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Introduction

Background

Zeros of orthogonal polynomials:

many interesting properties explored over more than a century
in particular, for the classical orthogonal polynomials:

Hermite, Laguerre, Jacobi, Wilson, Askey-Wilson, Racah, g-Racah
etc, (Askey scheme of hypergeometric orthogonal polynomials)
They satisfy second order differential or difference eq. and the
three term recurrence relations

Exactly Solvable Quantum Mechanics provides

universal framework of classical orthogonal polynomials;
ordinary Schrodinger eq.

difference Schrodinger eq.  with pure imaginary or real shifts
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Introduction

@ start with degree A solutions of a time dependent
Schrédinger eq. for a classical orthogonal polynomial.

@ a linear matrix equation describing perturbations around the
N zeros of the polynomial is derived.

e The N x N matrix M has remarkable Diophantine
properties.
e the eigenvalues are independent of the zeros.
e the corresponding eigenvectors provide the representations of
the lower degree (0,1,..., N — 1) polynomials in terms of the
zeros of the degree A/polynomial.

@ universal results for all the classical orthogonal polynomials

@ Basic facts: For polynomials (degree N or less), the
differential and difference operators can be represented
algebraically, in terms of N' x N matrices
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Time dependent Schrédinger equations
P ger eq Polynomial solutions

Perturbations around the zeros

Exactly solvable Schrodinger egs.

@ Time dependent Schrédinger equation

8\U(X t)
ot

exactly solvable, if the eigenvalue problem of the Schrodinger
operator H is exactly solvable:

Hon(x) = E(n)on(x), n=0,1,...,

@ the general solution

= HV(x,t)

— Z Cnefié'(n)t(bn(x)’
n=0

{cn}: constants of integration.
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Time dependent Schrédinger equations
P ger eq Polynomial solutions

Perturbations around the zeros

Exactly solvable Schrodinger eqs 2

@ factorised eigenfunctions

¢n(x) = ¢o(x)Pn (1(x))

$o(x) is the ground state wave function, ¢o(x)? provides the
orthogonality weight function for the polynomial P, (n(x)) of
degree n, n(x) is called the sinusoidal coordinate

@ similarity transformed Schrodinger operator H:

H = go(x) ™ o H o ¢o(x),

governs the classical polynomials {P, (1(x))}:
HP, (n(x)) = E(n)Py (n(x)), n=0,1,....
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Time dependent Schrédinger equations Rallyremital ssliions

Perturbations around the zeros

Polynomial solutions

@ restrict the general solution to those having degrees up to N:

N
Var(x, ) = Z cne E M, (x) = e EN gy (x)ihrr(x, )

N
=Y e Ip, 310
=0
@ ¢, for monic: CNP/\[ H (n(x Xn)),
() D cun, A ),
N
¢N(Xa t) = H (U(X) - U(Xn(t)))v
n=1
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Time dependent Schrédinger equations
P ger eq Polynomial solutions

Perturbations around the zeros

infinitesimal oscillations around the zeros of Py (1(x))

@ focus on the infinitesimal oscillations:
xn(t) =xp +evn(t), 0<e<xl, n=1,....N

@ leading to

N
Un(x, 1) = [T (n(x) = n(xa))

N N
— Y 1(0)0(xa) [T (n(x) = n(x)) + O(e),
n=1 j#n
def dn(x)
T dx

with  7(x)
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Time dependent Schrédinger equations
P ger eq Polynomial solutions

Perturbations around the zeros

time evolution eq. for ¥y (x, t)

@ Lh.s. of () is a degree N/ — 1 polynomial in n(x):

N

- Z d% 1) [T (n(x) = n(x)) + O(€?).

