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1. Introduction

" Definition 1.

G : simply-connected solvable Lie group.

[ : lattice, that is, discrete co-compact subgroup of G.
— [\G : solvmanifold.
\(G . nilpotent Lie group == IN'\G : nilmanifold)

a4 I
Theorem 2. [Hasegawa '06]

A solvmanifold admitting a Kahler structure is a finite quotient of
a complex torus which has the structure of a complex torus bundle

\over a complex torus. )




"Definition 3.

(M, g,J) : Hermitian manifold.
Q2 : the fundamental 2-form (Q2(X,Y) = g(X,JY)).
(M, gq,J) : locally conformal Kahler (LCK)

= Jw ' closed 1-form such that dQ = w A .
(S

(We call w Lee form.)

-

Remark 4.
If w=df, then (M,e fg,J) is Kihler.

"Definition 5.
(M,g,J) : LCK manifold.
(M, g,J) : Vaisman manifold

(ﬁ Lee form w is parallel with respect to g.
e
N




Definition 6.
M : manifold,
a . closed 1-form on M.
de 1 AP(M) — APTL(AD)
doB:=aNB+d3 (d3=0).
We call 8 a-closed (a-exact), if do3 =0 (B = da7).

Similarly, we can define the new differential operator on a Lie algebra.

(M,qg,J) : LCK manifold.

<— dQ2=wAQ (w: closed 1-form).
<— 0= —wAQ+ dS2.

<— 0=d_,Q2, that is, €2: —w-closed.




/Theorem 7. [Ledn-Lopez-Marrero-Padron, '03]
(M, g) : compact Riemannian manifold

« . parallel 1-from with respect to g
\:> any a-closed form is a-exact.

The fundamental 2-form €2 of a Vaisman manifold is —w-exact:

QR=d_ n=—-wAn—+dn.

Remark 8. [S. "15]
On solvmanifolds, the inverse is hold.




Examples

e Hopf surface (Vaisman '79) : Vaisman manifold

e Inoue surfaces (Tricerri '82) : non-Vaisman manifold

nilmanifold St x M\ H
° where, H is a Hisenberg Lie group . Vaisman manifold
(Fernandez etal '86)

Oeljeklaus-Toma manifold

(Oeljeklaus-Toma, '05) non-Vaisman manifold



LCK nilmanifold MG

-
Theorem 9. [S. '07]

\G has a LCK structure (g,J) such that J is left-invariant,
K:> G = R x H, where H is a Heisenberg Lie group.

g
Theorem 10. [Bazzoni. '17]

\G has a Vaisman structure (g, J),
\:> G =R x H, where H is a Heisenberg Lie group.




In this talk, we consider the following solvable Lie group:

Gn — {(ta (CBZ> 7Z> : taxiay’bz S R,’L — 17 ,’I’L},
Y;
where a structure group on Gy, is defined by
: 4
Yq Y;
a;t ./ , 1
= |t+ ¢, € T T R —eily .ol 4 e %l o z
( + (8 aztyg + y; + > Z;( Yi&y + zyz) +
and a; € Z — {0}.

[Gn,Gn] : (2n + 1)-dimensional Heisenberg Lie group



Construction of solvmanifold M,\Gjp

B = (Cl) _kl> be a unimodular matrix with distinct positive eigenvalues

A1

(1 A 1 _ (A2 O
HP_<1 )\_1> such that PBP _<O )\_1>

¢ R2n+2 _, @, diffeomorphism

p(A) = ((Iog A)t, 2P (i) | P z)

1

= We can prove that ¢(Z2"12) is a lattice [, on Gy



/Main Theorem .
Let J, be a left-invariant complex structure on My, \Gn,.
e In the case of n =1,
(M\Gq,J1) has a LCK structure, but has no Vaisman structures.
e In the case of n > 2,
(M \Gn, Jn) has no LCK structures.

KRemark 11.

On a LCK structure, in absence of a complex structure,
it is said to be locally conformal symplectic (LCS).

The solvmanifold M,\Gn has LCS structures.

N




2. Preliminary

KDefinition 12.
G : simply-connected solvable Lie group.
G . completely solvable

<= For VX €g, ad(X) : g — g has only real eigenvalues,
e
where g . Lie algebra of G.

-

Theorem 13. [Hattori '60]
HE(M\G) = H*(g), where g : Lie algebra of G.

Note that Gy, is completely solvable.



(M =T\G,g,J) : LCK solvmanifold with Lee form w such that
1. J is left-invariant.

2. 3 left-invariant closed 1-form wqg s.t wg — w = df.

" Theorem 14. [Belgun '00]
For X,Y € g,
(X,Y) = /M el (X, Y)dy
— (g,(, ),J) : LCK solvable Lie algebra with Lee form wyq.

N

Qo : the fundamental 2-form of ({(, ), J)

-
Remark 15. [S. '12]
(M =T\G,g,J) : Vaisman solvmanifold (2 = d_,n)
== $20 = d—wyM0

\_




-
Definition 16.

