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Background

Zeros of orthogonal polynomials:
many interesting properties explored over more than a century
in particular, for the classical orthogonal polynomials:
Hermite, Laguerre, Jacobi, Wilson, Askey-Wilson, Racah, q-Racah
etc, (Askey scheme of hypergeometric orthogonal polynomials)
They satisfy second order differential or difference eq. and the
three term recurrence relations
Exactly Solvable Quantum Mechanics provides
universal framework of classical orthogonal polynomials;
ordinary Schrödinger eq.
difference Schrödinger eq. with pure imaginary or real shifts
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this Talk

start with degree N solutions of a time dependent
Schrödinger eq. for a classical orthogonal polynomial.

a linear matrix equation describing perturbations around the
N zeros of the polynomial is derived.
The N ×N matrix M has remarkable Diophantine
properties.

the eigenvalues are independent of the zeros.
the corresponding eigenvectors provide the representations of
the lower degree (0, 1, . . . ,N − 1) polynomials in terms of the
zeros of the degree Npolynomial.

universal results for all the classical orthogonal polynomials

Basic facts: For polynomials (degree N or less), the
differential and difference operators can be represented
algebraically, in terms of N ×N matrices
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Exactly solvable Schrödinger eqs.

Time dependent Schrödinger equation

i
∂Ψ(x , t)

∂t
= HΨ(x , t)

exactly solvable, if the eigenvalue problem of the Schrödinger
operator H is exactly solvable:

Hφn(x) = E(n)φn(x), n = 0, 1, . . . ,

the general solution

Ψ(x , t) =
∞∑

n=0

cne
−iE(n)tφn(x),

{cn}: constants of integration.
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Exactly solvable Schrödinger eqs 2

factorised eigenfunctions

φn(x) = φ0(x)Pn (η(x))

φ0(x) is the ground state wave function, φ0(x)2 provides the
orthogonality weight function for the polynomial Pn (η(x)) of
degree n, η(x) is called the sinusoidal coordinate

similarity transformed Schrödinger operator H̃:

H̃ def
= φ0(x)−1 ◦ H ◦ φ0(x),

governs the classical polynomials {Pn (η(x))}:

H̃Pn (η(x)) = E(n)Pn (η(x)) , n = 0, 1, . . . .
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Polynomial solutions

restrict the general solution to those having degrees up to N :

ΨN (x , t) =
N∑

n=0

cne
−iE(n)tφn(x) = e−iE(N )tφ0(x)ψN (x , t)

ψN (x , t)
def
=

N∑
n=0

cne
i(E(N )−E(n))tPn (η(x))

cN for monic: cNPN
(
η(x)

)
=

N∏
n=1

(η(x)− η(xn)),

(?)
∂ψN (x , t)

∂t
= −iH̃NψN (x , t), H̃N

def
= H̃ − E(N ),

ψN (x , t) =
N∏

n=1

(
η(x)− η(xn(t))

)
,
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infinitesimal oscillations around the zeros of PN (η(x))

focus on the infinitesimal oscillations:

xn(t) = xn + εγn(t), 0 < ε� 1, n = 1, . . . ,N

leading to

ψN (x , t) =
N∏

n=1

(
η(x)− η(xn)

)
− ε

N∑
n=1

γn(t)η̇(xn)
N∏

j 6=n

(
η(x)− η(xj)

)
+ O(ε2),

with η̇(x)
def
=

dη(x)

dx
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time evolution eq. for ψN (x , t)

l.h.s. of (?) is a degree N − 1 polynomial in η(x):

−ε
N∑

n=1

dγn(t)

dt
η̇(xn)

N∏
j 6=n

(
η(x)− η(xj)

)
+ O(ε2).

r.h.s. is also a degree N − 1 polynomial in η(x):

iε
N∑

m=1

γm(t)η̇(xm)H̃N

N∏
j 6=m

(
η(x)− η(xj)

)
+ O(ε2),

since H̃NPN (η(x)) = 0, (4).
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time evolution eq. for ψN (x , t) 2
(?) reads at the leading order of ε:

dγn(t)

dt
η̇(xn)

N∏
j 6=n

(
η(xn)− η(xj)

)

= −i
N∑

m=1

γm(t)η̇(xm)

H̃N

N∏
j 6=m

(
η(x)− η(xj)