J#n

@ r.h.s. is also a degree N/ — 1 polynomial in n(x):

/627,,, )11 (Xm) HNH )) + O(e 2),
Jj#m

since HarPy (n(x)) =0, (A).
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Time dependent Schrédinger equations
P ger eq Polynomial solutions

Perturbations around the zeros

time evolution eq. for ¥y (x,t) 2

(%) reads at the Ieading order of e

d% (%) H n(x))

J#n
N
:—"ZWm(tnXm HNH 77(XJ anzla"'vNa
m=1 J#m X=xp
in matrix form
d% ZManm n=1,....N,
o "l (Fn T () = o)) )|

: N
1(Xn) H#,,(Tl(xn) - TI(XJ))



Time dependent Schrédinger equations
P ger eq Polynomial solutions

Perturbations around the zeros

Main Results

e Theorem 1 The eigenvalues of M are E(N) — E(m),
m=0,1,...,N — 1. They depend on the basic parameters of
H but do not depend on the zeros {n(x,)} directly.

e Theorem 2 The corresponding eigenvectors {vg,m)} of M,
N
3" Meri™ = (E(N) — E(m)vi™
=1
yield the representations of the lower degree polynomials

{Pm(n)}, m=0,1,... N —1, in terms of the zeros {n(x,)}
of Pxr(n(x)):

N N
S 0 T 00— 1(x)) o Pm(n), m=0,1,...,N 1.
n=1 Jj#n
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Time dependent Schrédinger equations

Polynomial solutions
Perturbations around the zeros

o well-known Lemma The Lagrangian interpolation of a
polynomial Q(x) (deg@ = m) by a higher degree polynomial
Q(x), (degQ =N > m) is exact:

N _
Q(xn Q(x
o(x):z @((X")) . (X_(X))

=1
dedeH (x — xn) "(xn —dNH Xn — Xj) -
Jj#n
@ Theorem 2 =- Corollary
S Pelila) _ Paln)
T P nGa)) T (#Reen)| e N

m=0,1,...,N — 1.
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Time dependent Schrédinger equations
P ger eq Polynomial solutions

Perturbations around the zeros

REMENS

e Remark 1 The matrix M, constructed by the zeros of
Pnr(n(x)) and the parameters of H only, contains all the
information of the values of lower degree polynomials at these
zeros {Pm(n(xs))}, m=0,1,..., N — 1 as eigenvectors.

@ Remark 2 The eigenvalues are algebraic numbers based on
the basic parameters of H, N and the zeros, {n(x,)},
{N(xn)}. That they are independent of the zeros means that
the way the zeros enter the matrix elements M, , is essential
but not the explicit values of {n(x,)}, {n(xn)}. The explicit
values are indispensable for the exact values of the
eigenvectors {vf,m)} to reproduce the lower degree
polynomials {Pn,(n)}. The equations satisfied by the zeros are
essential. They are obtained by evaluating the polynomial

equation (A) at the zeros: 0 = Hp Py (n(x))’

X=Xp
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Hermite
Examples from ordinary quantum mechanics Laguerre
Jacobi

Examples: Hermite polynomials

@ basic data:

~ d?
H= @+2xd , —00 < x < 00, n(x)=x, E(n) =2n,
do(x)?> = e, Pup(n) = Ha(n), Hermite polynomial.
N1 1 N
Mopm=20mm [N+ —Xn Y .
j<k Kn TN X T Xk =1 TN
1 N,
+2(1 = dm) > — Xp
e m \jmrgm T

@ eigenvalues are all integers 2(N' — m), m=0,1,... N — 1,
for arbitrary distinct {x;}; Z’: singular terms are omitted
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Hermite
Examples from ordinary quantum mechanics Laguerre
Jacobi

Examples: Hermite polynomials 2

N
@ algebraic equations among the zeros {x,}: Z’

j=1
e N x N matrix A by Ahmed, Calogero, et al [1]:

1

Xp — Xj

= Xp.

nm—(snmz (1_6nm) !

Xn = Xj)? (%n — Xm)?’
H

with eigenvector v,S’"):M, n=1,...,N, for
HN—l(Xn)

eigenvalues N\ —m—1, m=0,1,... N — 1.

N, 2 1
M=2A+1)by SV SN —1)— s
o ( + ) yJ:Zl (Xn_Xj)2 3( ) 3Xn

e Corollary proved, since Hj(x) = 2Hn—1(x).



