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This talk based on

e Example of the six-dimensional LCK solvmanifold, Complex Mani-
folds, 4 (2017), 37-42.

e Remarks of LCK structures on Inoue surface, preprint.



1. Introduction

" Definition 1.

G : simply-connected solvable Lie group.

[ : lattice, that is, discrete co-compact subgroup of G.
— ['\G : solvmanifold.
\(G . nilpotent Lie group == IN'\G : nilmanifold)

a I
Theorem 2. [Hasegawa '06]

A solvmanifold admitting a Kahler structure is a finite quotient of
a complex torus which has the structure of a complex torus bundle
\over a complex torus.

J




"Definition 3.

(M, g,J) : Hermitian manifold.
Q2 : the fundamental 2-form (Q2(X,Y) = g(X,JY)).
(M, g,J) : locally conformal Kahler (LCK)

= Jw ' closed 1-form such that d2Q = w A .
(S

(We call w Lee form.)

-

Remark 4.
If w=df, then (M,e fg,J) is Kihler.

"Definition 5.
(M,g,J) : LCK manifold.
(M, g,J) : Vaisman manifold

ﬁ Lee form w is parallel with respect to g.
e
N




Definition 6.
M : manifold,
« . closed 1-form on M.
de : AP(M) — APTL(AD)
doB i =aAB+d3 (d2=0).
We call 8 a-closed (a-exact), if do8 =0 (8 = dav).

Similarly, we can define the new differential operator on a Lie algebra.

(M,qg,J) : LCK manifold.

<— dQ2=wAQ (w: closed 1-form).
<— 0= —wAQ+ dS2.

<— 0=4d_,Q2, that is, €2: —w-closed.




/Theorem 7. [Ledn-Lopez-Marrero-Padron, '03]
(M, g) : compact Riemannian manifold

« . parellel 1-from with respect to g
\:> any a-closed form is a-exact.

The fundamental 2-form €2 of a Vaisman manifold is —w-exact:

QR=d_ n=—wAn—+dn.

Remark 8. [S. "15]
On solvmanifolds, the inverse is hold.




Examples

e Hopf surface (Vaisman '79) : Vaisman manifold

e Inoue surfaces (Tricerri '82) : non-Vaisman manifold

nilmanifold St x M\ H
° where, H is a Hisenberg Lie group : Vaisman manifold
(Fernandez etal '86)

Oeljeklaus-Toma manifold

(Oeljeklaus-Toma, '05) non-Vaisman manifold



-
Theorem 9. [S. '07]

G : nilpotent Lie group with a left-invariant complex structure J.
(M\G,J) has a LCK structure,
\:> G =R x H, where H is a Heisenberg Lie group.

Main T heorem.
There exits LCK solvmanifolds without Vaisman structures.




2. Preliminary

(M =T\G,g,J) : LCK solvmanifold with Lee form w such that
1. J is left-invariant.
2. 3 left-invariant closed 1-form wqg s.t wg — w = df.

KTheorem 10. [Belgun '00]
For X,Y c g,
(X,Y) = /M el (X, Y)dp
= (g,(, ),J) : LCK solvable Lie algebra with Lee form wg.

-

o : the fundamental 2-form of ({, ),J)

-
Remark 11. [S. '12]
(M =T\G,g,J) : Vaisman solvmanifold (2 = d_,n)
— S.20 — d—wonO

N




Theorem 12. [Hasegawa, '05]
A complex structure on 4-dimensional solvmanifolds is left-invariant.

Theorem 13. [Vaisman, '82]
The first Betti number b1 of a Vaisman manifold is odd.
r ~
Theorem 14. [Kasuya, '12]
Let G = R" x R™,
\If dim[g,g] > dimg/2, then (I'\G, J) has no Vaisman structures. |

E
Theorem 15. [S. "17]

(M\G, J) : Vaisman completely solvable solvmanifold
\:> G = R x H, where H is a Heisenberg Lie group.




3. Examples

-

Example 1. [ Inoue surface S9]

( t O

o O =z
_ 0 B8 0 z|.
G1 =« 0 0 B z t,xr e R,z€ C5,
L\0O 0 0 1

/

where «, 3,3 are eigenvalues of a unimodular matrix B € SL(3,2Z)
such that B # 8.

N

a I
Remark 16.
Inoue surface S© is given by H x C:

. (z+ V=14 2) - (o + \/—1ozt/, 2N = (a2 +z+ \/—1ozt+t/, B2 + 2) )




LCK structure on M \G1 (Tricerri '82)
{o,u,v;} is a base of g] as follows:

dp = 0,

dp = —@ A u,
dl/1=lg0/\yl—|—cg0/\ug,
dvp = 5p Avp — cp Ay,

- The complex structure J such that

w= ¢+ +/—1u and wr = v1 + v/—11vp are (1,0)-form.
- The 2-form € such that Q = v/—1(w1 A D1 + wo A @9).
- Lee form wq 4+ wq is not parallel.



e 1\G1 has a LCK structure (Tricerri '82)

e [1\G1 has no Vaisman structures,
because G1; = R x, R3 (Kasuya, '12).