)∣∣∣∣∣∣
x=xn

, n = 1, . . . ,N ,

in matrix form

dγn(t)

dt
= i

N∑
m=1

Mn mγm(t), n = 1, . . . ,N ,

Mn m
def
= −

η̇(xm)
(
H̃N

∏N
j 6=m

(
η(x)− η(xj)

))∣∣∣
x=xn

η̇(xn)
∏N

j 6=n

(
η(xn)− η(xj)

)
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Main Results

Theorem 1 The eigenvalues of M are E(N )− E(m),
m = 0, 1, . . . ,N − 1. They depend on the basic parameters of
H̃ but do not depend on the zeros {η(xn)} directly.

Theorem 2 The corresponding eigenvectors {v(m)
n } of M,

N∑
`=1

Mn `v
(m)
` = (E(N )− E(m))v(m)

n

yield the representations of the lower degree polynomials
{Pm(η)}, m = 0, 1, . . . ,N − 1, in terms of the zeros {η(xn)}
of PN (η(x)):

N∑
n=1

η̇(xn)v
(m)
n

N∏
j 6=n

(η − η(xj)) ∝ Pm(η), m = 0, 1, . . . ,N − 1.
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Lemmas

well-known Lemma The Lagrangian interpolation of a
polynomial Q(x) (degQ = m) by a higher degree polynomial
Q̃(x), (degQ̃ = N > m) is exact:

Q(x) =
N∑

n=1

Q(xn)

Q̃ ′(xn)
·

(
Q̃(x)

x − xn

)
,

Q̃(x)
def
= dN

N∏
n=1

(x − xn) , Q̃ ′(xn) = dN

N∏
j 6=n

(xn − xj) .

Theorem 2 ⇒ Corollary

v(m)
n ∝ Pm(η(xn))

η̇(xn)P ′N (η(xn))
=

Pm(η(xn))(
dPN (η(x))

dx

)∣∣∣
x=xn

, n = 1, . . . ,N ,

m = 0, 1, . . . ,N − 1.
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Remarks

Remark 1 The matrix M, constructed by the zeros of
PN (η(x)) and the parameters of H̃ only, contains all the
information of the values of lower degree polynomials at these
zeros {Pm(η(xn))}, m = 0, 1, . . . ,N − 1 as eigenvectors.
Remark 2 The eigenvalues are algebraic numbers based on
the basic parameters of H̃, N and the zeros, {η(xn)},
{η̇(xn)}. That they are independent of the zeros means that
the way the zeros enter the matrix elements Mn m is essential
but not the explicit values of {η(xn)}, {η̇(xn)}. The explicit
values are indispensable for the exact values of the

eigenvectors {v(m)
n } to reproduce the lower degree

polynomials {Pm(η)}. The equations satisfied by the zeros are
essential. They are obtained by evaluating the polynomial

equation (4) at the zeros: 0 = H̃NPN (η(x))
∣∣∣
x=xn

.
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Examples: Hermite polynomials

basic data:

H̃ = − d2

dx2
+ 2x

d

dx
, −∞ < x <∞, η(x) = x , E(n) = 2n,

φ0(x)2 = e−x2
, Pn(η) = Hn(η), Hermite polynomial.

Mn m = 2δn m

N +
N∑

j<k

′ 1

xn − xj
· 1

xn − xk
− xn

N∑
j=1

′ 1

xn − xj


+ 2(1− δn m)

1

xn − xm

 N∑
j=1, 6=m

′ 1

xn − xj
− xn

 .

eigenvalues are all integers 2(N −m), m = 0, 1, . . . ,N − 1,

for arbitrary distinct {xj};
∑

′: singular terms are omitted
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Examples: Hermite polynomials 2

algebraic equations among the zeros {xn}:
N∑

j=1

′ 1

xn − xj
= xn.

N ×N matrix A by Ahmed, Calogero, et al [1]:

An m = δn m

N∑
j=1

′ 1

(xn − xj)2
− (1− δn m)

1

(xn − xm)2
,

with eigenvector v
(m)
n =

Hm(xn)

HN−1(xn)
, n = 1, . . . ,N , for

eigenvalues N −m − 1, m = 0, 1, . . . ,N − 1.

M = 2(A + 1) by
N∑

j=1

′ 1

(xn − xj)2
=

2

3
(N − 1)− 1

3
x2
n .