Hermite
Examples from ordinary quantum mechanics Laguerre
Jacobi

Examples: Laguerre polynomials

H d2+2( g)d 0<x< (x) = x2, £(n) = 4n
= —— X — —)— X X)=X =
dx?2 dx’ o 1 ’ ’
do(x)2 = e (x2)8, Po(n) = L (n), Laguerre, a & g — % > —1,
N 1 1 N
Mnm: 4'5nm N+2_Vnzl T _(Yn_a 1 Z/
i<k Yn—YjYn— Yk = Yn—Yj
X 1 N
+4(1_5nm)£' 2yn Z/ —(n—a-1)
Xn Yn_ym J:l;ﬁmyn_'y‘/

e eigenvalues are all integers 4N — m), m=0,1,... . N —1,
for arbitrary distinct {y;}, {x;}, except for 0.
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Hermite
Examples from ordinary quantum mechanics Laguerre
Jacobi

Examples: Laguerre polynomials 2

@ algebraic eqs among the zeros {y,}:
N

D B (R CRBY)

=1 Yn —Yj
e N x N matrix B by Ahmed, Calogero, et al [1]:

N
Bnm:(snm IL_ 1_5nm yim,
J.Z:; (vn = ¥)? ( )(yn — Ym)?

(@)
with eigenvector w,(,m) = L(;")i(y”)
LN—l(Yn)

for eigenvalues %(N’ -m-1),m=0,1,.... N - 1.

,n=1,....N,
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Hermite
Examples from ordinary quantum mechanics Laguerre
Jacobi

Examples: Laguerre polynomials 3

o M =4D(2B +1)DY, D= diag(x1, xo. ... xv), (D)
m L) oL LS (yn)

Lg\?)fl(yn) Xn L(a)/(yn)
e Corollary verified, since

' m=0,1,...,.N —1

ndL(n“’(n)
dn

— D) = nl$ () = (n+ )L, ().

e [J: by using another equation for {y,}:

N
2N/ 1 1 2
N o= ((a+ 1)(a+5) 22N + a+ Ly, +y2) .
y 2 O —yj)2 15 ((a )« ) ( o )nt+Y )
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Hermite
Examples from ordinary quantum mechanics Laguerre
Jacobi

Examples: Jocobi polynomials

@ basic data
- d? d i
H = i 2(g cotx — htanx)a, 0<x< >
n(x) = cos2x, ij(x) = —2sin2x, (1(x))* = 4(1 - n(x)?),
Po(x)? = (sin® x)&(cos® x)"", Pn(n) = P,ga”g)(n), Jacobi polynomial,
E(n)=4n(n+g+h)=4n(n+a+G+1),

a¥g—1>_1 8p-15 1

Sasaki Zeros of classical orthogonal polynomials



Hermite
Examples from ordinary quantum mechanics Laguerre
Jacobi

Examples: Jocobi polynomials 2

N
1 1
Mpm =46pm| NN +a+8+1)+2(1-y2) ) ' -
i<k Yn—=VYj Yn— Yk
N
—~((a+B)ynt+a—p8)) '
— Yn—
j=1
sin2x N
= 2(1— ! —(+ +a—
W—bnm) G5 — Ya émyn 7 B)yn+a—p)

o if a+p0 € Z: M has a remarkable Diophantine property.
AN -—mWN+m+a+p+1), m=0,1,...,.N —1, for
arbitrary distinct complex numbers {y,} and {x,} except
for 0 mod /2.
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Hermite
Laguerre
Jacobi

Examples from ordinary quantum mechanics

Examples: Jocobi polynomials 3

@ algebraic eqs among the zeros {y,}:

N
1 1
(1_)/3)2/7_:i((a+ﬂ+2))/n+a_ﬁ)'
=1 Yn—Yj
e N x N matrix C by Ahmed, Calogero, et al [1]:
1-y7) (1-y3)
nm—(snm J 1_(5nm 7m7
Z ( )(yn_ym)2
(aﬁ)
with eigenvector W,(, m) _ W(yn) n=1,...,N, for
P/\/7_1 (Yn

IN-m-1)N+m+a+3),m=01,... . N1
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Examples from ordinary quantum mechanics

Examples: Jocobi polynomials 4

o M =4D(2C+2N +a+ 3D, (D)
D 2 diag(sin 2xq, sin 2xa, . . . , sin 2xv7),
P(a7ﬁ)(yn) 1 Pf(na7ﬁ) (yn)

o x — :
'D/(\%_ﬂl)(Yn) sin 2y P/(\[ﬂ)/()/n)
m=0,1,...,.N -1,

e Corollary verified, since (Szegd)

= ("

= sin 2x,

2n+a+ B)(1 —12)dPS () /dny
——n[@2n+a+8)+8 —a] PSP m)+2(n + a)(n + B)PD(n).

