Rankx(0)).0=t) D FZ K :
dX/dt = PX+XQ, 0=t
Z 2T X=X(1), P=P(t), Q=Q(1)
Y Oja flowlZ SR EAFE R . Oja-Brockett flowlE SV 7 RTFAEREIIBESLLA

)—RUHEZERINIEL. SUIRFAFRICHES,
¥ Oja flowlZFNHMEX M TILS U752 NI A E S 14K = Stiefel manifold&% 5,

12
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1. TELEHE - MCFOIEXTET L

Manton-Helmke-Mareelsi#

“In general, the task of designing an MCA flow is
regarded as being more complicated than that for a
PCA flow. Although the trick of changing C into -C does
not work for the Oja-Brockett flow, it works perfectly well

for the proposed flow” © cinxnEx#51. Biakx kEEE BRI
u ECOEABEYRENER

[MCFI " 4vidt = —CYB+ 1 Y(B—YTY), YERn*k
(XTFRITHICIZBE T 5~ A F i)

F1-. XERKMLY ERVKAD IR L #E -

Y = y12AY2XB2 BN | C= ul—A|Z&>T, EFIE
I FR1THIAIZES 9% Oja-Brockett AFE R [&. AFRITHICIZ
BT 5T RICERTES.
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2. FBEABMDER: RToivILBEA#E)—7

[PCF] Oja-Brockett like flow:

RT T JLEAEL F (W) = Y2 tr(AWBWT)— 1/4 tr { (WWT)2 }
*A—)YRETE(R, Q) =tr(R2,2,7)

-dW/dt = AWB —WWTW

% Oja-Brockett flowE D RE %

[PSF] Oja flow:

RT v LEEEE FL(X) = Y tr(XXT)—1/2 logdet(XTAX)
)= URTE(Q,, Q) =R, 2,1

-dX/dt = AX—XXTAX

[MCF] Manton-Helmke-Mareels flow:

TRTU U JLERER Fo(Y) = Y tr(AYBY )+ 1 /4 tr{ (B—YTY)? |
rA—DYREFTEC(R, Q) =tr(RQ,Q,7)

- dY/dt = —CYB+ ¢ Y(B—YTY), YERnx*k

) RS VB, ~F B R C B IR E AL L

14
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2. XRADIER: B

[ & )

[&])

2REHM + ZIEIA

2R + logdetfE%k

2XRE® + ERFEE—Z
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2. TR DR

A=ATe Rnxn 0 < B=BT € Rk*k 0 < C=CT & Rkxk

O< a, Lt ER ZEEL.
X, Y €R*k st 0 < det(C + XTY) 2%t L.

oz u (X Y) = —tr(AXBYT) + == tr(C +XTY)a /J k

TEZ5 Ny 9 _ 1 |
[A_UE : (D) _= —log(det D) |

[ZEHRBRITIE : X, Y DENE]
OF 21— yRZERM (R™L REEETE) R DE XN EE ZEME X #HEKD 5 & & DIzumiya duality

QI . FEEMDELLY] (2%#H)
X,y €R", det(l + xyT) =1 + {x,y)
X, €R" (i=1,2,3,4),
det( |+ XyXp" +X3%,") = (14 {X1,Xp7) (14 {Xg,X42) = X1, %42 (X3, X3)
QEMFEE DH—RIVE(BEKEILNILRZERM)
@BerezinE FL D EAKHI Bk R U#EK EDEFILHE
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Z# :Berezin Quantization

AMS Translations,
Topics In Statistical Physics, Vol.177

Berezin quantization and unitary representation of Lie groups,
Bar-Moshe and Marinov
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3. MxtREE D B &5

a | 0D |(A=0, C=l,, u=2)
[EBE%] F(X)Y) = log det(l, + XTY), X,Y €Rnxk

el . (|k+YTX)'1/2 0 0
)—RURTE(Q, Q0 =t |EQ > 12T){ 0 }(|k+XTY)'%{Q Z}i| : 2 7 e Rnxk

3F/8X=Y(l, +YTX)2 =:Z eRnxk
3F/8Y = X(I, + XTY)12 =:W &Rnxk

[
[

I+ XTY = (I, — WTZ)1

hnl

X = W(Ik _WTZ)-1/2 e RN Xk
Y = Z(Ik _ZTW)-1/2 e RN XK
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3. WD EKAF: AT rOE

[t Be %4 )

F*(Z,W) = 2 tr(Z"™W) + log det(l,—Z™W)

[fBxtTorOE (FA4/N\—D 1 R)]
> =(X,Y), N:=(ZW)

D(Z, N) :=F(Z)+F(N\)—<X, N\)
=log det(l +XTY)+ log det(l,—Z™W) =0
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4. AR IPAEEROTRITREZNR 5 THE

X, Y €Rn*ks.t. 0 <det(l + XTY) , R,
Z, W eR*kst. 0<det(l —Z™W) [ZxtL.
(ETH T e (EESE), WHEHA €D (A EHE (SHL.)