Corollary proved, since H ′
N (x) = 2HN−1(x).
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Examples: Laguerre polynomials

basic data (yn
def
= x2

n ):

H̃ = − d2

dx2
+ 2(x − g

x
)

d

dx
, 0 < x <∞, η(x) = x2, E(n) = 4n,

φ0(x)2 = e−x2
(x2)g , Pn(η) = L

(α)
n (η), Laguerre, α

def
= g − 1

2 > −1,

Mn m= 4δn m

N+2yn

N∑
j<k

′ 1

yn − yj
· 1

yn − yk
−(yn−α−1)

N∑
j=1

′ 1

yn − yj


+ 4(1− δn m)

xm

xn
· 1

yn − ym

2yn

N∑
j=1, 6=m

′ 1

yn − yj
− (yn − α− 1)

 .

eigenvalues are all integers 4(N −m), m = 0, 1, . . . ,N − 1,
for arbitrary distinct {yj}, {xj}, except for 0.
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Examples: Laguerre polynomials 2

algebraic eqs among the zeros {yn}:

yn

N∑
j=1

′ 1

yn − yj
=

1

2
(yn − (α+ 1))

N ×N matrix B by Ahmed, Calogero, et al [1]:

Bn m = δn m

N∑
j=1

′ yj

(yn − yj)2
− (1− δn m)

ym

(yn − ym)2
,

with eigenvector w
(m)
n =

L
(α)
m (yn)

L
(α)
N−1(yn)

, n = 1, . . . ,N ,

for eigenvalues 1
2(N −m − 1), m = 0, 1, . . . ,N − 1.
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Examples: Laguerre polynomials 3

M = 4D(2B + 1)D−1, D def
= diag(x1, x2, . . . , xN ), (�)

⇒ v
(m)
n = xn

L
(α)
m (yn)

L
(α)
N−1(yn)

∝ 1

xn

L
(α)
m (yn)

L
(α)
N

′(yn)
, m = 0, 1, . . . ,N − 1

Corollary verified, since

η
dL

(α)
n (η)

dη
= −ηL(α+1)

n−1 (η) = nL
(α)
n (η)− (n + α)L

(α)
n−1(η).

�: by using another equation for {yn}:

y2
n

N∑
j=1

′ 1

(yn − yj)2
=− 1

12

(
(α+ 1)(α+ 5)− 2(2N + α+ 1)yn + y2

n

)
.
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Examples: Jocobi polynomials

basic data

H̃ = − d2

dx2
− 2(g cot x − h tan x)

d

dx
, 0 < x <

π

2
,

η(x) = cos 2x , η̇(x) = −2 sin 2x , (η̇(x))2 = 4(1− η(x)2),

φ0(x)2 = (sin2 x)g (cos2 x)h, Pn(η) = P
(α,β)
n (η), Jacobi polynomial,

E(n) = 4n(n + g + h) = 4n(n + α+ β + 1),

α
def
= g − 1

2 > −1, β
def
= h − 1

2 > −1.
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Examples: Jocobi polynomials 2

Mn m = 4δn m

N (N+α+β+1)+2(1− y2
n )

N∑
j<k

′ 1

yn − yj
· 1

yn − yk

−((α+ β)yn + α− β)
N∑

j=1

′ 1

yn − yj


+ 4(1−δn m)

sin2xm

sin2xn
· 1

yn − ym

2(1−y2
n )

N∑
j=1, 6=m

′ 1

yn − yj
−((α+β)yn+α−β)

 .

if α+β ∈ Z: M has a remarkable Diophantine property.
4(N −m)(N + m + α+ β + 1), m = 0, 1, . . . ,N − 1, for
arbitrary distinct complex numbers {yn} and {xn} except
for 0 mod π/2.
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Examples: Jocobi polynomials 3

algebraic eqs among the zeros {yn}:

(1− y2
n )

N∑
j=1

′ 1

yn − yj
=

1

2

(
(α+ β + 2)yn + α− β

)
.