-
Example 2. [O-T manifold of type (2,1), '05]

( ozglo/ltz 0 0 0 :1:1\ \
0 S PACEN 0
Gy = { 0 0 phugt2 0 z | it €R2eC
0 0 0o phg*? z
o 0 0 0 1) ]

where aq, as, 8, 5 are roots of the polynomial f1(z) = 2% —2z3—222+
z+1,and o, =ao; 1 +a;2(i=1,2), =81+ 572
= We can constructa lattice ', on G» (S. '17)

N

/Remark 17.
O-T manifold is given by H?2 x C:

(1 + vV—Tai1"a,?, xo + vV—Tasx"al®, 2) - (2}, + V=T, 2, 2, + V=T tla/2t2 2"
— (Oé1t1051t2£8 +ZC1—|—\/—_1041t1+t /t2+t2 G&Qthé x’2+x2+\/_042t1+t /t2+t2 6t16/tgz +Z)




L CK structure on IN'>\Go (Oeljeklaus-Toma, '05, Kasuya, '13)
{4, i, vi} is a base of g% as follows:

de1 = 0,dpo = 0,

dpy = —p1 A p1, dpp = —p2 A po,

dvy = 3(p1 + ¢2) Avt + (c1p1 + cop2) A v,
dvy = 5(p1 + ¢2) Avo — (c1p1 + cop2) Av,

- The complex structure J such that
w; = @; + \/——1,LLZ' for:=1,2 and w3z =v1 + \/——11/2 are (1, O)—form.
- The 2-form €2 such that

Q= \/——1(2(w1 N1+ wr Awo) +wi Ados + wo A1 + w3z Aw3).
- Lee form wy 4+ w1 + wo + Wy is not parallel.



e The solvmanifold Ny\Go has a LCK structure.
e The solvmanifold N\G> has no Vaisman structures, because
— bl(rQ\Gg) = 2 (Vaisman '82).

— G> = R? x, R*, where J is left-inv. (Kasuya, '12)




.
Example 3. [ Inoue surface ST(Main example)]

([1 —ely etz 2z )

0 €t 0O x|
G3 = |« 0 0 ety t,x,y,z €ER .
\o o o 1 |

gz =span{A, X,Y, 7}
[A7X] — X7 [A7Y] — _Y7 [X,Y] = Z

Remark 18.
G3 =R x, H, where H is a 3-dimensional Heisenberg Lie group.




L CK structure on M'3\G3
(Tricerri '82, Andrés-Cordero-Fernandez-Mencia, '89)
{o, i, v} is a base of g% as follows:

dep = 0O,
dpy = —@ A p1,dp = @ A po
dv = —p1 A p2

- The complex structure J such that

w1 =+ +V—1po and wo = v+ +/—1pq are (1,0)-form.

- The 2-form € such that Q = v/—1(w1 A &1 + wo A @3).
- Lee form wy 4+ w1y is not parallel.



e The solvmanifold M'3\G3 has a LCK structure.

e b1(IM3\G3) = 1.

Theorem 19. [cf. Belgun. '00]
3\G3 has no Vaisman structures.




Proof 1

" Definition 20.
G : simply-connected solvable Lie group.
G . completely solvable

<= For VX €g, ad(X) : g — g has only real eigenvalues,
e

where g : Lie algebra of G.
N J

Proof. Gz: completely solvable.

g
Theorem 15. [S. '17]

(M\G, J) : Vaisman completely solvable solvmanifold
\:> G = R x H, where H is a Heisenberg Lie group.

Gz =R xy, H, where H is a 3-dimensional Heisenberg Lie group.
Note that ¢ is non-trivial. L]



Proof 2 A complex structure J; on N\G3 is given by

where ¢ € R (Hasegawa, 04).

(M\Gs3, Jg) has a Vaisman metric gq.

== the fundamental 2-form 24 = dy ng = 0g A ng + dnyg,
where 0, is closed.

= (Z,7) = QQy(J4Z,Z) = (g Ang+ dng)(X,Z) =0,
because X, Z € [g,g] and Z is a center of g.



Remark 21.
(F3\Gs, Jg) has a LCK structure < ¢ =20, i.e., Inoue surface S+,

|

Proof. 7Qq : non-degenerate and non-exact kp-closed 2-from
— k=4=1.

Case k= —1 Q5 =av Apup+d_yuno

<Z7 Z> — Qa(JqZ7 Z) — (G’VAMQ +d—90770)(X7 Z) =0

Case k=1 Qd = buv A pg + dyng

QI(X,Y) = QF(JgX, JgY)
dno(X,Y) = (bvAp1+dong)(—Z,—A —¢X)
—no([X,Y]) = —no(Z) = —no(Z) + bg
0O = bq



