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Introduction

Background
Exactly Solvable Quantum Mechanics = orthogonal eigenfunctions
| provides
unified theory of classical orthogonal polynomials;
ordinary Schrodinger eq. Hermite, Laguerre, Jacobi,
difference Schrodinger eq.  Wilson, Askey-Wilson, Racah, g-Racah
etc, so-called Askey-scheme of hypergeometric orthogonal
polynomials cf. S.Odake & RS: “Discrete Quantum Mechanics,”
J. Phys. A44 (2011) 353001
Exactly solvable difference Schrodinger eq. with non-confining
potentials = non-complete set of eigenfunctions
4
continuous spectrum = scattering problem
= connection formulas for (g-) hypergeometric functions, |g| =1
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Introduction
Exactly solvable Schrédinger equations
Exactly solvable difference Schrodinger equations

Exactly solvable Schrodinger equations

@ 1 degree of freedom, Schrodinger operator (Hamiltonian)

H = 52 + U(x): all eigenvalues &, and eigenfunctions
x

¢n(x) are exactly calculable

Hd)N(X) :gn¢n(x)a n= 0)17"'7

@ confining potentials, having oo discrete eigenlevels:

@ Harmonic oscillator, Hermite polynomial U(x) = x% -1,
—00 < x < 00, Ep = 2n, Pn(x) = po(x)Hn(x), n=0,1...,
do(x) = e /2,

e Radial oscillator, Laguerre polynomial
Ux)=x*+g(g —1)/x* — (1+2g), 0 < x < o0, &, = 4n,
6n(x) = do()LEV (), n=01..., a =g —1/2
do(x) = e */2xE,
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Introduction
Exactly solvable Schrédinger equations
Exactly solvable difference Schrodinger equations

Exactly solvable Schrodinger eqs 2

e confining potentials, having co discrete eigenlevels: continued

@ Poschl-Teller, Jacobi polynomial

_glg—1) h(h—l)_ 2
U(x) = v o X (g+h)0<x<m/2

En=4n(n+ g+ h), dn(x) = do(x)P? (cos 2x), n=0,1...,
a=g—1/2, B=h—1/2, $o(x) = (sinx)&(cosx)",

@ ground state eigenfunction squared gb%(x) provides the
orthogonality weight function

no scattering problem!
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Introduction
Exactly solvable Schrédinger equations
Exactly solvable difference Schrodinger equations

Exactly solvable Schrodinger eqgs

@ confining potentials, having co discrete eigenlevels: continued

Hj}:1(3j + ix)

e Wilson poly. V(x) = 2@ £1) |

0 < x < 00, Re(aj) >0,
singular at x =0, x =00, &, =n(n+ by — 1), by = Zaj,

Hj 1(1 - aje )
(]_ _ eZ/x)(]_ _ qe2IX)
laj| < 1, singular at x = 0,7, &, = (q7" — 1)(1 — baq" 1),
by = a1arazas

@ Askey-Wilson poly. V(x) = 0<x<m,
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Introduction
Exactly solvable Schrédinger equations
Exactly solvable difference Schrodinger equations

Exactly solvable Schrodinger egs,

e U(x) = g(jn2x) confining Gegenbauer poly

b x—m/2—ix
o U(x) o< —1/cosh? x, Iirin U(x) = 0, non-confining,
X—IZ00
soliton potential, or so called ‘soliton’ potential
finitely many discrete eigenstates
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Introduction
Exactly solvable Schrédinger equations
Exactly solvable difference Schrodinger equations

Exactly solvable Schrodinger egs,

@ non-confining potentials, having finite discrete eigenlevels: all
eigenvalues &, and eigenfunctions ¢,(x) and scattering
amplitudes t(k), r(k) are exactly calculable

@ scattering problem by connection formula for 5 f;
eik:x_,'_r(k.)e—ikx t(k)eikz

Yi(x) ~ e*, x — 0o

analytically continue to x — —o0

Vr(x) ~ A(k)e™ + B(k)e™ ™ t(k) = 1/A(k),
r(k) = B(k)/A(k), unitarity |t(k)]® + |r(k)]> =1
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Introduction
equations
chrédinger equations