N ×N matrix C by Ahmed, Calogero, et al [1]:

Cn m = δn m

N∑
j=1

′ (1− y2
j )

(yn − yj)2
− (1− δn m)

(1− y2
m)

(yn − ym)2
,

with eigenvector w
(m)
n =

P
(α,β)
m (yn)

P
(α,β)
N−1 (yn)

, n = 1, . . . ,N , for

1
2(N −m − 1)(N + m + α+ β), m = 0, 1, . . . ,N − 1.
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Examples: Jocobi polynomials 4

M = 4D(2C + 2N + α+ β)D−1, (�)

D def
= diag(sin 2x1, sin 2x2, . . . , sin 2xN ),

⇒ v
(m)
n = sin 2xn

P
(α,β)
m (yn)

P
(α,β)
N−1 (yn)

∝ 1

sin 2xn

P
(α,β)
m (yn)

P
(α,β)
N

′(yn)
,

m = 0, 1, . . . ,N − 1,

Corollary verified, since (Szegö)

(2n + α+ β)(1− η2)dP
(α,β)
n (η)/dη

=−n [(2n +α+β)η +β −α] P
(α,β)
n (η)+2(n + α)(n + β)P

(α,β)
n−1 (η).

Sasaki Zeros of classical orthogonal polynomials



Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Hermite
Laguerre
Jacobi

Examples: Jocobi polynomials 5

(�) is derived by using [1]

(1− y2
n )2

N∑
j=1

′ 1

(yn − yj)2

=
1

3
(N − 1)(N + α+ β + 2)− 1

12
(α− β)2− 1

6
(α− β)(α+ β + 6)yn

− 1

12
[4N (N + α+ β + 1) + (α+ β + 2)(α+ β + 6)] y2

n .
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Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

General Features

This group contains

η(x) = x : Meixner-Pollaczek, continuous Hahn polynomials
η(x) = x2: continuous dual Hahn, Wilson polynomials
η(x) = cos x : Askey-Wilson and its reduced form polynomials

shift operators with pure imaginary shifts:
e±iγ∂xψ(x) = ψ(x ± iγ), γ ∈ R,

general form of H̃ (second order difference eq):

H̃ = V (x)(e−iγ∂x − 1) + V ∗(x)(e iγ∂x − 1)

∗-operation

If f (x) =
∑
n

anx
n, an ∈ C, ⇒ f ∗(x)

def
=
∑
n

a∗nx
n.
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Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
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Polynomials having η(x) = x

Mn m = δn m

(
−

V (xn)
∏N

j 6=n(xn − i − xj) + V ∗(xn)
∏N

j 6=n(xn + i − xj)∏N
j 6=n(xn − xj)

+E(N ) + V (xn) + V ∗(xn)

)

+ i(1− δn m)

(
V (xn)

∏N
j 6=n,m(xn − i − xj)−V ∗(xn)

∏N
j 6=n,m(xn + i − xj)

)
∏N

j 6=n(xn − xj)
.

eigenvalues E(N )− E(m), m = 0, 1, . . . ,N − 1, for arbitrary
distinct complex values of {xn}.
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Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

Polynomials having η(x) = x , 2

Meixner-Pollaczek: V (x)
def
= e i(

π
2−φ)(a + ix),E(n) = 2n sinφ,

a > 0, 0 < φ < π, φ0(x)2 = e(2φ−π)xΓ(a + ix)Γ(a− ix),

Pn(x) =
(2a)n

n!
e inφ

2F1

(−n, a + ix

2a

∣∣∣ 1− e−2iφ
)

continuous Hahn: V (x) = (a1 + ix)(a2 + ix),

E(n)=n(n + b1−1), b1
def
=

4∑
j=1

aj , {a3, a4}={a∗1, a∗2}, Reaj > 0,

φ0(x)2 =
2∏

j=1

Γ(aj + ix)Γ(a∗j − ix), Pn(x) =

in
(a1 + a3)n(a1 + a4)n

n!
3F2

(−n, n + b1 − 1, a1 + ix

a1 + a3, a1 + a4

∣∣∣1).
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Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

Polynomials having η(x) = x2

Mn m = δn m

(
−

V (xn)
∏N

j 6=n

(
(xn − i)2 − yj

)
+V ∗(xn)

∏N
j 6=n

(
(xn + i)2−yj

)∏N
j 6=n(yn − yj)

+E(N ) + V (xn) + V ∗(xn)

)

+ (1− δn m)
xm

xn

1∏N
j 6=n(yn − yj)

V (xn)(1 + 2ixn)
N∏

j 6=n,m

(
(xn − i)2 − yj

)
+V ∗(xn)(1− 2ixn)