J1,Jo : complex structure on g
J1,Jo are equivalent

= IF € Aut(g) such that Jy o F = F o J;
e
N

(g,J1) : Hermitian structure =— (F™g, J>) : Hermitian structure

Proposition 17. [Ugarte '07]
(g,J1) : LCK structure — (F™*g, J>) : LCK structure




3. Inthe case of n=1

g1 =span{A, X,Y,Z:[A, X]=X,[A,Y] =-Y,[X, Y] =7}

{0, a, 3,~} is a dual base of {A, X,Y, Z}:

df = O,
doao = —0Na,dB =0 N0,
dy = —a A

-

LCK structure on M{\G; (Inoue surface S1)

(Tricerri '82, Fernandez etal '89, Kamishima '01)
o (, ) : left-inv. metric s.t {A, X,Y,Z} is an orthonormal frame.
o J . left-inv. complex structure s.t JA=Y,JZ = X.

= ({, ),J) : LCK structure with Lee form 6.

e VyO(Y)=—0(VyY)=—(A,VyY)=—([A,Y],Y)=(Y,Y) # 0.

/




Proposition 18. [cf. Belgun, '00]
[1\G1 has no Vaisman structures.

Proof. e A complex structure on a 4-dimensional solvmanifold is left-
invariant [Hasegawa, '05].

e A complex structure on IN'{\G1 is equivalent to

Jo : JoA =Y, JogY = —A, JoZ = X, JopX = —Z
or
J1: JWA=Y+ 2 J1Y =-A—-X,J1Z=X,J1X = —Z [Ovando, '04].

e (IM'1\G1,J) has a Vaisman structure : Qg = d_gn
— (M1\G1, Jq) has a LCK structure : Q% = d_,6Mq (g=0o0r1)

<Za Z> — d—kqenq(Jan Z) — (—kqe/\nq _I_ dTICI)(Xa Z) =0

because X, Z € [g1,91] and Z is in the center of g;.



Remark 19.
(M \Gq,J1) has no LCK structures.

Remark 20. [Vaisman, '82]
The first Betti number of a Vaisman manifold is odd.

E
Proposition 21. [Kasuya '12]
1
If g=R"x R™ and dim[g, g] > Edim g,
then (I"'\G, J) has no Vaisman structures.
N

— Inoue surface SO, O-T manifolds have no Vaisman structures.




4. In the case of n > 2
gn = Span{AaXia Yéa Z [AaXZ] — a”iX’ia [Aa YL] — _a’iY:ia [X’w YZ] — Z}

{0, oy, B;,~v} is a dual base of {A, X,Y, Z}:

do = 0,
doy = —a;0 N\ o, dB; = a;0 A\ B,
dy =~ a; A B

i

Note that
[gn, gn] = span{X,,Y;, Z}, span{Z} is the center of g,.

We assume that g, has a LCK structure ((, ), Jn) with Qg (—k6-closed
2-from).



[Lemma 22. Q0(Z,X;) = Qo(Z,Y;) = 0 for each . }

Proof.
QO(Za XZ)

L]
vo . ¢F — g isomorphism induced by ( , ).
[Corollary 23. Jpov9(0) € span{Z}. }
Proof. Since (JnZ,X;) = —Qo(Z,X;) = 0,(JnZ,Y;) = —Q0(Z,Y;) = 0O,

we have J,Z € span{yo(0)}, that is, J, 0~g(0) € span{Z}. L]



(g,(, ),J) LCK solvable Lie algebra with Lee form wyp.

-
Proposition 24. [S. '15]

If ([vo(wo), J o vo(wo)l, J ©v0(wo)) = O,
then ((, ),J) is a Vaisman structure.
N

= LCK structure on ({, ),Jn) On g, is Vaisman,
because J o~vg(0) € span{Z}.

-
Proposition 25. [S. '17]

If g is completely solvable and ({, ),J) is a Vaisman structure,
then g =R x b, where fj is a Heisenberg Lie algebra.

\_

= T his is a contradiction,
because g, is completely solvable.



Remark 26. A non-degenerate —w-closed 2-form is called LCS.
The solvmanifold M,\Gn has LCS structures:

Q1 = d gy=—-0Avy—> o; ABi(exact type)
i
Q2

ap N og+ dig, 44,)07
ap N\ oy + (ak + al)e Ny — Z a; N B;(non-exact type)

1

Remark 27.1If a; = 0 for each ¢z,
then the solvmanifold 'y, \Gy, has a LCK structure (Vaisman).




4. Future Work

e Structure Theorem for Vaisman solvmanifolds 7

e Classification of low dimensional LCK solvmanifolds

-
Proposition 28. [S. '12]
Classification of 4-dimensional LCK solvmanifolds:
kKodaira-Thurston manifold, Inoue surfaces

Proposition 29. [Bock, '16]
Classification of 6-dimensional solvable Lie algebras




Proposition 30. [S. '15]
If Qg is —wp-exact, then (€2, J) is Vaisman.

Since g is solvable, n := [g, g] is nilpotent:

n=1[g,g] D0 =[n,n] >n® =] 5... 5nl 5+ =

where n(i+1) = [n n?].

[Proposition 31.
If Jn(") c [g, ]+, then (R,J) is Vaisman,

~where [g, g]+ is the orthogonal component.
%

= We can construct 6-dimensional solvmanifolds without LCK struc-
tures.