AT AENS

( X = W(Ik _WTZ)-1/2 e Rnxk
i Y = Z(Ik _ZTW)-1/2 e RN Xk

; Z=Y(l, + YTX)12 ERnxk
i W = X(Ik + XTY)-l/Z = RnXk

DEEFFMIL,
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4. R T MAEERIIERTRZAR : MMTE(E

MacMahon’'s Master Theorem
AR EDITHIA=(a), x, RY REDAMETEITX,,... X, BNEZDH

=E9 %, SEEH(M,,...m)EZ",, ITXL T,
TEREX AR DX, MX,M2- o x MDREFZE

(%—"I.'j) (i”f;-‘.) . .(%rr,__..r'l)
=1 =1 J=1

TRANOHET HFHERLISES,

| ' |
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4. BT PAEERIIRUTREADK  a EHLDEE
FER A 2 fa] FE[ AR D1 DD E =R

Andrews’ Problem:
(fr::-m GEGFQE‘ E. Andrews. Problems and ,EIFESPEEIS for basic ﬂ].-’,DEFQ’EDﬂTEfFfG J'UHGIEGHS, In:

Theory and application of special functions, Academic Press, New York, 1975, pp. 'IE**I—EE#-)

5. MacMahon's Master Theoram and the Dyson Conjecture.

FROBLEM 5. Are there g-analogs of MacMahon's Master T
and the Dyvson Conjecture?

lat us recall:

ol

MacMahon's Master Theorem (MacMahen (L894), (1915)). The co

S P

gfficient of )

From M. Lorenz
Koszul algebras and MacMahon’s Master Theorem
‘Noncommutative Algebraic Geometry’ Shanghai 09/20/2006

22

Gotemba Theoretical Science Research (#rBk3% KA F KA )



4. BZ MMT R UDyson conjecture MRt

Irving.J.Good [{RERAR A X% 11RIEZE (1965)
1916-2009

¥ A short proof of MacMahon's ‘Master Theorem’
Mathematical Proceedings of the Cambridge Philosophical Society
(1962), 58: pp160-160

w Short proof of a conjecture of Dyson, J. Math. Phys. 11 (1970) 1884
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5. Cayley Z#L0ja flow

[Oja flow]
dX/dt = AX—XXTAX, X €Rnxk
ZZT, AIZREES nxn RIEEBERFRITS
Z:=XXTeRnxn

dz/dt = AZ + ZA — 2ZAZ —

IR jj H—
[Cayley trans.] JINTFIRER

U=(-2)(1+2)te Z=(1+U)(-U —

du/dt = —2A + AU + UA «

R
iz
it

BAITKBTESLDT, Cayley#HE#LTYYHFAFEREEXED

24
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6. 175ISchwarz A% &£0ja like flow
[Oja like flow] BEWHERREICBOHFT

dX/dt = AX—XXTX, X €Rn*k

ZCT, AIZEES nxn EEIF EEXIFRITS
Z:=2XXTeRnxn

JwhFHIERX dz/dt= AZ + ZA — 72 -

R(t) :=-1/2(V')V" + A €R*n. 22T, V' :=dV/dt

T 1]

dR/dt + R2 -AR -RA = -2S(V) + A2

17527 IV AR S(V) =L A? A
ZZT.S(V) = [(V)IVT -1/2 [(V) V]2

% Matrix_Schwarz derivative 22UV TIEB.Schwarz(1980) t°M.l.ZelikinzZ B8

25
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7. FEOHESRDFRE., BE

[F£&6)
K*PCFOMCFZAERT AR T v LB DIRREE i L
BREBEHICE ST A ROFENTIIEED S,

WARFTHZEABEMTHITIBTOEENESE NS,

KSR REERMT AR TUURILEBMETDIL DY R IL R
BT rOEZ#ERL . MMTZ —#%1ELT=,

[FRRE]
¢ Oja-Brockett flow® U 3R 15 D 414+
K a EBEBRTUUYILIRER D T ED X B R D BATEL

Y EinsteinZEfE D&M ED R (SEIBFELTLVEEA)
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. FEDHESERDEREE. BED

FINDRIVIG | -# AR (Haken)
- RIGHLER A F2 K (Gray-Scott A2, Brusselator 2= etc)
dx/dt = F(x) € I -Lorentz 5 2=, Lotka-Volterra A=
-Painlevé A 2, FAATE,Schwarz A8 etc

|-Brockett A2
- 1TFIRIiccati FFER
-LieIR{EEulerA 2= (Fomenko,Mishchenko)

-Euler-Poincare 532t / Lie-Poisson 58z
RAWATHI5 (Bloch, Krishnaprasad, Marsden, Ratiu) etc

IEA AT

dx/dt = F(X) €

dX/dt = F(X) € -Oja 2z

-XuA 2= (=0ja-Brockett FF2=) etc

BE OEARTINEHIEEERETILEDO—DDAE)

QBN A—FLIRE/NFGA—F LD EFRZT A EX THE
QM ARERADIBAREZDICH

@ARRRXDBEE (E01) +HEHEHET OTIEMDED LI

27
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