N∏
j 6=n,m

(
(xn + i)2 − yj

)
eigenvalues E(N )− E(m), m = 0, 1, . . . ,N − 1, for arbitrary
distinct complex {xn} except for poles of V & V ∗, {yn = x2

n}.
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

the Wilson polynomials

V (x) =
(a1 + ix)(a2 + ix)(a3 + ix)(a4 + ix)

2ix(2ix + 1)
, V ∗(x) = V (−x),

φ0(x)2 =

∏4
j=1 Γ(aj + ix)Γ(aj − ix)

Γ(2ix)Γ(−2ix)
, E(n) = n(n + b1 − 1),

{a∗1, a∗2, a∗3, a∗4} = {a1, a2, a3, a4}, Re aj > 0, b1
def
=

4∑
j=1

aj ,

Pn(η(x)) = (a1 + a2)n(a1 + a3)n(a1 + a4)n

× 4F3

(−n, n + b1 − 1, a1 + ix , a1 − ix

a1 + a2, a1 + a3, a1 + a4

∣∣∣ 1)

integer eigenvalues if b1 ∈ Z,
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

the continuous dual Hahn polynomial

V (x) =
(a1 + ix)(a2 + ix)(a3 + ix)

2ix(2ix + 1)
, V ∗(x) = V (−x),

{a∗1, a∗2, a∗3} = {a1, a2, a3}, Re aj > 0,

φ0(x)2 =

∏3
j=1 Γ(aj + ix)Γ(aj − ix)

Γ(2ix)Γ(−2ix)
, E(n) = n,

Pn(η(x)) = (a1 + a2)n(a1 + a3)n × 3F2

(−n, , a1 + ix , a1 − ix

a1 + a2, a1 + a3

∣∣∣ 1).
all integer eigenvalues
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

General Features

Mn m = δn m

{
E(N ) + V (xn) + V ∗(xn)

− 1∏N
j 6=n(yn − yj)

(
V (xn)

N∏
j 6=n

(
(qzn + q−1z−1

n )/2− yj

)
+ V ∗(xn)

N∏
j 6=n

(
(q−1zn + qz−1

n )/2− yj

))}
+ (1− δn m)

sin 2xm

sin 2xn

(q−1 − 1)

2
∏N

j 6=n(yn − yj)

×
(
V (xn)z

−1
n (1− qz2

n )
N∏

j 6=n,m

(
(qzn + q−1z−1

n )/2− yj

)
+ V ∗(xn)zn(1− qz−2

n )
N∏

j 6=n,m

(
(q−1zn + qz−1

n )/2− yj

))
zn

def
= e ixn = cos xn + i sin xn = yn − i η̇(xn)
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

General Features 2

M has eigenvalues E(N )− E(m), m = 0, 1, . . . ,N − 1, for
arbitrary distinct complex values of {xn} except for the poles of V
and V ∗ and {yn = cos xn}.

Sasaki Zeros of classical orthogonal polynomials



Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

the Askey-Wilson polynomials

V (x) =
(1− a1e

ix)(1− a2e
ix)(1− a3e

ix)(1− a4e
ix)

(1− e2ix)(1− qe2ix)
,

V ∗(x) = V (−x), {a∗1, a∗2, a∗3, a∗4} = {a1, a2, a3, a4}, |aj | < 1,

φ0(x)2 =
(e2ix ; q)∞(e−2ix ; q)∞∏4

j=1(aje ix ; q)∞(aje−ix ; q)∞
,

E(n) = (q−n − 1)(1− b4q
n−1), b4

def
= a1a2a3a4,

Pn(η(x)) = a−n
1 (a1a2, a1a3, a1a4 ; q)n

× 4φ3

(q−n, b4q
n−1, a1e

ix , a1e
−ix

a1a2, a1a3, a1a4

∣∣∣q ; q
)
.
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x , −∞ < x < ∞, γ = 1
Polynomials having η(x) = x2, 0 < x < ∞, γ = 1
Polynomials having η(x) = cos x , 0 < x < π, eγ = q

The other polynomials

The other polynomials are obtained by restricting the parameters
of the Askey-Wilson polynomial.