Sasaki Zeros of classical orthogonal polynomials



Examples from ordinary quantum mechanics

Examples: Jocobi polynomials 5

() is derived by using [1]

212 Y 1
(1 _yn) JZI ()/n _yj)2
1 1 1
= §(N— DN +a+8+2)— ﬁ(04 — 32— 6(oc — B+ B+6)y,

~ SUNWV +at 841+ (ot 2)(a+ B+ 6)]y2

Sasaki Zeros of classical orthogonal polynomials



Poly als hav
Examples from discrete q. m. w. pure imaginary shifts Polynomials hav

General Features

@ This group contains

e 7)(x) = x: Meixner-Pollaczek, continuous Hahn polynomials
2

e 7)(x) = x“: continuous dual Hahn, Wilson polynomials
o 7)(x) = cosx: Askey-Wilson and its reduced form polynomials

e shift operators with pure imaginary shifts:
e %y(x) = (x £ i7), vER,
@ general form of H (second order difference eq):

H = V(x)(e "% 1)+ v*(x)(e"P — 1)

° *—operation

If f(x Za,,x apn€C, = *(x )defZaf,x”.

n
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Examples from discrete q. m. w. pure imaginary shifts Polynomials ha

Polynomials having 7(x) = x

V() T (30 — i = x5) + V* () T (0 + i — %)
T (%0 — %))

+EN) + V(xp) + V*(X,,))

(VO T pmln = = 3) =V ) [T+ 1 = 53))
[0 (0 = ) |

Mnm = 5nm (

+i(1=6nm)

o eigenvalues E(N) —E(m), m=10,1,...,N — 1, for arbitrary
distinct complex values of {x,}.
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Polynomials having n(x) ,—00 < x<oo,y=1
Polynomials hay X <
Examples from discrete q. m. w. pure imaginary shifts Polynomials hav

Polynomials having n(x) = x, 2

e Meixner-Pollaczek: V(x) def "(g_‘z’)(a + ix),E(n) = 2nsin ¢,
a>0,0 < QS <7, ¢o(x)? = eP*"X (a + ix)l(a — ix),

Pa(x) = '"¢2F1< ™ a+ X ‘ 1- 72@)

@ continuous Hahn V(x) = (a1 + ix)(a2 + ix),

E(n)=n(n+ b1 1), by & Zaj, {a3,as}={ay, a5}, Rea; > 0,
j=1
2
do(x)? = H M(aj + x)M(aj — ix), Pn(x) =
j=1
n n —n, —1, )
I.,,(31+a3) (|a1+a4) 3/__2( n, n+ by al+lx‘1)_
n: ay+az, a1+ as
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Polynomials ha
Polynomials h
Examples from discrete q. m. w. pure imaginary shifts Polynomials ha

Polynomials having 7(x) = x

4; < V(xn)n,&n((xn—f)2—yj)+V*(xn)Hﬁn((xn+f)2—yj)
nm nm Hﬁén( )

+EWN) + V(xp) + V*(xn)>

X 1 %
L)L V) + 20k w02~ y;
*( )X" Hﬁfn( yj) Callt+ )Jg’"(( ) y)
N
V() (1 = 200) [T ((a+0)% = )
j#nm

o eigenvalues E(N) —E(m), m=10,1,...,N — 1, for arbitrary
distinct complex {x,} except for poles of V & V*, {y, = x2}.
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Polynomials ha
Polynomials h
Examples from discrete q. m. w. pure imaginary shifts Polynomials ha

the Wilson polynomials

(a1 +ix)(a2 + ix)(a3 + ix)(aq + ix)’ V*(x) = V(—x),

Vi) = 2ix(2ix + 1)
t L T(aj + ix)M(a — ix
¢o(x)* = et r((;ix;_F(—);j) )’ E(n) = n(n+ by —1),

4
* * * * def
{al,a5,a3,a3} = {a1,a»,a3,a4}, Rea; >0, by = E aj,
j=1

Pn(U(X)) = (al + 32)n(al + 33),7(21 + 34),7
—n,n+ by —1, a1+ ix, a1 — ix
X 4F3( ‘ 1)
ai+az, a1 +as, a1+ as

