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g0: the standard C2π-metric on Sn.
gλ: a one-parameter family of C2π-metrics on Sn γλ(s): a geodesic, γλ(s + 2π) = γλ(s).

γ(s, λ) = γλ(s), δλ(s) =
∂γ

∂λ
(s, λ), γ̇λ(s) =

dγλ
ds

(s), hλ =
∂gλ
∂λ

.

∇λ
γ̇λγ̇λ = 0 ⇒ ∇λ

γ̇λ∇
λ
γ̇λδλ +Rλ(δλ, γ̇λ)γ̇λ + βλ(γ̇λ, γ̇λ) = 0

gλ(βλ(X,Y ), Z) =
1

2

{
(∇λ

Xhλ)(Y, Z) + (∇λ
Y hλ)(X,Z)− (∇λ

Zhλ)(X,Y )
}

gλ(γ̇λ, γ̇λ) = 1 ⇒ hλ(γ̇λ, γ̇λ) + 2
d

ds
gλ(δλ, γ̇λ) = 0

δλ(0) = 0 ⇒ gλ(δλ, γ̇λ)(s) = −1

2

∫ s

0
hλ(γ̇λ, γ̇λ)(u) du

δλ(2π) = 0 ⇒
∫ 2π

0
hλ(γ̇λ, γ̇λ)(s) ds = 0

一方, gλ: a one-parameter family of metrics on Sn, g = g0: the standard C2π-metric on Sn.
h = h0, γ = γ0, δ = δ0.

∫ 2π

0
h(γ̇, γ̇)(s) ds = 0 ⇒ δ(s + 2π) = δ(s)



gλ = exp(ρλ)g0: a one-parameter family of C2π-metrics on Sn, ρ0 = 0.

hλ =
∂ρλ
∂λ

exp(ρλ)g0, f =
∂ρλ
∂λ

∣∣∣∣∣∣
λ=0

, h0 = fg0.

Theorem (Funk)

∀ geodesic γ,
∫ 2π

0
f (γ(s)) ds = 0 ⇔ f is an odd function on Sn

−→
e1 = γ(0),

−→
e2 = γ̇(0),

−→
e1 ,

−→
e2 ,

−→
e3 , . . . ,

−−→
en+1: an OrthoNormal Basis of Rn+1 (⊃ Sn).

R = R0, β = β0.

δ = g0(δ, γ̇)γ̇ + δ⊥ = g0(δ, γ̇)γ̇ +
n+1∑
i=3

g0(δ,
−→
ei )

−→
ei

0 = g0(∇γ̇∇γ̇δ +R(δ, γ̇)γ̇ + β(γ̇, γ̇),
−→
ei )

=
d2

ds2
g0(δ,

−→
ei ) + g0(δ,

−→
ei ) + g0(β(γ̇, γ̇),

−→
ei )

=
d2

ds2
g0(δ,

−→
ei ) + g0(δ,

−→
ei )−

1

2
(
−→
ei f ) (3 ≤ i ≤ n + 1)

δ(s) = −1

2

(∫ s

0
f (γ(u)) du

)
γ̇(s) +

1

2

n+1∑
i=3

(∫ s

0
sin(s− u)(

−→
ei f )(γ(u)) du

)−→
ei



kλ =
∂hλ

∂λ
=

∂2ρλ
∂λ2

+
∂ρλ
∂λ

2 exp(ρλ)g0.
hλ(γ̇λ, γ̇λ) +

1

2

d

ds
gλ(δλ, γ̇λ) = 0

⇒ kλ(γ̇λ, γ̇λ)− 2gλ(βλ(γ̇λ, γ̇λ), δλ) + 2
d

ds

hλ(δλ, γ̇λ) +
1

4

∂

∂λ
gλ(δλ, γ̇λ)

 = 0

f2 =
∂2ρλ
∂λ2

∣∣∣∣∣∣∣
λ=0

, k0 = (f2 + f 2)g0.

∫ 2π

0
k0(γ̇, γ̇)(s) ds = 2

∫ 2π

0
g0(β(γ̇, γ̇), δ)(s) ds

=
1

2

∫ 2π

0
(f 2)(γ(s)) ds

− 1

2

n+1∑
i=3

∫ 2π

0
(
−→
ei f )(γ(s))

(∫ s

0
sin(s− u)(

−→
ei f )(γ(u)) du

)
ds

n+1∑
i=3

∫ 2π

0
(
−→
ei f )(γ(s))

(∫ s

0
sin(s− u)(

−→
ei f )(γ(u)) du

)
ds = −

∫ 2π

0
(2f2 + f 2)(γ(s)) ds

N. B.: n ≥ 3 では球面上での「ラドン変換」は, 測地線全体のなす空間上の関数全体の
上への写像ではない.



−→
e1 ,

−→
e2 ,

−→
e3 ,

−→
e4 : ON.

γ(s) =
−→
e1 cos s +

−→
e2 sin s

γ+
pq(s) = (

−→
e1 cos p +

−→
e3 sin p) cos s + (

−→
e2 cos q +

−→
e4 sin q) sin s

γ−
pq(s) = (

−→
e1 cos p +

−→
e4 sin p) cos s + (

−→
e2 cos q +

−→
e3 sin q) sin s

∂2

∂p∂q

∫ 2π

0
f (γ+

p,q(s)) ds

∣∣∣∣∣∣∣
p=0,q=0

=
∫ 2π

0
(
−→
e3
−→
e4f )(γ(s)) cos s sin s ds

=
∂2

∂p∂q

∫ 2π

0
f (γ−

p,q(s)) ds

∣∣∣∣∣∣∣
p=0,q=0
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3
x3
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2
3x2 −
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3
x3
2) + b34(x

2
3x4 −

1

3
x3
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+ b41(x
2
4x1 −

1

3
x3
1) + b42(x

2
4x2 −

1

3
x3
2) + b43(x

2
4x3 −

1

3
x3
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+ c1x2x3x4 + c2x3x4x1 + c3x4x1x2 + c4x1x2x3



F (γ) =
4∑

i=3

∫ 2π

0
(
−→
ei f )(γ(s))

(∫ s

0
sin(s− u)(

−→
ei f )(γ(u)) du

)
ds

= 2π

 5

24

(
(b13)

2 + (b14)
2 + (b23)

2 + (b24)
2
)
+

14

24
(b13b14 + b23b24)−

1

24

(
(c3)

2 + (c4)
2
)

∂2

∂p∂q
F (γ+

pq)

∣∣∣∣∣∣∣
p=0,q=0

− ∂2

∂p∂q
F (γ−

pq)

∣∣∣∣∣∣∣
p=0,q=0

= 2π

−1

3
b13c3 +

1

3
b14c4 +

1

3
b23c3 −

1

3
b24c4 +

4

3
b31c1 −

4

3
b32c2 −

4

3
b41c1 +

4

3
b42c2



(b31 − b41)c1 − (b32 − b42)c2 = 0

h : [−1, 1] → (−1, 1), an odd real function, h(−1) = h(1) = 0.

(1 + h(cos θ))2dθ2 + sin2 θ ωn−1

これが Zoll metric. Zoll metric は axi-symmetric, conformal.