the continuous dual q-Hahn polynomial: by a4 = 0,

the Al-Salam-Chihra polynomial: by a4 = a3 = 0,

the continuous big q-Hermite polynomial: by
a4 = a3 = a2 = 0,

the continuous q-Hermite polynomial: by
a4 = a3 = a2 = a1 = 0,

the continuous q-Jacobi polynomial: by a1 = q
1
2 (α+

1
2),

a2 = q
1
2 (α+

3
2), a3 = q

1
2 (β+

1
2), a4 = q

1
2 (β+

3
2),

the continuous q-Laguerre polynomial: by a1 = q
1
2 (α+

1
2),

a2 = q
1
2 (α+

3
2), a3 = a4 = 0,
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

General Features

This group contains
η(x) = x : Hahn, Krawtchouk, Meixner, Charlier polynomials,
η(x) quadratic in x : dual Hahn, Racah polynomials,
η(x) linear in q±x : q-Hahn, quantum Krawtchouk,
q-Krawtchouk, little q-Jacobi polynomials, etc
η(x) bilinear in q−x and qx : dual q-Hahn, q-Racah
polynomials,

shift operators with real shifts: e±∂xψ(x) = ψ(x ± 1),
general form of H̃ (second order difference eq):

H̃ = B(x)(1− e∂) + D(x)(1− e−∂), B(x) ≥ 0, D(x) ≥ 0,

acting on finite [0, 1, . . . ,N] or infinite [0, 1, . . . ,∞) integer
lattice
boundary condition

D(0) = 0, B(N) = 0, N < N,
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) = x

Mn m = δn m

(
B(xn)

∏N
j 6=n(xn + 1− xj) + D(xn)

∏N
j 6=n(xn − 1− xj)∏N

j 6=n(xn − xj)

+ E(N )− B(xn)− D(xn)
)

+ (1− δn m)

(
B(xn)

∏N
j 6=n,m(xn + 1− xj)− D(xn)

∏N
j 6=n,m(xn − 1− xj)

)
∏N

j 6=n(xn − xj)

eigenvalues E(N )− E(m), m = 0, 1, . . . ,N − 1, for arbitrary
distinct complex values of {xn}
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) = x , 2

Hahn:

B(x) = (x + a)(N − x), D(x) = x(b + N − x), a > 0, b > 0,

φ0(x)2 =
N!

x! (N − x)!

(a)x (b)N−x

(b)N
, E(n) = n(n + a + b − 1),

Pn(x) = 3F2

(−n, n + a + b − 1, −x

a, −N

∣∣∣ 1)
Krawtchouk:

B(x) = p(N − x), D(x) = (1− p)x , 0 < p < 1, E(n) = n,

φ0(x)2 =
N!

x! (N − x)!

( p

1− p

)x
, Pn(x) = 2F1

(−n, −x

−N

∣∣∣ p−1
)
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) = x , 3

Meixner:

B(x) =
c

1− c
(x + β), D(x) =

1

1− c
x , β > 0, 0 < c < 1,

φ0(x)2 =
(β)x cx

x!
, Pn(x) = 2F1

(−n, −x

β

∣∣∣ 1− c−1
)
, E(n) = n

Charlier:

B(x) = a, D(x) = x , a > 0, E(n) = n,

φ0(x)2 =
ax

x!
, Pn(x) = 2F0

(−n, −x

−

∣∣∣ −a−1
)
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) quadratic in x

Mn m = δn m

(B(xn)
∏N

j 6=n

(
η(xn + 1)− yj

)
+ D(xn)

∏N
j 6=n

(
η(xn − 1)− yj

)∏N
j 6=n(yn − yj)

+ E(N )− B(xn)− D(xn)
)

+ (1− δn m)
η̇(xm)

η̇(xn)

1∏N
j 6=n(yn − yj)

(
B(xn)

N∏
j 6=m

(
η(xn + 1)− yj

)
+ D(xn)

N∏
j 6=m

(
η(xn − 1)− yj

))
(?)

eigenvalues E(N )− E(m), m = 0, 1, . . . ,N − 1, for arbitrary
distinct complex values of {xn} except f poles of B(x), D(x).
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) quadratic in x , 2

Racah (c = −N, d > 0, a > N + d , 0 < b < 1 + d):

B(x) = −(x + a)(x + b)(x + c)(x + d)