@ integer eigenvalues if by € Z,
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Examples from discrete q. m. w. pure imaginary shifts

the continuous dual Hahn polynomial

V(x) = (a1 + ix).(ag —|— ix)(as + ix)
2ix(2ix + 1)
{a1,a5, a3} = {a1, a2, a3}, Rea; >0,

[T M3 + )T (3 — ix)
2 _ —

w0 = a0 S =

—n,, ai+ix, ay — ix ‘ 1)

a1+ az, a1+ a3

L V() = V(—x),

Pn(n(x)) = (a1 + a2)n(a1 + a3)n x 3F2(

o all integer eigenvalues
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Polynomials ha
Polynomials ha
Examples from discrete q. m. w. pure imaginary shifts Polynomials h

General Features

Mpm=10rm {S(N) + V(Xn) + V*(Xn)
N

1
v (Ve [[((az+ a2 7)/2 -y
%l =l 1;5 7

+ V) [[((a7 20 + a2, 1) /2 - w)) }

sin2x, (g1 —1) i

+(1=6pm )s.nzxnzn;én(yn ¥)
N
% (Vem)z ' = az2) T] (920 +a72257)/2 - )
j#nm N
+V nz(l - az2) T (0720 + az2)/2 - )

j#n7m
def .. ..
z, = €™ =cosx, +isinx, =y, — in(x,)
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n(
Examples from discrete q. m. w. pure imaginary shifts Polynomials having n(x

General Features 2

M has eigenvalues E(N) — E(m), m=0,1,... N —1, for
arbitrary distinct complex values of {x,} except for the poles of V
and V* and {y, = cos x,}.
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Examples from discrete q. m. w. pure imaginary shifts

the Askey-Wilson polynomials

1— ix 1— ix 1— ix 1— ix
V(x) = (1 —a1e”)(1 — ape™)(1 — aze™)(1 — a4e™)
(1 _ e2IX)(1 _ qe2IX)

V*(x) = V(—x), {al,a5,a3, a3} ={a1,as, a3, a4}, |aj| <1,
(€™ 9)o0(e72%; @)oo
Hj}:l(ajeix ;)oo(aj€7; q) oo

—-n n— def
E(M)=(q7"—1)(1—bag""), bs = a1arazau,
Pn(n(x)) = a7 "(a1a2, a1a3,a1a4 ; q)n

q;q>-

—n n—1
q~ ", baq
X 4¢3
Sasaki Zeros of classical orthogonal polynomials
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Examples from discrete q. m. w. pure imaginary shifts

The other polynomials

The other polynomials are obtained by restricting the parameters
of the Askey-Wilson polynomial.

@ the continuous dual g-Hahn polynomial: by a; = 0,
@ the Al-Salam-Chihra polynomial: by a; = a3 = 0,
@ the continuous big g-Hermite polynomial: by
as =az = a» =0,
@ the continuous g-Hermite polynomial: by
ag=az=a=a; =0,

1, |1
@ the continuous g-Jacobi polynomial: by a; = qj(oﬁ‘j),
1 3 1 1 1 3
a = q2(0t2) 55 = q2(0+2) | 5, = q2(F+2),
1, |1
@ the continuous g-Laguerre polynomial: by a; = q§(a+§),
1, .3
dpy = qj(a‘i’f), a3 = ag = O,
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near in g~

Examples from discrete q. m. w. real shifts Polynomials ha ) bilinear in g~ ~ &

General Features

@ This group contains
e 7(x) = x: Hahn, Krawtchouk, Meixner, Charlier polynomials,
e 7)(x) quadratic in x: dual Hahn, Racah polynomials,
o 7(x) linear in g**: g-Hahn, quantum Krawtchouk,
g-Krawtchouk, little g-Jacobi polynomials, etc
n(x) bilinear in ¢7* and ¢*: dual g-Hahn, g-Racah
polynomials,
o shift operators with real shifts: etP(x) = Y(x £ 1),
e general form of H (second order difference eq):

H = B(x)(1 - €”) + D(x)(1 —e™?), B(x) >0, D(x) >0,
acting on finite [0,1,..., N] or infinite [0,1,. .., 00) integer
lattice

@ boundary condition
D(0)=0, B(N)=0, N <N,



Examples from discrete q. m. w. real shifts

Polynomials having 7n(x) = x

(B(xanﬁn(xﬁl—mw( ) T (xn — 1 = X))
T (%0 — %)