Problem: Find the discrete analogues

e discrete analogues x — m/2 — ix in g-ultraspherical poly with
lg| = 1, polynomials are OK

discrete reflection potentials = analogues of 1/ cosh? x
potential

for scattering problem connection formula for »¢1 is needed

2¢1 with |g| = 1 unknown

scattering amplitudes obtained from conjectured connection
formula for 2¢1

(]

several supporting evidence presented
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Strategy

Solutions for —h(h + 1)/ cosh® x potential
o U(x) = —h(h+1)/cosh?x, —00 < x < 00, & = —(h — n)?,
(n=0,1,...[h]"), invariant h < —(h+ 1)
dn(x) = (2cosh x) M7 x PP~ (tanh x),
Gegenbauer or ultraspherical polynomial
[(—h— ik)[(1+ h— ik)

t(k) =

F(—ik)I(1 — ik) ’
(k) = F(ik)I(—h — ik)[ (1 + h— ik)
 T(=ikT(=MF(L+h)
@ rewrite by Gauss hypergeometric function
—hitn —n, —n+2h+1;1—tanhx
On(x) = (2eoshx) "7 o (T 70 T S
@ introduce k by n — h+ ik:
: —h—ik, 1+ h— ik 1—tanhx
2 cosh x) ™, F ( ’ ‘7
(2coshx)"2F1 1 ik 2

Sasaki Connection Formula for 2¢1, |g| =1
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Strategy

Gaussian Connection formula = Scattering amplitudes

@ analytically continue to x — —oo by connection formula

a, 8
A7)
()r(a+ﬂ rY) —a— ’Y—aa’y_ﬁ
N oy B'2F1<v—a—ﬁ+11‘z)
r()riy —a—B) a, B
*r(v—oor(v—ﬁ)'2F1(a+ﬂ—v+11‘2)’

e positive integer h € N, 1/I(—h) =0 = r(k) = 0 reflectionless
@ general reflectionless potential of Schrodinger eq. = profile of
KdV soliton, last year's talk
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“Solution”

general

Schrodinger eqgs

@ Schrodinger operator (Hamiltonian):

H=+/V(x) i) e
- V(X) - V*(X),

0 L S VE(X)V(x + i) et?
e 1P(x) = Y(x £ i7), v ER,
@ confining potentials, having co discrete eigenlevels
A .
(1 —aje™
o V(x)= iy (1 = 55¢™)
(1—e2x)(1

— ) laj] <1,0<x<m,
Askey-Wilson polynomial £, = (¢7" — 1)(1 — byg" 1),
4

O0<g=¢e"<1, b= Haj, ®n(x) = Po(x)Pn(cosx),
j=1

Pn(cos x) = pp(cosx; a1, az, a3, a4|q)
def

e _ q ", bag"!
= a; "(a1a2,a1a3,3134;G)n 493

, ale’X, aleflx .
q:4q),
diaz, aias, aia4




“Solution”

general Schrodinger eqgs, 2

@ squared ground state wave function =- orthogonality weight

function: (a; q)n def ﬁ(l —ag 1),

Jj=1

4
¢O(X)2 _ (e2ix : q) —2lx oo H , aje —ix ; Q)oo)il

Jj=1

@ non-confining potentials, having finite discrete eigenlevels: all
eigenvalues &, and eigenfunctions ¢,(x) are exactly calculable
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“Solution”

Explicit form of discrete analogue of 1/ cosh? x potential

(1 + eivhe2x)(1 4+ eiw(h—l)eZX)

V(x;h) =e " :
° Vixih)=e (1+ e2)(1 + e 71e%)

x — +oo, '
H: invariant h s —(h4+1), —00 < x < 400, g =e 7,

— 1,

d>  h(h+1)
lim~y2?H=—-—— - —_~
WHOfy dx? cosh? x
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“Solution”

Explicit form of discrete analogue of 1/ cosh? x potential 2

Discrete eigenstates
o £, = —4sin? I(h—n), n=0,1,...,[h]".
oOn(x) = gbo(x)P,,(n), n = sinh x
Pa(n) o pn(isinhx; e'2h e 2(h=1) _gizh _oi3(h=1)|g=i7) . AW

x Cp(isinhx; Blq), g = e_"ﬁ’, lgl =1, 8 def givh _ q_h

q " B 1 o—in
:enXZd)l(ﬁflqlfn qv/B 1qe 2xi >a

g-ultraspherical polynomial well-defined for |g| = 1,

@ Heine's g-hypergeometric functions
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“Solution”

