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Conformal Zoll deformations on the sphere
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go: the standard Cy,-metric on S".
gy: a one-parameter family of Cy,-metrics on S” Ya(s): a geodesic, vi(s + 2m) = ya(s).

0 . d 0
) = (s 0(s) = (5.0, Anls) = D) =2

v%% =0= V%V%c& + R0, )9 + B3, 4a) = 0

QBX,Y),2) = L {(TAI)(Y, 2) + (V3h)(X, Z) — (V3 (X, V)

o o d |
() =1 = ha(, ) + QngA((SA,w) — 0

0x(0) = 0= gx(dx, W)(s) = —;/08 P, ) (w) du
532m) = 0= [ ha(n, 52)(8) ds = 0

00O, gx: aone-parameter family of metrics on S", g = go: the standard Cs,-metric on §".
h:ho, Y = Yo, (52(50.

L7 h(3,4)(s)ds = 0 = 8(s +2m) = 6(s)



gx = exp(py)go: a one-parameter family of Cy-metrics on 8™, py = 0.

0 0
hy = ap; exp(pr)go, f= P ho = fgo.

O [x=o

Theorem (Funk)

V geodesic , 027T f(v(s))ds =0 <« fis an odd function on S"

— — - = = —
e1 =7(0), ey =4(0), e1, e, €3, ..., €1 an OrthoNormal Basis of R (D S7).

R=R" =/

n+1

5= (8, 3)7 + 65 = 0.7 + % o6, e)e;
0= gol(V5 V48 + R, Dt B E)

d2 — .. —
= 2900, ) + gold, )+ go(B(3:4), &)
d2 — — 1 — .
= o6 e) +o(d, ) = S(eif)  (B<i<ntl)

2
1 n+1

3(s) = =5 (f ) du) 4() + 5 S (f sints = w)(el o)) du) e



Oh 82 O 2
iy = @; - (@Q + 8/); )exp(m)go.
ha(as ) + ;;SQA(% ) =0
LA o d .10 |
= k(T 1) = 202810 ), 03) + 2 (hA((SA, )+ 553970 w)) =0
2
f2= %Ap; N ko = (f2+ f%)g0-
B Rl A)(s) ds = 2 7 g0(B39).0)(s) s
= L )0s) ds

%

g [T (e f)(s)) ( Jy sin(s —u)(ei f)(y(u)) du) ds = — [7(2f2 + ) (3(s)) ds
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— = = —
€1, €2, €3, €4. ON.

— -
v(s) = e1 cos s + ey sin s
— — — —
Ypu(8) = (€1 cosp + ez sinp) coss + (ez cosq + ey sing) sins
— — — —
Ypy(8) = (€1 cosp + ey sinp)coss + (ez cosq + ez sing)sin s
82 2m + o2r 77 .
Bpdg f(vp,(8))ds :/0 (eseq f)(v(s))cosssinsds
p=0,q=0
82 27
= F(pq(8)) ds
8}?8(] ! e p=0,q=0
1 1 1
flxy, 20, 23, 14) = bio(z3xy — 356%) + byg(xixy — ng) + byy(xiay — 3:1:2)
1 1 1
+ boy (w3, — 3x‘i’) + bog(wix3 — 31‘%) + boy(ziwy — 3:1:2)
1 1 1
+ by (zh, — 333?) + by (239 — 3:1;3) + by (w3 — 3x§1)
1 1 1
+ by (52 — 333:;’) + byo(x520 — 31:3) + bys(xixs — 333%)

+ C1T2T3T4 + CoX3X 41 + C3T4T1 L2 + C4T1X2T3



4 o0 ,—? s . —
Fiy) = % [ (e )(s) ([ sinls —w)(ei f)(y(w) du) ds
5 14 1
= 21 (24 ((b13)2 + (614)2 + (b23)2 + (624)2> + ﬂ (b13b14 + b23bg4) — ﬂ <(63)2 + (64)2))
0? 0?
F(~7 — F(~
99 (Vpg) ou Op0g (Vpg) o
1 1 1 1 4 4 4 4
=27 (—31)1303 + 351464 + 352303 — 362464 + 353101 — 3b3202 — 354161 + 354202)

(b31 — bar)c1 — (bga — byg)ca =0

h:|—1,1 — (=1,1), an odd real function, h(—1) = h(1) = 0.
(1 + h(cos 0))*df? + sin® 0 w,_,

0 OO Zoll metric. Zoll metric O axi-symmetric, conformal.