+E(N) = B(xs) — D(xn) )

) (B(Xn) Hﬁén m( +1 _Xj) (Xn) Hﬁén m( -1 _XJ)>

+(1—0nm
[T (xn — )

e eigenvalues E(N) —E(m), m=0,1,...,N — 1, for arbitrary
distinct complex values of {x,}
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Polynomials having n

Examples from discrete q. m. w. real shifts Poly ials ha bilinear in g~ &

Polynomials having n(x) = x, 2

B(x) = (x+a)(N—x), D(x)=x(b+N-x), a>0, b>0,
N! (a)x (b)n—x

S0P = i o Em) = nln+ 3+ b= 1),
Pox) =3 (" ”:f*_,‘z,_ L —x 1)

@ Krawtchouk:
B(x)=p(N—-x), D(x)=(1-p)x, 0<p<1l, &(n)=n,

o) =5 (NN!— )] (7= p)x’ Pu) =2F (7 7))
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Polynomlals haw

Examples from discrete q. m. w. real shifts Pol\numn\:« having n(x) b\lmral ing " &q

Polynomials having n(x) = x, 3

@ Meixner:
B(X)zl_c(x—i—ﬁ), D(X):lic’ >0, 0<c<l
go(x) (ﬁ);fx, Palx) = 23 ”’6 Ji-e), em=n
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Examples from discrete q. m. w. real shifts Poly s ha b\lmeav ing " &q

Polynomials having 77(x) quadratic in x

Mnm 5nm

H_']/'\;n(yn - yJ)

- 1(Xm) 1 X x
+ (1 (5nm) ( ) Hﬁﬁn( B( n)Jl}n(n( n+ 1) yJ)
N
+ 00 [[ (100 = 1)~ ) (%)
Jj#m

e eigenvalues E(N) —E(m), m=0,1,...,N — 1, for arbitrary
distinct complex values of {x,} except f poles of B(x), D(x).
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Polynomials F

Examples from discrete q. m. w. real shifts

Polynomials F &

Polynomials having 7n(x) quadratic in x, 2

@ Racah (c=-N, d>0,a>N+d, 0<b<1l+d):

B(x) = (x+a)(x + b)(x + o)(x + d)
x+d)(2x+1+d)
D(X)__(X+d—a)(x+d—b)(x+d_c)x
- (2x — 1+ d)(2x + d) ,
5(”)=n(n+8), ad:efa—i-b—kc_d_L
n(x) = x(x + d), H(x) = 2x + d,
¢ (X)2 = (a’ b’ ¢ d)x 2x + d
0 (l+d—al+d—bl+d—cl)x d

—n,n+d, —x,x+d
Pan(x) = aFs ("5 1)
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Examples from discrete q. m. w. real shifts Poly s inearing™ " & q"

Polynomials having 7(x) quadratlc in x, 3

@ dual Hahn:

(x+a)(x+a+b—1)(N—x)

(2x—1+a+b)(2x+a+b)’

x(x+b-1)(x+a+b+N-1)
(2x—24+a+b)(2x—1+a+b)’
En)=n, n(x)=x(x+a+b-1), n(x)=2x+a+b—1,
Go(x)2 = N'  (a)x(2x+a+b—1)(a+ b)n

° xI(N=x)! (b)x(x+a+b—1)ys1 '

—n,x+a+b—-1, —x
Paln()) =sFa (7T 1)

B(x) = a>0, b>0,

D(x) =

Sasaki Zeros of classical orthogonal polynomials



adratic in x

Examples from discrete q. m. w. real shifts Polynomials ha & q

Polynomials having 7(x) linear in g~

@ the rest of the polynomials has the M matrix of the same
structure as that of the Racah (x).
@ g-Hahn (0 <a<land 0 < b < 1):

n—1

a, g N

B(x) = (1-ag*)(¢*" = 1), D(x) = ag (1 — g*)(¢" " — b),
B
Paln(:) =302 (1291 [ g1q)
o g-Charlier (a > 0):
B(x) = aq*, D()=1-g% E(m)=1-4q"
X(x—1)

1
L — q_n’ q—x . —1_n+1
G P =20 (T et

Sasaki Zeros of classical orthogonal polynomials

do(x)? =




adratic in x

WA
Examples from discrete q. m. w. real shifts Polynomials havin

Polynomials having 7(x) linear in g*

o little g-Jacobi (0 < a,b < g™ !):