(2x + d)(2x + 1 + d)
,

D(x) = −(x + d − a)(x + d − b)(x + d − c)x

(2x − 1 + d)(2x + d)
,

E(n) = n(n + d̃), d̃
def
= a + b + c − d − 1,

η(x) = x(x + d), η̇(x) = 2x + d ,

φ0(x)2 =
(a, b, c , d)x

(1 + d − a, 1 + d − b, 1 + d − c , 1)x

2x + d

d
,

Pn(η(x)) = 4F3

(−n, n + d̃ , −x , x + d

a, b, c

∣∣∣ 1)
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) quadratic in x , 3

dual Hahn:

B(x) =
(x + a)(x + a + b − 1)(N − x)

(2x − 1 + a + b)(2x + a + b)
, a > 0, b > 0,

D(x) =
x(x + b − 1)(x + a + b + N − 1)

(2x − 2 + a + b)(2x − 1 + a + b)
,

E(n) = n, η(x) = x(x + a + b − 1), η̇(x) = 2x + a + b − 1,

φ0(x)2 =
N!

x! (N − x)!

(a)x (2x + a + b − 1)(a + b)N
(b)x (x + a + b − 1)N+1

,

Pn(η(x)) = 3F2

(−n, x + a + b − 1, −x

a, −N

∣∣∣ 1)

Sasaki Zeros of classical orthogonal polynomials



Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) linear in q−x

the rest of the polynomials has the M matrix of the same
structure as that of the Racah (?).
q-Hahn (0 < a < 1 and 0 < b < 1):

B(x) = (1− aqx)(qx−N − 1), D(x) = aq−1(1− qx)(qx−N − b),

φ0(x)2 =
(q; q)N

(q;q)x(q;q)N−x

(a;q)x(b;q)N−x

(b; q)N ax
, E(n)=(q−n−1)(1−abqn−1),

Pn(η(x)) = 3φ2

(q−n, abqn−1, q−x

a, q−N

∣∣∣ q ; q
)

q-Charlier (a > 0):

B(x) = aqx , D(x) = 1− qx , E(n) = 1− qn,

φ0(x)2 =
axq

1
2
x(x−1)

(q ; q)x
, Pn(η(x)) = 2φ1

(q−n, q−x

0

∣∣∣ q ;−a−1qn+1
)
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) linear in qx

little q-Jacobi (0 < a, b < q−1):

B(x)=a(q−x− bq), D(x)=q−x − 1, E(n)=(q−n − 1)(1−abqn+1),

φ0(x)2 =
(bq ; q)x
(q ; q)x

(aq)x ,

Pn(η(x)) = (−a)−nq−
1
2
n(n+1) (aq ; q)n

(bq ; q)n
2φ1

(q−n, abqn+1

aq

∣∣∣ q ; qx+1
)

alternative q-Charlier (a > 0):

B(x) = a, D(x) = q−x − 1, E(n) = (q−n − 1)(1 + aqn),

φ0(x)2 =
axq

1
2
x(x+1)

(q; q)x
, Pn(η(x))=qnx

2φ1

(q−n, q−x

0

∣∣∣ q;−a−1q−n+1
)
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx

Polynomials having η(x) bilinear in q−x & qx

q-Racah (c = q−N , 0 < d < 1,0 < a < qNd , qd < b < 1,

d̃
def
= abcd−1q−1):

B(x) = −(1− aqx)(1− bqx)(1− cqx)(1− dqx)

(1− dq2x)(1− dq2x+1)
,

D(x) = −d̃
(1− a−1dqx)(1− b−1dqx)(1− c−1dqx)(1− qx)

(1− dq2x−1)(1− dq2x)
,

E(n) = (q−n − 1)(1− d̃qn), η(x) = (q−x − 1)(1− dqx),

φ0(x)2 =
(a, b, c , d ; q)x

(a−1dq, b−1dq, c−1dq, q ; q)x d̃x

1− dq2x

1− d
,

Pn(η(x)) = 4φ3

(q−n, d̃qn, q−x , dqx

a, b, c

∣∣∣ q ; q
)
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Introduction
Time dependent Schrödinger equations

Examples from ordinary quantum mechanics
Examples from discrete q. m. w. pure imaginary shifts

Examples from discrete q. m. w. real shifts

Polynomials having η(x) = x
Polynomials having η(x) quadratic in x
Polynomials having η(x) linear in q−x

Polynomials having η(x) linear in qx

Polynomials having η(x) bilinear in q−x & qx
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