Discrete eigenstates, Quantum Dilog as weight function

@ (3; q)oo does Not converge for |g| =1,
e ground state eigenfunction by Quantum Dilog ®.,(x):

by (2x +iy(h+3))

e2hx 2x
do(x)* = e (1 +e )¢%(2x—m(h+%))’

@ quantum dilog, integral rep < g-Gamma function for |g| =1

®.(z) = exp . e_iZt. dt ([lmz[ <~y +m),
R

+jo 4sinh~t sinhwt t

@ functional relations

Sy (z+iy) 1 b (z+ i) 1

Py (z—iv) 1+e? d(z—im) 1457
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“Solution”

Reflectionless potentials in

Schrodinger eqs

@ Scattering problem, trivial potential V(x) =1

p=—i0x, H—oHo=¢e"P+e P -2
, N k
Hoet = & et & 4 _46in2 50 g,

Hoetx = g5etike g5 4f 4 in h2k— < 0.

o v — 0 limit:

lim v 2Ho = p?,  lim v 28 = —k?, lim 7—252 — K2,
v—0 v—0 7—0

Sasaki Connection Formula for 2¢1, |g| =1



“Solution”

General discrete reflectionless potentials

@ Darboux transformation with seed solutions
Pi(x) = e+ ge TN =yi(x), O<hk<hk < - <ky<Z
Howj(x) = Eby(x), (-1y7'g >0,

@ first step Darboux transformation

Ho= Al A1 + &, A1 & i(e3P\/ Vi(x) — e3P\ Th(x)),

\A/]_(X) d:ef wl(x - I/Y)

P1(x)

@ N-step Darboux transformation

HINT = AINTT »INT g"kM_A[N] d:ef,'(e%p [ VIN*(x)— e~ 3P /V[N](x))

VIM (x) def W [th1, ., ¥n-1](x — i7) W, [Y, . ] (x +i3)
W, 1, . oot () Woldn, . on](x — i3)

Sasaki Connection Formula for 2¢1, |g| =1




“Solution”

General discrete reflectionless potentials 2

@ right moving wave W&(N](x) (k > 0)

HMWM () = vt ),
’y[wla-"awN7eikX](X)
(W,Y[l/Jl,...,l/}/\/](X—I%)W,y[lﬁ]_,...,lp/\/](X-i-I%))E

WM (x) =

o discrete eigenfunctions CDJ[.N] (x) (=1,2,...,N)

HMOM () = &, &M (),
o"(x) = Waln, o By Unl()
(W, [, Ul = i)W o, ] (x + 3))

Y

NI
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“Solution”

General discrete reflectionless potentials 3

o Casoratian
W, [, () = 3700 det (£ (7))

X (L ),

|im07—%n<n—1>vv7[f1, fo, ... Bl(X) =WI[h, f, ..., H](x),
’YH

1<j,k<n’

@ Casoratian of exponentials

W[k ehx ek (x) = ] 2sin}(k — ki) - e
1<i<j<n

@ transmission and reflection amplitudes:

N . o~y N .y )

(] B sin 3 (ik — kj) _ sinh 3 (k + ik;) (N] B

MKy =TT o2 =9 T 22\ ) Nl k) = o
(k) jl:{smz(lk—i—kj) 1:[lsmh 2 (k — ikj) (k)

Sasaki Connection Formula for 2¢1, |g| =1



“Solution”

Discrete analogue of 1/ cosh?® x potentials 2

@ choose integer wavenumbers k; = j, & = (—1)~
reflectionless potential

e—i'yN(l + ei'yNe2X)(1 + ei’y(Nfl)e2x)
(]_ + er)(]_ + e—iye2x)
ground state eigenfunction

N
cb[N (H 2sin 2]) 1‘(H4cosh(x—i%j)cosh(x—i—i%j))_
j=1

vIN(x) =

= V(x; N)

N|=

@ quantum dialog degenerates to elementary functions for
h=N.