B(x)=a(g *~ bg). D(x)=q"* ~ 1, £(n)=(q"" ~1)(1~abg"").
2 _ (bgiq)x
¢0(X) = (q;q)x (aq) )
—n 7*!7!1 ( ) _n’ abqn+1 . X
Paln(x)) = (=) g 2T (T 2T [aia )

e alternative g-Charlier (a > 0):
B(x)=a, D(x)=q -1, &(n)=(qg "—-1)(1+ aq"),

do(x)2 =T ——, Pn(ﬁ(x)):qnxz¢1(q q; —aflq*”“)

—n —X

»q
0

Sasaki Zeros of classical orthogonal polynomials



Examples from discrete q. m. w. real shifts Polynomials having 7(x) bilinear in ¢ > & ¢~

Polynomials having 7(x) bilinear in ¢~ & g~

@ g-Racah (c=q VN, 0<d<10<a<q"d qgd<b<1,
d %! abcd™*q™h):
B(x) = — (1 —ag*)(1 — bg*)(1 — cg*)(1 — dg*)
(1 _ dq2x)(1 _ dq2x+1) ’
_ (1 —a7ldg*)(1 — b~dg¥)(1 — cdg*)(1 — %)
(1 — dg>~1)(1 — dg>) ’

E(m=(q"=1)(1~-dq"), n(x)= (g7 ~1)(1~dg),
_ (a,b,c,d;q)x 1— dg*

(aldg, b~'dg,c'dq,q;q)xd* 1—d ’

g ", dq", g7, dg*
Pn(n(X))=4¢3( a2 b c q;q)

Sasaki Zeros of classical orthogonal polynomials
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Polynomials h 1(x) linear in g~

Examples from discrete q. m. w. real shifts Polynomials having 7(x) bilinear in ¢ > & ¢~
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6.7. Electrostatic interpretation of the zeros of the classical polynomials

Stieltjes gave (4, 6; 6, pp. 75-76; cf., also, Schur 1) a very interesting deriva-
tion of the differential equations of the classical polynomials, which is closely
connected with the calculation of the diseriminant of these polynomials (cf.
§6.71) and can be interpreted as a problem of electrostatic equilibrium.

(1) ProBLEM. Let p and q be two given positive numbers. If n unit “masses,”
n = 2, at the variable points z,, z», x5, - -+, zp tn the interval [—1, +1] and
the fized masses p and q at +1 and —1, respectively, are considered, for what posi-
tion of the poinis x,, zz, T3, -- - , Tn does the expression

(6.7.1) T(x1, 29, -+, 2:) = T(2) = i_[l (1 —z)P1+2z) I |z — 2.

Prﬁ-l.zu' R 1
v

become a mazimum?

Obviously, log (T™") can be interpreted as the energy of the system of electro-
static masses just defined. They exert repulsive forces according to the law
of logarithmic potential. The maximum position corresponds to the condi-
tion of electrostatic equilibrium. A maximum exists because 7' is a continuous
function of z,, 22, -+ ,zafor =1 =z, = 4+1,» =1, 2, ... ,n. Itis clear
that in the maximum position the z, are each different from =1 and from one
another. In addition, this position is uniquely determined. To show this, let
us suppose that (cf. Popoviciu 2, p. 74)

+1 >z >2> -0 > x> —1,
{:6?2) ] ] ’
+l>n>a> - >z, > —1
are two positions of this kind; we write
(6.7.3) y, = (2, + 2.)/2, y=1,2 4,7
Then

|2, — 2. + |2, — 2]

|yv_y1-ll= 2 g['t"'_xu!i

!I: - :'E:l !ir

(6.7.4)
|1 % v | g[I:I:r,I}]I:I:z:F,

so that T(y) = {T(2)}}{T(z')}}, the equality sign being taken if and only if
z, = z,. This establishes the uniqueness.

THEOREM 6.7.1. Letp > 0,q > 0, and let {2}, —1 = z, = +1, be a system
of values for which the expression (6.7.1) becomes a mazimum. Then the |z}
are the zeros of the Jacobi polynomial PP (z), where a« = 2p — 1,8 = 2¢ — L.
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