Sasaki Connection Formula for 2¢1, |g| =1



Outlook

Scattering Wavefunction

@ scattering wave function is obtained by setting n — h + ik in
eigenfunction:

. oy (2x + iv(h+ 1))\ 2
Vi (x) def e xe?hx\/1 4 e2x <¢2( ( 2))>
i

2 (2x—in(h+3))
—h—ik q—h

q —2x—iT
Xz(b]_( qlf,k ‘q;q1+he 2x—i )7

infinite series: convergence unclear for |g| = 1,

Sasaki Connection Formula for 2¢1, |g| =1



Outlook

Connection Formula ¢, 0 < g <1

@ connection formula for Heine's g-hypergeometric function
known only for 0 < g < 1 (Watson 1910)

2¢1(a’cb‘q;2>
(b,c/aiq) (2,9/(a2); 4)oo (a, aq/C‘ .ﬂ)
(c.b/a; @) (2,9/2iq) ag/b | abz
(2,¢/b19) (b2,q/(b7); )oc (b, bq/c‘ .ﬁ)
(C> a/b; q)oo (27 q/Z; q)oo bq/a "abz)’

@ (3;q)oo does Not converge for |g| =1,

Sasaki Connection Formula for 2¢1, |g| =1



Outlook

How to solve the

@ starting from Hg, construct general reflectionless potentials by
Darboux transformations

@ choose special integer wavenumbers to construct reflectionless
analogue of difference 1/ cosh? x potential. Calculate the
transmission amplitude t(k).

o for the generic h, calculate the transmission and reflection
amplitude based on conjectured connection formula of »¢;

@ check various properties: everything seems OK

Sasaki Connection Formula for 2¢1, |g| =1



Outlook

Scattering amplitudes

@ scattering wave function n — h + ik

. Oy (2x 4 iv(h+ )\ 2
Wi(x) d:efe’kxe2hxx/1+ezx< 2( ( 2))>

: 1
¢y (2x — iv(h+ 3))
—h—ik ,—h _
X 261 (q ql_’,-kq ‘ q; q1+he_2x_’”),

exclude g root of unity, assume |g| = 1 is approached from
below |q| /1

@ (a;q)x replaced by quantum dilogarithm function
(6% q)se — comst./®L7)(2), o(M(2) oo oy (z+i% +im),
2 2
g=e "

Sasaki Connection Formula for 2¢1, |g| =1



Outlook

oD (-2 ()0 (—iy - 2)
2 2 2

e)\’ q e)\*l/

ger

oot (A=) eI@e iy - 2)

><2¢>1(

q;qe”‘k‘“‘z>

X
+ 2
IO - ) @57+ 208 (—iy — i - 2)

e, get™
qer—2

><2¢1(

q:q ezzf)\ﬁu,fz)
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Outlook

Scattering amplitudes 2

L (—ky = 7)ol (—k7)
(—ky + i@ (—ky = iy(h+ 1))
(+) (+)
4 e ikx gmiFh(h+ 1)+ (1-ik) *3 (kv - )(D% (k) ‘
oL iyl (—in(h+ 1))
2

\Uk(X) N eikxe—i%h(h—i-l)

d

o
J’_
~

Scattering amplitudes

t(k) —e i3 h(h+1)
&3 (—ky + iv(h+3) + im)®y(—ky — in(h+ 3) + im)

CDw( ky +i3 —|—I7T)<D (—ky — i3 + i)
r(k) = 7 (1=ik)
¢%&7+/}me%@%7+kﬂh+%ﬂdﬂ¢ (—ky — iv(h+ 3)+iT)

X
2
Oy (—ky + i3 +im) Sy (iv(h+ 3) + im) O (=iv(h+ 3) + i)
C Sasaki [Py ey gy

)




Outlook

Scattering amplitude 4

t(k), r(k): invariant under h < —(h+ 1)
unitarity satisfied |t(k)[2 + |r(k)[?> =1

h: integer: reproduces the reflectionless case

 frsinh 2(k + i) B
t(k)—Jl:[lSWk_l_J_), r(k) = 0.

@ some more supporting evidence for the conjectured connection
formula

| do hope experts to provide an analytic proof of
the connection formula.

(]
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Further Challenge??

@ There are other difference analogues of exactly solvable
potentials, Morse potential, hyperbolic Poschl-Teller
potential, etc.

@ Do they lead to new problems?? new challenges???

Thank you!!

Sasaki Connection Formula for 2¢1, |g| =1
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